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au How to ma the most from this textbook 

# Chapter Provides a colorful photo and a Students are immediately motivated 58 
Opener mathematical context to make the and engaged to learn how calculus 

subject of each chapter more excit- applies to real-world settings. 

ing and relevant for the students. 

= Chapter Chapters begin with an overview to This roadmap of the chapter also 59 

Overview give students a sense of what they describes how the different topics are 

are going to learn. connected under one big idea. 

® Objectives and The objectives of the section are Teachers and students will see how 59 

Topics summarized, and the topics are learning objectives are achieved 

briefly listed. through studying particular topics to 

gain essential knowledge as the course 

unfolds. 

= Vocabulary Vocabulary is highlighted in Allows for easy reference and review 74, 

and Properties yellow, and Properties are boxed when preparing for exams. 79 

in green. 

= Margin Notes Margin Notes and Tips appear Tips offer practical advice; Margin 46, 

andTips _ throughout the text on various Notes include historical information, ZAP 

' topics. hints about examples, and provide 219 

additional insight to help students 

avoid common pitfalls. 

: Work the Problems — 

= Now Try Each example ends with a This is an easy way for students to 89, 

suggestion to Now Try a related check their essential knowledge of the 90 

Now Try Exercise 1 exercise. material while reading each section, 

instead of waiting until the end of the 

section or chapter. (MPACs 2, 3, 4, 5, 6) 

® Quick Review Each exercise set begins with Helps students to review the skills 93 

Quick Review exercises and needed in the exercise set and make 

includes section references from connections among concepts, remind- 

earlier chapters where relevant ing them again that mathematics is not 

skills were covered. modular. (MPACs 2, 4) 

a Evarcicas Carefully graded exercises, from Allow students to apply what they 93, 

‘routine to challenging, follow the have learned in the section and engage 95 

Quick Review exercises. in the recommended Mathematical 

Practices for AP Calculus (MPACs). 

= Standardized These include two true-false Students can use these test questions 95 
Test Questions problems with justifications and to find out whether they have mas- 

four multiple-choice questions. tered the material that they have just 

covered. (MPACs 1, 2, 3, 4, 5) | 
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2 PRAcTICE: Work the Problems (continued) 

® Quick Quiz 

for AP 

Preparation 

A cumulative quiz appears after 

every two or three sections and 

includes three multiple-choice 

questions and one AP-type free- 

response question. 

Explorations exercises appear 

throughout the text. Some of these 

are technology-based, and others 

involve exploring mathematical 

ideas and connections. 

=» Explorations 

Provides another apportunity for 

students to review their understanding 

as they progress through each chapter. 

(MPACs 1, 2, 3, 4, 5, 6) 

Students are provided with the 

perfect opportunity to become active 

learners and to discover mathematics 

on their own. (MPACs 1, 2, 4, 5) 

Students are asked to write out 

solutions in prose. 
=# Writing to 

Learn 

These questions provide a good way 

to fulfill writing across the curriculum 

requirements. (MPACs 5, 6) 

Students can work on these 

problems individually or as group 

projects. Worksheets are available 

in the Teacher’s Resource Manual. 

= Group Activity Allows for collaborative learning. 

(MPACs 1, 2, 4, 6) 

These questions go beyond what is 

presented in the textbook. 

= Extending the 

Ideas Exercises 

REVIEW: Study for Quizzes and Tests 

Each chapter concludes with a list 

of Key Terms with references back 

to where they are covered in the 

= Key Terms 

chapter. 

= Review Represent the full range of 

Exercises exercises covered in the chapter. 

= AP Appears at the end of each set 

Examination of chapter review exercises and 

Preparation includes three free-response 
questions of the AP* type. 
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They offer more challenging exercise 

options and extend the scope of the 

book’s material. (MPACs 1, 2, 3, 4, 5, 6) 

This allows students to both quickly 

see which terms they need know and 

to review the definitions with ease. 

(MPACs 1, 2) 

By covering all the ideas developed in 

the chapter, students are given more 

opportunity to practice and review the 

material. (MPACs 1, 2, 3, 4, 5, 6) 

Gives students the additional 

opportunity to practice skills and 

problem-solving techniques needed 

for the AP Calculus Exam. (MPACs 2, 3, 

4, 5, 6) 
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Dedication 

This fifth edition of our calculus book is dedicated to the memory of our friend and coauthor, 

Bert K. (Hank) Waits, whose larger-than-life personality and infectious enthusiasm for mathematics education 

inspired two generations of teachers and, through them, millions of mathematics students. 



Foreword 

Calculus textbook, you would be very pleased if the group included the likes of Ross 

Finney, Frank Demana, Bert Waits, Dan Kennedy, and David Bressoud. I feel blessed 

to have known and worked closely with every one of them from as far back as 1989. With 

a pedigree that includes George Thomas in the storied authorship bloodline, this book 

represents the finest combination of excellent writing, creative insight, terrific problems, 

and captivating explorations. A dream team indeed! 

Any teacher in search of a textbook for use in an AP Calculus class should look criti- - 

cally at whether or not the book is faithful to the philosophy and goals of the course, as 

well as the topic outline, each described in the AP Calculus Course Description. On both 

accounts, the FDWKB text shines brightly. True to its title, care is taken to attend to a 

genuine multirepresentational approach. You’ll find problems and discourse involving 

graphs, tables, symbolic definitions, and verbal descriptions. And the text covers every 

topic that is tested on the AP exams. Dan Kennedy, who joined the author team with the 

2003 publication, and David Bressoud, its most recent addition, both contribute an inti- 

mate knowledge of the AP Calculus course. The two share a familiarity with the program 

borne from years of service. Back in the mid 1990s, when I saw Dan describe how to teach 

series with an approach that ultimately became an integral part of Chapter 10 of the current 

edition, I knew it was the way to go. My students have used this text, and that approach, 

for many years with great success. David’s presence on the team brings his passion both 

for the history of calculus and for its careful and precise presentation. He describes the 

contributions to the development of calculus by great thinkers that preceded Newton and 

Leibniz. He also illuminates the idea of using the derivative as a measure of sensitivity. 

This text is a proven winner that just keeps getting better. With the new course frame- 

work rolling out, it is a perfect fit for any AP Calculus class today, and promises to be for 

years to come. 

|: you could wave a magic wand and assemble your dream team of authors for an AP 

Mark Howell 

Gonzaga College High School 

Washington, DC 

Mark Howell has taught AP Calculus at Gonzaga High School for more than thirty years. 

He has served the AP Calculus community at the AP Reading as a reader, table leader, 

and question leader for eighteen years, and for four years he served as a member of the AP 

Calculus Development Committee. A College Board consultant for more than twenty years, 

Mark has led workshops and summer institutes throughout the United States and around the 

world. In 1993 he won a state Presidential Award in the District of Columbia, and in 1999 he 

won a Tandy Technology Scholars Award and the Siemens Foundation Award for Advanced 

Placement Teachers. He is the author of the current AP Teacher’s Guide for AP Calculus, 

and is co-author with Martha Montgomery of the popular AP Calculus review book Be 

Prepared for the AP Calculus Exam from Skylight Publishing. 
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To the Teacher 

The fifth edition of Calculus: Graphical, Numerical, Algebraic, AP* Edition, by Finney, 

Demana, Waits, Kennedy, and Bressoud completely supports the content, philosophy, and 

goals of the Advanced Placement (AP*) Calculus courses (AB and BC). 

The College Board has recently finished a lengthy and thorough review of the AP* 

Calculus courses to ensure that they continue to keep pace with the best college and uni- 

versity courses that are taught with similar educational goals. This review has resulted in 

a repackaging of the course descriptions in terms of big ideas, enduring understandings, 

learning objectives, and essential knowledge, but the learning goals remain essentially the 

same. That has allowed us to retain the overall flow of our previous edition and concen- 

trate our attention on how we might be more helpful to you and your students in certain 

parts of the course. 

A very broad look at the overall goals of this textbook is given in the following bulleted 

summary. Although these are not explicit goals of the AP program and do not include all 

of the learning objectives in the new AP Curriculum Framework, they do reflect the inten- 

tions of the AP Calculus program. (Note that the asterisked goals are aligned with the BC 

course and are not required in AB Calculus.) 

e Students will be able to work with functions represented graphically, numerically, ana- 

lytically, or verbally, and will understand the connections among these representations; 

graphing calculators will be used as a tool to facilitate such understanding. 

¢ Students will, in the process of solving problems, be able to use graphing calculators to 

graph functions, solve equations, evaluate numerical derivatives, and evaluate numeri- 

cal integrals. 

* Students will understand the meaning of the derivative as a limit of a difference quo- 

tient and will understand its connection to local linearity and instantaneous rates of 

change. 

¢ Students will understand the meaning of the definite integral as a limit of Riemann 

sums and as a net accumulation of change over an interval, and they will understand 

and appreciate the connection between derivatives and integrals. 

¢ Students will be able to model real-world behavior and solve a variety of problems 

using functions, derivatives, and integrals; they will also be able to communicate solu- 

tions effectively, using proper mathematical language and syntax. 

¢ Students will be able to represent and interpret differential equations geometrically 

with slope fields and (*) numerically with Euler’s method; they will be able to model 

dynamic situations with differential equations and solve initial value problems 

analytically. 

e (*) Students will understand the convergence and divergence of infinite series and will 

be able to represent functions with Maclaurin and Taylor series; they will be able to 

approximate or bound truncation errors in various ways. 

¢ (*) Students will be able to extend some calculus results to the context of motion in the 

‘ plane (through vectors) and to the analysis of polar curves. 

The incorporation of graphing calculator technology throughout the course continues 

to be a defining feature of this textbook, but we urge teachers to read the next section, 

Philosophy on Technology Usage, to see how our philosophy has changed over time 

(again, in harmony with our AP* Calculus colleagues). Whether you are concerned about 
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how to use calculators enough or how not to use calculators too much, we believe you can 

trust this author team to address your concerns with the perspective that only long experi- 

ence can provide. 

Whether you are a veteran user of our textbooks or are coming on board for this fifth 

edition, we thank you for letting us join you in the important adventure of educating your 

students. Some of the best suggestions for improving our book over the years have come 

from students and teachers, so we urge you to contact us through Pearson if you have any 

questions or concerns. To paraphrase Isaac Newton, if this textbook enables your students 

to see further down the road of mathematics, it is because we have stood on the shoulders 

of dedicated teachers like you. 

Philosophy on Technology Usage 

xviii To the Teacher 

~ and learning of mathematics. 

When the AP Calculus committee, after consultation with leaders in mathematics and 

mathematics education, made the decision to require graphing calculators on the AP exam- 

inations, their intent was to enhance the teaching and learning of calculus in AP class- 

rooms. In fact, that decision probably had an impact on the entire secondary mathematics 

curriculum, as teachers discovered that graphing utilities could make a deeper understand- 

ing of function behavior possible in earlier courses. The authors of this textbook have 

supported the use of this technology from its inception and, well aware of its potential for 

either facilitating or circumventing true understanding, have employed it carefully in our 

approach to problem solving. Indeed, longtime users of this textbook are well acquainted 

with our insistence on the distinction between solving the problem and supporting or 

confirming the solution, and how technology figures into each of those processes. 

As hand-held graphing technology enters its fourth decade, we have come to realize that 

advances in technology and increased familiarity with calculators have gradually blurred 

some of the distinctions between solving and supporting that we had once assumed to be 

apparent. Textbook exercises that we had designed for a particular pedagogical purpose 

are now being solved with technology in ways that either side-step or obscure the learning 

we had hoped might take place. For example, students might find an equation of the line 

through two points by using linear regression, or they might match a set of differential 

equations with their slope fields by simply graphing each slope field. Now that calculators 

with computer algebra systems have arrived on the scene, exercises meant for practicing 

algebraic manipulations are being solved without the benefit of the practice. We do not 

want to retreat in any way from our support of modern technology, but we feel that the time 

has come to provide more guidance about the intent of the various exercises in our textbook. 

Therefore, as a service to teachers and students alike, exercises in this textbook that 

should be solved without calculators will be identified with gray ovals around the exer- 

cise numbers. These will usually be exercises that demonstrate how various functions 

behave algebraically or how algebraic representations reflect graphical behavior and vice 

versa. Application problems will usually have no restrictions, in keeping with our emphasis 

on modeling and on bringing all representations to bear when confronting real-world 

problems. We are pleased to note that this all meshes well with the Mathematical Practices 

for AP Calculus (MPACs). 

When the AP Calculus committee decided to change the number of noncalculator prob- 
lems on the free-response portions of the AP examinations from three to four (out of six), 

their concern was related to test development rather than pedagogy. Still, their decision, 
like ours, was informed by years of experience with the teachers, the students, and the 

technology. The goal today ii is the same as it was thirty years ago: to enhance the teaching 

Incidentally, we continue to encourage the use of cal 
graphically or numerically after the problems have been s 
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numerical representations, they are doing good mathematics. We just don’t want them to 

miss something along the way because they brought in their calculators too soon. 

As a final note, we will freely admit that different teachers use our textbook in differ- 

ent ways, and some will probably override our no-calculator recommendations to fit with 

their pedagogical strategies. In the end, the teachers know what is best for their students, 

and we are just here to help. 

Changes for This Edition 

The big change in this new edition, of course, is that we welcome David M. Bressoud to 

the author team. As a college mathematician with years of experience with the Advanced 

Placement (AP) program, he is well acquainted with the scope and the goals of the course, 

and he is well versed in the mathematics that calculus students should know. As an expe- 

rienced writer with a particular passion for the history of mathematics, he can provide con- 

texts that make calculus topics more interesting for students and teachers alike. Teachers 

who have used our previous editions will have no trouble identifying (and, we hope, 

enjoying) the ways that David has enriched what was already a gratifyingly popular book. 

A Few Global Changes 

As with previous editions, we have kept our focus on high school students taking one of — 

the College Board’s AP courses, Calculus AB or Calculus BC. The topics in the book 

reflect both the curriculum and the pedagogy of an AP course, and. we do what we can 

to prepare students for the AP examinations throughout the book. As the College Board 

has moved toward objective-based course descriptions, we have replaced our “What 

You Will Learn ... and Why” feature in each section opener by learning objectives and 

bulleted context topics. Also, as free-response questions on the AP examinations have 

evolved in focus and style, we have added or amended our exercises to reflect those 

changes. Although the role of graphing calculators in the course has not changed signifi- 

cantly since the fourth edition, we have made a few changes based on calculator evolution. 

We have also removed some of the gray “no calculator” ovals from the fourth edition to 

reflect an emerging consensus among calculus teachers that not every problem that can be 

solved without a calculator ought to be solved without a calculator. 

We have expanded the treatment of the derivative as a measure of sensitivity, which 

now appears as an ongoing topic in several different sections of the book. We have also 

made a more consistent commitment to point-slope form for linear equations throughout 

the book, as that is the form that emphasizes the concept of local linearity, critical for 

understanding differential calculus. 

We decided in this edition to eliminate all references to calculator regression func- 

tionality and all solutions that involved fitting curves to data points. There are still plenty 

of examples and exercises based on numerical data and tables, but the solutions do not 

involve first finding functions to fit the points to allow for an analytic solution. Calculator 

regression has never been permissible on AP calculus examinations, precisely because it 

changes the intent of the problem. We therefore felt that our regression references might 

be doing more harm than good. 

Most of the motivational “Chapter Opener” problems are new and improved in this edi- 

tion, and (thanks to David) many more historical nuggets have been sprinkled throughout 

the book. We also confess that some of the nuggets that were already there were in need 

of refinement. For example, the name of one of the key players has been restored to its 

original spelling: Guillaume de |’ Hospital. 

Finally, be assured that we have looked carefully at the content of the new AP Calculus 

Curriculum Framework, and there is nothing therein that is not covered in this book. Moreover, 

the emphases are in harmony with the objectives of the AP course, as they have always been. 
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To the Teacher 

Some Specific Chapter Changes 

Chapter 1, which is really a review of precalculus topics, has been altered in several places 

to be less of a “here is a summary of what you have learned” experience and more of a 

“here are some things you have learned that you will need for studying calculus” experi- 

ence. For example, the section on lines is now about linear functions and makes references 

to their importance in calculus—despite the fact that it appears before the section that 

reviews functions. We have also added a subsection on solving simultaneous linear equa- 

tions (including by matrices with a calculator). 

The Chapter 2 opener has been changed to introduce the topic of sensitivity, the measure- 

ment of how change in the input variable affects change in the output variable, and a subsection 

with examples about sensitivity has been added. The epsilon-delta definition of limit (not an 

AP topic, and no longer assumed in many first-year college courses) has been entirely moved 

to the appendices, while the intuitive definition has been strengthened and clarified. In line with 

the AP course descriptions, the Sandwich Theorem has been renamed the Squeeze Theorem. 

In most cases, linear equations appearing as answers in examples and exercises in 

Chapter 3 have been converted to point-slope form to reinforce the idea of local linearity. 

Additional attention is now paid to the “MathPrint” version of the numerical derivative, 

while retaining references to what is now called the “classic” syntax. 

A new example has been added to the end of Chapter 4 to illustrate (in multiple-choice 

form) the most common errors students make when applying, or failing to apply, the Chain 

Rule. 

In Chapter 5, examples and exercises have been added to illustrate sensitivity as an 

application of the derivative. A proof of the Mean Value Theorem and an exploration of 

Lagrange’s bound on the difference between a function and its tangent line approximation 

have been added as exercises in Extending the Ideas. 

Chapter 6 now contains more coverage of accumulation as a fundamental interpretation 

of integration, and more attention is paid to the accumulator function i hi f(t) dt and its 

applications. The two parts of the Fundamental Theorem of Calculus have been helpfully 

distinguished as the Antiderivative Part and the Evaluation Part. 

In Chapter 7, the example showing how to handle discontinuity in an initial value 

problem has been modified to show more clearly why the domain of the solution must 

be restricted. Exercises involving exponential and logistic regression have been replaced 

with additional exercises involving separation of variables and the solution to the general 

logistic equation. More free-response questions involving slope fields and separation of 

variables have been added to the chapter review. 

More exercises and examples on accumulation have been added to Chapter 8. Another 

example and some exercises have been added to give students more familiarity with solids 

of revolution around lines that are not the coordinate axes. 

In Chapter 9, more material has been added on the Fibonacci sequence and the golden 

ratio g. Graphing calculator screens have been updated to reflect the newer sequence 

format and to show how the TRACE feature can be used to explore limits of sequences. 

In Chapter 10, a margin note has been added to make term-by-term differentiation of 

power series simpler for students. Section 3 (Taylor’s Theorem) has been extensively 
revised to make truncation error analysis easier for BC students. The alternating series error 

bound is now introduced in this section so it can be compared with the Lagrange 

error bound in examples and exercises, and more AP-style problems involving truncation 
error analysis have been added.’ The Remainder Estimation Theorem has been renamed the 
Remainder Bounding Theorem to reflect how the theorem i is actually used. 

Chapter 11 now includes a discussion of ho oe eq eee ee 
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Finally, we have performed some appendectomies on the material in the back of the 

book that has been accruing over the years. We removed the appendices on Mathematical 

Induction and Conic Sections, as those are really precalculus topics. We also removed 

nearly half of the formulas in the Brief Table of Integrals, retaining only those that were 

within the scope of the course, or interesting, or both. 

Continuing Features 

Mathematical Practices for AP Calculus (MPACs) 

The Mathematical Practices highlighted in the AP Calculus Curriculum Framework 

always have been and continue to be represented in the text, examples, and exercises. 

MPAC 1, Reasoning with definitions and theorems is one of the dominant themes 

in the development of each new idea and of the exercises. Definitions and theorems are 

highlighted in each section and summarized at the end of each chapter for reference 

and review. 

MPAC 2, Connecting concepts runs throughout this book, introducing new concepts 

by connecting them to what has come before and in the reliance of many exercises that 

draw on applications or build on student knowledge. Quick Review exercises at the start 

of each Exercise set review concepts from previous sections (or previous courses) that | 

will be needed for the solutions. 

MPAC 3, Implementing algebraic/computational processes is well represented in 

the foundational exercises with which each exercise set begins and in the thoughtful 

use of technology. 

MPAC 4, Connecting multiple representations has always been present in the 

emphasis on the connections among graphical, numerical, and algebraic representations 

of the key concepts of calculus. The title of this book speaks for itself in that regard. 

MPAC 5, Building notational fluency is represented in the intentional use of a variety 

of notational forms and in their explicit connection to graphical, numerical, and alge- 

braic representations. Many margin notes explicitly address notational concerns. 

MPAC 6, Communicating is a critical component of the Explorations that appear in 

each section. Communication is also essential to the Writing to Learn exercises as well 

as the Group Activities. Many of the exercises and examples in the book have “justify 

your answer” components in the spirit of the AP exams. 

Balanced Approach 

A principal feature of this edition is the balance attained among the rule of four: analytic/ 

algebraic, numerical, graphical, and verbal methods of representing problems. We believe 

that students must value all of these methods of representation, understand how they are 

connected in a given problem, and learn how to choose the one(s) most appropriate for 

solving a particular problem. (MPACs 2 and 4) 

The Rule of Four 

In support of the rule of four, we use a variety of techniques to solve problems. For 

instance, we obtain solutions algebraically or analytically, support our results graphi- 

cally or numerically with technology, and then interpret the result in the original problem 

context. We have written exercises in which students are asked to solve problems by one 

method and then support or confirm their solutions by using another method. We want 

students to understand that technology can be used to support (but not prove) results, and 

that algebraic or analytic techniques are needed to prove results. We want students to 

understand that mathematics provides the foundation that allows us to use technology to 

solve problems. (MPACs 1, 3, 4, and 5) 
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Applications 

The text includes a rich array of interesting applications from biology, business, chemistry, 

economics, engineering, finance, physics, the social sciences, and statistics. Some applica- 

tions are based on real data from cited sources. Students are exposed to functions as mecha- 

nisms for modeling data and learn about how various functions can model real-life problems. 

They learn to analyze and model data, represent data graphically, interpret from graphs, and 

fit curves. Additionally, the tabular representations of data presented in the text highlight the 

concept that a function is a correspondence between numerical variables, helping students to 

build the connection between the numbers and the graphs. (MPACs 2, 4, and 6) 

Explorations 

Students are expected to be actively involved in understanding calculus concepts and 

solving problems. Often the explorations provide a guided investigation of a concept. The 

explorations help build problem-solving ability by guiding students to develop a mathemat- 

ical model of a problem, solve the mathematical model, support or confirm the solution, and 

interpret the solution. The ability to communicate their understanding is just as important 

to the learning process as reading or studying, not only in mathematics but also in every 

academic pursuit. Students can gain an entirely new perspective on their knowledge when 

they explain what they know, either orally or in writing. (MPACs 1, 2, 4, and 6) 

Graphing Utilities 

The book assumes familiarity with a graphing utility that will produce the graph of a 

function within an arbitrary viewing window, find the zeros of a function, compute the 

derivative of a function numerically, and compute definite integrals numerically. Students 

are expected to recognize that a given graph is reasonable, identify all the important 

characteristics of a graph, interpret those characteristics, and confirm them using analytic 

methods. Toward that end, most graphs appearing in this book resemble students’ actual 

grapher output or suggest hand-drawn sketches. This is one of the first calculus textbooks 

to take full advantage of graphing calculators, philosophically restructuring the course to 

teach new things in new ways to achieve new understanding, while (courageously) aban- 

doning some old things and old ways that are no longer serving a purpose. (MPACs 3. 4 

and 5) 

Exercise Sets 

The exercise sets were updated for this edition, including many new ones. There are 

nearly 4000 exercises, with more than 80 Quick Quiz exercises and 560 Quick Review 

exercises. The different types of exercises included are Algebraic and analytic manipu- 

lation, Interpretation of graphs, Graphical representations, Numerical representations, 

Explorations, Writing to learn, Group activities, Data analyses, Descriptively titled appli- 

cations, Extending the ideas. 

Each exercise set begins with the Quick Review feature, which can be used to introduce 

lessons, support Examples, and review prerequisite skills. The exercises that follow are 

graded from routine to challenging. Some exercises are also designed to be solved with- 

out a calculator; these exercises have numbers printed within a gray oval. Students are 

urged to support the answers to these (and all) exercises graphically or numerically, but 

only after they have solved them with pencil and paper. An additional block of exercises, 

Extending the Ideas, may be used in a variety of ways, including group work. We also 

provide Review Exercises and AP Examination Preparation at the end of each chapter. 
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For the Student For the Teacher 

The following supplements are available for purchase: The following supplements are available to qualified adopters: 

AP* Test Prep Series: AP* Calculus Annotated Teacher’s Edition 

(ISBN: 0133314588) e Answers included on the same page as the problem appears, for 

e Introduction to the AP AB and BC Calculus Exams most exercises. All answers included in the back of the book. 

¢ Precalculus Review of Calculus Prerequisites ¢ Solutions to Chapter Opening Problems, Teaching Notes, 

Review of AP Calculus AB and Calculus BC Topics Common Errors, Notes on Examples and Exploration 
Extensions, and Assignment Guide included at the beginning 

e Pp i ractice Exams 
of the book. 

e Answers and Solutions . 
Solutions Manual 

¢ Complete solutions for Quick Reviews, Exercises, 

Explorations, and Chapter Reviews 

Technology Resources 

The Fifth Edition of Finney, Demana, Waits, Kennedy, Bressoud Calculus is accompanied 

by an extensive range of technology resources designed to support students in practicing 

and learning the material, and to assist teachers in managing and delivering their courses. 

MathXL® for School (optional, for purchase only)—access code required, 

www.mathxlforschool.com 
MathXL for School is a powerful online homework, tutorial, and assessment supplement 

that aligns to Pearson Education’s textbooks in mathematics or statistics. With MathXL 

for School, teachers can: 

e Create, edit, and assign auto-graded online homework and tests correlated at the objec- 

tive level to the textbook 

e Utilize automatic grading to rapidly assess student understanding 

e Track both student and group performance in an online gradebook 

e Prepare students for high-stakes testing, including aligning assignments to state and 

Common Core State Standards, where available 

e Deliver quality, effective instruction regardless of experience level 

With MathXL for School, students can: 

¢ Do their homework and receive immediate feedback 

* Get self-paced assistance on problems in a variety of ways (guided solutions, step-by- 

step examples, video clips, animations) 

¢ Have a large number of practice problems to choose from, helping them master a topic 

¢ Receive personalized study plans and homework based on test results 

For more information and to purchase student access codes after the first year, visit 

our Web site at www.mathxlforschool.com, or contact your Pearson Account General 

Manager. 

MyMathLab® Online Course (optional, for purchase only)— access code 

required, www.mymathlab.com 
MyMathLab is a text-specific, easily customizable, online course that integrates interac- 

tive multimedia instruction with textbook content. MyMathLab gives you the tools you 

need to deliver all or a portion of your course online. 
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MyMathLab features include: 

° Interactive eText, including highlighting and note taking tools, and links to videos and 

exercises 

¢ Rich and flexible course management, communication, and teacher support tools 

* Online homework and assessment, and personalized study plans 

* Complete multimedia library to enhance learning 

e All teacher resources in one convenient location 

For more information, visit www.mymathlabforschool.com or contact your Pearson 

Account General Manager. 

Video Resources 
These video lessons feature an engaging team of mathematics teachers who present 

comprehensive coverage of each section of the text. The lecturers’ presentations include 

examples and exercises from the text and support an approach that emphasizes visualiza- 

tion and problem solving. Available in MyMathLab for School. 

Additional Support for Teachers 

Most of the teacher supplements and resources for this book are available electronically 

upon adoption or to preview. For more information, please contact your Pearson School 

sales representative. 

Downloadable Teacher’s Resources 

° Texas Instruments Graphing Calculator Manual is an introduction to Texas 

Instruments’ graphing calculators, as they are used for calculus. Featured are the 

TL-84 Plus Silver Edition with MathPrint, the TI-83 Plus Silver Edition, and the TI-89 

Titanium. The keystrokes, menus, and screens for the TI-84 Plus are similar to the TI-84 

Plus Silver Edition; those for the TI-83 Plus are similar to the TI-83 Plus Silver Edition; 

and the TI-89, TI-92 Plus, and Voyage™ 200 are similar to the TI-89 Titanium. 

* Resources for AP* Exam Preparation and Practice includes many resources to help 

prepare students for the AP* Calculus exam, including concepts worksheets, sample 

AB and BC exams, and answers to those exams. 

e AP* Calculus Implementation Guide is a tool to help teachers manage class time 

and ensure the complete Advanced Placement* Calculus Curriculum Framework is 

covered. It includes pacing guides (for AB and BC Calculus), assignment guides, topic 

correlations, and lesson plans. 

- PowerPoint® Lecture Presentation This ,time-saving resource includes classroom 

presentation slides that align to the topic sequence of the textbook. 

e Assessment Resources include chapter quizzes, chapter tests, semester test, final tests, 

and alternate assessments. 

TestGen® 
TestGen enables teachers to build, edit, print, and administer tests using a computerized 

bank of questions developed to cover all the objectives of the text. TestGen is algorith- 

mically based, allowing teachers to create multiple but equivalent versions of the same 

question or test with the click of a button. Teachers can also modify test bank questions or 

add new questions. Tests can be printed or administered online. 



To the AP Student 

We know that as you study for your AP course, you’re preparing along the way for the AP 

exam. By tying the material in this book directly to AP course goals and exam topics, we 

help you to focus your time most efficiently. And that’s a good thing! 

The AP exam is an important milestone in your education. A high score will position 

you optimally for college acceptance—and possibly will give you college credits that put 

you a step ahead. Our primary commitment is to provide you with the tools you need to 

excel on the exam... the rest is up to you! 

Test-Taking Strategies for an Advanced Placement 

Calculus Examination 

You should approach the AP Calculus Examination the same way you would any major 

test in your academic career. Just remember that it is a one-shot deal—you should be at 

your peak performance level on the day of the test. For that reason you should do every- 

thing that your “coach” tells you to do. In most cases your coach is your classroom teacher. 

It is very likely that your teacher has some experience, based on workshop information or 

previous students’ performance, to share with you. 

You should also analyze your own test-taking abilities. At this stage in your education, 

you probably know your strengths and weaknesses in test-taking situations. You may be 

very good at multiple choice questions but weaker in essays, or perhaps it is the other way 

around. Whatever your particular abilities are, evaluate them and respond accordingly. 

Spend more time on your weaker points. In other words, rather than spending time in your 

comfort zone where you need less work, try to improve your soft spots. In all cases, con- 

centrate on clear communication of your strategies, techniques, and conclusions. 

The following table presents some ideas in a quick and easy form. 

General Strategies for AP Examination Preparation 

Time Dos 

Through the Year e Register with your teacher/coordinator 

e Pay your fee (if applicable) on time 

e Take good notes 

e Work with others in study groups 

e Review on a regular basis 

e Evaluate your test-taking strengths and weaknesses 

Combine independent and group review 

Get tips from your teacher 

Do lots of mixed review problems 

Several Weeks e 
e 

e 

e Check your exam date, time, and location 
e 

e 

Before 

Review the appropriate AP Calculus syllabus (AB or BC) 

Make sure your calculator is on the approved list 

The Night Before e Put new batteries in your calculator or make sure it is charged 

e Set your calculator in Radian Mode 

e Lay out your clothes and supplies so that you are ready to go 

out the door 

Do a short review 

Go to bed at a reasonable hour 

Exam Day e Get up a little earlier than usual 

Eat a good breakfast/lunch 

Get to your exam location 15 minutes early 

Exam Night e Relax—you have earned it 
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Topics from the Advanced Placement Curriculum for 

Calculus AB, Calculus BC 

As an AP student, you are probably well aware of the good study habits that are needed to 

be a successful student in high school and college: 

e attend all the classes 

e ask questions (either during class or after) 

e take clear and understandable notes 

e make sure you are understanding the concepts rather than memorizing formulas 

e do your homework; extend your test-prep time over several days or weeks, instead of 

cramming 

e use all the resources—text and people—that are available to you. 

No doubt this list of “good study habits” is one that you have seen or heard before. You 

should know that there is powerful research that suggests a few habits or routines will 

enable you to go beyond “knowing about” calculus, to more deeply “understanding” cal- 

culus. Here are three concrete actions for you to consider: 

e Review your notes at least once a week and rewrite them in summary form. 

e Verbally explain concepts (theorems, etc.) to a classmate. 

e Form a study group that meets regularly to do homework and discuss reading and lec- 

ture notes. 

Most of these tips boil down to one mantra, which all mathematicians believe in: 

Mathematics is not a spectator sport. 

The AP Calculus Examination is based on the following Topic Outline. For your conve- 

nience, we have noted all Calculus AB and Calculus BC objectives with clear indications 

of topics required only by the Calculus BC Exam. The outline cross-references each AP 

Calculus objective with the appropriate section(s) of this textbook: Calculus: Graphical, 

Numerical, Algebraic, AP* Edition, Fifth Edition, by Finney, Demana, Waits, Kennedy, 

and Bressoud. 

Use this outline to track your progress through the AP exam topics. Be sure to cover 

every topic associated with the exam you are taking. Check it off when you have studied 

and/or reviewed the topic. 

Even as you prepare for your exam, I hope this book helps you map—and enjoy—your 

calculus journey! 

—John Brunstin 
Hinsdale Central High School 



Concept Outline for AP Calculus AB and AP Calculus BC 

(excerpted from the College Board’s Curriculum Framework—AP Calculus AB and AP Calculus BC, Fall 2014) 

EU = Enduring Understanding, LO = Learning Objective, BC only 

Big Idea 1: Limits Sections 

EU 1.1:The concept of a limit can be used to understand the behavior of functions. 

LO 1.1A(a): Express limits symbolically using correct notation. Dal Da? 

LO 1.1A(b): Interpret limits expressed symbolically. 222 

LO 1.1B: Estimate limits of functions. Pde ihe) 92 

LO 1.1C: Determine limits of functions. 2 leee2, 293 

LO 1.1D: Deduce and interpret behavior of functions using limits. Dalee ees 

EU 1.2: Continuity is a key property of functions that is defined using limits. 

LO 1.2A; Analyze functions for intervals of continuity or points of discontinuity. 7258) 

LO 1.2B: Determine the applicability of important calculus theorems using continuity. 2.3; 5.1, 5.2, 62-4 

Big Idea 2: Derivatives Sections 

EU 2.1: The derivative of a function is defined as the limit of a difference quotient and can 

be determined using a variety of strategies. 

LO 2.1A: Identify the derivative of a function as the limit of a difference quotient. 3.1 

LO 2.1B: Estimate the derivative. Seles 

LO 2.1C: Calculate derivatives. 3.3, 3.5, 4.1-4, 

LO 2.1D: Determine higher order derivatives. Shey 2 

EU 2.2: A function's derivative, which is itself a function, can be used to understand the behavior of the 2.4 

function. 

LO 2.2A: Use derivatives to analyze properties of a function. 5.1-3, 11.1-3 

LO 2.2B: Recognize the connection between differentiability and continuity. a2 

EU 2.3:The derivative has multiple interpretations and applications including those that involve 

instantaneous rates of change. 

LO 2.3A: Interpret the meaning of a derivative within a problem. 2.4), 321,314, 55 

LO 2.3B: Solve problems involving the slope of a tangent line. 2.4, 3.4, 5.5 

LO 2.3C: Solve problems involving related rates, optimization, rectilinear motion, 224 Pala [bana te 

5.4, 5.6, 

LO 2.3D: Solve problems involving rates of change in applied contexts. 5.5, 5.6 

LO 2.3E: Verify solutions to differential equations. Tl 

LO 2.3F: Estimate solutions to differential equations. 7.1 

EU 2.4: The Mean Value Theorem connects the behavior of a differentiable function over an interval to the 

behavior of the derivative of that function at a particular point in the interval. 

LO 2.4A: Apply the Mean Value Theorem to describe the behavior of a function over an interval. 5.2 

Big Idea 3: Integrals and the Fundamental Theorem of Calculus Sections 

EU 3.1: Antidifferentiation is the inverse process of differentiation. 

6.3 LO 3.1A: Recognize antiderivatives of basic functions. 
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Big Idea 3: Integrals and the Fundamental Theorem of Calculus—continued Sections 

EU 3.2: The definite integral of a function over an interval is the limit of a Riemann sum over 

that interval and can be calculated using a variety of strategies. 

LO 3.2A(a): Interpret the definite integral as the limit of a Riemann sum. Gl oz 

LO 3.2A(b): Express the limit of a Riemann sum in integral notation. 6.2 

LO 3.2B: Approximate a definite integral. 6.1. 6.2. 6.5 

LO 3.2C: Calculate a definite integral using areas and properties of definite integrals. 6.2, 6.3 

EU 3.3: The Fundamental Theorem of Calculus, which has two distinct formulations, connects 

differentiation and integration. 

LO 3.3A: Analyze functions defined by an integral. 6.1-4, 8.1 

LO 3.3B(a): Calculate antiderivatives. 6.3, 6.4, 7.2, 73, 75 
LO 3.3B(b): Evaluate definite integrals. 6.3, 6.4, 7.2, 73, 75 

EU 3.4: The definite integral of a function over an interval is a mathematical tool with many 

interpretations and applications involving accumulation. 

LO 3.4A: Interpret the meaning of a definite integral within a problem. 6. 12 G22 Gal.6:5 

LO 3.4B: Apply definite integrals to problems involving the average value of a function. 6.3 

LO 3.4C: Apply definite integrals to problems involving motion. hal beestlte 11.1-3 

LO 3.4D: Apply definite integrals to problems involving area, volume, (BC) and length of a curve. Sore, 8.4 

LO 3.4E: Use the definite integral to solve problems in various contexts. 6517 Bile 8.5 

EU 3.5: Antidifferentiation is an underlying concept involved in solving separable differential 

equations. Solving separable differential equations involves determining a function or relation given its rate 

of change. 

LO 3.5A: Analyze differential equations to obtain general solutions. TN 14; 75 

LO 3.5B: Interpret, create, and solve differential equations from problems in context. El, 7.4, 75 

Big Idea 4: Series (BC) Sections 

For the most current AP* Exam Topic correlation for this textbook, visit PearsonSchool.com/AdvancedCorrelations. 
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Using the Book for Maximum Effectiveness 

So, how can this book help you to join in the game of mathematics for a winning future? 

Let us show you some unique tools that we have included in the text to help prepare you 

not only for the AP Calculus exam, but also for success beyond this course. 

Chapter Openers provide a photograph and application to show 

Differential Equations and you an example that illustrates the relevance of what you’ll be learn- 
Mathematical Modeling ing in the chapter. 

A Chapter Overview then follows to give you a sense of what you 

are going to learn. This overview provides a roadmap of the chapter 

as well as tells how the different topics in the chapter are connected 

under one big idea. It is always helpful to remember that mathemat- 

ics isn’t modular, but interconnected, and that the different skills you 

are learning throughout the course build on one another to help you 

understand more complex concepts. 

CHAPTER 7 

One of the early accomplishments of calculus was predicting the future position of a planet 

from its present position and velocity. Today this is just one of many situations in which 

we deduce everything we need to know about a function from one of its known values 

and its rate of change. From this kind of information, we can tell how long a sample of 

radioactive polonium will last; whether, given current trends, a population will grow or 

become extinct; and how large major league baseball salaries are likely to be in the year 

2020. In this chapter, we examine the analytic, graphical, and numerical techniques on 

which such predictions are based. 

“You will be able to use slope fields Similarly, the Objectives and Topics feature gives you the big ideas in each section and 
to analyze solution curves to differ- : : : : : : 
ential equations, and you will be able ©XPlains their purpose. You should read this as you begin the section and always review 

hen Ewer ane TSVOHSB EEL it after you have completed the section to make sure you understand all of the key topics 
solutions numerically. x : 

« Differential equations that you have just studied. 
+ General and particular solutions 
of differential equations 

+ Solving exact differential equations . ° F : 
» Slope fields Margin Notes appear throughout the book on various topics. Some notes provide more 

Mee ; information on a key concept or an example. Other notes offer practical advice on using 

— era ———, your graphing calculator to obtain the most accu- 
Differential Equation Mode’ ino Aine Sia Ls Pe es, Se 

rate results. ie 
SUT ea as | J. Ernest Wilkins, Jr. (19723-2011) 
lf your calculator has a differential equation Ye ei PRR ENE 

mode for graphing, it is intended for graph- 

ing slope fields. The usual “Y=” turns into | 

a “dy/dx = " screen, and you can entera | 

Teh inch epee aneainacagls Medan Brief Historical Notes present the stories of people 
a slope field for the differential equation | 
when you press the GRAPH button. _ and the research that they have done to advance | 

a the study of mathematics. Reading these notes will | 

often provide you with a deeper appreciation for 

calculus as a human achievement and may inspire 

you to do great things yourself some day. 

By the age of nineteen, 

J. Ernest Wilkins had 

earned a Ph.D. degree 

in Mathematics from the 

University of Chicago. 

He then taught, served 

on the Manhattan proj- 

ect (the goal of which 

was to build the first 

| atomic bomb), and worked as a mathemati- 

| cian and physicist for several corporations. 

| In 1970, Dr. Wilkins joined the faculty at 

) Howard University and served as head of the 

1 
| 

) 

electrical engineering, physics, chemistry, 

and mathematics departments before retir- 

ing. He was also Distinguished Professor 

of Applied Mathematics and Mathematical 

Physics at Clark Atlanta University. | 
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SOLUTION 
Model Using Newton's Law of Cooling with J; = 18 and J) = 98, we have 

T-— 18 =(98 — 18)e“ of T= 18 + 80e™. 

Many examples make use of multiple representations of functions (alge- 

braic, graphical, and numerical) to highlight the different ways of looking 

emp eanase pay AC ey: at a problem and to highlight the insights that different representations can 

a! provide. You should be able to use different approaches for finding solutions 
Sk = int =-In4 to problems. For instance, you would obtain a solution algebraically when 

iat that is the most appropriate technique to use, and you would obtain solu- 
The egg’s temperature at time fis T = 18 + 80e7(07 14), 

Solve Graphically We can now use a grapher to find the time when the egg’s 
temperature is 20°C. Figure 7.12 shows that the graphs of 

y=20 and y= T= 18 + 80¢(024y 

| 
\Intersection cta = 133 eames Yeoo intersect at about ¢ = 13.3 

Interpret The egg’s temperature will reach 20°C in about 13,3 min after it is put in 

the pan under running water to cool. Because it took 5 min to reach 38°C, it will take 
slightly more than 8 additional minutes to reach 20°C. 

10. 20} by (10. 40} 
Figure 7.12. The egg will reach 20°C about 
133 + being placed in the pan to 

Now Try Exercise 31, | 

numerically whenever possible. 

tions graphically or numerically when algebra is difficult or impossible to 

use. We urge you to solve problems by one method, then support or confirm 

your solution by using another method, and finally, interpret the results in 

the context of the problem. Doing so reinforces the idea that to understand 

a problem fully, you need to understand it algebraically, graphically, and 

Each example ends with a suggestion to Now Try a related exercise. Working the suggested 

exercise is an easy way for you to check your comprehension of the material while reading 

each section, instead of waiting until the end of 

each section or chapter to see if you “got it.” 

True comprehension of the textbook is essen- 

tial for your success on the AP Exam. 

Explorations appear throughout the text and 

provide you with the perfect opportunity to 

become an active learner and discover math- 

ematics on your own. Honing your critical 

thinking and problem-solving skills will ulti- 

mately benefit you on all of your AP Exams. 

Each exercise set begins with a Quick 

Review to help you review skills needed in 

the exercise set, reminding you again that 

mathematics is not modular. Each Quick 

Review includes section references to show 

where these skills were covered earlier in 

i 

| 

= = 

| EXPLORATION 2 | Surface Area 

We know how to find the volume of a solid of revolution, but how would we find | 

the surface area? As before, we partition the solid into thin slices, but now we wish 
to form a Riemann sum of approximations to surface areas of slices (rather than of 

volumes of slices). 

y 

A typical slice has a surface area that can be approximated by 27 + f(x) + As, | 
where As is the tiny slant height of the slice. We will see in Section 8.4, when | 

we study arc length, that As = VW Ax? + Ay?, and that this can be written as 

| ds=Vi+ (f' (2%) )? Ax. 

Thus, the surface area is approximated by the Riemann sum 

S2m(a)V 1+ (Fa) An 

the limit exist? 
N 

| | 
|. Write the limit of the Riemann sums as a definite integral from a to b, When will j 

. Use the formula from part | to find the surface area of the solid generated by 
revolving a single arch of the curve y = sin x about the x-axis. 

3. The region enclosed by the graphs of y? = x and x = 4 is revolved about the | 
| 

x-axis to form a solid. Find the surface area of the molds 

the text. If you find these problems overly challenging, you should go back through the 

book and your notes to review the material covered in previous chapters. Remember, 

you need to understand the material from the entire calculus course for the AP Calculus 

Exam, not just memorize the concepts from the last part of the course. 

Quick Rociéer 7.3 

Exercise numbers with a gray background indicate problems that the 

authors have designed to be solved without a calculator. 

In Exercises 1-4, find dy/dx. 

iy = 2 sin 2x 2) y = e In (3x + 1) 

Ody = tan 2x | 4 y = sin! (x + 3) 

In Exercises 5 and 6, solve for x in terms of y. 

OS)y = tan 3x WB) y = cost (x +1) 

Standardized Test Questions 
You may use a graphing calculator to solve the following problems. 

(For help, go to Sections 4.3 and 4.4.) 

or Find the area under the arch of the curve y = sin 77x from x = 0 

tox = 1. 

\ 8. Solve the differential equation dy/dx = e*. 

&s: Solve the initial value problem dy/dx = x + sin x, y(0) = 2. 

“10. Use differentiation to confirm the integration formula 

fersinxas = se (sin x — cos x). 

47. True or False If dy/dx = ky, then y = e + C. Justify your 
answer. 

48, True or False The general solution to dy/dt = 2y can be writ- 
ten in the form y = C(3*) for some constants C and k. Justify 
your answer, f 

For exercises designed to be solved without a calculator the numbers of these exer- 
cises are printed in a grey oval. We encourage you to support the answers to exercises 

graphically or pw 2) ge 18 can, but only after you have solved them with 

eee pe pencil and paper. 

interest would value of the account to 
triple? “aaa r Along with the stan bt leet writ- 
(A) 4.4 years (B) 9.8 years 10.5 years 4 

(D) 11.1 years (B) 21.0 years ing, exploration; 1 and e 
50. Multiple Choice A sample of Ce-143 (an isotope of cerium) 

loses 99% of its radioactive matter in 199 hours, What is the ~~ 
half-life of Ce-1437 

(A) 4 hours (B) 6 hours 

(D) 100.5 hours (E) 143 hours 

(C) 30 hours 
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| accumulator function (p. 288) 

Key Terms 

integral calculus (p. 269) 
Integral Evaluation Theorem (p. 307) 
integral of f from a to b (p. 284) 
integral sign (p. 284) 
integrand (p. 284) 

Rectangular Approximation Method 
area under a curve (p. 285) (RAM) (p. 272) 
average value (p. 295) 

bounded function (p. 289) 
cardiac output (p. 275) 

regular partition (p. 283) 

Riemann sum (p. 281) 
Riemann sum for f on the interval [a,b] 

Each chapter concludes with a list of Key Terms, with references back 

to where they are covered in the chapter, as well as Chapter Review 

Exercises to check your comprehension of the chapter material. 
(p. 282) 

RRAM (p. 272) 
sigma notation (p. 281) 

characteristic function of the rationals 

(p. 290) 
| definite integral (p. 283) 
| differential calculus (p. 269) 

dummy variable (p. 284) 

lower bound (p. 294) 
lower limit of integration (p. 284) 
LRAM (p. 272) 
mean value (p. 295) 

Mean Value Theorem for Definite Integrals 

The Quick Quiz for AP* Preparation provides another opportunity to 

review your understanding as you progress through each chapter. A quiz 
Simpson's Rule (p. 317) 
subinterval (p. 282) 

error bounds (p. 319) (p. 296) total area (p. 308) 

oSsgerrsticrepaeng seeps Less aeipeg igs appears after every two or three sections and asks you to answer questions 
Fundamental Theorem of Calculus, NINT (p. 289) upper limit of integration (p. 284) . . . . . . 

es norm of parton (282 viable of ieeraon (288 about topics covered in those sections. Each quiz contains three multiple- | neg fncon (283 2 
choice questions and one free-response question of the AP* type. This 

continual reinforcement of ideas steers you away from rote memorization 

and toward the conceptual understanding needed for the AP* Calculus 

Exam. 

| Review Exercises 

| Exercise numbers with a gray background indicate problems that the 
| authors have designed to be solved without a calculator. 
| The collection of exercises marked in red could be used as a chapter 

5. Sketch the trapezoids and compute (by hand) the area for the T 
approximation. 

. 6. Find the exact area of R by using the Fundamental Theorem of 
| test. Calculus. 
| Exercises 1-6 refer to the region R in the first quadrant enclosed by 7. Use a calculator program to compute the RAM approximations 
| in the following table for the area under the graph of y = 1/x 

from x = tox = 5, 
the x-axis and the graph of the function y = 4r — x°. 

| 1, Sketch R and partition it into four subregions, each with a base 

You may use a graphing calculator to solve the following problems. 4. Free Response A population is modeled by a function P that 

satisfies the logistic differential equation 1. Multiple Choice The rate at which acreage is being consumed 

by a plot of kudzu is proportional to the number of acres already GP Bihy pa ke 

consumed at time f. If there are 2 acres consumed when t = | dt 5 10/° 

and 3 acres consumed when f = 5, how many acres will be con- (a) If P(0) = 3, whatis lim P(r)? 

100 sumed when r = 8? 
(b) If P(O) = 20, what is lim P(r)? = (A) 3.750 (B) 4.000 (C)4.066 (D)4.132 (E) 4.600 ere sae mee erie areaeeae tare ' 

o 7 E as ee 2 (c) ifferent population is modeled by a function at satis- 
Multiple Choice Let F(x) be an antiderivative of cos (x*). If Beet ee cerenie citierentnl eaantices 

F(1) = 0, then F(5) = 

(A) —0.099 (B)—0.153 (C)—0.293 (D)—0.992 (E)—1.833 of = (1 = “). 

Find ¥(r) if ¥(0) = 3. 
dx 

(d) For the function Y found in part (c), what is lim Y(r)? 
100 

N 

wo . Multiple Choice i= = 

Eve) 1 Rete 
Ee (B) Fi In E 

Paomc} 

346 

=i 

1 
(A) Zin 

2x +2 

@-)@+ 5| ad (©) tin \(x-—1)(x + 3)| + in 

(E) In |(x — 1)(x + 3)] + 
eet ocieecereteaiaeienia ==. - —— ee 

An AP* Examination Preparation section appears at the end of each set of Chapter 

Review Exercises and includes three free-response questions of the AP type. This set of 

questions, which also may or may not permit the use of your graphing calculator, gives 

you additional opportunity to practice skills and problem-solving techniques needed for 

the AP Calculus Exam. 

In addition to this text, Pearson Education AP* Test Prep Series: AP* Calculus, written 

by experienced AP teachers, is also available to help you prepare for the AP Calculus 

Exam. What does it include? : 

e Text-specific correlations between key AP test topics and Calculus: Graphical, 

Numerical, Algebraic 

e Reinforcement of the important connections between what you'll learn and what 

youll be tested on in May 

e 2 full sample AB exams & 2 sample BC exams, including answers and explanation 

e Test-taking strategies 

You can order Pearson Education AP* Test Prep Series: AP* Calculus by going online 

to PearsonSchool.com or calling 1-800-848-9500 and requesting ISBN 0-13-331458-8. 
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Willard Libby won the 1960 Nobel Prize in Chemistry for his 1949 discovery 
of the method of radiocarbon dating for estimating the age of organic sub- 

stances that were once living tissue. The method relies on the slow decay 

of carbon-14, a radioactive isotope of carbon with a half-life of approxi- 

mately 5730 years. Using exponential functions and the properties reviewed 

in Section 1.3, researchers have used radiocarbon dating to study the care- 
fully preserved remains of early Egyptian dynasties and thus reconstruct 

the history of an important ancient civilization. 



Section 1.1 Linear Functions 3 

CHAPTER 1 | 

The main prerequisite for a student who wants to undertake the study of calculus is an 

understanding of functions. It is the context of functions that brings coherence to the study 

of algebra and provides the connection between algebra and geometry, especially through 

the graphical representations of algebraic expressions. Students who have taken a modern 

precalculus course (emphasizing algebraic, numerical, and graphical representations of 

functions) will probably have already seen everything in this first chapter, but we offer it 

here mainly in the spirit of review. Since calculus is basically a tool for understanding how 

functions of various kinds model real-world behavior, a solid understanding of the basic 

functions makes the applications of calculus considerably easier. Any time you spend in 

this chapter strengthening your understanding of functions and graphs will pay off later 

in the course. 

We begin by reviewing the easiest type of function, surely the most familiar to most 

students. Happily, it is also the most important (by far) for understanding how calculus 

works. 

You will be able to analyze linear 

functions in their algebraic, numeri- 

cal, and graphical representations. 

« Increments and slope 

- Linear models 

« Point-slope form of linear equations 

¢ Other forms of linear equations 

¢ Parallel and perpendicular lines 

- Simultaneous linear equations 

Increments and Slope 
Calculus is the mathematics of change. It explores the fundamental question: When two 

quantities are linked, how does change in one affect change in the other? 

Calculus is written in the language of functions, y = f(x), because functions describe 

how one quantity or variable depends on another. The distance a person has walked can 

be a function of time. The pressure that an underwater diver feels is a function of depth 

below the surface. Calculus asks: If we know how much time has passed, can we deter- 

mine how far the person has walked? If we know how far the diver has descended, do 

we also know how much the pressure has increased? These changes in time, distance, or 

pressure are known as increments. 

DEFINITION Increments 

The change in a variable, such as ¢ from ft, to t), x from x, to x, or y from y; to yp, 

is called an increment in that variable, denoted by 

=i, Axe X= ye Ay tye 

The symbols At, Ax, and Ay are read “delta t,” “delta x,” and “delta y.” The letter A is a 

Greek capital D for “difference.” Neither At, Ax, nor Ay denotes multiplication; Ax is not 

“delta times x.” Increments can be positive, negative, or zero. 

EXAMPLE 1 Finding Increments 

(a) Find the increments Ax and Ay from the point (1, —3) to the point (4, 5). 
Find the increments Ax and Ay from the point (5, 6) to the point (5, 1). 

(b) As a diver descends below sea level from a depth of d; = 20 meters to d, = 25 

meters, the pressure increases from p,; = 2.988 to py = 3.485 atmospheres. What are 

the increments in depth, Ad, and pressure, Ap? 

continued 
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SOLUTIONS 

(a) From the point (1, —3) to the point (4, 5), the increments in x and y are 

Ax=4-1=3, Ay=5-(-3) =8. 

From the point (5, 6) to the point (5, 1), the increments in x and y are 

Ax=5-5=0, Ay=1-6=-5. 

(b) The increments in depth and pressure are 

Ad = 25 — 20 = 5 meters, Ap = 3.485 — 2.988 = 0.497 atmosphere. 

Now Try Exercise 1. 

Among all functions, linear functions are special. They are the functions in which an 

increment of one unit in one variable always produces exactly the same increment in the 

other variable. Another way of saying this is that the ratio of the increments is constant. 

Why Sensitivity? 

DEFINITION Linear Function 
Sensitivity is a useful way of thinking about 

the response of one variable to a small The variable y is a linear function of x if the ratio of the increment of y to the 
change in another variable. The sensitivity increment of x is constant; that is, 

to change is measured by the ratio of the 

increments. iy 
> = Constant. 
Ax 

In a linear function, the constant ratio of the increments is known as the rate of change 

or the sensitivity. The graph of a linear function is a straight line. The constant ratio of the 

increments is the slope of this line. 

DEFINITION Slope 

Let (xj, y;) and (x, y)) be two points on the graph of a linear function. The slope m 

rise eA ye a8 é 

of this line is the ratio of the increments; that is, m = —— = ; 
TU Ae Gia 

A line with positive slope goes uphill as x increases (Figure 1.1). A line with negative 

slope goes downhill as x increases. A line with slope zero is horizontal, since Ay = 0 

_ tise Ay implies that all of the points have the same y-coordinate. If Ax = 0, then the x-coordinate 

Figure 1.1 The slope of line L is 

run Ax never changes and the line is vertical. In this case, we say that the line has no slope. 

EXAMPLE 2 Using the Slope to Find Coordinates. 

Given a line through the point (2, 3) with slope m = —2, find the y-coordinate of the 
point on this line that has x-coordinate 3.6. 

SOLUTION 

The increment in x is Ax = 3.6 — 2 = 1.6. Since the ratio of the increments is —2, 

Ay = -2:+ Ax = -3.2. 

The y-coordinate is 3 + (—3.2) = —0.2. Now Try Exercise 9. 
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EXAMPLE 3 Finding Additional Values of a Linear Function 

The pressure, p, on a diver is a linear function of the depth, d. We know that the pressure 

at 20 meters is 2.988 atmospheres, and an increase of 5 meters in depth corresponds to an 

increase of 0.497 atmosphere. Find the pressure at 23 meters, 42 meters, and 16 meters. 

SOLUTION 

Because this is a linear function, the ratio of the increments is constant: 

Ap _ 0.497 

Ad 5 

From d = 20 to 23, the change in depth is Ad = 3, so Ap = 3(0.0994) = 0.2982. 

The pressure at 23 m is 2.988 + 0.2982 = 3.2862 atmospheres. 

From d = 20 to 42, the change in depth is Ad = 22, so Ap = 22(0.0994) = 2.1868. 

The pressure at 42 m is 2.988 + 2.1868 = 5.1748 atmospheres. 

From d = 20 to 16, the change in depth is Ad = —4, so Ap = —4(0.0994) = —0.3976. 

The pressure at 16 m is 2.988 — 0.3976 = 2.5904 atmospheres. Now Try Exercise 13. 

= 0.0994 atmosphere per meter 

EXAMPLE 4 Modeling a Linear Equation 

Using the information given in Example 3, find the linear equation that describes pres- 

sure, p, as a linear function of depth, d. 

SOLUTION 

If p is the pressure at depth d, we get the same constant ratio of increments as the pres- 

sure changes from 2.988 to p and the depth changes from 20 to d. We can replace Ap 

by p — 2.988 and Ad by d — 20 and solve for p: 

Dp — 2.988 

eto) 

p — 2.988 = 0.0994(d — 20) or p = 0.0994d + 1 

Now Try Exercise 17. 

= 0.0994 

Point-Slope Equation of a Linear Function 

There are many ways to represent a linear relationship between two variables, and each 

has a role to play in calculus. The most useful representation will be the point-slope equa- 

tion, built from knowledge of some point on the graph of the function and the value of the 

constant slope. 

If we know some ordered pair (x, y, ) that satisfies a linear equation, then the slope m 

Y : : ayy Aweey 
between (x, y, ) and any other point (x, y) must satisfy the equation eran 4 

— x 
If we multiply this equation by the denominator, we get an equivalent equation that is 

also valid when (x, y) equals the point (x;, y; ) itself. This leads to the following definition. 

DEFINITION Point-Slope Equation of a Line 

The equation 

y~ y= m(x — x) 
is the point-slope equation of the line through the point (x, y,) with slope m. We 

will sometimes find it useful to write this equation in the “calculator-ready” form 

y=m(x— x14) + 
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Zero Denominator Alert EXAMPLE 5 Using the Point-Slope Equation 

Find the point-slope equation of the line with slope 5 that passes through the point 
Notice that the equation * .s: ; = 5 does (2} 3). 

not work as an answer in Example 5. | SOLUTION 

Significantly, the graph does not pass 

through the point (2, 3)! Letting m = 5 and (x;, y,) = (2,3), the point-slope equation is y — 3 = 5(x — 2). 
Now Try Exercise 19. 

1 

ann As previously noted, a horizontal line has slope 0. Therefore, the equation of a horizontal 

6 sree he line through the point (a, b) has equation y — b = 0(x — a), which simplifies to y = b. 
A vertical line through (a, b) has no slope, and its equation is x = a. Horizontal and verti- 

a cal lines through the point (2, 3) are shown, along with their equations, in Figure 1.2. 

4- 
Along this line, 
y= 3. Other Linear Equation Forms 

The idea of “slope at a point” is a central theme in calculus, and the point-slope equation 

of a line conveys the information so perfectly that we will rarely have need in this book 

for the two other common forms that you may have studied. We list them here under their 

usual names. 

Figure 1.2 The standard equations DEFINITION Slope-Intercept Equation and General Linear Equation 
for the vertical and horizontal lines dita ‘ 

through the point (2,3) are x = 2 The slope-intercept equation of a line with slope m that passes through the point 
and y = 3. (Example 5) (0, b) is 

y= mx + b. 

See Figure 1.3.) y-intercept. (The number b is called the 

ion in x and y has the form 

Ax + By = C_ (assuming A and B are not both 0). 

Slope-intercept form is useful in modeling real-world problems that have a fixed part 

and a (proportionately) varying part. For example, y = mx + b could represent the salary 

of a salesman who earns a base salary of b dollars and a fixed percentage m of his sales 

Figure 1.3 A line with slope m and of x dollars. It also has the advantage of being unique (there is only one possible slope- 
y-intercept b. intercept form for any nonvertical line). The latter quality is quite helpful for authors of 

multiple-choice tests and textbooks with answer keys, which probably accounts for its 

dominance in algebra classrooms. 

The general linear form is useful in linear algebra. You used it in earlier courses when 

solving simultaneous linear equations, especially if you used matrices. It is also the only 

form that accommodates vertical lines, as the other forms require a numerical slope m. We 

will have very little use for the equations of vertical lines, as they do not represent linear 

functions. 

Parallel and Perpendicular Lines 
Parallel lines form equal angles with the x-axis (Figure 1.4). Hence, nonvertical parallel 

lines have the same slope. Conversely, lines with equal slopes form equal angles with the 

x-axis and are therefore parallel. 

Figure 1.4 If L;||L>, then 0, = 0, and If two nonvertical lines L; and L, are perpendicular, their slopes m, and my satisfy 
m, = mp. Conversely, if m; = m, m ym = —1, so each slope is the negative reciprocal of the other: If m; = a/b, then 

then 6, = 0) and L;|\L>. mz = —b/a. 
7” 

Se 



Figure 1.5 A little geometry shows why 

the slopes of perpendicular lines are 

negative reciprocals of each other. 
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In Figure 1.5, the two triangles are congruent right triangles with perpendicular legs of 

lengths a and b. The angle where lines L, and L, meet is the sum of the acute angles in 

this triangle, which is 90°. 

EXAMPLE 6 Finding Equations of Lines 

Find an equation for: 

(a) the line through (3,5) parallel to the line with equation y = 2x — 8; 

(b) the line with x-intercept 6 and perpendicular to the line with equation 2x + y = 7; 

(c) the perpendicular bisector of the segment with endpoints (2, 3) and (6, 17). 

SOLUTION 

(a) The line y = 2x — 8 has slope 2, so the line through (3, 5) with the same slope 
has equation y — 5 = 2(x — 3). 

(b) The line 2x + y = 7 has slope —2, so the line through (6, 0) with negative recip- 

1 
rocal slope has equation y — 0 = ~(x — 6). 

ps 

(c) The midpoint of the segment is found by averaging the endpoint coordi- 

They ACP re) Le can yaad, 
nates: ( daeet ) = (4, 10). The slope of the segment is eae as 

so the line through the midpoint and perpendicular to the segment has equation 

2 
y-10= reese 4). Now Try Exercise 29. 

Note that we gave the answers in Example 6 in point-slope form, not only because it 

was easiest, but also because the equation is self-identified as “the line through this point 

with this slope.” It is exactly this interpretation of lines that you will be using in calculus. 

If you need to convert from point-slope form to some other form (for example, to select 

an answer on a multiple-choice test), just do the algebra. 

EXAMPLE 7 Doing the Algebra 

Match each linear equation below with one of the answers in Example 6. 

(a) x — 2y =6 (b) 7y + 2x = 78 

(c) y = 0.5x — 3 (d) y+ 1 =2x 

SOLUTION 

(a) (b) (b) (c) 

(c) (b) (d) (a) Now Try Exercise 46. 

Applications of Linear Functions 
When we use variables to represent quantities in the real world, it is not at all unusual for 

the relationship between them to be linear. As we have seen, the defining characteristic for 

a linear function is that equal increments in the independent variable must result in equal 

increments of the dependent variable. In calculus, we will be more interested in extending 

the slope concept to other functions than in exploring linear functions themselves, but we 

want to include at least one well-known linear model. 
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EXAMPLE 8 Temperature Conversion 

The relationship between the temperatures on the Celsius and Fahrenheit scales is linear. 

(a) Find the linear equations for converting Celsius temperatures to Fahrenheit and 

Fahrenheit temperatures to Celsius. 

(b) Convert 20°C to Fahrenheit and 95°F to Celsius. 

(c) Find the unique temperature that is the same in both scales. 

SOLUTION 

(a) Let C be the Celsius temperature and F the Fahrenheit temperature. Using the 

freezing point of water and the boiling point of water gives us two reference points in 

2A basa | 9 
the linear (C, F) relationship: (0, 32) and (100, 212). The slope is reer 

9 
and the point-slope equation through (0, 32) is F — 32 = 5 — 0). This simplifies 

9 
LO =" Orne oes 

3, 
If we solve this equation for C, we get C = rica — 32), which converts Fahrenheit to 

Celsius. 

9 
(b) When C = 20, F = 5 (20) F132) 68:s0)207@ = O8eEe 

5) 
When F = 95, C = 9 (95 — 32) = 35, so 95°F = 35°C. 

9 
(c) If F = C, then C = 5c + 32. Solving for C, we get C = —40. When the wind 

chill is “forty below,” it does not matter what scale is being used! 

Now Try Exercise 41. 

Solving Two Linear Equations Simultaneously 
Some exercises in this book will require you to find a unique ordered pair (x, y) that 

solves two different linear equations simultaneously. There are many ways to do this, and 

we will review a few of them in Example 9 below. If you need further review, you can 

consult an algebra textbook. 

EXAMPLE 9 Solving Two Linear Equations Simultaneously 

Find the unique pair (x, y) that satisfies both of these equations simultaneously: 

3x — Sy = 39 

2x Sy 7 

SOLUTION 1 (Substitution) 

) 5 
Solve the first equation for x to find that x = 3 y + 13. Substitute the expression 

a 
into the second equation to get 2(35 + 13) + 3y = 7. Solve this equation to get 

y = —3. Finally, plug y = —3 into either original equation to get x = 8. The answer is 

(8,3): 
continued 
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SOLUTION 2 (Elimination) 

II 3x — Sy = 39 6x — 10y 
= 

6x + 9y = 21 

78 

2x + 3y=7 

Subtract the bottom equation from the top to “eliminate” the x variable and get 

—19y = 57. Solve this equation to get y = —3 and proceed as in Solution 1. 

SOLUTION 3 (Graphical) 

Graph the two lines and use the “intersect” command on your graphing calculator: 

Plotl Plote Plot3 

\Y; B(3/5)X-39/5 
CALCULATE 
1 : value 
2:zero 
3: minimum 
UY: maximum 
E® intersect 
6: dy/dx 
7: St(x)dx 

SOLUTION 4 (Matrix Manipulation) 

Enter the coefficients into a 2 X 3 matrix and use your calculator to find the row- 

reduced echelon form (rref). The values of x and y will appear in the third column. 

NAMES (Waite) EDIT 
6TrandM [ 
7 :augment [ 
8:Matr>list [ 
Q:List>matr [ 
O:cumSum [ 
A: ref 
EMrre 

There is much more that could be said about solving simultaneous linear equations, but 

that is for another course. If you can use one or more of these methods to solve two linear 

f [ 

iL Sia aS Baro 
bes 

rref({Al) 

equations in two variables, that will suffice for now. 

Quick Review 1.1 

Exercise numbers with a gray background indicate problems that the 

authors have designed to be solved without a calculator. 

1. Find the value of y that corresponds to x = 3 in 

eee ae ACK) 3) 

2. Find the value of x that corresponds to y = 3 in 
$= 3— 2 sly 

In Exercises 3 and 4, find the value of m that corresponds to the 

values of x and y. 

(For help, go to Section 1.1.) 

In Exercises 5 and 6, determine whether the ordered pair is a solu- 

tion to the equation. 

(53x — 4y =5 

(a) (2,1/4) (b) (3,-1) 

6y =-2x +5 

(a) (-1,7) (b) (~2, 1) 

In Exercises 7 and 8, find the distance between the points. 

@B(1,0), (0,1) 8) (2,1), (1,-1/3) 

In Exercises 9 and 10, solve for y in terms of x. 

G+. - 3y =7 (0)-—2x + 5y = -3 

Now Try Exercise 33. 
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Section 1.1 Exercises 

Exercise numbers with a gray background indicate problems that the 

authors have designed to be solved without a calculator. 

In Exercises 1—4, find the coordinate increments from A to B. 

mA 1,2) Bes) mp Al—3; 2), B(—12-2) 

a9 A(—3, 1), B(—8, 1) 4. A(0, 4), B(0, —2) 

In Exercises 5-8, let L be the line determined by points A and B. 

(a) Plot A and B. (b) Find the slope of L. 

(c) Draw the graph of L. 

mgA(1,—2), B(2,1) 

m9 A(2,3), B(—1,3) 

® A(—2,-1), 3B(1,—2) 
8) A(1,2), B(1,-3) 

In Exercises 9-12, you are given a point P on a line with slope m. 

Find the y-coordinate of the point with the given x-coordinate. 

M9P(3,5) m=2 x=45 

eee P(—2,1) m=3 x=2 

11.P(3,2) m=-3 x=5 

12. P(—1,-2) m=08 x=1 

In Exercises 13-17, the position d of a bicyclist (measured in kilo- 

meters) is a linear function of time t (measured in minutes). At time 

t = 6 minutes, the position is d = 5 km. If the bicyclist travels 2 km 

for every 5 minutes, find the position of the bicyclist at each time ¢. 

13. ¢ = 8 minutes 14. t = 3 minutes 

15. t = 12 minutes 16. ¢ = 20 minutes 

17. Find the linear equation that describes the position d of the 

bicyclist in Exercises 13-16 as a function of time f. 

18. Club Fees A tennis club charges a monthly fee of $65 and a 

rate of $20 for each half-hour of court time. Find the linear equa- 

tion that gives the total monthly fee F for a club member who 

accumulates ¢ hours of court time during the month. 

In Exercises 19-22, write the point-slope equation for the line 

through the point P with slope m. 

19) P(1,1), m=1 
21) (0,3), m=2 

ga) P(—1,1), m=-1 

gee P(—4,0), m=-—2 

In Exercises 23 and 24, the line contains the origin and the point in 

the upper right corner of the grapher screen. Write an equation for 

the line. 

[-10, 10] by [-25, 25] [-5, 5] by [-2, 2] 

In Exercises 25—28, find the (a) slope and (b) y-intercept, and 

(c) graph the line. 

25.)3x + 4y = 12 26.x+y=2 

are. 
ge-+-=1 28. y = 2x + 4 2 goa 8. y 

In Exercises 29-32, write an equation for the line through P that is 

(a) parallel to L, and (b) perpendicular to L. 

Z290P(0,.0); Li vie S00P (= 2, a Li oat eS 4 

31. P(-2,4), Lix=5 32. P(-1,1/2), L:y =3 

In Exercises 33-38, find the unique pair (x, y) that satisfies both 
equations simultaneously. 

33.x— 2y=13 and 3x+y=4 

34.2x +y=11 and 6x-y=5 

35. 20x + 7y = 22 and y—5x=11 

36.2y —S5x=0 and 4x + y = 26 

37.4x —-y=4 and 14x + 3y=1 

38.3x + 2y=4 and 12x —5y=3 

39. Unit Pricing If 5 burgers and 4 orders of fries cost $30.76, 

while 8 burgers and 6 orders of fries cost $48.28, what is the 

cost of a burger and what is the cost of an order of fries? 

40. Writing to Learn x- and y-intercepts 

(a) Explain why c and d are the x-intercept and y-intercept, 

respectively, of the line 

O18 

y +==1, 
d 

(b) How are the x-intercept and y-intercept related to c and d in 

the line 

=f 
apad 

41, Parallel and Perpendicular Lines For what value of k are 

the two lines 2x + ky = 3 and x + y = 1 (a) parallel? 

(b) perpendicular? 

Group Activity In Exercises 42—44, work in groups of two or 

three to solve the problem. 

42. Insulation By measuring slopes in the figure below, find the 
temperature change in degrees per inch for the following materials. 

(a) gypsum wallboard 

(b) fiberglass insulation 

(c) wood sheathing 



43. 

44. 

(d) Writing to Learn Which of the materials in (a)—(c) is the 

best insulator? the poorest? Explain. 

80° oo fw 
0: 

60° | 

50° A 

40° 4 

Temperature (°F) 30° 

20° 

10°} 

0° 

Distance through wall (inches) 

For the Birds The level of seed in Bruce’s bird feeder 

declines linearly over time. If the feeder is filled to the 12-inch 

level at 10:00 AM and is at the 7-inch level at 2:00 pm the same 

day, at approximately what time will the seed be completely 

gone? 

Modeling Distance Traveled A car starts from point P at 

time t = 0 and travels at 45 mph. 

(a) Write an expression d(t) for the distance the car travels from 

le 

(b) Graph y = d(t). 

(c) What is the slope of the graph in (b)? What does it have to do 

with the car? 

(d) Writing to Learn Create a scenario in which t could have 

negative values. 

(e) Writing to Learn Create a scenario in which the y-intercept 

of y = d(t) could be 30. 

Standardized Test Questions 

45. 

46. 

47. 

True or False The slope of a vertical line is zero. Justify 

your answer. 

True or False The slope of a line perpendicular to the line 

y = mx + bis 1/m. Justify your answer. 

Multiple Choice Which of the following is an equation of 

the line through (—3, 4) with slope 1/2? 

1 1 
(A) y —4= (x +3) By +3= 54) 

(C) y — 4 = -2(x + 3) 
(E) y + 3 = 2(x — 4) 

Oy 4 = 2% #3) 
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48. Multiple Choice Which of the following is an equation of 

49. 

50. 

the vertical line through (—2, 4)? 

(A)y=4 (B) x =2 (C)y =-4 

(D) x = 0 (E) x = —2 

Multiple Choice Which of the following is the x-intercept 

of the line y = 2x — 5? 

(A) x = —-5 (B)x =5 (C)x =0 

(D) x = 5/2 (E) x = —-5/2 

Multiple Choice Which of the following is an equation of 

the line through (—2, —1) parallel to the line y = —3x + 1? 

1 1 
(A) y = -3x + 5 (B) y = —3x — 7 Oi 5 mas 

(D) y = -3x + 1 (E) y = —3x — 4 

Extending the Ideas 

51. 

52. 

53. 

54. 

Tangent to a Circle A circle with radius 5 centered at the 

origin passes through the point (3, 4). Find an equation for the 

line that is tangent to the circle at that point. 

Knowing Your Rights The vertices of triangle ABC have 

coordinates A(—3, 10), B(1, 3), and C(15, 11). Prove that it is 
a right triangle. Which side is the hypotenuse? 

Simultaneous Linear Equations Revisited The two 

linear equations shown below are said to be dependent and 

inconsistent: 

3x7) ="3 

—9x + 15y = 8 

(a) Solve the equations simultaneously by an algebraic 

method, either substitution or elimination. What is your 

conclusion? 

(b) What happens if you use a graphical method? 

(c) Writing to Learn Explain in algebraic and graphical terms 

what happens when two linear equations are dependent and 

inconsistent. 

Simultaneous Linear Equations Revisited Again The 

two linear equations shown below are said to be dependent and 

consistent: 

2%—=7 SVE= 5 

6x — 1S5y = 9 

(a) Solve the equations simultaneously by an algebraic 

method, either substitution or elimination. What is your 

conclusion? 

(b) What happens if you use a graphical method? 

(c) Writing to Learn Explain in algebraic and graphical terms 
what happens when two linear equations are dependent and 

consistent. 
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55. Parallelogram Three different parallelograms have vertices at 

(—1, 1), (2,0), and (2, 3). Draw the three and give the coordi- 

nates of the missing vertices. 

56. Parallelogram Show that if the midpoints of consecutive 

sides of any quadrilateral are connected, the result is a 

parallelogram. 

57. Tangent Line Consider the circle of radius 5 centered at 

(1, 2). Find an equation of the line tangent to the circle at the 

point (—2, 6). 

58. Group Activity Distance from a Point to a Line This 

activity investigates how to find the distance from a point P(a, b) 
to a line L: Ax + By = C. 

(a) Write an equation for the line M through P perpendicular 

to L. 

(b) Find the coordinates of the point Q in which M and L 

intersect. 

(c) Find the distance from P to Q. 
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Functions and Graphs | 
You will be able to use the lan- 

guage, notation, and graphical 

representation of functions to 

express relationships between 

variable quantities. 

« Function, domain, and range 

+ Interval notation 

« Graphs in the coordinate plane 
« Odd and even symmetry 

« Piecewise-defined functions, 

including absolute value 

« Composite functions 

x f(x) 
——> ff —— 

Input Output 
(Domain) (Range) 

Figure 1.6 A “machine” diagram for a 

function. 

Leonhard Euler (1707-1783) 
Leonhard Euler, the 

dominant mathemati- 

cal figure of his cen- 

tury and the most 

prolific mathematician 

ever, was also an 

astronomer, physicist, 

botanist, and chemist, 

and an expert in ori- 

ental languages. His work was the first to 

give the function concept the prominence 

that it has in mathematics today. Euler's 

collected books and papers fill 72 volumes. 

This does not count his enormous corre- 

spondence to approximately 300 address- 

es. His introductory algebra text, written 

originally in German (Euler was Swiss), is 

still available in English translation. 

Functions 

We assumed some familiarity with the language of functions and graphs in Section 1.1, 

where we connected lines in the coordinate plane with their algebraic representations, 

called linear functions. In this section we will review some of the other terminology asso- 

ciated with functions and graphs so that you will be comfortable with them in the chapters 

to come. 

DEFINITION Function (and Related Terms) 

function from a set D to a set R is a rule that assigns to ah element in D a 
pare 

and the set of all output values in R is the range of the function. In fi 1 nota 

we use f(x) to denote the range value that f assigns to the domain value x. _ The set 

of all points (x, y)i in the coordinate plane determined by ie tule a f(x) is the 

Most of the functions in this course will be from the real numbers to the real numbers. 

Indeed, this course might be more fully described as “the calculus of real functions of a 

real variable.” In this context, the domain is a subset (not always the whole set) of the real 

numbers, as is the range. 

The uniqueness in the definition of f(x) is essential. It might be helpful to think of 
f as a machine that assigns a unique range value to every domain value (Figure 1.6). If 

the same x were put into the same machine, the same f(x) would result. On the other 

hand, two (or more) different domain values could be assigned the same range value 

(Figure 1.7). 

D = domain set : _ D aCe < 
R = range set R 

(a) (b) 

Figure 1.7 (a) A function from a set D to a set R. (b) Not a function. The assignment is 

not unique. 

Euler invented a symbolic way to say “y is a function of x”: 

at (oe), 

which we read as “‘y equals f of x.” This notation enables us to give different functions 

different names by changing the letters we use. To say that the boiling point of water is a 

function of elevation, we can write b = f(e). To say that the area of a circle is a function 
of the circle’s radius, we can write A = A(r), giving the function the same name as the 

dependent variable. 
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+ 

0 

Name: The set of all real numbers 

Notation: —o < x < o or (—«, 00) 

BS 

a 

Name: The set of numbers greater than a 

Notation: a < x or (a, ~) 

8 

a 

Name: The set of numbers greater than 

or equal to a 

Notation: a< x or [a,) 

a 

b 

Name: The set of numbers less than b 

Notation: x < b or (—o, b) 

> 

b 

The set of numbers less than 

or equal to b 
Notation: x = b or (—o, b] 

Name: 

Figure 1.10 Infinite intervals—rays on the 

number line and the number line itself. 

The symbol oo (infinity) is used merely 

for convenience; it does not mean there is 

a number oo. 

Prerequisites for Calculus 

The notation y = f(x) gives a way to denote specific values of a function. The value 
of f at a can be written as f(a), read “f of a.” 

EXAMPLE 1 The Circle-Area Function 

Write a formula that expresses the area of a circle as a function of its radius. Use the 

formula to find the area of a circle of radius 2 in. 

SOLUTION 

If the radius of the circle is r, then the area A(r) of the circle can be expressed as 

A(r) = ar’. The area of a circle of radius 2 can be found by evaluating the function 

A(r) atr = 2. 

A(2) = 7(2)? = 47 

The area of a circle of radius 2 in is 477 in?. Now Try Exercise 3. 

Domains and Ranges 
When we define a function y = f(x) with a formula and the domain is not stated or restrict- 

ed by context, the domain is assumed to be the largest set of x values for which the formula 

gives real y values. This is the implied domain. In Example 1, the domain of the function 

is restricted by context, since the independent variable is a radius and must be nonnegative. 

The restricted domain is called the relevant domain. The domain of a function can also be 

restricted as part of its definition, as in the function v(t) = 32t + 25 fort = 0. 
The domains and ranges of many real-valued functions of a real variable are intervals 

or combinations of intervals. The intervals may be open, closed, or half-open (Figures 1.8 

and 1.9) and finite or infinite (Figure 1.10). 

aS ae 

a b a b 

Closed at a and open at b 
Notation: a<x< bor [a, b) 

Name: Open interval ab 

Notation: a<x<bor (a, b) 

rn a ee a, 

a b f a b 

Name: Closed interval ab Open at a and closed at b 

Notation: a<x <b or [a,b] Notation: a<x <b or (a, b] 

Figure 1.8 Open and closed finite intervals. Figure 1.9 Half-open finite intervals. 

The endpoints of an interval make up the interval’s boundary and are called 

boundary points. The remaining points make up the interval’s interior and are called 

interior points. Closed intervals contain their boundary points. Open intervals 

contain no boundary points. Every point of an open interval is an interior point of the 

interval. 

Viewing and Interpreting Graphs 
The points (x, y) in the plane whose coordinates are the input-output pairs of a func- 

tion y = f(x) make up the function’s graph. The graph of the function y = x + 2, for 
example, is the set of points with coordinates (x, y) for which y equals x + 2. 



Power Function 
ms 

Any function that can be written in the 

form f(x) = kx?, where k and a are 

nonzero constants, is a power function. 
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EXAMPLE 2 Identifying Domain and Range of a Function 

Identify the domain and range, and then sketch a graph of the function. 

] 
@) y= (b) y = Vx 

SOLUTION 

(a) The formula gives a real y value for every real x value except x = 0. (We cannot divide 

any number by 0.) The domain is (—oo, 0) U (0, 00). The value y takes on every real 

number except y = 0. (y = c # Oif x = 1/c). The range is also (—oo, 0) U (0, 00). 
A sketch is shown in Figure 1.1 1a. 

(a) (b) 

Figure 1.11 A sketch of the graph of (a) y = 1/x and (b) y = Vx. (Example 2) 

(b) The formula gives a real number only when x is positive or zero. The domain is 

[ 0, 00). Because Vx denotes the principal square root of x, y is greater than or equal 

to zero. The range is also [ 0, 00). A sketch is shown in Figure 1.11b. 

Now Try Exercise 9. 

Graphing with pencil and paper requires that you develop graph drawing skills. 

Graphing with a grapher (graphing calculator) requires that you develop graph viewing 

skills. 

Graph Viewing Skills 

1. Recognize that the graph is reasonable. 

2. See all the important characteristics of the graph. 

3. Interpret those characteristics. 

4. Recognize grapher failure. 

Being able to recognize that a graph is reasonable comes with experience. You need 

to know the basic functions, their graphs, and how changes in their equations affect the 

graphs. 

Grapher failure occurs when the graph produced by a grapher is less than precise—or 

even incorrect—usually due to the limitations of the screen resolution of the grapher. 
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Graphing y = x?*—Possible 
Grapher Failure 
SEE 

On some graphing calculators you need 

to enter this function as y = (x2)'/5 or 
y = (x'/S)? to obtain a correct graph. 
Try graphing this function on your grapher. 

(b) 

Figure 1.13 (a) The graph of y = x? 
(an even function) is symmetric about the 

y-axis. (b) The graph of y = x? (an odd 
function) is symmetric about the origin. 

EXAMPLE 3 Identifying Domain and Range of a Function 

Use a grapher to identify the domain and range, and then draw a graph of the function. 

(a) y= V4 - x? (b) y = x7 
SOLUTION 

(a) Figure 1.12a shows a graph of the function for —4.7 = x = 4.7 and 

—3.1 < y S 3.1, that is, the viewing window [—4.7, 4.7] by [—3.1, 3.1], with 

x-scale = y-scale = 1. The graph appears to be the upper half of a circle. The 

domain appears to be [—2, 2]. This observation is correct because we must have 
4 — x? = 0, or equivalently, -2 < x < 2. The range appears to be [ 0,2], which 

can also be verified algebraically. 

y= V¥4—x2 y= x23 

[-4.7, 4.7] by [-3.1, 3.1] (4.7, 4.7] by [-2.1, 4.1] 

(a) (b) 

Figure 1.12 The graph of (a) y = V4 — x? and (b) y = x?/3. (Example 3) 

(b) Figure 1.12b shows a graph of the function in the viewing window [ —4.7, 4.7] by 

[—2.1, 4.1], with x-scale = y-scale = 1. The domain appears to be (—co, 00), which 

we can verify by observing that x7/3 = (Wa). Also the range is [ 0,00) by the same 
observation. Now Try Exercise 15. 

Even Functions and Odd Functions—Symmetry 
The graphs of even and odd functions have important symmetry properties. 

{ 

DEFINITIONS Even Function, Odd Function 

A function y = f(x) is an 

even function of x if f(—x) = (x), 

odd function of x if f(—x) = —(x), 

for every x in the function’s domain. 

The names even and odd come from powers of x. If y is an even power of x, as in y = x? 

or y = x*, it is an even function of x (because (—x)? = x? and (—x)* = x*). If y is an 
odd power of x, as in y = x or y = x, it is an odd function of x (because (—x)! = —x 
and (—x)? = —x3V. 

The graph of an even function is symmetric about the y-axis. Since f(—x) = f(x), a 
point (x, y) lies on the graph if and only if the point (—x, y) lies on the graph (Figure 1.13a). 

The graph of an odd function is symmetric about the origin. Since f(—x) = —f(x),a 
point (x, y) lies on the graph if and only if the point (—x, —y) lies on the graph (Figure 1.13b). 
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Equivalently, a graph is symmetric about the origin if a rotation of 180° about the origin leaves 

the graph unchanged. 

EXAMPLE 4 Recognizing Even and Odd Functions 

F(x) =x" Even function: (—x)? = x? for all x; symmetry about y-axis. 

f(x) =x?+1 Even function: (—x)? + 1 = x? + 1 for all x; symmetry about 
y-axis (Figure 1.14a). 

f(x) =x Odd function: (—x) = —x for all x; symmetry about the origin. 

f(x) =a 1 Not odd: f(—x) = —x + 1, but —f(x) = —x — 1. The two are 
not equal. 

Not even: (—x) + 1 # x + 1 forall x ¥ 0 (Figure 1.14b). 
Now Try Exercises 21 and 23. 

It is useful in graphing to recognize even and odd functions. Once we know the graph 

of either type of function on one side of the y-axis, we know its graph on both sides. 

Piecewise-Defined Functions 

While some functions are defined by single formulas, others are defined by applying dif- 

ferent formulas to different parts of their domains. 

EXAMPLE 5 Graphing Piecewise-Defined Functions 

=i 3 SU 

Graph y = f(x) = 4x7, Osx<1 
Figure 1.14 (a) When we add the constant 

term 1 to the function y = x2, the result- 

ing function y = x? + 1 is still even Tee eee. 

and its graph is still symmetric about the 

y-axis. (b) When we add the constant SOLUTION 

term | to the function y = x, the result- 7 Feil BRE, 
ing function y = x + 1 is no longer odd. The values of f are given by three separate formulas: y = —x when x <0O,y=x 

The symmetry about the origin is lost. when 0 = x = 1, and y = 1 when x > 1. However, the function is just one function, 

(Example 4) whose domain is the entire set of real numbers (Figure 1.15). 
Now Try Exercise 33. 

EXAMPLE 6 Writing Formulas for Piecewise Functions 
-x,x<0 

ye {2 a <I Write a formula for the function y = f(x) whose graph consists of the two line seg- 

et ments in Figure 1.16. 

SOLUTION 

We find formulas for the segments from (0,0) to (1, 1) and from (1, 0) to (2, 1) and 
piece them together in the manner of Example 5. 

Segment from (0, 0) to (1,1) The line through (0, 0) and (1, 1) has slope 
Sse m = (1 — 0)/(1 — 0) = 1 and y-intercept b = 0. Its slope-intercept equation is 

y = x. The segment from (0, 0) to (1, 1) that includes the point (0, 0) but not the 
Seater point (1, 1) is the graph of the function y = x restricted to the half-open interval 

0 =x < 1, namely, 
[-3, 3] by [-1, 3] 

Figure 1.15 The graph of a piecewise- Vat aia = |. 
defined function. (Example 5) continued 
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y =f) 

(1) 2) (2, 1) 

0 2 

Figure 1.16 The segment on the left con- 

tains (0, 0) but not (1, 1). The segment 
on the right contains both of its endpoints. 

(Example 6) 

y=|x-2I-1 

(+4, 8] by [-3, 5] 

Figure 1.18 The lowest point of the 

graph of f(x) = |x — 2| — 1is (2,-1). 
(Example 7) 

x g(x) f(g(x)) 

Figure 1.19 Two functions can be com- 

posed when a portion of the range of the 

first lies in the domain of the second. 

Segment from (1, 0) to (2, 1) The line through (1, 
m = (1 — 0)/(2 — 1) = 1 and passes through the point (1, 
point-slope equation for the line is 

) and (2, 1) has slope 
). The corresponding 

0 

0 

Ve Me pelle Ore OF oy = 

The segment from (1, 0) to (2, 1) that includes both endpoints is the graph of 
y = x — | restricted to the closed interval 1 = x = 2, namely, 

y =~ ell Se 

Piecewise Formula Combining the formulas for the two pieces of the graph, 

we obtain 

f(x) Xs sso = il 
axe — 

iS Ae ae Now Try Exercise 43. 

Absolute Value Function 
The absolute value function y = |x| is defined piecewise by the formula 

= Kea () 
ole 

x, a0 == (0) 

The function is even, and its graph (Figure 1.17) is symmetric about the y-axis. 

Figure 1.17 The absolute value function has domain (—co, oo) and range [ 0, 00). 

EXAMPLE 7 Using Transformations 

Draw the graph of f(x) = |x — 2| — 1. Then find the domain and range. 

SOLUTION 

The graph of f is the graph of the absolute value function shifted 2 units horizontally 

to the right and 1 unit vertically downward (Figure 1.18). The domain of f is (—oo, co) 
and the range is [—1, 00). Now Try Exercise 49. 

Composite Functions 
Suppose that some of the outputs of a function g can be used as inputs of a function f. We 

can then link g and f to form a new function whose inputs x are inputs of g and whose 

outputs are the numbers f(g(x)), as in Figure 1.19. We say that the function f(g(x)) 
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(read “f of g of x’) is the composite of g and f. It is made by composing g and f in the 

order of first g, then f. The usual “stand-alone” notation for this composite is f ° g, which 

is read as “f of g.” Thus, the value of f° g at xis (f°g)(x) = f(g(x)). 

Composition Is Not Commutative 

Function composition is not a commuta- 

tive operation. In Example 8, (f° g)(x) = 
xe 7, out (ge r)(x) = (x —w/)> For 
most functions, fog # gof. 

SOLUTION 

for g(x). 

EXPLORATION 1 

EXAMPLE 8 Composing Functions 

Find a formula for f(g(x)) if g(x) = x? and f(x) = x — 7. Then find f(g(2)). 

A) ete 

To find f(g(x)), we replace x in the formula f(x) = x — 7 by the expression given 

AOAC PACA as Ute rec 
We then find the value of f(g(2)) by substituting 2 for x. 

CCC Ne las 3 

Composing Functions 

Now Try Exercise 51. 

Quick Review 1.2 

Exercise numbers with a gray background indicate problems that the 

authors have designed to be solved without a calculator. 

In Exercises 1—6, solve for x. 

gp3x—-1=5x+ 3 @ax(x—-2)>0 

3)|x-3| <4 A) |x —2| =5 
Bax? < 16 B99 —- x? =0 

In Exercises 7 and 8, describe how the graph of f can be transformed to 

the graph of g. 

7 f(e)usint,. oy a ee as 

8. f(x) = |x|, g(x) = |x-5| +2 

Some graphers allow a function such as y, to be used as the independent variable of 

another function. With such a grapher, we can compose functions. 

1. Enter the functions y, = f(x) = 4 — x7, y. = g(x) = Vx, y3 = yo(y,(x)), 
and y4 = y;(2(x)). Which of y3 and y, corresponds to f ° g? to g° f? 

2. Graph y,, y>, and y, and make conjectures about the domain and range of y3. 

3. Graph y,, y,, and y, and make conjectures about the domain and range of yy. 

. Confirm your conjectures algebraically by finding formulas for y3 and y4. 

(For help, go to Appendix Al and Section 1.2.) 

In Exercises 9-12, find all real solutions to the equations. 

Sp f(x) =x* —5 

(a) f(x) = 4 
10. f(x) = 1/x 

(a) f(x) = —5 
ame f(x) = Vxt+7 

(a) f(x) = 4 

GD f(x) = Vx -1 

(a) f(x) = -2 

(b) f(x) = —6 

(b) Fy 0 

(b) f(x) = 1 

(b) f(x) = 3 



20 Chapter 1 Prerequisites for Calculus 

Section 1.2 Exercises 

Exercise numbers with a gray background indicate problems that the 

authors have designed to be solved without a calculator. 

In Exercises 1—4, (a) write a formula for the function and (b) use the 

formula to find the indicated value of the function. 

1. the area A of a circle as a function of its diameter d; the area of a 

circle of diameter 4 in. 

2. the height / of an equilateral triangle as a function of its side 

length s; the height of an equilateral triangle of side length 3 m 

3. the surface area S of a cube as a function of the length of the 

cube’s edge e; the surface area of a cube of edge length 5 ft 

4. the volume V of a sphere as a function of the sphere’s radius r; 

the volume of a sphere of radius 3 cm 

In Exercises 5—12, (a) identify the domain and range and (b) sketch 

the graph of the function. 

By = 4 — x? my =x?-—9 

wey=2+Vx-1 8. y =—-V-x 

ie a 10. y = Wx 
poet) 

1 I 
moy-i+- Ipy=1+5 

x x 

In Exercises 13-20, use a grapher to (a) identify the domain and 

range and (b) draw the graph of the function. 

13. y = Wx 14. y =2V3-x 

15.y = WI — x? 16. y = V9 — x? 

17. y = 2/5 18. y = x3? 
1 

19.y = Wx —3 20. y = ———— 
V4 — x? 

In Exercises 21-30, determine whether the function is even, odd, or 

neither. 

21. y = x4 22.y=x+x? 

23.y=x+2 24.y =x? -—3 

25. y = Vx2 +2 26. y=x+x° 
3 

Ege Ser ae 28. y = W2—-x 

29. y= y= 
pat sie amet 

In Exercises 31-34, graph the piecewise-defined functions. 

Cee ee | (le me) 31.7) 45 oe 32. f(x) = {in al 

4 — x?, md 

33. f(x) = 4 (3/2)e + 3/2, 1sxs3 

ass age 

x?, x<0 

34. f(x) = ¢ x3, 0<x<=1 

23° et Bed 

35. Writing to Learn The vertical line test to determine whether 

a curve is the graph of a function states: If every vertical line in 

the xy-plane intersects a given curve in at most one point, then 

the curve is the graph of a function. Explain why this is true. 

36. Writing to Learn For a curve to be symmetric about the 

x-axis, the point (x, y) must lie on the curve if and only if the 
point (x, —y) lies on the curve. Explain why a curve that is sym- 

metric about the x-axis is not the graph of a function, unless the 

function is y = 0. 

In Exercises 37-40, use the vertical line test (see Exercise 35) to 

determine whether the curve is the graph of a function. 

37. y 38. » 

39. 40. y 

In Exercises 41—48, write a piecewise formula for the function. 

41. 42. » 



45. y 46. y 

(-1,1) | a, 1) 
1 

x 

re 
(1,-1) (3, -1) 

In Exercises 49 and 50, (a) draw the graph of the function. Then find 

its (b) domain and (c) range. 

ASF x)= — (3 — x] 42 50. f(x) = 2|x + 4| — 3 

In Exercises 51 and 52, find 

(a) f(g(x)) (b) g(f(x)) (c) f(g(0)) 
(d) g(f(0)) (e) g(g(-2)) f) f(F(x)) 

See f(x) =x+5, g(x) =x?-3 

Seg f(x) =x+ 1, g(x) =x- 1 

53. Copy and complete the following table. 

g(x) f(x) (f°8)(%) 

(a) tf Vitesse 5 

(b) ? 19 -FP 1 oc 

(c) Wee q x 

(d) We ? |x|,x=0 

54. The Cylindrical Can Problem A cylindrical can is to be 

constructed so that its height h is equal to its diameter. 

(a) Write the volume of the cylinder as a function of its height h. 

(b) Write the total surface area of the cylindrical can (including 

the top and bottom) as a function of its height h. 

(c) Find the volume of the can if its total surface area is 5477 

square inches. 

55. The Cone Problem Begin with a circular piece of paper with 

a 4-in. radius as shown in (a). Cut out a sector with an arc length 

of x. Join the two edges of the remaining portion to form a cone 

with radius r and height h, as shown in (b). 
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(b) 

(a) Explain why the circumference of the base of the cone is 

up oe 

(b) Express the radius r as a function of x. 

(c) Express the height h as a function of x. 

(d) Express the volume V of the cone as a function of x. 

56. Industrial Costs Dayton Power and Light, Inc., has a power 

plant on the Miami River where the river is 800 ft wide. To lay 

a new cable from the plant to a location in the city 2 mi down- 

stream on the opposite side costs $180 per foot across the river 

and $100 per foot along the land. 

(a) Suppose that the cable goes from the plant to a point Q on 

the opposite side that is x ft from the point P directly oppo- 

site the plant. Write a function C(x) that gives the cost of 

laying the cable in terms of the distance x. 

(b) Generate a table of values to determine if the least expensive 

location for point Q is less than 2000 ft or greater than 2000 ft 

from point P. 

Power plant 

(Not to scale) 

Standardized Test Questions 

57. True or False The function f(x) = x* + x? + xis an 
even function. Justify your answer. 

58. True or False The function f(x) = x”? is an odd function. 
Justify your answer. 
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59. Multiple Choice Which of the following gives the domain of 

xX 

7a) = W gees 

(A)x ~ +3 (B) (373) (C) son 

(D) (—co, —3) U(3;.ca} (E) (3, 00) 

60. Multiple Choice Which of the following gives the range of 

f(x) =1 pane “i 

(A) (Sco. )iUiCco)) (B) x # 1 (C) all real numbers 

(D) (—oo, 0) U (0, co) (E) x + 0 

61. Multiple Choice If f(x) = 2x — 1 and g(x) = x + 3, which 
of the following gives (f° g)(2)? 

(A) 2 (B) 6 (C)7 (D) 9 (E) 10 

62. Multiple Choice The length Z of a rectangle is twice as long 

as its width W. Which of the following gives the area A of the 

rectangle as a function of its width? 

1 
(A) A(W) = 3W (B) A(W) = aie 

(C) A(W) = 2W? 

(E) A(W) = W2 - 2W 

(D) A(W) = W? + 2W 

Explorations 

In Exercises 63-66, (a) graph f ° g and go f and make a conjecture 

about the domain and range of each function. (b) Then confirm your 

conjectures by finding formulas for f° g and go f. 

63. f(x) =x—7, g(x) = Vx 
64. f(x) =1-—22, g(x) = Vx 
65. f(x) =x7.— 3, efx) = Na 72 

Js ge | abe = 2 I 
66: (ee 3° g(x) = 

Group Activity In Exercises 67-70, a portion of the graph of a 

function defined on [—2, 2] is shown. Complete each graph assum- 
ing that the graph is (a) even, (b) odd. 

67. y 

69. 

Extending the Ideas 

71. Enter y, = Vx, yy = V1 —xand y; = y, + y) on your 

grapher. 

(a) Graph y3 in [—3, 3] by [—1, 3]. 

(b) Compare the domain of the graph of y; with the domains of 

the graphs of y, and yp. 

(c) Replace y3 by 

Yi Yo Yo-Yos Yat W/Ys and y/W, 
in turn, and repeat the comparison of part (b). 

(d) Based on your observations in (b) and (c), what would you 

conjecture about the domains of sums, differences, products, 

and quotients of functions? 

72. Even and Odd Functions 

(a) Must the product of two even functions always be even? 

Give reasons for your answer. 

(b) Can anything be said about the product of two odd func- 

tions? Give reasons for your answer. 
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Pky Exponential Functions 
You will be able to model exponen- : 

tial growth and decay with functions #ExXponential Growth 
of the form y = k + a* and recognize Table 1.1 shows the growth of $100 invested in 1996 at an interest rate of 5.5%, com- 
exponential growth and decay in pounded annually. 

algebraic, numerical, and graphical 

representations. 

- Exponential functions TABLE 1.1 Savings Account Growth 
¢ Rules of exponents Y, a doll 1 doll 

« Applications of exponential ss Teepn(dollars) puree (eolas 

functions (growth and decay) 1996 100 
« Compound interest 1997 100(1.055) = 105.50 5.50 

* The number e 1998 100(1.055)? = 111.30 5.80 
1999 100( 1.055)? = 117.42 6.12 

2000 100(1.055)* = 123.88 6.46 

After the first year, the value of the account is always 1.055 times its value in the previ- 

ous year. After n years, the value is y = 100 + (1.055)”. 
Compound interest provides an example of exponential growth and is modeled by a 

function of the form y = P + a*, where P is the initial investment (called the principal) 

and a is equal to 1 plus the interest rate expressed as a decimal. 

The equation y = P+ a*, a> 0, a # 1, identifies a family of functions called 

exponential functions. Notice that the ratio of consecutive amounts in Table 1.1 is always 

the same: 111.30/105.30 = 117.42/111.30 = 123.88/117.42 ~ 1.055. This fact is an 

important feature of exponential curves that has widespread application, as we will see. 
Yaz, 

EXPLORATION 1 _ Exponential Functions 

. Graph the function y = a* for a = 2,3,5, in a [—5,5] by [—2,5] viewing 

window. 

| jac . For what values of x is it true that 2* < 3* < 5*? 

ee, Rl . For what values of x is it true that 2* > 3* > 5*? 

. For what values of x is it true that 2* = 3* = 5*? 

[-6, 6] by [-2, 6] . Graph the function y = (1/a)* = a™ for a = 2,3,5. 
(a) . Repeat parts 2-4 for the functions in part 5. 

a oe 

DEFINITION Exponential Function 

Let a be a positive real number other than 1. The function 

f(x) = a* 
is the exponential function with base a. 

[-6, 6] by [-2, 6] 

(b) The domain of f(x) = a* is (—oo, 00) and the range is (0, 00). If a > 1, the graph 

Figure 1.20 A graph of (a) y = 2* and of f looks like the graph of y = 2* in Figure 1.20a. If 0 < a < 1, the graph of f looks 

(b) y = 2%. like the graph of y = 2™ in Figure 1.20b. 
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EXAMPLE 1 Graphing an Exponential Function y= 2(3*)-4 

Graph the function y = 2(3*) — 4. State its domain and range. 

SOLUTION 

Figure 1.21 shows the graph of the function y. It appears that the domain is (—o0, 00). 

The range is (—4, 00) because 2(3*) > 0 for all x. Now Try Exercise 1. 

EXAMPLE 2 Finding Zeros 

Find the zeros of f(x) = 5 — 2.5* graphically. 

Peel ware SOLUTION 
° 1 — EN es 

Larore se emph of yre3) oe Figure 1.22a suggests that f has a zero between x = 1 and x = 2, closer to 2. We can 

use our grapher to find that the zero is approximately 1.756 (Figure 1.22b). 

y=5 258 Now Try Exercise 9. 

Exponential functions obey the rules for exponents. 

Rules for Exponents 

If a > O and b > O, the following hold for all real numbers x and y. 
’ 

Lats @ =a at 0 3. (a*Y = (a’)¥ = a” 
[-5, 5] by [-8, 8] 

2 

(a) 4. aX: b* = (aby 5. (2) = an 
¢ 5) eB 

y=5—2:5 

Exponential Decay 
Exponential functions can also model phenomena that produce a decrease over time, such 

as happens with radioactive decay. The half-life of a radioactive substance is the amount 

of time it takes for half of the substance to change from its original radioactive state to a 

nonradioactive state by emitting energy in the form of radiation. 
Zero 
/-X=1.7564708 Y=0 

[-5, 5] by [-8, 8] EXAMPLE 3 Modeling Radioactive Decay 

(b) Suppose the half-life of a certain radioactive substance is 20 days and that there are 
Figure 1.22 (a) A graph of f(x) = 5 — 2.5° 5 grams present initially. When will there be only 1 gram of the substance remaining? 

(b) Showing the use of the ZERO feature SOLUTION 

_ Be ae hd Le The number of grams remaining after 20 days is 

y=5($)7o9=1 eihn . (4) = >. 

= oe ii = Sp ied (0, 80] by [-3, 5] _ ¢ |: 

Figure 1.23 (Example 3) - 
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Compound interest investments, population growth, and radioactive decay are all 

examples of exponential growth and decay. 

DEFINITIONS Exponential Growth, Exponential Decay 

The function y = k + a*,k > 0 is a model for exponential growth if a > 1, anda 
model for exponential decay if 0 < a < 1. 

Compound Interest 

One common application of exponential growth in the financial world is the compounding 

effect of accrued interest in a savings account. We saw at the beginning of this section that 

an account paying 5.5% annual interest would multiply by a factor of 1.055 every year, so 

an account starting with principal P would be worth P( 1.055)’ after t years. 

Some accounts pay interest multiple times per year, which increases the compound- 

ing effect. An account earning 6% annual interest compounded monthly would pay 

one-twelfth of the interest each month, effectively a monthly interest rate of 0.5%. Thus, 

after ¢ years, the account would be worth P( 1.005 )!*". The general formula is given below. 

Compound Interest Formula 

If an account begins with principal P and earns an annual interest rate r compounded 

n times per year, then the value of the account in ¢ years is 

r nt dea 
n 

EXAMPLE 4 Compound Interest 

Bernie deposits $2500 in an account earning 5.4% annual interest. Find the value of the 

account in 10 years if the interest is compounded 

(a) annually; (b) quarterly; (c) monthly. 

SOLUTION 

(a) 2500(1 + 0.054)!° = 4230.06, so the account is worth $4230.06. 

0.054 \4(10) d 
(b) 2500| 1 + eee = 4274.55, so the account is worth $4274.55. 

0.054 \ !2(10) 
(c) 2500{ 1 + ices = 4284.82, so the account is worth $4284.82. 

Now Try Exercises 25 and 26. 

The Number e 
You may have noticed in Example 4 that the value of the account becomes greater as 

the number of interest payments per year increases, but the value does not appear to be 

increasing without bound. In fact, a bank can even offer to compound the interest continu- 

ously without paying that much more per year. This is because the number that serves as 

the base of the exponential function in the compound interest formula has a finite limit as 

n approaches infinity: 

r\e 

ay es SS AS Tk S's 
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y=(1+1/x)* 1 x 

You can get an estimate of the number e by looking at values of (: e's 1) for 

increasing values of x, as shown graphically and numerically in Figure 1.24. This number 

e, which is approximately 2.71828, is one of the most important numbers in mathematics. 

Like 7, it is an irrational number that shows up in many different contexts, some of them 

quite surprising. You will encounter several of them in this course. 

One place that e appears is in the formula for continuously compounded interest. 

Continuously Compounded Interest Formula 

If an account begins with principal P and earns an annual interest rate r compounded 

continuously, then the value of the account in ¢ years is 

Per )i=.Be™. 

EXAMPLE 5 Continuously Compounded Interest 

Bernice deposits $2500 in an account earning 5.4% annual interest. Find the value of 

the account in 10 years if the interest is compounded 
Figure 1.24 A graph and table of values 

for f(x) = (1 + 1/x)* both suggest that (a) daily; (b) continuously. 
as % —* oo, F(x) re = 2.718. 

SOLUTION 

0.054 365(10) 

(a) 2500{| 1 + 365° =~ 4289.85, so the account is worth $4289.85. 

(b) 2500e9-954(10) ~ 4290.02, so the account is worth $4290.02. 

Notice that the difference between “daily” and “continuously” for Bernice is 17 cents! 

Now Try Exercise 27. 

Quick Review 1.3 (For help, go to Section 1.3.) 

Exercise numbers with a gray background indicate problems that the In Exercises 7 and 8, find the value of investing P dollars for n years 

authors have designed to be solved without a calculator. with the interest rate r compounded annually. 
¢ 

In Exercises 1-3, evaluate the expression. Round your answers 7. P = $500, r= 4.75%, n=5 years 

to 3 decimal places. os 8. P = $1000, r= 6.3%, n= 3 years 
1. 52 PRE In Exercises 9 and 10, simplify the exponential expression. ; Pp 
3, 3715 we (xy7)2 a7b- atc72\71 

In Exercises 4-6, solve the equation. Round your answers to of (x4y3)3 10. (= 4 -) € b3 ) 
4 decimal places. 

4.x3=17 5. x° = 24 

6. x!9 = 1.4567 

Section 1.3 Exercises 
ait MS 

Exercise numbers with a gray background indicate problems that the: ~ In Exercises 5-8, rewrite a eepanenes expression to have the indi- 
authors have designed to be solved without a calculator. cated base. 

In Exercises 1-4, graph the function. State its domain and range. es base bode 

ly =-2° +3 2y=er+3 @R1/8), dase e2 
- 3.y 23" €4=—2 4, y elt eh 



In Exercises 9-12, use a graph to find the zeros of the function. 

Fx =o 10. f(x) =e—-4 

Ahhh ee =0.5, 1225 ( S= ol" 

In Exercises 13-18, match the function with its graph. Try to do it 

without using your grapher. 

ia)y = 2 iB y = 3" 
ify =2*-2 

15. y = -3~* 

18. y = 15" -2 

(b) 

(c) (d) 

(e) (f) 

In Exercises 19-32, use an exponential model to solve the problem. 

19. Population Growth The population of Knoxville is 500,000 

and is increasing at the rate of 3.75% each year. Approximately 

when will the population reach | million? 

20. Population Growth The population of Silver Run in the year 
1890 was 6250. Assume the population increased at a rate of 

2.75% per year. 

(a) Estimate the population in 1915 and 1940. 

(b) Approximately when did the population reach 50,000? 

21. Half-life The approximate half-life of titanium-44 is 63 years. 

How long will it take a sample to lose 

(a) 50% of its titanium-44? 

(b) 75% of its titanium-44? 

22. Half-life The amount of silicon-32 in a sample will decay 

from 28 grams to 7 grams in approximately 340 years. What is 

the approximate half-life of silicon-32? 

23. Radioactive Decay The half-life of phosphorus-32 is about 14 
days. There are 6.6 grams present initially. 

(a) Express the amount of phosphorus-32 remaining as a func- 

tion of time ¢. 

(b) When will there be 1 gram remaining? 

24. Finding Time If John invests $2300 in a savings account with 

a 6% interest rate compounded annually, how long will it take 

until John’s account has a balance of $4150? 
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25. Doubling Your Money Determine how much time is required 

for an investment to double in value if interest is earned at the 

rate of 6.25% compounded annually. 

26. Doubling Your Money Determine how much time is required 

for an investment to double in value if interest is earned at the 

rate of 6.25% compounded monthly. 

27. Doubling Your Money Determine how much time is required 

for an investment to double in value if interest is earned at the 

rate of 6.25% compounded continuously. 

28. Tripling Your Money Determine how much time is required 

for an investment to triple in value if interest is earned at the rate 

of 5.75% compounded annually. 

29. Tripling Your Money Determine how much time is required 

for an investment to triple in value if interest is earned at the rate 

of 5.75% compounded daily. 

30. Tripling Your Money Determine how much time is required 

for an investment to triple in value if interest is earned at the rate 

of 5.75% compounded continuously. 

31. Cholera Bacteria Suppose that a colony of bacteria starts with 

1 bacterium and doubles in number every half hour. How many 

bacteria will the colony contain at the end of 24 h? 

32. Eliminating a Disease Suppose that in any given year, the 

number of cases of a disease is reduced by 20%. If there are 

10,000 cases today, how many years will it take 

(a) to reduce the number of cases to 1000? 

(b) to eliminate the disease; that is, to reduce the number of 

cases to less than 1? 

Group Activity In Exercises 33-36, copy and complete the table 

for the function. 

33.y=2x-3 

x y Change (Ay) 

1 ? 
? 

8) 9 
Z 

3 2 * 

4 2 

34. y =—-3x+4 

x y Change (Ay) 

1 ? 
i] 

2 ? 
z 

3 2 
? 

4 2 

35. y = x? 

x y Change (Ay) 

1 ? 
? 

2 ? 
? 

3 9 
? 

4 ? 



28 Chapter 1 Prerequisites for Calculus 

36. y = 3e"* 

Ratio (y;/y;-1) 

+ iy 

37. Writing to Learn Explain how the change Ay is related to the 

slopes of the lines in Exercises 33 and 34. If the changes in x are 

constant for a linear function, what would you conclude about 

the corresponding changes in y? 

38. Bacteria Growth The number of bacteria in a petri dish cul- 
ture after t hours is 

B = 100e°-693+, 

(a) What was the initial number of bacteria present? 

(b) How many bacteria are present after 6 hours? 

(c) Approximately when will the number of bacteria be 200? 

Estimate the doubling time of the bacteria. 

39. The graph of the exponential function y = a + b* is shown 

below. Find a and b. 

40. The graph of the exponential function y = a + b* is shown 

below. Find a and b. 

(-1, 8) 

(2, 0.125) 
x 

You may use a graphing calculator to solve the following problems. 

1. Multiple Choice Which of the following gives an equa- 

tion for the line through (3, —1) and parallel to the line 
y=-2 

s 
(A) at +5 (B)y== side (C)y = >2r + 5 

(D) y=-2x-7 (Ey y = 20 $1 
2. Multiple Choice If f(x) = x? + 1 and g(x) = 2x — 1, 

which of the following gives (f° g)(2)? 

(A) 2 (B) 5 (C)9 (D) 10 (E) 15 

Standardized Test Questions 
You may use a graphing calculator to solve the following problems. 

41. True or False The number 3° is negative. Justify your answer. 

42. True or False If 4° = 22, then a = 6. Justify your answer. 

43. Multiple Choice John invests $200 at 4.5% compounded 
annually. About how long will it take for John’s investment to 

double in value? 

(A)6yr (B)9yr (C)1l2yr (D)l6yr (HE) 20yr 

44. Multiple Choice Which of the following gives the domain of 

y =2e— 37 

(A) (-00,00)  (B) [-3,00)_ (©) [-1,00) ) (-00, 3] 
(E) x ~ 0 

45. Multiple Choice Which of the following gives the range of 

yg = 2h 

(A) (—o0, 00) (B) (—co, 4) (C) [-4, 00) 

(D) (—o0, 4 } (E) all reals 

46. Multiple Choice Which of the following gives the best 

approximation for the zero of f(x) = 4 — e*? 

(A) x = —1.386 (B) x = 0.386 (C) x = 1.386 

(D) x = 3 (E) There are no zeros. 

Exploration 
47. Let y, = x? and y, = 2". 

(a) Graph y, and y, in [—5,5] by [—2, 10]. How many times 
do you think the two graphs cross? 

(b) Compare the corresponding changes in y, and y as x changes 

from | to 2, 2 to 3, and so on. How large must x be for the 

changes in y, to overtake the changes in y,? 

(c) Solve for x: x2 = 2". 

(d) Solve for x: x2 < 2%. 

Extending the Ideas 
In Exercises 48 and 49, assume that the graph of the exponential 

function f(x) = k + a* passes through the two points. Find the val- 

ues of a and k. 

48) (1, 4.5), (-1, 0.5) 
49, (1, 1.5), (1,6) 

3. Multiple Choice The half-life of a certain radioactive sub- 

stance is 8 hr. There are 5 grams present initially. Which of the 

following gives the best approximation when there will be 

1 gram remaining? 

(A) 2 (B) 10 (C) 15 (D) 16 (E) 19 

4. Free Response Let f(x) = e* — 2. 

(a) Find the domain of f. 

(b) Find the range of f. 

(c) Find the zeros of f. 
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eae Parametric Equations 
You will be able to analyze functions F 

and relations defined parametricaly Relations 
and know how to determine their relation is a set of ordered pairs (x, y) of real numbers. The graph of a relation is the 
graphs; in particular, you will be able set of points in the plane that correspond to the ordered pairs of the relation. If x and y are 

to analyze inverse relations algebra- functions of a third variable t, called a parameter, then we can use the parametric mode of 

ically and graphically by switching a grapher to obtain a graph of the relation. 
parametrizations of x and y. 

¢ Parametrically defined curves 

- Parametrizations of simple 

ae es ee segments, EXAMPLE 1 Graphing Half a Parabola 
circles, ellipses : ; 

Bt anich Agnesi Describe the graph of the relation determined by 

AV ih yea, t==.0, 

Indicate the direction in which the curve is traced. Find a Cartesian equation for a 

curve that contains the parametrized curve. 

SOLUTION 

Set x, = Vt, y, = t, and use the parametric mode of the grapher to draw the graph in 

Figure 1.25. The graph appears to be the right half of the parabola y = x7. Notice that 

there is no information about f on the graph itself. The curve ee to be traced to the 

upper right with starting point (0, 0). 

x=Vt,y=t 

Both x and y will be greater than or equal to zero because t = 0. Eliminating t we find 

that for every value of f, 

yee 1)=22. 
—5, 5] by [-5, 10 ; ‘ . 
(21 byt Thus, the relation is the function y = x”, x = 0. Now Try Exercise 5. 

Figure 1.25 You must choose a smallest 
and /argest value for t in parametric mode. 

Here we used 0 and 10, respectively. 

(Example 1) 

DEFINITIONS Parametric Curve, Parametric Equations 

If x and y are given as functions 

f(t), y = a(t) 
over an interval of t values, then the set of points (x,y) = (f(t), a(t) defined ae 
these equations is a pa tric curve. The equations are pz ric equations 
for the curve. 

The variable is a parameter for the curve and its domain / is the pare interval 
If Jis a closed interval, a = t = b, the point (f(a), g(a) ) is the initial point of the cu 

and the point (f(b), g(b)) is the Henao maou When we give parametric 
equations and a parameter interval for a curve, we say that we have the 

curve. The equations and interval constitute a 

In Example 1, the parameter interval is [ 0,00), so (0, 0) is the initial point Oe there 
is no terminal point. 

A grapher can draw a parametrized curve only over a closed interval, so the portion 

it draws has endpoints even when the curve being graphed does not. Keep this in mind 

when you graph. 
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Circles 
In applications, t often denotes time, an angle, or the distance a particle has traveled along 

its path from its starting point. In fact, parametric graphing can be used to simulate the 

motion of the particle. 

EXPLORATION 1  Parametrizing Circles 

Let x = acostand y = asint. 

1. Let a = 1,2,or3 and graph the parametric equations in a square viewing 

window using the parameter interval [ 0, 27 |. How does changing a affect this 
graph? 

Let a = 2 and graph the parametric equations using the following parameter 

intervals: [0, 7/2], [0, a], [0, 3/2], | 2a, 47 ], and [ 0, 477 |. Describe the 
role of the length of the parameter interval. 

Let a = 3 and graph the parametric equations using the intervals [ 7/2, 37/2], 
[ a, 2a], [3ar/2, 327], and [ 7, Sa]. What are the initial point and terminal 

point in each case? 

4. Graph x = 2 cos (—t) and y = 2 sin (—f) using the parameter intervals [ 0, 277 |, 

[ a, 3a], and [ 77/2, 37r/2]. In each case, describe how the graph is traced. 

For x = acostand y = asin t, we have 

x? + y? = a? cos*t + a? sin? t = a*(cos*t + sin*t) = a*(1) = a?, 

using the identity cos* t + sin* t = 1. Thus, the curves in Exploration 1 were either circles 
or portions of circles, each with center at the origin. 

EXAMPLE 2 Graphing a Circle 

Describe the graph of the relation determined by 

x= 2.c0s4, y= 2sni, 0S t= 27. 

Find the initial and terminal points, if any, and indicate the direction in which the curve 

x = 2cost,y = 2sint is traced. Find a Cartesian equation for a curve that contains the parametrized curve. 

SOLUTION 

Figure 1.26 shows that the graph appears to be a circle with radius 2. By watching the 

graph develop we can see that the curve is traced exactly once counterclockwise. The 

initial point at t = 0 is (2, 0), and the terminal point at t = 277 is also (2, 0). 

Next we eliminate the variable t. 

x? + y? = 4cos*t + 4sin’t 

= 4 (cos? t + sin? r) 
[-4.7, 4.7] by [-3.1, 3.1] 

Figure 1.26 A graph of the parametric sad Because cos’ t+ sin* t= 1 
curve x = 2 cos ft, y = 2 sin ft, with 

Tmin = 0, Tmax = 27, and 

Tstep = 7/24 = 0.131. (Example 2) 

The parametrized curve is a circle centered at the origin of radius 2. 

Now Try Exercise 9. 
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Ellipses 

Parametrizations of ellipses are similar to parametrizations of circles. Recall that the stan- 

dard form of an ellipse centered at (0, 0) is 

5 Vex’ 4 
1, == be = |. 

EXAMPLE 3 Graphing an Ellipse 

x=3cost,y=4sint Graph the parametric curve x = 3 cost, y = 4sint,0 St S 27. 

Find a Cartesian equation for a curve that contains the parametric curve. What portion 

of the graph of the Cartesian equation is traced by the parametric curve? Indicate the 

direction in which the curve is traced and the initial and terminal points, if any. 

SOLUTION 

Figure 1.27 suggests that the curve is an ellipse. The Cartesian equation is 

2 2 
(2) + (*) = cos? t + sin? t = 1, 

Ee libyleen0l so the parametrized curve lies along an ellipse with major axis endpoints (0, + 4) 

Figure 1.27 A graph of the parametric and minor axis endpoints (+3, 0). As t increases from 0 to 277, the point (x, y) = 

equations x = 3 cos t, y = 4 sin t for (3 cos t, 4 sin t) starts at (3, 0) and traces the entire ellipse once counterclockwise. 
0 St S 27. (Example 3) Thus, (3, 0) is both the initial point and the terminal point. Now Try Exercise 13. 

EXPLORATION 2 | Parametrizing Ellipses 

Let x = acostand y = bsint. 

. Leta = 2 and b = 3. Then graph using the parameter interval [ 0, 277 |. Repeat, 

changing b to 4, 5, and 6. 

. Leta = 3 and b = 4. Then graph using the parameter interval [ 0, 277 |. Repeat, 

changing a to 5, 6, and 7. 

. Based on parts 1 and 2, how do you identify the axis that contains the major axis 

of the ellipse? the minor axis? 

. Let a = 4 and b = 3. Then graph using the parameter intervals [0, 7/2], 
[0, 7], [0, 37/2], and [ 0, 477 ]. Describe the role of the length of the param- 
eter interval. 

. Graph x = 5cos (—t) and y = 2 sin (—f) using the parameter intervals (0, 277 }, 
[ a, 3a], and [ 7/2, 37r/2 |. Describe how the graph is traced. What are the 
initial point and terminal point in each case? 

For x = a cos t and y = b sin t, we have (x/a)? + (y/b)* = cos*t + sin’t = 1. 
Thus, the curves in Exploration 2 were either ellipses or portions of ellipses, each with 

center at the origin. 

In the exercises you will see how to graph hyperbolas parametrically. 

Lines and Other Curves 

Lines, line segments, and many other curves can be defined parametrically. 
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x= 3t, y=2-2t EXAMPLE 4 Graphing a Line Segment 

Draw and identify the graph of the parametric curve determined by 

X= 3h ye 2 ah a eee 

SOLUTION 

The graph (Figure 1.28) appears to bea line segment with endpoints (0, 2) and (3, 0). 

When t = 0, the equations give x = 0 and y = 2. When ¢ = 1, they give x = 3 and 

y = 0. When we substitute t = x/3 into the y equation, we obtain 

[-4, 4] by [-2, 4] x D) 
V2 Oe a, 

Figure 1.28 The graph of the line segment 3 3 
x =3ty=2- 24,0 <t <1, with 
trace on the initial point (0, 2). (Example 4) Thus, the parametric curve traces the segment of the line y = —(2/3)x + 2 from the 

point (0, 2) to (3,0). Now Try Exercise 17. 

x=2cott, y=2 sin2t 

If we change the parameter interval [ 0, 1 ] in Example 4 to (—oo, oo), the parametriza- 
tion will trace the entire line y = —(2/3)x + 2. 

Dei eee The bell-shaped curve in Exploration 3 is the famous witch of Agnesi. You will find 

frat foe more information about this curve in Exercise 47. 

[-5, 5] by [-2, 4] 

Figure 1.29 The witch of Agnesi. 

(Exploration 3) 

EXPLORATION 3 | Graphing the Witch of Agnesi 

The witch of Agnesi is the curve 

= 2 cot horynsd2 Sinz fa Oe ceca. 
Maria Agnest (1718— 1779) 

ae 1. Draw the curve using the window in Figure 1.29. What did you choose as 
Analytical Institutions, : 9 , : , 
the most complete a closed parameter interval for your grapher? In what direction is the curve 

treatment of calculus of traced? How far to the left and right of the origin do you think the curve extends? 

its time, was written in . Graph the same parametric equations using the parameter intervals (—7/2, 77/2), 
Italian by Maria Agnesi (0, 7/2), and (7/2, 7). In each case, describe the curve you see and the direc- 
ane qusekly tanslatad tion in which it is traced by your grapher. 
into many other lan- What h. if 1 =i2 sotth =") CORE iA He eee 
guages, Agnes! startéd i hat happens if you replace x = 2 co t by x = —2 cot ¢ in the original param- 

etrization? What happens if you use x = 2 cot (7 — t)? writing it when she 

was 20, the same year she published her 

a Philosophical Propositions, a series of 
essays on natural science and philosophy. 

y At the age of 32 she was offered the posi- oy f 

iA tion of Professor of Mathematics at the EXAMPLE 5 Parametrizing a Line Segment 

a pete eae wis 2 ie ee Find a parametrization for the line segment with endpoints (—2, 1) and (3, 5). 
Nar - © : . fi ovr ey | ‘ied; ok a « t 7 1 t 

a4 
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This line goes through the point (—2, 1) when t = 0. We determine a and b so that the 

line goes through (3,5) when ¢ = 1. 

3=-2+ta => a=5 x=3whent=1. 

= thar i => b=4 y=5whent=1. 

Therefore, 

oe ea Te ee ae) sar = 8) 

is a parametrization of the line segment with initial point (—2, 1) and terminal point 

(Grey: Now Try Exercise 23. 

Quick Review 1.4 (For help, go to Section 1.7 and Appendix A1.) 

Exercise numbers with a gray background indicate problems that the In Exercises 7 and 8, determine whether the given points lie on the 
authors have designed to be solved without a calculator. graph of the relation. 

In Exercises 1—3, write an equation for the line. 9 2x*y + y? = 3 

1. the line through the points (1, 8) and (4, 3) (a) (1, 1) (b) (—1,—1) (c) (1/2, 2) 

2. the horizontal line through the point (3, —4) Bp 9x? — 18x + 4y? = 27 

3. the vertical line through the point (2, —3) (a) (1, 3) (b) (1, —3) (c) (~1, 3) 

In Exercises 4—6, find the x- and y-intercepts of the graph of the 9. Solve for ¢. 

relation. (a) 2x + 3t=—5 (b) 3y — 2t=—-1 

oy 15 4 y ai 5. ae On y? ey 10. For what values of a is each equation true? 

ee Loo (a) Va? =a (b) Va? = +a 

6)2y? =x +1 (©) V4a? = 2/a| 

Section 1.4 Exercises 

In Exercises 1-4, match the parametric equations with their graph. In Exercises 5—22, a parametrization is given for a curve. 

» State the approximate dimensions of the viewing window. Give a (a) Graph the curve. What are the initial and terminal points, if 

parameter interval that traces the curve exactly once. any? Indicate the direction in which the curve is traced. 

1.x = 3sin (2r), y= 15 cost (b) Find a Cartesian equation for a curve that contains the 
2.x = sin’ t, y = cost parametrized curve. What portion of the graph of the 

3.6 7 sint— sin (7t), y = 7cost—cos (7f) Cartesian equation is traced by the parametrized curve? 

4.x = 12sint—3sin(6t), y = 12 cost + 3 cos (6) 5.x = 34, y= 97, —co<t<0oo 
6.x =-V1, y=t, t20 

7.x =t, y= Vi, ie = (1) 

8.x = (sec?t) — 1,. y= tant, po 7/2 <t < m/2 

9. 2 = C0S ty sin tO S77 

10. x =sin(27t), y=cos(2mt), OS t=1 

11.x=cos(7—t), y=sn(a7-—t), OStsS7 

12.x=4cost, y=2sint, 0=t=27 

13.x=4sint, y=2cost, OS t=7 

14.x=4sint, y=Scost, 0StS 27 

152th Vis ee a OOE t < 06 

(c) (d) 
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16)x.= heals ay =A haeco= Foo 

723547 = ee 

18. x= 3-3, 7 = 227 0 = 

19.x=4- V1, y= V1, Ost 

2.x= 27, y=V45F_ 05 %2 2 

21.x% = shit, y= cos 26” oo; 100 

22.x=??7-—3, y=t, t=0 

In Exercises 23-28, find a parametrization for the curve. 

23. the line segment with endpoints (—1, —3) and (4, 1) 

24. the line segment with endpoints (—1, 3) and (3, —2) 

25. the lower half of the parabola x — 1 = y? 

26. the left half of the parabola y = x? + 2x 

27. the ray (half line) with initial point (2, 3) that passes through the 

point (—1,—1) 

28. the ray (half line) with initial point (—1, 2) that passes through 

the point (0, 0) 

Group Activity In Exercises 29-32, refer to the graph of 

y=3-—(ltl, y=t—1, -S STS 5: 

shown in the figure. Find the values of ¢ that produce the graph in 

the given quadrant. 

29. Quadrant I 

31. Quadrant III 

30. Quadrant II 

32. Quadrant IV 

[-6, 6] by [-8, 8] 

In Exercises 33 and 34, find a parametrization for the part of the 

graph that lies in Quadrant I. 

33.y=2x7+2x+2 34.y = Vx+3 

35. Circles Find parametrizations to model the motion of a particle 

that starts at (a,0) and traces the circle x? + y? = a*,a > 0, 
as indicated. 

(a) once clockwise (b) once counterclockwise 

(c) twice clockwise (d) twice counterclockwise 

36. Ellipses Find parametrizations to model the motion of a par- 
ticle that starts at (—a, 0) and traces the ellipse 

2 2 

(2) +(2) 1. of Ob > 0, 
a b 

as indicated. 

(a) once clockwise (b) once counterclockwise 

(c) twice clockwise (d) twice counterclockwise 

Standardized Test Questions 
You may use a graphing calculator to solve the following problems. 

37. True or False The graph of the parametric curve x = 3 cos ft, 

y = 4sin tis a circle. Justify your answer. 

38. True or False The parametric curve x = 2 cos (—f), 
y = 2sin(—t),0 = t S 277 is traced clockwise. Justify your 
answer. 

In Exercises 39 and 40, use the parametric curve x = St, y = 3 — 3t, 

OSS Me 

39. Multiple Choice Which of the following describes its graph? 

(A) circle (B) parabola (C) ellipse 

(D) line segment (E) line 

40. Multiple Choice Which of the following is the initial point 

of the curve? 

(A) (—S, 6) (B) (0,-3) — (C) (0,3) (D) (5, 0) 

(E) (10, 3) 
41. Multiple Choice Which of the following describes the graph 

of the parametric curve x = —3 sin t, y = —3 cos f? 

(A) circle (B) parabola (C) ellipse 

(D) hyperbola (E) line 

42. Multiple Choice Which of the following describes the graph 

of the parametric curve x = 3t, y = 2t,t = 1? 

(A) circle (B) parabola (C) line segment 

(D) line (E) ray 

Explorations 
43. Hyperbolas Let x = asect and y = btant. 

(a) Writing to Learn Let a = 1, 2, or 3, b = 1, 2, or 3, and 

graph using the parameter interval (—7/2, 7/2). Explain 
what you see, and describe the role of a and b in these para- 

metric equations. [Hint: Recall that sec t = 1/cos t.] 

(b) Let a = 2, b = 3, and graph in the parameter interval 

(2/2, 37/2). Explain what you see. 

(c) Writing to Learn Let a = 2, b = 3, and graph using 

the parameter interval (—7r/2, 37r/2). The two lines that 
look like asymptotes are not really part of the graph; they 

show up because the grapher is in CONNECTED mode 

while drawing a disconnected curve. Give a more complete 

explanation for the appearance of these lines based on the 

parameter f. 

(d) Use algebra to explain why 

~2 y\? 

EG) =e 
(e) Let x = atant and y = bsect. Repeat (a), (b), and 

(d) using an appropriate version of (d). 

44. Transformations Let x = (2 cost) + handy = (2sint) +k. 

(a) Writing to Learn Let k = 0 and h = —2, —1, 1, and 2, in 

turn. Graph using the parameter interval [ 0, 27]. Describe 
the role of h. 



(b) Writing to Learn Let A = 0 andk = —2,—1, 1, and 2, in 

turn. Graph using the parameter interval [ 0, 277 ]. Describe 
the role of k. 

(c) Find a parametrization for the circle with radius 5 and center 

at (2,—3). 

(d) Find a parametrization for the ellipse centered at (—3, 4) 

with semimajor axis of length 5 parallel to the x-axis and 

semiminor axis of length 2 parallel to the y-axis. 

In Exercises 45 and 46, a parametrization is given for a curve. 

(a) Graph the curve. What are the initial and terminal points, if 

any? Indicate the direction in which the curve is traced. 

(b) Find a Cartesian equation for a curve that contains the 

parametrized curve. What portion of the graph of the 

Cartesian equation is traced by the parametrized curve? 

45.x=-sect, y=tant, —7/2<t< 7/2 

46.x = tant, y=-—2sect, —7/2<t< 7/2 

Extending the Ideas 

47. The Witch of Agnesi The bell-shaped witch of Agnesi can be 

constructed as follows. Start with the circle of radius 1, centered 

at the point (0, 1) as shown in the figure. 
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>< 

Choose a point A on the line y = 2, and connect it to the origin 

with a line segment. Call the point where the segment crosses 

the circle B. Let P be the point where the vertical line through 

A crosses the horizontal line through B. The witch is the curve 

traced by P as A moves along the line y = 2. 

Find a parametrization for the witch by expressing the coordi- 

nates of P in terms of f, the radian measure of the angle that seg- 

ment OA makes with the positive x-axis. The following equali- 

ties (which you may assume) will help: 

@)x=AQ (i) y=2-—ABsint (iii) AB - AO = (AQ)? 

. Parametrizing Lines and Segments 

(a) Show thatx =x, + (» — x), y=yt+(w-y)t 

—oo < t < oo is a parametrization for the line through the 

points (x;, y;) and (x, y»). 

(b) Find a parametrization for the line segment with endpoints 

(x1, 1) and (x, y2). 
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1.50 Inverse Functions and Logarithms 
You will be able to find inverses of 

one-to-one functions and will be One-to-One Functions 
able to analyze logarithmic func- As you know, a function is a rule that assigns a single value in its range to each point in 
tions algebraically, graphically, and its domain. Some functions assign the same output to more than one input. For example, 

numerically as inverses of exponen- f(x) = x? assigns the output 4 to both 2 and —2. Other functions never output a given 
tial functions. value more than once. For example, the cubes of different numbers are always different. 

« One-to-one functions and the If each output value of a function is associated with exactly one input value, the func- 

horizontal line test tion is one-to-one. 
- Finding inverse functions graphically 

and algebraically 

- Base a logarithm functions 

- Properties of logarithms DEFINITION One-to-One Function 
« Changing bases : 

- Using logarithms to solve exponen- A function f(x) is one-to-one on a domain D if f(a) # f(b) whenever a # b. 

tial equations algebraically 

The graph of a one-to-one function y = f(x) can intersect any horizontal line at most 

once (the horizontal line test). If it intersects such a line more than once it assumes the 

same y value more than once, and is therefore not one-to-one (Figure 1.30). 

y=lxl 
Same y value 

ibe 

One-to-one: Graph meets each Not one-to-one: Graph meets some 

horizontal line once. horizontal lines more than once. 
[-5, 5] by [-2, 5] 

(a) 

y=vx 

Figure 1.30 Using the horizontal line test, we see that y = x? is one-to-one and y = x? is not. 

EXAMPLE 1 Using the Horizontal Line Test 

Determine whether the functions are one-to-one. 

(a) f(x) = |x| (b) g(x) = Vx 
SOLUTION 

(a) As Figure 1.31a suggests, each horizontal line y = c,c > 0, intersects the graph 

of f(x) = |x| twice. So fis not one-to-one. 

aN 
(b) As Figure 1.31b suggests, each horizontal line intersects the graph of g(x) = Vx 

either once or not at all. The function g is one-to-one. Now Try Exercise 1. 
[-5, 5] by [-2, 3] 

(b) 

Figure 1.31 = igure 1.31 (a) The graph of f(x) = |x| Inverses 
and a horizontal line. (b) The graph 
of g(x) = x and a horizontal line. Since each output of a one-to-one function comes from just one input, a one-to-one func- 

(Example 1) tion can be reversed to send outputs back to the inputs from which they came. The function 
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defined by reversing a one-to-one function f is the inverse of f. The functions in Tables 1.2 

and 1.3 are inverses of oe: another. The ae 7 the inverse of f is f— read 

“f inverse.” The —1 in f~! is not an exponent; f~!(x) does not mean 1/f(x). 

Time x Charge y Charge x Time y 

(hours) (dollars) (dollars) (hours) 

1 5.00 5.00 1 

2 7.50 7.50 2 

3 10.00 10.00 3 

4 12.50 12.50 4 

5) 15.00 15.00 5 

6 17.50 17.50 6 

As Tables 1.2 and 1.3 suggest, composing a function with its inverse in either order 

sends each output back to the input from which it came. In other words, the result of com- 

posing a function and its inverse in either order is the function, the function that identity fu 
assigns each number to itself. This gives a way to test whether two functions f and g are 

inverses of one another. Compute f° g and go f. If (f° g)(x) = (g°f)(x) = x, then f 
and g are inverses of one another; otherwise they are not. The functions f(x) = x? and 
g(x) = x!/3 are inverses of one another because (x?)!/? = x and (x!/3)3 = x for every 
number x. 

EXPLORATION 1_ Testing for Inverses Graphically 

For each of the function pairs below, 

(a) Graph f and g together in a square window. 

(b) Graph f ° g. (ec) Graph go f. 

What can you conclude from the graphs? 

1. f(x) = x3, g(x) =x! 2. f(x) =x, g(x) = 1/2 
3. f(x) = 3x, g(x) =x/3 4. f(x) =e%~, g(x) =Inx 

Finding Inverses 
How do we find the graph of the inverse of a function? Suppose, for example, that the 

function is the one pictured in Figure 1.32a. To read the graph, we start at the point x 

on the x-axis, go up to the graph, and then move over to the y-axis to read the value of 

y. If we start with y and want to find the x from which it came, we reverse the process 

(Figure 1.32b). 

The graph of fis already the graph of f—', although the latter graph is not drawn in the 

usual way with the domain axis horizontal and the range axis vertical. For f~', the input- 

output pairs are reversed. To display the graph of f—! in the usual way, we have to reverse 

the pairs by reflecting the graph across the 45° line y = x (Figure 1.32c) and interchanging 

the letters x and y (Figure 1.32d). This puts the independent variable, now called x, on the 

horizontal axis and the dependent variable, now called y, on the vertical axis. 
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x 

RANGE OF f ~! 

x (b) The graph of fis also the graph of f~!. 
DOMAIN OF f To find the x that gave y, we start at y and go 

over to the curve and down to the x-axis. The 

(a) To find the value of f at x, we start at x, domain of f~! is the range of f. The range of 

go up to the curve, and then over to the y-axis. f-' is the domain of f. 

ay 

RANGE OF f 

DOMAIN oF f! 

(c) To draw the graph of f~! in the 
usual way, we reflect the system 

across the line y = x. 

(d) Then we interchange the letters x and y. 

We now have a normal-looking graph of f~! 
as a function of x. 

Figure 1.32 The graph of y = f~!(x). 

The fact that the graphs of f and f~! are reflections of each other across the line y = x 

is to be expected because the input-output pairs (a,b) of f have been reversed to produce 

the input-output pairs (b,a) of f7!. 
The pictures in Figure 1.32 tell us how to express f~! as a function of x algebraically. 

: 

Writing f—' as a Function of x 

1. Solve the equation y = f(x) for x in terms of y. 
2. Interchange x and y. The resulting formula will be y = f~!(x). 

EXAMPLE 2 Finding the Inverse Function 

Show that the function y = f(x) = —2x + 4 is one-to-one and find its inverse function. 

SOLUTION 

Every horizontal line intersects the graph of f exactly once, so f is one-to-one and has 

an inverse. 

Step 1: 

Solve for x in terms of y; y = —2x + 4 

1 
Ae righ + 2 

continued 



Graphing y = f(x) and y = f~1(x) 
Parametrically 
Dee 

We can graph any function y = f(x) as 

DG te i Va f(t). 

Interchanging tand f(t) produces paramet- 

ric equations for the inverse: 

aan hyo eit 

a 
[-1.5, 3.5] by [-1, 2] 

Figure 1.33 The graphs of f and f! are 
reflections of each other across the line 

y = x. (Example 3) 
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Step 2: 

1 
Interchange x andy: y = Tae say 

The inverse of the function f(x) = —2x + 4 is the function f~!(x) = —(1/2)x + 2. 
We can verify that both composites are the identity function. 

1 
See gt A) ok 2 ee ae 

1 
= -2(-fr+2)+4=x-444=: 

Now Try Exercise 13. 

We can use parametric graphing to graph the inverse of a function without finding an 

explicit rule for the inverse, as illustrated in Example 3. 

EXAMPLE 3 Graphing the Inverse Parametrically 

(a) Graph the one-to-one function f(x) = x7, x = 0, together with its inverse and the 

line y = x,x = 0. 

(b) Express the inverse of f as a function of x. 

SOLUTION 

(a) We can graph the three functions parametrically as follows: 

Graph of f: 2m S=4 . =? t 30 

Graph. ot fat 5 =éAuisonisnt 

Graphofy=x: 13=t yWw=t 

Figure 1.33 shows the three graphs. 

(b) Next we find a formula for f~!(x). 

Step 1: 

Solve for x in terms of y. 

Because x = 0 

Step 2: 

Interchange x and y. 

Thus, f-!(x) = Vx. Now Try Exercise 27. 

Logarithmic Functions 
If a is any positive real number other than 1, the base a exponential function f(x) = a* is 

one-to-one. It therefore has an inverse. Its inverse is called the base a logarithm function. 

DEFINITION Base a Logarithm Function 

The base a logarithm function y = log, x is the inverse of the base a exponential 

function y = a*(a > 0,a # 1). 

The domain of log, x is (0, 00), the range of a*. The range of log, x is (—00, oo), the 

domain of a*. 
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Because we have no technique for solving for x in terms of y in the equation y = a’, 

we do not have an explicit formula for the logarithm function as a function of x. However, 

the graph of y = log, x can be obtained by reflecting the graph of y = a” across the line 

y = x, or by using parametric graphing (Figure 1.34). 

Logarithms with base e and base 10 are so important in applications that calculators 

have special keys for them. They also have their own special notation and names: 

log, x = Inx, 

logig x = log x 
[-6, 6] by [+4, 4] 

and y = log x is often : The poem y= we x iS Bush the 
Figure 1.34 The graphs of y = 2*(x, = ¢, Ee — 
y, = 2'),-its inverse y = log, x (x) = 2°, palled the Jaq 
y> = t), and y = x (x3 = t, y3 = ft). 

Properties of Logarithms 
Because a* and log, x are inverses of each other, composing them in either order gives the 

identity function. This gives two useful properties. 

Inverse Properties for a* and log, x 

1. Basea > Oanda 4 1: a!*=xforx >0; log,a* = x forallx 

2. Basee: e™* = xforx > O2O0lnie =e for alla 

These properties help us with the solution of equations that contain logarithms and 

exponential functions. 

EXAMPLE 4 Using the Inverse Properties 

Solve for x: (a) Inx = 3t+5 (b) e2* = 10 

SOLUTION 

(a) Inx =3t+5 

elnx = e3tt5 —_—_Exponentiate both sides. 

x = e3!t5 Inverse Property 

(b) e* = 10 ' 

Ine2* =1n10 ___ Take logarithms of both sides. 

2x =In10 __Inverse Property 

x= vin 10 = 1.15 Now Try Exercises 33 and 37. 

. ee vermcotes ene |The ogaithm on hs the followin usefial arithmetic gs 
z 

‘ ng wy Aye Sap i ehh Sel Leslie: as 
a rail 
» 

: 
_ 

FE 
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EXPLORATION 2 Supporting the Product Rule 

Let y, = In (ax), y) = In x, and y3 = y, — y. 

1. Graph y, and y, fora = 2, 3, 4, and 5. How do the graphs of y, and y, appear to 

be related? 

2. Support your finding by graphing yy. 

. Confirm your finding algebraically. 

The following formula allows us to evaluate log, x for any base a > 0, a # 1, and to 

obtain its graph using the natural logarithm function on our grapher. 

Changing the Base for Changing 

the Base Change of Base Formula 
a 

The log button on your calculator works leone Inx 
just as well as the In button in the change 8a Ina 
of base formula: 

_ logx 

scree loga 

EXAMPLE 5 Graphing a Base a Logarithm Function 

Graph f(x) = log, x. 

y= a SOLUTION 

5 We use the change of base formula to rewrite f(x). 

In x 
— ] = — f(x) = logs x = PS 

Figure 1.35 gives the graph of f. Now Try Exercise 41. 

Applications 
In Section 1.3 we used graphical methods to solve exponential growth and decay 

problems. Now we can use the properties of logarithms to solve the same problems 

algebraically. 

[-6, 6] by [+4, 4] 

Figure 1.35 The graph of f(x) = log, x 

using f(x) = (Inx)/(In 2). (Example 5) 

EXAMPLE 6 Finding Time 

Sarah invests $1000 in an account that earns 5.25% interest compounded annually. 

How long will it take the account to reach $2500? 

SOLUTION 

The amount in the account at any time f in years is 1000( 1.0525)‘, so we need to solve 

the equation 

1000( 1.0525 )* = 2500. 

continued 
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(1.0525) = 2.5 Divide by 1000. 

In (1.0525)! = In 2.5 Take logarithms of both sides. 

tin 1.0525 = In2.5 Power Rule 

In 2.5 
CS = ee 

In 1.0525 

The amount in Sarah’s account will be $2500 in about 17.9 years, or about 17 years 

and 11 months. Now Try Exercise 47. 

Quick Review 1.5 (For help, go to Sections 1.2, 1.3, and 1.4.) 

Exercise numbers with a gray background indicate problems that the In Exercises 7—10, find the points of intersection of the two curves. 
authors have designed to be solved without a calculator. Round your answers to 2 decimal places. 

In Exercises 1-4, let f(x) = Vo = 1, g(x) = x? + 1, and evaluate Boy = 2x -—3, y=5 

the expression. Bey ——3x +5, y=—-—3 

1) (f°g)(1) 9.(a)y=2, y=3 

2.(g°f)(—7) (b). y= 2c verie 
3. (f°g)(x) 10. (a) y=e%*, y=4 

4. (g°f)(x) (b)y = 27, yee! 
In Exercises 5 and 6, choose parametric equations and a parameter 

interval to represent the function on the interval specified. 

] 
i lc me, ev Gyy=x, x<-3 

ic ay 

Section 1.5 Exercises 

In Exercises 1—6, determine whether the function is one-to-one. 5. ( 6. y 

is y os 

4. In Exercises 7-12, determine whether the function has an inverse 

function. 

7.y= =k Siu gS y ras y=x x 

9.y=x3- 4x + 6 10.y=x+x 

11. y = Inx? 12. y = 2>-* 



In Exercises 13-24, find f~! and verify that 

taf Saf?) (x ean Gh Reg ix). = 2 

fee f(x) = 2x + 3 14. f(x) =5 — 4x 

fee f(x) =x - 1 wep f(x) =2x27+1, x=0 

ee f(x) = x2, x=0 mae f(x) =x7>, x=0 

Meg f(x) =—(x—-2)7, x2 

mee f(x) =x? + 2x+1, x=-1 

1 1 
21. f(x) = ee 0 22. f(x) = 3 

meter eae 
23. f(x) = 24, f(x) = 

In Exercises 25-32, use parametric graphing to graph f, f~', and 

=x. 

25. f(x) = e* 26. f(x) =3* 27k ge 

28. f(x) = 3% 29. f(x) = Inx 30. f(x) = logx 

31. f(x) =sin'!x 32. f(x) = tan! x 

In Exercises 33-36, solve the equation algebraically. You can check 

your solution graphically. 

33. (1.045)' = Bay 0995S! = 3 

35.e° + e*% = pog2°+2*=5 

In Exercises 37 and 38, solve for y. 

37.Iny = 2t+4 geagin(y—1)—-n2=x+Inx 

In Exercises 39-42, draw the graph and determine the domain and 

range of the function. 

Soy 2in(3 —w), — 4 40. y 

41. y = log, (x + 1) 42. y 

= low (occ beo yataal 

log; (x — 4) 

In Exercises 43 and 44, find a formula for f~! and verify that 

Get@ ankle har 
100 50 

ee es ae en 
45. Self-inverse Prove that the function f is its own inverse. 

(a) 7 x)-=.V 1 2x7; x= 0 (b) f(x) = 1/x 

46. Radioactive Decay The half-life of a certain radioactive sub- 

stance is 12 hours. There are 8 grams present initially. 

(a) Express the amount of substance remaining as a function of 

time ¢. 

(b) When will there be 1 gram remaining? 

47. Doubling Your Money Determine how much time is required 

for a $500 investment to double in value if interest is earned at the 

rate of 4.75% compounded annually. 
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48. Population Growth The population of Glenbrook is 375,000 

and is increasing at the rate of 2.25% per year. Predict when the 

population will be | million. 

49. Guess the Curve A curve is defined parametrically as the set 

of points ( WES MS, Sie t) for —2 = t = 2. Answer parts 

(a) through (d) before using your grapher. 

(a) Explain why this parametrization cannot be used for other 

values of f. 

(b) If a point is on this curve, what is its distance from the 

origin? 

(c) Find the endpoints of the curve (determined by t = —2 and 

t = 2, respectively). 

(d) Explain why all other points on this curve must lie in the 

first quadrant. 

(e) Based on what you know from (a) through (d), give a com- 

plete geometric description of the curve. Then verify your 

answer with your grapher. 

50. Logarithmic Equations For an algebraic challenge, solve 

these equations without a calculator by using the Laws of 

Logarithms. 

(a) 41n Vex = 26 
(b) x — log (100) = In(e?) 

(c) log,(7x — 10) = 2 

(d) 2 log; x — log3(x — 2) = 2 

51. Group Activity Inverse Functions Let y = f(x) = mx + b, 

m = 0. 

(a) Writing to Learn Give a convincing argument that f is a 

one-to-one function. 

(b) Find a formula for the inverse of f. How are the slopes of f 

and f~! related? 

(c) If the graphs of two functions are parallel lines with a non- 

zero slope, what can you say about the graphs of the inverses 

of the functions? 

(d) If the graphs of two functions are perpendicular lines with 

a nonzero slope, what can you say about the graphs of the 

inverses of the functions? 
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Standardized Test Questions 

52. True or False The function displayed in the graph below 

is one-to-one. Justify your answer. 

y 

A 

53. True or False If (f° g)(x) = x, then g is the inverse func- 

tion of f. Justify your answer. 

In Exercises 54 and 55, use the function f(x) = 3 — In (x + 2). 

54. Multiple Choice Which of the following is the domain of f? 

(A) 2 A(=-2 (B) (—ce, 0) (C) (—2, co) 
(D) [-1.9, co) (E) (0, co) 

55. Multiple Choice Which of the following is the range of f? 

(A) (—co, 00) (B) (—oo, 0) (©) (a2fos) 

(D) (0, 00) (E) (0, 5.3) 
56. Multiple Choice Which of the following is the inverse of 

Fee) =3x — 2? 

l 
(A) g(x) = (B) g(x) =x (C) g(x) = 3x — 2 

Se 

Sie Big SP Pd 
(D) g(x) === ®a(x) = 

3 3 

57. Multiple Choice Which of the following is a solution of 

the equation 2 — 3°>* = —1? 

(A) x = —2 (B) x = -1 (C)x =0 

(D) x = 1 (E) There are no solutions. 

Exploration 
58. Supporting the Quotient Rule Let y, = In (x/a), y. = In x, 

Ys =p = yp and ya ee 
(a) Graph y, and y, for a = 2, 3, 4, and 5. How are the graphs of 

y, and y> related? 

(b) Graph y; for a = 2, 3, 4, and 5. Describe the graphs. 

(c) Graph y, for a = 2, 3, 4, and 5. Compare the graphs to the 

graph of y = a. 

(d) Use es = e%2-»! = a to solve for yy. 

Extending the Ideas 
59. 

60. 

61. 

62. 

One-to-One Functions If f is a one-to-one function, prove 
that g(x) = —f(x) is also one-to-one. 

One-to-One Functions If f is a one-to-one function and f(x) 
is never zero, prove that g(x) = 1/f(x) is also one-to-one. 

Domain and Range Suppose that a ~ 0,b ¥ 1, andb > 0. 

Determine the domain and range of the function. 

(a) y=" a( be a 

(b) y = alog,(x-—c) +d 

Group Activity Inverse Functions 

ax + b 
1 = a= : et f(x) er. c#0, a bc # 0 

(a) Writing to Learn Give a convincing argument that f is 

one-to-one. 

(b) Find a formula for the inverse of f. 

(c) Find the horizontal and vertical asymptotes of f. 

(d) Find the horizontal and vertical asymptotes of f~!. How are 

they related to those of f? 
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You will be able to analyze trigono- 

metric functions and their inverses 

algebraically, graphically, and 

numerically and will be able to model 

periodic behavior with sinusoids. 

« Radian measure 

« The six basic trigonometric 

functions 
« Periodicity 

« Properties of trigonometric 

functions (symmetry, period) 
+ Transformations of trigonometric 

functions ; 

- Sinusoids and their properties 

(amplitude, period, frequency, shifts) 
+ Inverse trigonometric functions and 

their graphs 

@ 
On t se 

X 

Cire e of rao 

Figure 1.36 The radian measure of angle 

ACB is the length @ of arc AB on the unit 

circle centered at C. The value of 6 can be 

found from any other circle, however, as 

the ratio s/r. 

Terminal ray 

Figure 1.37 An angle 6 in standard 

position. 

Trigonometric Functions 
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ACGIED Measure 

lian measure of the angle ACB at the center of the unit circle (Figure 1.36) equals 

the ere of the arc that ACB cuts from the unit circle. 

EXAMPLE 1 Finding Arc Length 

Find the length of an arc subtended on a circle of radius 3 by a central angle of mea- 

sure 27/3. 

SOLUTION 

According to Figure 1.36, if s is the length of the arc, then 

Ss = r6 = 3(27/3) = 27. Now Try Exercise 1. 

When an angle of measure @ is placed in standard position at the center of a circle of 

radius r (Figure 1.37), the six basic trigonometric functions of 6 are defined as follows: 

, s By if 
sine: sin 8 = a cosecant: csc 0 = ; 

x 
cosine: cos 9 = F secant: sec 9 = — 

y as 
tangent: tan 0 = Fe cotangent: cot 6 = — 

Graphs of Trigonometric Functions 
When we graph trigonometric functions in the coordinate plane, we usually denote the 

independent variable (radians) by x instead of 6. Figure 1.38 on the next page shows 

sketches of the six trigonometric functions. It is a good exercise for you to compare these 

with what you see in a grapher viewing window. (Some graphers have a “trig viewing 

window.’’) 

EXPLORATION 1 Unwrapping Trigonometric Functions 

Set your grapher in radian mode, parametric mode, and simultaneous mode (all 

three). Enter the parametric equations 

xX; = cost, y, =sint and x»=t, y, = sint. 

. Graph for 0 =< t = 27 inthe window [—1.5, 27] by [—2.5, 2.5 ]. Describe the 
two curves. (You may wish to make the viewing window square.) 

. Use TRACE to compare the y values of the two curves. 

. Repeat part 2 in the window [—1.5, 47] by [—5, 5 ], using the parameter inter- 
valO St S 47. 

. Let y. = cos t. Use TRACE to compare the x values of curve | (the unit circle) 

with the y values of curve 2 using the parameter intervals [ 0, 27 | and [ 0, 47 }. 
. Set y> = tant, csc t, sec t, and cot t. Graph each in the window [—1.5, 27] by 

[—2.5, 2.5] using the interval 0 = t = 277. How is ay value of curve 2 related 
to the corresponding point on curve 1? (Use TRACE to explore the curves.) 
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Angle Convention: Use Radians 
(ESS 

From now on in this book it is 

assumed that all angles are measured 

in radians unless degrees or some 

other unit is stated explicitly. When 

we talk about the angle 77/3, we 

mean 77/3 radians (which is 60°), not 

qr /3 degrees. When you do calculus, ‘ 2) 
i Domain: x # +2, +=2 keep your calculator in radian mode. Domain: -»<x<~ Domain: -e<x< : 9 = ES 

Range: -l=y=1 Range: == yi Range: -~<y<@ 

Period: 27 Period: 27 Period: 7 

(a) (b) (c) 
y 

y = secx 

Domain: x # ths +30 Domain: x # 0, tar, £277, ... Domain: x # 0, tar, £277, ... 

Range: y= —landy=1 Range: y = —landy=1 Range: -~<y<@ 

Period: 27r Period: 27 Period: 7 

(d) (e) (f) 

Figure 1.38 Graphs of the (a) cosine, (b) sine, (c) tangent, (d) secant, (e) cosecant, and (f) cotangent 

functions using radian measure. 

Periods of Trigonometric Functions 

Period 7: tan (x + 7) = tan x 

cot (x + 7) = cot x 

Period 277: sin (x + 277) = sin x 

cos (x + 27) = cos x 

sec (x + 277) = sec x 

= ESclex-P ar) — CSCrX 

Periodicity 
When an angle of measure @ and an angle of measure 6 + 27 are in standard position, 

their terminal rays coincide. The two angles therefore have the same trigonometric func- 

tion values: 

cos(@ + 27) = cos@ sin(@ + 27) = sin@ tan(@ + 277) = tand 
(1) 

sec(@ + 27) = sec@ csc(@ + 27) =cscO@ cot(@ + 27) = cotd 

Similarly, cos (9 — 27) = cos 6, sin (@ — 27) = sin 6, and so on. 
We see the values of the trigonometric functions repeat at regular intervals. We 

describe this behavior by saying that the six’ basic trigonometric functions are periodic. 

DEFINITION Periodic Function, Period 

A function f(x) is periodic if there is a positive number p such that f(x + p) = f(x) 
for every value of x. The smallest such value of p is the period of f. 

As we can see in Figure 1.38, the functions cos x, sin x, sec x, and csc x are periodic 

with period 27. The functions tan x and cot x are periodic with period 7. 

Even and Odd Trigonometric Functions 
The graphs in Figure 1.38 suggest that cos x and sec x are even functions because their 
graphs are symmetric about the y-axis. The other four basic trigonometric functions are odd. 



Figure 1.39 Angles of opposite sign. 

(Example 2) 

Figure 1.40 The angle @ in standard 

position. (Example 3) 
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EXAMPLE 2 Confirming Even and Odd 

Show that cosine is an even function and sine is odd. 

SOLUTION 

From Figure 1.39 it follows that 

cos (—@) = : = cos 6, sin(—é) = = = —sin 6, 

SO cosine is an even function and sine is odd. Now Try Exercise 5. 

EXAMPLE 3 Finding Trigonometric Values 

Find all the trigonometric values of 6 if sin @ = —3/5 and tan@ < 0. 

SOLUTION 

The angle @ is in the fourth quadrant, as shown in Figure 1.40, because its sine and 

tangent are negative. From this figure we can read that cos 9 = 4/5, tan@ = —3/4, 

csc 6 = —5/3, sec 0 = 5/4, and cot @ = —4/3. Now Try Exercise 9. 

Transformations of Trigonometric Graphs 
The rules for shifting, stretching, shrinking, and reflecting the graph of a function apply 

to the trigonometric functions. The following diagram will remind you of the controlling 

parameters. 

Vertical stretch or shrink; Vertical shift 

reflection about x-axis ae 

y = af(b (2) aes! 

Horizontal stretch or shrink; Poser ho 
Horizontal shift reflection about y-axis 

The general sine function, or sinusoid, can be written in the form 

f(x) =Asin [B(x — C)] + D, 

is the period, C is the horizontal shift, and D is the where 

vertical shift. 

EXAMPLE 4 Graphing a Trigonometric Function 

Determine the (a) period, (b) domain, (c) range, and (d) draw the graph of the function 

y= 3.008, (2%, — a ieee 

SOLUTION 

We can rewrite the function in the form 

tons eaea len 
(a) The period is given by |27/B|, where B = 2. The period is 7. 

(b) The domain is (—oo, co). 

(c) The graph is a basic cosine curve with amplitude 3 that has been shifted up 1 unit. 

Thus, the range is [—2, 4]. 
continued 
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y =3 cos (2x - 7) + 1, y=cos x (d) The graph has been shifted to the right 7/2 units. The graph is shown in 

[a Figure 1.41 together with the graph of y = cos x. Notice that four periods of 

y = 3 cos (2x — a) + 1 are drawn in this window. Now Try Exercise 13. 

Musical notes are produced by pressure waves in the air. The wave behavior can be 

modeled by sinusoids in which the amplitude affects the loudness and the period affects 

the tone we hear. In this context, it is the reciprocal of the period, called the frequency, 

hi aed that is used to describe the tone. We measure frequency in cycles per second, or hertz 

(1 Hz = 1 cycle per second), so in this context we would measure period in seconds per 

[-27, 277] by [-4, 6] cycle. 

Figure 1.41 The graph of 

y = 3cos (2x — 7) + 1 (blue) andthe | SX ANWIPLE 5 Finding the Frequency of a Musical Note 
graph of y = cos x (red). (Example 4) 

A computer analyzes the pressure displacement versus time for the wave produced 

by a tuning fork and gives its equation as y = 0.6 sin (2488.6x — 2.832) + 0.266. 

Estimate the frequency of the note produced by the tuning fork. 

SOLUTION 

Th od | 27 ee _ 2488.6 
= ae u is © period is 56 g? 80 the frequency 

the amplitude, horizontal shift, and vertical shift are not important for determining the 

frequency of the note.) 

, which is about 396 Hz. (Notice that 

: 7 T x=t,y=sint,-. S=ts== 
: 2 2 A tuning fork vibrating at a frequency of 396 Hz produces the note G above middle C 

on the “pure tone” scale. It is a few cycles per second different from the frequency of 

the G we hear on a piano’s “tempered” scale, which is 392 Hz. 

Now Try Exercise 23. 

Inverse Trigonometric Functions 
None of the six basic trigonometric functions graphed in Figure 1.38 is one-to-one. These 

functions do not have inverses. However, in each case the domain can be restricted to 

[-3, 3] by [-2, 2] produce a new function that does have an inverse, as illustrated in Example 6. 

(a) 

EXAMPLE 6 Restricting the Domain of the Sine Function 

Show that the function y = sin x, -a7/2 x = 7/2, is one-to-one, and graph its 

inverse. 

SOLUTION 

Figure 1.42a shows the graph of this restricted sine function using the parametric 

equations 

x,=t = sint RS ee Il thei ’ 9 a a ae 9 : 

ht ares This restricted sine function is one-to-one because it does not repeat any output val- 

Payal ey re 2 ues. It therefore has an inverse, which we graph in Figure 1.42b by interchanging the 

(b) ordered pairs using the parametric equations 

x=sint,y=1t,-7 <1s 
Nia 

Figure 1.42 (a) A restricted sine function . 7 7 ; 
and (b) its inverse. (Example 6) er shh, eh 5 4 * Now Try Exercise 25. 

The inverse of the restricted sine function of Example 6 is called the inverse sine function. 

The inverse sine of x is the angle whose sine is x. It is denoted by sin~! x or arcsin x. Either 

notation is read “arcsine of x” or “the inverse sine of x.” 
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The domains of the other basic trigonometric functions can also be restricted to produce 

a function with an inverse. The domains and ranges of the resulting inverse functions 

become parts of their definitions. 

DEFINITIONS Inverse Trigonometric Functions 

Function Domain Range 

y = cos !x Si pn. 5e = S| O<ysr 

y= sin! x So) De a | Pes 
0: 2 

7 T 
yeaitan he comix <1 00 -—<y<- 

2 74 

7 
y = sec! x [xf eel VEE Ue oa 

7 7 
peso bei a ee yy oer) 

2 pe 

y =cot!x OOS oe Suis'e OP 57. 

The graphs of the six inverse trigonometric functions are shown in Figure 1.43. 

Domain: -1 =x=1 Domain: -1=x<=1 Domain: -~"<x< © 

Range: 0O=y=T7 Range: —Tey=<f Range: —Becy<® 
Z 2 2 2 

My ¥ 

y =cos!x 

(a) (b) (c) 

Domain: x = —lorx=1 Domain: x S —lorx=1 Domain: —-~<x<© 

Range: Osy=a,y45 Range:-5 =y= Fy #0 Range: O0<y<7 

(d) (e) (f) 

Figure 1.43 Graphs of (a) y = cos"! x, (b) y = sin! x, (c) y = tan! x, (d) y = sec! x, (e) y = csc! x, and (f) y = cot! x. 
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EXAMPLE 7 Finding Angles in Degrees and Radians 

Find the measure of cos"! (—0.5) in degrees and radians. 

SOLUTION 

Put the calculator in degree mode and enter cos"! (—0.5). The calculator returns 120, 
which means 120 degrees. Now put the calculator in radian mode and enter cos! (—0.5). 
The calculator returns 2.094395102, which is the measure of the angle in radians. You can 

check that 27r/3 ~ 2.094395102. Now Try Exercise 27. 

EXAMPLE 8 Using the Inverse Trigonometric Functions 

Solve for x. 

(a) snx =0.7m0 =x < 27 

(b) tanx = —2in—co < x < 

SOLUTION 

(a) Notice that x = sin”! (0.7) ~ 0.775 is in the first quadrant, so 0.775 is one solution 
of this equation. The angle 77 — x is in the second quadrant and has sine equal to 0.7. 

Thus two solutions in this interval are 

sin! (0.7) ~ 0.775 and a — sin! (0.7) ~ 2.366. 

(b) The angle x = tan’! (—2) ~ —1.107 is in the fourth quadrant and is the only 

solution to this equation in the interval —77/2 < x < 7/2 where tan x is one-to-one. 

Since tan x is periodic with period 77, the solutions to this equation are of the form 

where k is any integer. 

tan“! (—2) + kar = —1.107 + kar 

Now Try Exercise 31. 

Quick Review 1.6 (for help, go to Sections 1.2 and 1.6.) 

Exercise numbers with a gray background indicate problems that the 

authors have designed to be solved without a calculator. 

In Exercises 1—4, convert from radians to degrees or degrees to radians. 

a.:3 G25 &-4« 4. 45° 
In Exercises 5—7, solve the equation graphically in the given interval. 

5.sinx= 0.6, 05x53 27 6.cosx =-—04, 053 x=27 

Section 1.6 Exercises 

7 377 
oat Se a ee an x : Pele i es 

8. Show that f(x) = 2x? — 3 is an even function. Explain why 

its graph is symmetric about the y-axis. 

~ 9. Show that f(x) = x3 — 3x is an odd function. Explain why 
its graph is symmetric about the origin. 

10. Give one way to restrict the domain of the function 

f(x) = x4 — 2 to make the resulting function one-to-one. 

In Exercises 1-4, the angle lies at the center of a circle and subtends 
an arc of the circle. Find the missing angle measure, circle radius, or _ 

1. 57/8 a ae oe 

2. 175° 2 = 10 

3.? 14 7 

4.? 6 3a/2 



In Exercises 11-14, determine (a) the period, (b) the domain, 

(c) the range, and (d) draw the graph of the function. 

11. y =3csc(3x+7)—-—2 12.y =2sin(4x + 7) +3 

13. y = —3 tan (3x + 7) +2 

14. y = 2sin (2 i =) 

In Exercises 15 and 16, choose an appropriate viewing window 

to display two complete periods of each trigonometric function in 

radian mode. 

15. (a) y = secx (b) y = csc x (ec) y = cotx 

16. (a) y = sinx (b) y cos x (c) y = tanx 

In Exercises 17—22, specify (a) the period, (b) the amplitude, and 

(c) identify the viewing window that is shown. [Caution: Do not 

assume that the tick marks on both axes are at integer values. ] 

17. y = 1.5 sin 2x 18. y = 2 cos 3x 

With Ake 
19. y = —3 cos 2x 

22. y = cos 7x 

23. The frequencies for the seven “white key” notes produced on the 

tempered scale of a piano (starting with middle C) are shown in 

Table 1.4. A computer analyzes the pressure displacement versus 

time for the wave produced by a tuning fork and gives its equa- 

tion as y = 1.23 sin (2073.55x — 0.49) + 0.44. 

(a) Estimate the frequency of the note produced by the tuning 

fork. 

(b) Identify the note produced by the tuning fork. 
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24. Temperature Data Table 1.5 gives the average monthly 

temperatures for St. Louis for a 12-month period starting with 

January. Model the monthly temperature with an equation of 

the form 

AP 

with y in degrees Fahrenheit, t in months, as follows: 

y = asin [b(t — h) 

Temperature (°F) 

34 

Time (months) 

(a) Find the value of b, assuming that the period is 12 months. 

(b) How is the amplitude a related to the difference 80° — 30°? 

(c) Use the information in (b) to find k. 

(d) Find h, and write an equation for y. 

(e) Superimpose a graph of y on a scatter plot of the data. 

In Exercises 25—26, show that the function is one-to-one, and graph 

its inverse. 

25.y=cosx, O=x=a7 26.y=tanx, — 

In Exercises 27-30, give the measure of the angle in radians and 

degrees. Give exact answers whenever possible. 

2 
27. sin“ (0.5) 28. sn-'(- a2 ) 

29. tan'(—5) 30. cos!(0.7) 

In Exercises 31—36, solve the equation in the specified interval. 

31. fans. 5. a = Dae 

32. cosx = —-0.7, 27 =x< 47 

aaeso n= 2.) Oe = Je 34. seca =-3, — 

Soo Sis (4 OO 2 — OG 

SOl,cota = — 1 oa — xX =< CO 

>| IA ™ A Sy 
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In Exercises 37-40, use the given information to find the values of 

the six trigonometric functions at the angle 0. Give exact answers. 

8 5 
= gin !| — — yh 37. 6 = sin (=) 38. 6 = tan ( = 

39. The point P(—3, 4) is on the terminal side of 0. 

40. The point P(—2, 2) is on the terminal side of 0. 

In Exercises 41 and 42, evaluate the expression. 

41. sin (cos'(2)) 
11 

9 eo eae 42. tan (si (*)) 

43. Chattanooga Temperatures The average monthly tem- 

peratures in Chattanooga, TN, range from a low of 40.5°F in 

January to a high of 80.0°F in July. Setting January as month 0 

and December as month 11, the temperature cycle can be nicely 

modeled by a sinusoid with equation y = A cos (Bx) + C, as 
shown in the graph below. Find the values of A, B, and C. 

[Source: www.weatherbase.com] 

Average Monthly Temperature (°F) 

be 23.4 5 67 85 OO 

Month (0 = January) 

44. Rocky Mountain Highs The average monthly high tempera- 

tures in Steamboat Springs, CO, are shown in Table 1.6 below. 

Setting January as month 0 and December as month 11, con- 

struct a sinusoid with equation y = A cos (Bx) + C that mod- 

els the temperature cycle in Steamboat Springs. Support your 

answer with a graph and a scatter plot on your calculator. 

[Source: www.weatherbase.com] 

JUL AUG SEP Cr NOV DEC 

82.6 80.3 Ved 60.4 43.3 30.7 

45. Even-Odd 

(a) Show that cot x is an odd function of x. - 

(b) Show that the quotient of an even function and an odd func- 
tion is an odd function. 

46. Even-Odd 

(a) Show that csc x is an odd function of x. 

(b) Show that the reciprocal of an odd function is odd. 

47. Even-Odd Show that the product of an even function and an 

odd function is an odd function. 

48. Finding the Period Give a convincing argument that the 

period of tan x is 77. 

49. Is the Product of Sinusoids a Sinusoid? Make a con- 
jecture, and then use your graphing calculator to support your 

answers to the following questions. 

(a) Is the product y = (sin x)(sin 2x) a sinusoid? What is the 
period of the function? 

(b) Is the product y = (sin x)(cos x) a sinusoid? What is the 
period of the function? 

(c) One of the functions in (a) or (b) above can be written in the 

form y = A sin (Bx). Identify the function and find A and B. 

Standardized Test Questions 

You may use a graphing calculator to solve the following problems. 

50. True or False The period of y = sin (x/2) is v7. Justify your 

answer. 

51. True or False The amplitude of y = } cos x is 1. Justify your 

answer. 

In Exercises 52-54, f(x) = 2 cos (4x + 7) — 1. 

52. Multiple Choice Which of the following is the domain of f? 

(A) [—7, 7 ] (B) [-3, 1] (C) [-1,4] 

(D) (—00, 00) (E) x # 0 

53. Multiple Choice Which of the following is the range of f? 

(A) (-3, 1) (B) [-3, 1] (C) (-1, 4) 

(@) [-1,4] (E) (—oo, 00) 

54. Multiple Choice Which of the following is the period of f? 

(A) 477 (B) 377 (C) 27 (D) 7 (E) 7/2 

55. Multiple Choice Which of the following is the measure of 

tan-!(—V3) in degrees? 

(A) —60° (B) —30° (C) 30° (D) 60° (E) 120° 

Exploration 
56. Trigonometric Identities Let f(x) = sinx + cos x. 

(a) Graph y = f(x). Describe the graph. 

(b) Use the graph to identify the amplitude, period, horizontal 

shift, and vertical shift. 

(c) Use the formula 

sin a cos B + cos asin B = sin(a + B) 

for the sine of the sum of two angles to confirm your answers. 
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Extending the Ideas (b) Conjecture another formula for y for any pair of positive 

57. Exploration Let y = sin (ax) + cos (ax). integers. Try other values if necessary. 

Use the symbolic manipulator of a computer algebra system ip Gncorycus conjectuty with a CAS. 
(CAS) to help you with the following: (d) Use the following formulas for the sine or cosine of a sum or 

(a) Excpiess y as a situscid fore = 2934, and 5 difference of two angles to confirm your conjecture. 

(b) Conjecture another formula for y for a equal to any positive BERS 98 Bos ocsiil 3 — sig ea) 
integer n. cos acos 8B + sina sin B = cos(a + B) 

(c) Check your conjecture with a CAS. In Exercises 59 and 60, show that the function is periodic and find 

(d) Use the formula for the sine of the sum of two angles (see Beeaed 

Exercise 56c) to confirm your conjecture. 59. y = sin’ x 60. y = |tan x| 

58. Exploration Let y = asinx + bcosx. In Exercises 61 and 62, graph one period of the function. 

Use the symbolic manipulator of a computer algebra system 61. f(x) = sin (60x) 62. f(x) = cos (607rx) 

(CAS) to help you with the following: 

(a) Express y as a sinusoid for the following pairs of values: 

1 a=1,b=2; a=5,b=2; a=2, 

1. Multiple Choice Which of the following is the domain of 4. Free Response Let f(x) = 5x — 3. 

fie ase lope (a3) (a) Find the inverse g of f. 

(A) (—00, co) (B) (00, 3) (C) (—3, 00) (b) Compute (f ° g)(x). Show your work. 

(D) [—3, co) (E) (—co, 3] (c) Compute (g° f)(x). Show your work. 

2. Multiple Choice Which of the following is the range of 

f(x) = S5cos(x + 7) + 3? 

(A) (—00, 00) (B) [2,4] (C) [8,2] 

2 8 
(D) [-2, 8] (E) | 5° :| 

3. Multiple Choice Which of the following gives the solution of 

‘ 397 
ea ete Saal i et 

T T 7 Sar 
(A) — 4 (B) 4 (C) 3 (D) — (E) a 

Key Terms 

absolute value function (p. 18) composing (p. 19) domain (p. 13) 

base a logarithm function (p. 39) composite function (p. 19) even function (p. 16) 

boundary of an interval (p. 14) compounded continuously (p. 26) exponential decay (p. 25) 

boundary points (p. 14) cosecant function (p. 45) exponential function with base a (p. 23) 

- change of base formula (p. 41) cosine function (p. 45) exponential growth (p. 25) 

closed interval (p. 14) cotangent function (p. 45) function (p. 13) 

common logarithm function (p. 40) dependent variable (p. 13) function notation (p. 13) 
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general linear equation (p. 6) 

graph of a function (p. 13) 

graph of a relation (p. 29) 

grapher failure (p. 15) 

half-life (p. 24) 

half-open interval (p. 14) 

identity function (p. 37) 

implied domain (p. 14) 

increments (p. 3) 

independent variable (p. 13) 

initial point of parametrized curve (p. 29) 

interior of an interval (p. 14) 

interior points of an interval (p. 14) 

inverse cosecant function (p. 49) 

inverse cosine function (p. 49) 

inverse cotangent function (p. 49) 

inverse function (p. 37) 

inverse properties for a* and log, x (p. 40) 

inverse secant function (p. 49) 

inverse sine function (p. 49) 

inverse tangent function (p. 49) 

linear function (p. 4) 

natural logarithm function (p. 40) 

odd function (p. 16) 

one-to-one function (p. 36) 

open interval (p. 14) 

parallel lines (p. 6) 

parameter (p. 29) 

parameter interval (p. 29) 

parametric curve (p. 29) 

parametric equations (p. 29) 

parametrization of a curve (p. 29) 

parametrize (p. 29) 

period of a function (p. 46) 

periodic function (p. 46) 

perpendicular lines (p. 6) 

piecewise-defined function (p. 17) 

point-slope equation (p. 5) 

power function (p. 15) 

power rule for logarithms (p. 40) 

product rule for logarithms (p. 40) 

quotient rule for logarithms (p. 40) 

radian measure (p. 45) 

range (p. 13) 

relation (p. 29) 

relevant domain (p. 14) 

rules for exponents (p. 24) 

secant function (p. 45) 

sine function (p. 45) 

sinusoid (p. 47) 

slope (p. 4) 

slope-intercept equation (p. 6) 

symmetry about the origin (p. 16) 

symmetry about the y-axis (p. 16) 

tangent function (p. 45) 

terminal point of parametrized curve (p. 29) 

witch of Agnesi (p. 32) 

x-intercept (p. 6) 

y-intercept (p. 6) 

(ej: 7:V-ve sae Review Exercises 

Exercise numbers with a gray background indicate problems that the 

authors have designed to be solved without a calculator. 

The collection of exercises marked in red could be used as a chapter 

test. 

In Exercises 1-14, write an equation for the specified line. 

1. through (1, —6) with slope 3 

. through (—1, 2) with slope —1/2 

. the vertical line through (0, —3) 

. through (—3, 6) and (1, —2) 

. the horizontal line through (0, 2) 

. through (3, 3) and (—2, 5) 

. with slope —3 and y-intercept 3 

. through (3, 1) and parallel to 2x — y = —2 

. through (4, —12) and parallel to 4x + 3y = 12 owonr oar WN 

= o . through (—2, —3) and perpendicular to 3x — Sy = 1 

—_ — 

I I 
. through (—1, 2) and perpendicular to 5* “tf: tc 1 

12. with x-intercept 3 and y-intercept —5 

13. the line y = f(x), where f has the following values: 

Lad 
: i) i) —e 

14. through (4, —2) with x-intercept —3 

In Exercises 15-18, determine whether the graph of the function is 

symmetric about the y-axis, the origin, or neither. 

15. y = x'5 

17, y =x*— 2-1 

16.7 =— x75 

1S) 9 Se" 

In Exercises 19-26, determine whether the function is even, odd, or 

neither. 

fap y = x? + 1 Zoyy=x°—x>—-x 

21) y = 1 — cosx, 22. y = sec x tanx 

xt4+1 i 
DY -~ 32, 24. y = 1 — sinx 

eoapy = x + cosx 26) y = Vx* - 1 

In Exercises 27-38, find the (a) domain and (b) range, and (c) graph 

the function. 

27. y = |x| —2 28. y=-2+ V1-x 

29. y = V'16 — x? 30. y = 37* + 1 

31. y = 2e* — 3 32. y = tan (2x — 7) 

33. y = 2'sin (3x + 7) —"1 34. y = x2/5 

35. y =In(x — 3) + 1 36.y=-1+ W2-x 

ar.y= {V7 —4=x=0 

Vx, O<x<4 
—x—-2, —2=xs-l 

on -l<xsl 

—x + 2, Pe tye 

38. y 



In Exercises 39 and 40, write a piecewise formula for the function. 

ekh 40. 
yi 

In Exercises 41 and 42, find 

(a) (feg)(—1) (b) (gef)(2) © (Fef)(x) @ (geg)(x) 
1 1 

“le TAGE) = =. i ———— fa)= > 8) = Fs 

42, f(x) =2—x, g(x) =We+1 

In Exercises 43 and 44, (a) write a formula for f ° g and g° f and 

find the (b) domain and (c) range of each. 

AS. fl tee ee eC = Vie 2 

44. f(x) = Vx, Eas Wak. 

In Exercises 45—48, a parametrization is given for a curve. 

(a) Graph the curve. Identify the initial and terminal points, if 

any. Indicate the direction in which the curve is traced. 

(b) Find a Cartesian equation for a curve that contains the 

parametrized curve. What portion of the graph of the 

Cartesian equation is traced by the parametrized curve? 

45.x=Scost, y=2sint, 0StS27 

46.x=4cost, y=4sint, ‘7/2 =t < 3m/2 

aio Xi— i) ape ye eth) =f 4 

AS Tx ele eve Via OE tee 2 

In Exercises 49-52, give a parametrization for the curve. 

49. the line segment with endpoints (—2, 5) and (4, 3) 

50. the line through (—3, —2) and (4, —-1) 

51. the ray with initial point (2, 5) that passes through (—1, 0) 

52.y=x(x- 4), x=2 

Group Activity In Exercises 53 and 54, do the following. 

(a) Find f~! and show that (f° f~!)(x) = (f7!°f)(x) =x. 

(b) Graph f and f~! in the same viewing window. 

53. fx) = 2 = ax 647 f(y) =e a) 

In Exercises 55 and 56, find the measure of the angle in radians and 

degrees. 

55. sin '(0.6) 56. tan!(—2.3) 

57. Find the six trigonometric function values of 9 = cos !(3/7). 

Give exact answers. 

58. Solve the equation sin x = —0.2 in the following intervals. 

(al) 0 =x< 27 (b) —oo < x < oo 
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59. Solve for x: e~9°* = 4 

60. The graph of f is shown. Draw , 

the graph of each function. 

(a) y =F (—2) 

(b) y= 71x) 

yee ea 1 el 

() pe 3 ie 2 

61. A portion of the graph of a 

function defined on [| —3, 3 | 
is shown. Complete the graph 

assuming that the function is 

(a) even. 

(b) odd. 

62. Depreciation Smith Hauling purchased an 18-wheel truck for 

$100,000. The truck depreciates at the constant rate of $10,000 

per year for 10 years. 

(a) Write an expression that gives the value y after x years. 

(b) When is the value of the truck $55,000? 

63. Drug Absorption A drug is administered intravenously for 

pain. The function 

Eee One 2 ln (Lat) = tae, 

gives the number of units of the drug in the body after ¢ hours. 

(a) What was the initial number of units of the drug administered? 

(b) How much is present after 2 hours? 

(c) Draw the graph of f. 

64. Finding Time If Joenita invests $1500 in a retirement account 

that earns 8% compounded annually, how long will it take this 

single payment to grow to $5000? 

65. Guppy Population The number of guppies in Susan’s aquari- 

um doubles every day. There are four guppies initially. 

(a) Write the number of guppies as a function of time rf. 

(b) How many guppies were present after 4 days? after 1 week? 

(c) When will there be 2000 guppies? 

(d) Writing to Learn Give reasons why this might not be a 

good model for the growth of Susan’s guppy population. 



56 Chapter 1. Prerequisites for Calculus 

66. The Rule of 70 A well-known rule in the world of finance 

is that an annual interest rate of R% will double an investment 

in approximately 70/R years. Assume that the money is com- 

pounded continuously so that you can use the Pe” formula. 

(a) Solve the equation Pe” = 2P to find t as a function of r. 

(b) If r = R%, write t as a function of R. 

(c) If the money is not compounded continuously, the dou- 

bling time will be a little longer than the answer in (b). 

Approximate the typical doubling time by increasing the 

numerator by |. This should explain the Rule of 70! 

67. Writing to Learn Many people refer to the Rule of 70 (see 

Exercise 66) as the Rule of 72. Since this is usually less accu- 

rate, why do you suppose some people prefer it? 
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Rates of Change 
and Limits 

Limits Involving 

Infinity 

2.3 | Continuity 

58 

Rates of Change, 
Tangent Lines, and 

Sensitivity 

The yield on the June to August rice crop in Laos depends on the amount 

of rainfall, which is usually between 0.5 and 0.8 meter over this three-month 

growing season. More rain produces a higher yield, but the benefits dimin- 

ish as the amount of rain increases: Crop yield in normal years can be 

approximated by 

C(r) = —2.1 + 87r — 3.7r? 

metric tons per hectare, where ris the total rainfall, measured in meters. 
When the total rainfall is about 0.7 meter, how sensitive is the crop yield 

to a small increase in the amount of rain? Section 2.4 can help answer this 

question. 
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CHAPTER 2 fleaauGiy 

The concept of limit is one of the fundamental building blocks of calculus, enabling us 

to describe with precision how change in one variable affects change in another variable. 

In this chapter, we show how to define and calculate limits of function values. The 

calculation rules are straightforward, and most of the limits we need can be found by sub- 

stitution, graphical investigation, numerical approximation, algebra, or some combination 

of these. 

One of the uses of limits lies in building a careful definition of continuity. Continuous 

functions arise frequently in scientific work because they model such an enormous range 

of natural behavior and because they have special mathematical properties. 

Rates of Change and Limits | 
You will be able to interpret, 

estimate, and determine limits of Average and Instantaneous Speed 

function values. The average speed of a moving body during an interval of time is found by dividing the 
+ Interpretation and expression of change in distance or position by the change in time. More precisely, if y = f(t) isa 

limits using correct notation distance or position function of a moving body at time f, then the average rate of chang 

- Estimation of limits using numerical (or average speed) is the ratio 
and graphical information 
aie ; FTAs eat 

+ Limits of sums, differences, Ay = I =F a 
products, quotients, and composite At At 

functions ; where the elapsed time is the interval from ¢ to t + At, or simply At, and the distance 
- Interpretation and expression of traveled during this time interval is f(t + At) — f(t). Itis also common to use the letter 
one-sided limits h instead of At to denote the elapsed time, in which case the average rate of change can 

¢ The Squeeze Theorem : Beterriten 

Ay _ f(t +h) — f(2) 
At h ; 

Free Fall EXAMPLE 1 Finding an Average Speed 

A rock breaks loose from the top of a tall cliff. What is its average speed during the 
Near the surface of the earth, all bodies fall 

first 2 seconds of fall? 
with the same constant acceleration. The 

—_ distance a body falls after it is released SOLUTION 
from rest is a constant multiple of the 

square of the time fallen. At least, that is Experiments show that a dense solid object dropped from rest to fall freely near the 

what happens when a body falls in a surface of the earth will fall 
vacuum, where there Is no air to slow it 
down. The square-of-time rule also holds Sia 167 

for dense, heavy objects like rocks, ball ‘ : : 4 : : 
bearings, and steel tools during the first feet in the first t seconds. The average speed of the rock over any given time interval is 

few seconds of fall through air, before the | . the distance traveled, Ay, divided by the length of the interval At. For the first 2 sec- 
velocity builds up to where air resistance onds of fall, from t = 0 to t = 2, we have 

begins to matter. When air resistance is j 

Ay a: 16(2)7 = 16(0)? ft absent or insignificant and the only force ad ‘ 

acting on a falling body is the force of gravity, Wea 5d =132 ence Now Try Exercise 1. 

we call the way the body falls free fall. 

The speed of a falling rock is always increasing. If we know the position as a function 

of time, we can calculate average greed os over any pon interval of time. But we can also 

talk about its fan ; change, the speed at one 

instant of time. As we will see after the next crane we ee 5 idea of limit to make 

precise what we mean by instantaneous rate of change. 
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EXAMPLE 2 Finding an Instantaneous Speed 

Find the speed of the rock in Example | at the instant t = 2. 

SOLUTION 

Ay - 16(2 + h)? — 16(2)? We can calculate the average speed of the rock over the interval from time t = 2 to 

At h any slightly later time t = 2 + has 

Length of Average Speed ee 2 
Time Interval, for Interval Ay = 16(2 3 h) 16(2) (1) 

h (sec) Ay/At (ft/sec) At h 

l 80 We cannot use this formula to calculate the speed at the exact instant t = 2 because 

0.1 65.6 that would require taking h = 0, and 0/0 is undefined. However, we can get a good 

0.01 64.16 idea of what is happening at t = 2 by evaluating the formula at values of h close to 0. 

0.001 64.016 When we do, we see a clear pattern (Table 2.1). As h approaches 0, the average speed 

0.0001 64.0016 approaches the limiting value 64 ft/sec. 

0.00001 64.00016 If we expand the numerator of Equation | and simplify, we find that 

Ay _ 16(2 + hye — Loe &: 16(4 + 4h + h? ) —“64 

Ar h = h 
64h + 16h? 

2 a ees 64 + 16h 

For values of h different from 0, the expressions on the right and left are equivalent 

and the average speed is 64 + 16h ft/sec. We can now see why the average speed has 
F | Definiti f Limit case 2 
papas Sicceon ht ne) the limiting value 64 + 16(0) = 64 ft/sec as h approaches 0. Now Try Exercise 3. 

The formal definition of a limit is given in 

Appendix A, pp. 583-589. This appendix 

also illustrates how the formal definitionis Definition of Limit 
applied and how it leads to the Properties ; : Ps : : . 
of Limits given in Theorem 1. As in the preceding example, most limits of interest in the real world can be viewed as 

numerical limits of values of functions. And this is where a graphing utility and calculus 

come in. A calculator can suggest the limits, and calculus can give the mathematics for 

confirming the limits analytically. 

Limits give us a language for describing how the outputs of a function behave as the 

inputs approach some particular value. In Example 2, the average speed was not defined 

at h = 0 but approached the limit 64 as h approached 0. We were able to see this numeri- 

cally and to confirm it algebraically by eliminating h from the denominator. But we cannot 

always do that. For instance, we can see both graphically and numerically (Figure 2.1) that 

the values of f(x) = (sin .x)/x approach | as x approaches 0. 
We cannot eliminate the x from the denominator of (sin x) /x to confirm the observa- 

tion algebraically. We need to use a theorem about limits to make that confirmation, as 

you will see in Exercise 77. 

(a) The sentence lim,_,, f(x) = Lis read, “The limit of f of x as x approaches c equals L.” 
The notation means that we can force f(x) to be as close to L as we wish simply by 
restricting the distance between x and c, but not allowing x to equal c. 

We saw in Example 2 that lim, (64 + 16h) = 64 
As suggested in Figure 2.1, 

Figure 2.1 GY A sini: ease “as xs le 
values for f(x) = (ins) thar suggest seer 2 
the limit of f as x approaches 0 is 1. donb cose) Fe 
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Aes econ 5) 

(a) fe) = =—t (b) g(x) = 4 x-1 (c) he) = x41 

Figure 22 lim f(x) = lim g(x) = lim h(x) = 2. 

Properties of Limits 
By applying six basic facts about limits, we can calculate many unfamiliar limits from 

limits we already know. For instance, from knowing that 

lim (k) = k Limit of the function with constant value k 
BD come al €3 

and 

lim (x) = c, Limit of the identity function at x = c 
xc 

we can calculate the limits of all polynomial and rational functions. The facts are listed 

in Theorem 1. 

THEOREM 1 Properties of Limits 

If L, M, c, and k are real numbers and 

lim f(x) =L and lim g(x) = M, then 
XC. LTRS 

1. Sum Rule: lim (f(x) + g(x)) =L+M 

The limit of the sum of two fueron’ is the sum of their limits. 

2. Difference Rule: lim Cite) =e) Lae 

The limit of the difference of on Peuone is the difference of their limits. 

3. Product Rule: lim (f(x) + g(x)) =L:M 

The limit of a product of two ais is the product of their limits. 

4. Constant Multiple Rule: lim (kv f(x)) = kok 

The limit of a constant times a pion is the constant times the limit of the function. 

5. Quotient Rule: iim aa = ~ M0 

The limit of a quotient of two functions is the quotient of their limits, provided 

the limit of the denominator is not zero. 

continued 
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6. Power Rule: If r and s are integers, s ~ 0, then 

lim (f(x) = L/ 
ti © 

provided that L’/’ is a real number and L > 0 if s is even. 

The limit of a rational power of a function is that power of the limit of the func- 

tion, provided the latter is a real number and L > 0 if s is even. 

Here are some examples of how Theorem | can be used to find limits of polynomial 

and rational functions. 

Using Analytic Methods | EXAMPLE 3 Using Properties of Limits 

Gis ony he eee ee Use the observations lim,—¢ k = k and lim,_,,.x = c, and the properties of limits to 

wise stated all examples and exercises are find the following limits. 

to be done using analytic algebraic meth- , Na ree | 

ods without the use of graphing calculators (a) lim (Gee + 4x2 — 3) (b) lim eric 

or computer algebra systems. x—C xe Xx 5) 

SOLUTION 

| (a) lim (x? + 4x? — 3) = lim x? + lim 4x? — lim3 Sum and Difference Rules 
2 erence 6 = sat X64 Xe Boa’ 

=c?+ 4c? — 3 Product and Constant 
; Multiple Rules 

4 D hin (te 
XG x- =") 

(b) lim ————— = *—-S—______ Quotient Rule 
ae ee me lam yee) 

X= FC 

lim x* + lim x? — lim 1 
x—c x—c x—c 

SS Sum and Difference Rules 
bing) ee Sy Mheen 
IAG Ege ad $9 

cté+c2-1 
= ‘esp eae mee Product Rule 

Caw» 
Now Try Exercises 5 and 6. 

Example 3 shows the remarkable strength of Theorem 1. From the two simple observa- 

tions that lim,_,..k = k and lim,_,..x = c, we can immediately work our way to limits of 

polynomial functions and most rational functions using substitution. 

THEOREM 2 Polynomial and Rational Functions 

1. If f(x) = a,x" + a,-;x"! + +++ + ag is any polynomial function and c is any 
real number, then 

lim fe pefic),=14,c% + a,_,c°~! + *+- + ao, 
xc 

2. If f(x) and g(x) are polynomials and c is any real number, then 

lim 2 = a. provided that g(c) # 0. 



[-7, 7] by [-3, 3] 

Figure 2.3 The graph of 

f(x) = (tan x)/x 
suggests that f(x) > las x — 0. 

(Example 5) 

[-10, 10] by [-100, 100] 

Figure 2.4 The graph of 

f(x) = (x? — 1)/(x — 2). 
(Example 6) 
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EXAMPLE 4 Using Theorem 2 

(a) lim [7 CQ he) =r 4(2 = 321-9 

Peek ee ea (2) (2) Ae 19 
(b) lim —————— _ = 

x2 x+2 24+2 4 

Now Try Exercises 9 and 11. 

As with polynomials, limits of many familiar functions can be found by substitution 

at points where they are defined. This includes trigonometric functions, exponential and 

logarithmic functions, and composites of these functions. Feel free to use these properties. 

EXAMPLE 5 Using the Product Rule 

‘ Pee itanex 
Determine lim ——. 

Peed | i ae 

SOLUTION 

The graph of f(x) = (tan x) /x in Figure 2.3 suggests that the limit exists and is about 1. 
Using the analytic result of Exercise 77, we have 

P tan x - sin x 1 sin x 
lim = hen == tan x = —— 
x04 xX i> 0) XG COS Xx cos x 

_ . Seales A‘ 
= Ih == © Shien Product Rule 

Seale 23 Xt? 0 | COS 

1 1 
— . — 1 6 ae, 1 

cos 0 1 
Now Try Exercise 33. 

Sometimes we can use a graph to discover that limits do not exist, as illustrated by 

Example 6. 

EXAMPLE 6 Exploring a Nonexistent Limit 

Use a graph to explore whether 

exists. 

SOLUTION 

Notice that the denominator is 0 when x is replaced by 2, so we cannot use substitution 

to determine the limit. The graph in Figure 2.4 of f(x) = (x? — 1)/(x — 2) strongly 
suggests that as x — 2 from either side, the absolute values of the function values get 

very large. This, in turn, suggests that the limit does not exist. 

Now Try Exercise 35. 

One-Sided and Two-Sided Limits 

Sometimes we need to distinguish between what happens to the function just to the right 

of c and just to the left. To do this, we call the limit of f as x approaches c from the right 

the right-hand limit of f at c and the limit as x approaches c from the left the left-hand 

limit of f at c. Here is the notation we use: 

right-hand: im, f(x) — The limit of f as x approaches c from the right. 

left-hand: lim f(x) The limit of f as x approaches c from the left. 
ae Ge 
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Figure 2.5 At each integer, the greatest 

integer function y = int x has different 

right-hand and left-hand limits. (Example 7) 

On the Far Side 

If fis not defined to the left of x = c, 

then f does not have a left-hand limit at c. 

Similarly, if fis not defined to the right of 

x = c, then f does not have a right-hand 

limit at c. 

Figure 2.6 The graph of the function 

Sean he ES eee 

Le ere ae) 

f(x) = 4 2, x=2 

els D) xe wires 53 

—=Err Dy soe = A, 

(Example 8) 

Figure 2.7 Squeezing f between g and 

h creates a bottleneck around the point 

(c, L). If we keep x close to c, the bottle- 

neck forces f(x) to be close to L. 

EXAMPLE 7 Function Values Approach Two Numbers 

The greatest integer function f(x) = int x has different right-hand and left-hand limits 

at each integer, as we can see in Figure 2.5. For example, 

lim, intx =3 and lim intx = 2. 
x33 Laon 

The limit of int x as x approaches an integer n from the right is n, while the limit as x 

approaches n from the left is n — 1. Now Try Exercises 37 and 38. 

The greatest integer function, which appears as int x on most calculators, is known to 

mathematicians as the floor function, written | x |, where we use only the bottom horizon- 
tal parts of the brackets to indicate that we go down until we reach an integer. You should 

be able to recognize and use either notation. 

We sometimes call lim,_,,. f(x) the two-sided limit of f at c to distinguish it from the one- 
sided right-hand and left-hand limits of f at c. Theorem 3 shows how these limits are related. 

THEOREM 3 One-Sided and Two-Sided Limits 

A function f(x) has a limit as x approaches c if and only if the right-hand and left- 

hand limits at c exist and are equal. In symbols, 

lim f(x) =L © lim f(x) =L and lim f(x) =L. 
Aare 

Thus, the greatest integer function f(x) = int x of Example 7 does not have a limit as 
x — 3 even though each one-sided limit exists. 

EXAMPLE 8 Exploring Right- and Left-Hand Limits 

All the following statements about the function y = f(x) graphed in Figure 2.6 are true. 

At x = 0: Jim, f(a) = 1 

Atx = 1: jim f(x) = O even though f(1) = 1, 

lim, f(x) = 1, 

f has no limit as x — 1. (The right- and left-hand limits at 1 are not equal, 

so lim,—.; f(x) does not exist.) 

At x = 2: lim, f(x) = 1, 

lim, f(x) = 1, 

lim f(x) = 1 even though f(2) = 2. 

Atx = 3: lim f(x) = lim, f(x) = 2 = f(3) = lim f(x). 
oe hoe So 

Atx = 4: lim. f(x) =1. 
x=. 

At noninteger values of c between 0 and 4, f has a limit as x — c. 

Now Try Exercise 43. 

Squeeze Theorem 
If we cannot find a limit directly, we may be able to find it indirectly with the Squeeze 

Theorem. The theorem refers to a function f whose values are squeezed between the values 

of two other functions, g and h. If g and h have the same limit as x — c, then f has that 

limit too, as suggested by Figure 2.7. 
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THEOREM 4 The Squeeze Theorem 

If g(x) = f(x) = A(x) for all x # c in some interval about c, and 

lim g(x) = lim h(x) = L, 

then me 

lim f(x) = L. 

EXAMPLE 9 Using the Squeeze Theorem 

Show that lim [x? sin(1/x)] = 0. 

SOLUTION 

We know that the values of the sine function lie between —1 and 1. So, it follows that 

1 
Sinited = lee} Six? 

x 
sin? | = |x2| - 

x 

and Did. 
PR ae: sin — < x?. 

x 

Because lim (—x?) = lim x? = 0, the Squeeze Theorem gives 
x0 x0 

[—0.2, 0.2] by [—0.02, 0.02] 1 

Figure 2.8 The graphs of y, = x?, lim (x sin ‘) pit. 
y2 = x* sin (1/x), and y; = —x*. Notice Ae 2 
that y3 = y) = y,. (Example 9) _ The graphs in Figure 2.8 support this result. Now Try Exercise 65. 

Quick Review 2.1 (for help, go to Section 1.2) 

Exercise numbers with a gray background indicate problems that the In Exercises 5—8, write the inequality in the forma <x <b. 

authors have designed to be solved without a calculator. BL |x| <4 

In Exercises 1-4, find f(2). 6) |x| < 2 

Bp f(x) = 2x3 — Sx2+ 4 7) |x —2| <3 
a 

Bx) -=— mp |x —c| < d? 

we In Exercises 9 and 10, write the fraction in reduced form. 

ae f(x) = sin (= *) 9g x? — 3x = 18 
2 = a3 

Sra Me oe 10. Dx x 

4, f(x) a 1 
2x2 oe EF | 

Section 2.1 Exercises 

In Exercises 1-4, an object dropped from rest from the top of a tall 3. Find the speed of the object at t = 3 seconds and confirm your 

__- building falls y = 16? feet in the first t seconds. answer algebraically. 

4) Find the average speed during the first 3 seconds of fall. 4. Find the speed of the object at t = 4 seconds and confirm your 

(2) Find the average speed during the first 4 seconds of fall. answer algebraically. 
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In Exercises 5 and 6, use lim,_.,k = k, lim,.,.x = c, and the prop- 

erties of limits to find the limit. 

ae lim (2%? — 3x7 x = 1) 
Faecal i 

x4 — x3 + 1 
6) lim —— 

nae! Ce oe 9 

In Exercises 7-14, determine the limit by substitution. 

7. lim _ 3x? (2x — 1) 8. lim (x + 3)206 
LH], x24 

> Me ae Si) aa 
9. lim (x? + 3x? — 2x — 17) 10) gaye 

x—> | y2 y +2 

y2 + 4y + 3 
Ee lim) epee 12. lim int x 

y>-3 yo — 3 x—1/2 

13. lim (x — 6)*/3 14, lim Vx + 3 

In Exercises 15—20, complete the following tables and state what you 

believe lim,—.9 f(x) to be. 

(a) x —0.1  -—0.01 —0.001 —0.0001 

(b) x 0.1 0.01 0.001 0.0001 

x2 + 6x +2 x? —x 
15. f(x) = 16. f(x) = 

esis ah x 

ak. oval 
17. f(x) = x sin = 18. f(x) = sin 

CMe ee 20. f(x) = x sin (In |x|) 

In Exercises 21—24, explain why you cannot use substitution to 

determine the limit. Find the limit if it exists. 

1 
7A tat AV a ay) 22. lim ~5 

betas! bdo a OS 6 

|x| (4+ x)? — 16 
2st =— 7a ioe — 

x=—0 xX x—0 oF 

In Exercises 25-34, explore the limit graphically. Confirm algebra- 

ically. 

x-1 1? — 3t +2 
25. im ——— 5 then) == 
aes 26 fa t?-4 

5x3 + 8x? ee 
27. lim ——; Me liber —— <p 

ba 3x4 — 16x? ee rae x 

242) — 3 i 
29, jie ee ee a 

x0 x x0 x 

; sin x _ x + sinx 
31, lim ' => 32: ie ee 

x0 2x* — X x0 op 

re Bisson 
33. in ——= 4. tis eee 

Se. | oe x75 x—5 

In Exercises 35 and 36, use a graph to explore whether the limit 

exists. 

ae #1 36. lim — 
x>2x2 — 4 

35. lim 
Xl 

In Exercises 37-42, determine the limit. 

37. lim intx 38. lim int x 
2=0* x= > Oy 

39. lim intx 40. lim int x 
x 0.01 x2 

, x 4 x 
41. lim — 42. lim — 

x0 |x| xe |x| 

In Exercises 43 and 44, which of the statements are true about the 

function y = f(x) graphed there, and which are false? 

(a) lim, f(x) = 1 

(c) lim f(x) = 1 

(e) iim f (x) exists 

(g) lim f(x) =1 

(i) lim f(x) =0 

(b) lim f(x) = 0 
(4) lim f(x) = lim, f(x) 
(f) lim f(x) = 0 
(h) lim f(x) = 1 
(i) lim f(x) =2 

(a) lim, f(x) = 1 

(c) jim f(x) =2 

(e) lim, f(x) = 1 

(g) lim, f(x) = im f(x) 
(h) lim f(x) exists at every c in (—1, 1). 

(b) lim f(x) does not exist. 

(d) lim. f(x),= 2 

(f) lim f(x) does not exist. 
bed 

(i) lim f(x) exists at every c in (1,3). 
ymre 



In Exercises 45—50, use the graph to estimate the limits and value of 

the function, or explain why the limits do not exist. 

45. (a) lim f(x) 

(b) lim, f(x) 

(©) tim f(z) 

(d) (3) 

(a) lim_ g(t) 

(b) lim, ¢(r) 

(c) lim, g(t) 

(d) g(—4) 

(a) lim f(A) 

(b) lim, f(/) 

(c) lim f(A) 

(d) f(0) 

(a) lim p(s) 

(b) lim , p(s) 
—-—2+ 

(c) lim, p(s) 

(d) p(—2) 

(a) lim F(x) 

(b) lim, F(x) 

(c) lim F(x) 

(d) F(0) 

Bei (a) lim G(x) 

Sigg = cot (b) lim, G(x) 
IN 
PEON . 
Pry () lim G(x) 
Er aes x2 
ep hie Anas (a) G(2) 
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In Exercises 51-54, match the function with the table. 

Lis eee Siig 
area 52. y, = er 

x? -2x+4+ 1 wrtx-2 
53. y, = Sn 54. y, = ae 

e 
ea 
ee: 
E 
3. 
ER 
=F 

In Exercises 55 and 56, determine the limit. 

55. Assume that lim f(x) = 0 and lim g(x) = 3. 
ea es 

(a) lim (g(x) + 3) (b) lim x f(x) 

ic. 
Os ea 

56. Assume that lim f(x) = 7 and lim g(x) = -3. 
bam vd 

(c) lim g°(x) 

(a) lim (f(x) + g(x) @) im (F(x) + g(x) 

(c) lim 4 g(x) (d) lim fx) 
xb xb g(x) 

In Exercises 57-60, complete parts (a), (b), and (c) for the piecewise- 

defined function. 

(a) Draw the graph of f. 

(b) Determine lim,.,+ f(x) and lim,—,.- f(x). 

(c) Writing to Learn Does lim,—., f(x) exist? If so, what is it? 

If not, explain. 

Sc hme ek ea 

57.c = 2, f(x) = 4x 
ae yer 

By kee ue 

58. c = 2, f(x) = 4 2, x= 

ees yee 

1 

59.c = 1, f(x) =4*-1 

60.6 =-1,900) = {) cee 
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In Exercises 61-64, complete parts (a)—-(d) for the piecewise-defined 

function. 

(a) Draw the graph of f. 

(b) At what points c in the domain of f does lim,—., f(x) exist? 

(c) At what points c does only the left-hand limit exist? 

(d) At what points c does only the right-hand limit exist? 

Sin: ue TX < O) 
61. f(x) = ; 

Fx) ee = 277 

COSHH eae 0) 
62. f(x) = 

Fx) ee eee OR = 77 

Vi=a*, OSx%7—1 

Say f(x) = 4 1, CSS 

fe x=2 

yt x s OFon Orr a1 

64. f(x) =41, x=0 

Ot aie Ob al 

In Exercises 65-68, find the limit graphically. Use the Squeeze 

Theorem to confirm your answer. 

65. lim x sin x 66. lim x? sin x 
x0 x=>0) 

: ; : 1 
67. lim x? sin 68. lim x? cos 

x0 BF x0 x 

69. Free Fall A water balloon dropped from a window high 

above the ground falls y = 4.9t? m in t sec. Find the balloon’s 

(a) average speed during the first 3 sec of fall. 

(b) speed at the instant t = 3. 

70. Free Fall on a Small Airless Planet A rock released from 

rest to fall on a small airless planet falls y = gt? mint sec, ga 

constant. Suppose that the rock falls to the bottom of a crevasse 

20 m below and reaches the bottom in 4 sec. 

(a) Find the value of g. 

(b) Find the average speed for the fall. 

(c) With what speed did the rock hit the bottom? 

Standardized Test Questions 

71. True or False If lim f(x) = 2 and lim f(x) = 2, then 

lim f(x) = 2. Justify your answer. 

x + sin x 
72. True or False lim = 2. Justify your answer. 

In Exercises 73-76, use the following function. 

Pay ohana 

ah zt Lge 

73. Multiple Choice What is the value of lim,—;- f(x)? 

(A) 5/2 (B) 3/2 (C) 1 (WD) 0 () does not exist 

74. Multiple Choice What is the value of lim,—.;+ f(x)? 

(A) 5/2 (B) 3/2 (C) 1 (WD) 0 () does not exist 

75. Multiple Choice What is the value of lim,_.; f(x)? 

(A) 5/2 (B) 3/2 (C) 1 (W)0 (E) does not exist 

76. Multiple Choice What is the value of f(1)? 

(A) 5/2 (B) 3/2 (C) 1 (D) 0 (E) does not exist 

77. Group Activity To prove that limg_.9 (sin @)/@ = 1 when 

6 is measured in radians, the plan is to show that the right- and 

left-hand limits are both 1. 

(a) To show that the right-hand limit is 1, explain why we can 

restrict our attention to0 < 6 < 7/2. 

(b) Use the figure to show that 

iL 
area of AOAP = 5 sin 0, 

6 
area of sector OAP = >? 

1 
area of AOAT = 5 tan 0. 

(c) Use part (b) and the figure to show that forO < 6 < 7/2, 

1 1 1 
5 omn.8 < 59 << 5 ane. 

(d) Show that for 0 < 6 < 7/2 the inequality of part (c) can be 

written in the form 

6 1 

sin 0 cos 0 

(e) Show that for 0 < 6 < 7/2 the inequality of part (d) can be 

written in the form 

cos@ < ae c= 

(f) Use the Squeeze Theorem to show that 
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(g) Show that (sin 6) /6 is an even function. 79. Controlling Outputs Let f(x) = sin x. 

(h) Use part (g) to show es (a) Find f(ar/6). 

lim pu ae il (b) Use a graph to estimate an interval (a, b) about x = 7/6 so 

eee eg that 0.3 < f(x) < 0.7 provided a < x < b. 

(i) Finally, show that (c) Use a graph to estimate an interval (a,b) about x = 7/6 so 

‘ sin 0 that 0.49 < f(x) < 0.51 provideda <x <b. 

oot Oo :: 80. Limits and Geometry Let P(a, a”) be a point on the 
parabola y = x*, a > 0. Let O be the origin and (0, b) the 

Extending the Ideas y-intercept of the perpendicular bisector of line segment OP. 

78. Controlling Outputs Let f(x) = V 3x — 2. un cal ac 

(a) Show that lim,_,, f(x) = 2 = f(2). 

(b) Use a graph to estimate values for a and b so that 

1.8 < f(x) < 2.2 provideda <x <b. 

(c) Use a graph to estimate values for a and b so that 

1.99 <= f(x) < 2.01 provided a < x < b. 
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2.2 | Limits Involving Infinity 
You will be able to interpret, 

estimate, and determine infinite Finite Limits as x —> +00 
limits and limits at infinity. The symbol for infinity (oo) does not represent a real number. We use oo to describe the 

» The Squeeze Theorem for limits behavior of a function when the values in its domain or range outgrow all finite bounds. 

at infinity For example, when we say, “the limit of f as x approaches infinity is L,’” we mean that 

« Asymptotic and unbounded behavior ~— we can force the value of the function to be as close as we wish to L by taking values of 

of functions x that are sufficiently far to the right on the number line. When we say, “the limit of f as 

- End behavior of functions x approaches negative infinity (—oo) is L,” we mean that we can force the value of the 
function to be as close as we wish to L by taking values of x that are sufficiently far to the 

left. (The limit in each case may or may not exist.) 

Looking at f(x) = 1/x (Figure 2.9), we observe 

(a) as x — oo, (1/x) — 0 and we write 

(b) as x — —oo, (1/x) — 0 and we write 

[-10, 10] by [-1.5, 1.5] Figure 2.9 The graph of f(x) = 1/x. 

“£6, 6] by [-4, 4] 

(a) We say that the line y = 0 is a horizontal asymptote of the graph of f. 

DEFINITION Horizontal Asymptote . 

The line y = b is a horizontal asymptote of the graph of a function y = f(x) if 
either 

lim f(x) =b or lim f(x) = b. 

The graph of f(x) = 2 + (1/x) has the single horizontal asymptote y = 2 because 

lim (2+1)=2 and — lim (2+t)=2 
x00 Xx x——0o b 

A function can have more than one horizontal asymptote, as Example | demonstrates. 

EXAMPLE 1 Looking for Horizontal Asymptotes 

Use graphs and tables to find lim,—.,, f(x), lim, f(x), and identify all horizontal Figure 2.10 (a) The graph of f(x) = 

x/ Vx? + 1 has two horizontal asymp- asymptotes of f(x) = x/Vx? + 1. 
totes, y = 1 and y = 1. (b) Selected | SOLUTION _— 
values of f. (Example 1) 



[—42r, 427] by [-0.5, 1.5] 

(a) 

(b) 

Figure 2.11 (a) The graph of f(x) = 
(sin x) /x oscillates about the x-axis. The 
amplitude of the oscillations decreases 

toward zero as x — +oo. (b) A table of 

values for f that suggests f(x) — 0 as 

x — oo. (Example 2) 
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The table in Figure 2.10b confirms the rapid approach of f(x) toward 1 as x — oo. 

Since f is an odd function of x, we can expect its values to approach —1 in a similar 

Way. aS/X vas 00: Now Try Exercise 5. 

Squeeze Theorem Revisited 
The Squeeze Theorem also holds for limits as x — oo. 

EXAMPLE 2 Finding a Limit as x Approaches oo 

Find lim f(x) for f(x) = me 

SOLUTION 

The graph and table of values in Figure 2.11 suggest that y = 0 is the horizontal 

asymptote of f. 

We know that —1 = sinx = 1. So, for x > 0 we have 

Lone Sine hee ad 
—--=<=—<=-. 

x av 28 

Therefore, by the Squeeze Theorem, 

1 i 1 0 = lim (-+) = lim —— = lim==0. 

Since (sin x) /x is an even function of x, we can also conclude that 

sin x ; 
liste ——— =. 0. Now Try Exercise 9. 

X= =O aX 

Limits at infinity have properties similar to those of finite limits. 

THEOREM 5 Properties of Limits as x > +00 

If L, M, and k are real numbers and 

lim f(x) =L and _ lim g(x) = M, then 
X— e200 Bee 2306 

1. Sum Rule: Jim (f(x) + g(x)) =L+M 

2. Difference Rule: “tim (f(x) sae) = La 

3. Product Rule: m (f(x): g(x))=L:M 
eee 

4. Constant Multiple Rule: hmev(k= f(x))=k>L 
ax aea|0.0) 

x L 
5. Quotient Rule: lim f(x) =—,M#F0 

x>to0g(x) MM 
6. Power Rule: If r and s are integers, s ~ O, then 

lim nee vial = L"/s 

be Dato.) 

provided that L’/’ is a real number and L > 0 if s is even. 
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We can use Theorem 5 to find limits at infinity of functions with complicated expres- 

sions, as illustrated in Example 3. 

EXAMPLE 3 Using Theorem 5 

Hae 
x00 Af 

SOLUTION 
Notice that 

Swe Soins Soy  Siney sin x 
= tr = 5) 55 

Gg x, 

So, 

eee se Gina : , Sins 
Git, a tin, Se Icy === Supa Flic 
x—0o x Xoo xX 60) % 

ey eS Known values 

Now Try Exercise 25. 

EXPLORATION 1 | Exploring Theorem 5 

We must be careful how we apply Theorem 5. 

1. (Example 3 again) Let f(x) = 5x + sinx and g(x) = x. Do the limits as 
x — ooof f and g exist? Can we apply the Quotient Rule to lim,—.,, f(x) /g(x)? 
Explain. Does the limit of the quotient exist? 

. Let f(x) = sin® x and g(x) = cos? x. Describe the behavior of f and g as x — oo. 
Can we apply the Sum Rule to lim,-_,,, (f(x) + g(x) )? Explain. Does the limit 

of the sum exist? 

. Let f(x) = In (2x) and g(x) = In (x + 1). Find the limits as x — ooof f and g. 
Can we apply the Difference Rule to lim,—.,, (f(x) — g(x))? Explain. Does 

the limit of the difference exist? 

4. Based on parts 1-3, what advice might you give about applying Theorem 5? 

Infinite Limits as x—>a 

If the values of a function f(x) outgrow all positive bounds as x approaches a finite 

number a, we say that lim,_,, f(x) = oo. If the values of f become large and negative, 

exceeding all negative bounds as x — a, we say that lim,-., f(x) = —oo. 

Looking at f(x) = 1/x (Figure 2.9, page 70), we observe that 

lim 1/x =oco and lim 1/x = —oo. 
Or x07 

We say that the line x = 0 is a vertical asymptote of the graph of f. 

DEFINITION - Vertical Asymptote 

The line x = ais a vertical asymptote of the graph of a function y = f(x) if either 

lim. f(x) =.2oa sor lime fr) =. ea 
xa xa 
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EXAMPLE 4 Finding Vertical Asymptotes 

A : 1 
Find the vertical asymptotes of f(x) = —. Describe the behavior to the left and right 

x 
of each vertical asymptote. 

SOLUTION 

The values of the function approach oo on either side of x = 0. 

1 
NO Saeco aide lim) = Co. 
Ae Be a> OMmeXi as 

The line x = 0 is the only vertical asymptote. Now Try Exercise 27. 

ries la We can also say that lim,—.9 (1/x”) = oo. We can make no such statement about 1 /x. 

EXAMPLE 5 Finding Vertical Asymptotes 

The graph of f(x) = tanx = (sin x)/(cos x) has infinitely many vertical asymptotes, 

5; 5] 

one at each point where the cosine is zero. If a is an odd multiple of 7/2, then 

[-22r, 27r] by [-5, 5 : 
lim tanx =—oo and lim tan x = oo, 

Figure 2.12 The graph of f(x) = tan x xa" xa” 

has a vertical asymptote at as suggested by Figure 2.12. Now Try Exercise 31. 

30 ow om 39 
aT er ar yee (Example 5) 

You might think that the graph of a quotient always has a vertical asymptote where the 

denominator is zero, but that need not be the case. For example, we observed in Section 2.1 

eee ee roar that lim,—.9 (sin x)/x = 1. 

End Behavior Models 
For numerically large values of x, we can sometimes model the behavior of a complicated 

Se function by a simpler one that acts virtually in the same way. 

EXAMPLE 6 Modeling Functions for | x| Large 

Let f(x) = 3x4 — 2x3 + 3x2 — 5x + 6 and g(x) = 3x*. Show that while f and g 
[-2, 2] by [-5, 20] are quite different for numerically small values of x, they are virtually identical for |.x| 

(a) large. 

SOLUTION 

The graphs of f and g (Figure 2.13a), quite different near the origin, are virtually iden- 

tical on a larger scale (Figure 2.13b). 

We can test the claim that g models f for numerically large values of x by examining 

the ratio of the two functions as x —> +oo. We find that 

srndie v3) 38 f = Ox3 + 3x2 — 5x + 6 
lim re ioe lim “> Se, fe ee a ae 

[-20, 20] by [-100000, 500000] ( Zz 1 5 a] ) 

(b) x—> 200 

| 5 

Figure 2.13 The graphs of f and g, = 1, 

(a) distinct for |x| small, are (b) nearly 
identical for |.| large. (Example 6) convincing evidence that f and g behave alike for |x| large. Now Try Exercise 39. 
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DEFINITION End Behavior Model 

The function g is 
x 

(a) aright end behavior model for f if and only if lim = 1. 
x—0o x 

' pie ee ae) 
(b) a left end behavior model for f if and only if lim ——= 1. 

x>-00 (x) 

If one function provides both a left and right end behavior model, it is simply called 

an end behavior model. Thus, g(x) = 3x* is an end behavior model for f(x) = 3x+— 
2%3'+ 3x2 — 5x + 6 (Example 6). 

In general, g(x) = a,x" is an end behavior model for the polynomial function 

f(x) = a,x" + a,x"! + +++ + ag, a, # 0. Overall, the end behavior of all polyno- 

mials behave like the end behavior of monomials. This is the key to the end behavior of 

rational functions, as illustrated in Example 7. 

EXAMPLE 7 Finding End Behavior Models 

Find an end behavior model for 

PEST aes ie ee oy eer 
DE (b) g(x) = 3 2 ; 

Spee = See ar 7) 5x? + xe + x — 5 
(a) f(x) = 

SOLUTION 

(a) Notice that 2x° is an end behavior model for the numerator of f, and 3x? is one for 

the denominator. This makes 

an end behavior model for f. 

(b) Similarly, 2x3 is an end behavior model for the numerator of g, and 5x? is one for 

the denominator of g. This makes 

an end behavior model for g. Now Try Exercise 43. 
2 AEE SE 

Notice in Example 7b that the end behavior model for g, y = 2/5, is also a horizontal 

asymptote of the graph of g, while in 7a, the graph of f does not have a horizontal asymp- 

tote. We can use the end behavior model of a rational function to identify any horizontal 

asymptote. 

We can see from Example 7 that a rational function always has a simple power function 

as an end behavior model. 

A function’s right and left end behavior models need not be the same function. 

EXAMPLE 8 Finding End Behavior Models 

Let f(x) = x + e. Show that g(x) = x is a right end behavior model for f, while 
h(x) = e~* is a left end behavior model for f. 

SOLUTION 

On the right, 

<= co 

a +4 a na’ rf 

tim 2 622 om a (1 +=) = | because lim — = 0. 

continued 



[-9, 9] by [—2, 10] 

Figure 2.14 The graph of f(x) =x + e™ 

looks like the graph of g(x) = x to the 
right of the y-axis, and like the graph 

of h(x) = e™ to the left of the y-axis. 
(Example 8) 

Quick Review 2.2 (For help, go to Sections 1.2 and 1.5.) 
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On the left, 

3e jeg = lan f(x) = lim é Ke ein (= ae 1) = | because lim ne = 0. 
x—-00 h(x) x00 @ * Na OON Cans x>=00 e* 

The graph of f in Figure 2.14 supports these end behavior conclusions. 

Now Try Exercise 45. 

“Seeing” Limits as x > +00 
We can investigate the graph of y = f(x) as x — +00 by investigating the graph of 

y = f(1/x) asx > 0. 

EXAMPLE 9 Using Substitution 

Find lim sin (1/x). 

SOLUTION 

Figure 2.15a suggests that the limit is 0. Indeed, replacing lim,_.,, sin (1/x) by the 

equivalent lim,_,9+ sin x = O (Figure 2.15b), we find 

lim sin1l/x = lim. sinx = 0. 
x00 e200 

Now Try Exercise 49. 

[-10, 10] by [-1, 1] [-2ar, 277] by [-2, 2] 

(a) (b) 

Figure 2.15 The graphs of (a) f(x) = sin (1/x) and (b) g(x) = f(1/x) = sin x. (Example 9) 

Exercise numbers with a gray background indicate problems that the In Exercises 7-10, write a formula for (a) f(—x) and (b) f(1/x). 
authors have designed to be solved without a calculator. Simplify where possible. 

In Exercises 1-4, find f~! and graph f,f~!, and y = x in the same GD r(x) nae 
square viewing window. 

To 3 2. f(x) = e* 

3. f(x) = tan! x 4. f(x) = cot! x 

In Exercises 5 and 6, find the quotient g(x) and remainder r(x) when 
f(x) is divided by g(x). 

GB f(x) = 203 — 3x2 +x-1, g(x) = 3x7 + 4-5 
GB f(x) = 205 -— 3 +x-1, g(x) = x8 - 27? +1 
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Section 2.2 Exercises 

In Exercises 1-8, use graphs and tables to find (a) lim,—,, f(x) and 
(b) lim,._,, f(x). (c) Identify all horizontal asymptotes. 

ieee 
3. f(x) =< 

Spe sr | 
5. (2) = TI 

7. f(x) = Ty 

2. f(x) = me 

4 fG)= et 1 

6 i 7 ~ : 

ena eS + 

In Exercises 9-12, find the limit and confirm your answer using the 

Squeeze Theorem. 

ee COSEL 
9. lim 5 

x—Co of 

7 lim —— 
x t—=00 

COSY 
10. lim 5 

LOO) X 

; 2 
Sin (x 

12. lim Sa 
Xoo x 

In Exercises 13-20, use graphs and tables to find the limits. 

19. lim cscx 
x—>0* 

14. lim 
i ee a 

: x 
lim 

x> 3+ x + 3 

int x 
1383 ion ——} 
aed 

16. 

20. lim secx 
x—>(m/2)* 

In Exercises 21-26, find lim,_.,, y and lim,_._,., y. 

x 
21.y = (2 EER F 

- cos (1/x) 

eve 

— 3 y= COs x 2x 

t" 

amy - (241) 24) 
BB, = 2 Sines 

_ xsinx + 2cosx 
26. y wr 

In Exercises 27-34, (a) find the vertical asymptotes of the graph of 

f(x). (b) Describe the behavior of f(x) to the left and right of each 
vertical asymptote. 

27. f(x) = hand 

meek 2 : 1 

31. f(x) = cotx 

33. f(x) = ae 

x2 - J 
28. f(x) = aera 

Lae x 
30. f(x) = Pilla sts 

32. f(x) = secx 

cot x 
34. f(x) = a 

In Exercises 35-38, match the function with the graph of its end 

behavior model. 

35 a 

re xr 3S 

37 ye ee 

2. =e 

In Exercises 39-44, (a) find a power function end behavior model 

for f. (b) Identify any horizontal asymptotes. 

SOP Fe) 3x7 Sy 1 A0. f(x) = —4x3 + x? — 2x 1 

x-2 3x2 —x+5 
41. f(x) = 5 een te 42. f(x) Sata ea 

AG pres te ae ee: 
43. f(x) = ag 44. f(x) 7 ge sgn ee 

In Exercises 45—48, find (a) a simple basic function as a right end 

behavior model and (b) a simple basic function as a left end behavior 

model for the function. 

45.y =e*— 2x 

47. y =x + In |x| 

46. y = x? + e* 

48. y = x? + sinx 

In Exercises 49-52, use the graph of y = f(1/x) to find 
lim, oo f(x) and lim, .-o f(x). 
49. f(x) = xe* 

In |x| 

50. f(x) = x7 e* 

51. f(x) = 52. f(x) = xsing 

In Exercises 53 and 54, find the limit of f(x) as (a) x — —oo, 

(b) x — ov, (c) x —.0, and (d) x —> OF. 

| Ute OO 53. f(x) = E ag 

Rare! 

54. f(x) = 422 
ieee eet) 

0 

Group Activity In Exercises 55 and 56, sketch a graph of a func- 
tion y = f(x) that satisfies the stated conditions. Include any 
asymptotes. 

55. lim f(x) = 2, tim f(x) = 00, lim, f(x) = 00, 

jim f(x) =—1, lim, f(x) = —00, 

jim f(x) = 00, lim f(x) = 0 
56. lim f(x) =—1, lim, f(x) = —o0, lim f(x) = 0, 

Jim f(x) = 00, lim f(x) = 2 



57. Group Activity End Behavior Models Suppose that 
g(x) is a right end behavior model for f(x) and that g5(x) is 

a right end behavior model for f(x). Explain why this makes 
81(x)/g2(x) a right end behavior model for f,(x)/fa(x). 

58. Writing to Learn Let L be a real number, lim,_,,. f(x) = L, 

and lim,—., g(x) = oo or —oo. Can lim,-,, (f(x) + g(x)) be 

determined? Explain. 

Standardized Test Questions 

59. True or False It is possible for a function to have more 

than one horizontal asymptote. Justify your answer. 

60. True or False If f(x) has a vertical asymptote at x = c, 
then either lim,_.. f(x) = lim,—.,+ f(x) = coor 

lim, f(x) = lim,..+ f(x) = —oo. Justify your answer. 

61. Multiple Choice lim —— = 
x>2x—2 

(A)—co (B)co (C).1 @)-1/2 ©-!1 

You may use a graphing calculator to solve the following problems. 

5 Y mecUs,(2%,) 
62. Multiple Choice lim = 

x 

(A) 1/2 (B)1 (C)2 (D)cos2 (EF) does not exist 

sin (3x) I 
63. Multiple Choice lim 

(A) 1/3 (B)1 (C)3 (D)sin3 (E) does not exist 

64. Multiple Choice Which of the following is an end behavior for 

OES a eae ol 
f(x) = 3 ? 

Se al 

(Ales: 9 (B):2x2 = (C) 1 /x* (D)2 (E) 1/2 

Exploration 
65. Exploring Properties of Limits Find the limits of f, g, and 

IBLE EE == (6 

1 
= x, = () ‘ g(x) =x, c (a) f(x) = 

2 
(b) f(x) = ~ g(x) = 4x7, c=0 
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© fx) =, 

Sia ait FON Core nae 
(e) Writing to Learn Suppose that lim... f(x) = 0 and 

lim,—., g(x) = oo. Based on your observations in parts 

(a)-(d), what can you say about lim,_.. (f(x) + g(x))? 

a(x) =(x- 2), ¢=2 

(d) f(x) 

Extending the Ideas 
66. The Greatest Integer Function 

(a) Show that 

ge = int . BS i int 3 
—— Bacal <= 1(x > 0)and-—— ees =eh(a 0). 

x a XG x 

int x 
(b) Determine lim —— 

Har 00. eG 

int x 
(c) Determine lim ——. 

Ki — OOF BL 

67. Squeeze Theorem Use the Squeeze Theorem to confirm the 

limit as x — oo found in Exercise 3. 

68. Writing to Learn Explain why there is no value L for which - 

lim,-.., sn x = L. 

In Exercises 69-71, find the limit. Give a convincing argument that 

the value is correct. 

Ine: 
69. lim 

x—oco Inx 

] Weim ——— 
x—oo log x 

In (x + 1) 
TAL sik $$$ = 

X00 In x 

‘ Le al le Ares = 
1. Multiple Choice Find lim 

x= 3 on 8) 

(A)—-1 (B)1 (C)2 (D)5 (E) does not exist 

2. Multiple Choice Find lim, f(x), if it exists, where 

Omer i. 
, if it exists. 

Shin di aa OF 

fe SED ae 
sea 

(A) 5/3 (B) 13/3 (C)7_ (D)oo  (E) does not exist 

{ 3) Multiple Choice Which of the following lines is a hori- 

zontal asymptote for 

F(x) = 
ese a 

2x3 + 4x — 5 

3 
ee ey + 0 Oy 238 Dy 15 © y= 3/2 

4) Free Response Let f(x) =~. 
x 

(a) Find the domain and range of f. 

(b) Is f even, odd, or neither? Justify your answer. 

(c) Find lim,-.., f(x). 

(d) Use the Squeeze Theorem to justify your answer to part (c). 
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Es Continuity 
You will be able to analyze 

functions to find intervals of continu- 

ity and points of discontinuity and 

to determine the applicability of the 

Intermediate Value Theorem. 

« Definition of continuity at a point 

« Types of discontinuities 

* Sums, differences, products, quo- 

tients, and compositions of continu- 

ous functions 

« Common continuous functions 

+ Continuity and the Intermediate 

Value Theorem 

Heart rate (beats/min) 

80 r 

Cpete 2 set) 56 67 “Sas 110 

Minutes after exercise 

Figure 2.16 How the heartbeat returns to a 

normal rate after running. 

Continuity at a Point 
When we plot function values generated in the laboratory or collected in the field, we often 

connect the plotted points with an unbroken curve to show what the function’s values are 

likely to have been at the times we did not measure (Figure 2.16). In doing so, we are 

assuming that we are working with a continuous function, a function whose outputs vary 

continuously with the inputs and do not jump from one value to another without taking on 

the values in between. Any function y = f(x) whose graph can be sketched in one con- 

tinuous motion without lifting the pencil is an example of a continuous function. 

Continuous functions are those we use to find a planet’s closest point of approach to the 

sun or the peak concentration of antibodies in blood plasma. They are also the functions we 

use to describe how a body moves through space or how the speed of a chemical reaction 

changes with time. In fact, so many physical processes proceed continuously that through- 

out the 18th and 19th centuries it rarely occurred to anyone to look for any other kind of 

behavior. It came as a surprise when the physicists of the 1920s discovered that light comes 

in particles and that heated atoms emit light at discrete frequencies (Figure 2.17). As a result 

of these and other discoveries, and because of the heavy use of discontinuous functions in 

computer science, statistics, and mathematical modeling, the issue of continuity has become 

one of practical as well as theoretical importance. 

To understand continuity, we need to consider a function like the one in Figure 2.18, 

whose limits we investigated in Example 8, Section 2.1. 

Figure 2.17 The laser was developed as a Figure 2.18 The function is continuous 

result of an understanding of the nature of on [0,4] except at x = 1 and x = 2. 

the atom. (Example 1) 

EXAMPLE 1 Investigating Continuity 

Find the points at which the function f in Figure 2.18 is continuous, and the points at 

which f is discontinuous. 

SOLUTION 

The function f is continuous at every point in its domain [0, 4] except at x = 1 and 

x = 2. At these points there are breaks in the graph. Note the relationship between the 

limit of f and the value of f at each point of the function’s domain. 

Points at which f is continuous: 

Atx = 0, tim, f(x) = f(0). 

Atx = 4, im. f(x) = f(4). 

AtO0<c<4,c # 1,2, lim f(x) = f(c). 
xe 

a7 

continued 
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: Points at which f is discontinuous: 
Continuity Two-sided 

from the right continuity Continuity Atx = 1, lim f(x) does not exist. 
eis. — from the left x1 

iSecanlincadlls hdl steel reece Atx = 2, lim f(x) = 1, but] ¥ (2). 
y=flx) frit 

| 
| | 

| | Atc < 0,c > 4, these points are not in the domain of f. 
| | 
| | Now Try Exercise 5. 
ee ax 

a G b 

Figure 2.19 Continuity at points a, b, and c To define continuity at a point in a function’s domain, we need to define continuity at 

for a function y = f(x) that is continuous an interior point (which involves a two-sided limit) and continuity at an endpoint (which 

on the interval [ a, b}. involves a one-sided limit) (Figure 2.19). 

DEFINITION Continuity at a Point 

Interior Point: A function y = f(x) is continuous at an interior point c of its 
domain if 

lim f(x) = f(c). 
Lae 

Endpoint: A function y = f(x) is continuous at a left endpoint a or is continuous 

at a right endpoint b of its domain if 

lim, f(x) = f(a) or tim f(x) = f(b), respectively. 

The assumption that exponential functions such as 2* are continuous makes it possible to 

define a number raised to an irrational exponent such as 2”. Fractional exponents come from 

combining integer roots and powers: 27/3 = (ya This means that 23-!4 = 2314/100 is the 
314th power of the 100th root of 2. As we add more decimal digits, we get closer to the value 

of 2”, which is defined to be the limit of 2* as x approaches 7 through rational numbers. 

If a function f is not continuous at a point c, we say that f is discontinuous at c and c 

is a point of discontinuity of f. Note that c need not be in the domain of f. 

EXAMPLE 2 Finding Points of Continuity and Discontinuity 

Find the points of continuity and the points of discontinuity of the greatest integer 

function (Figure 2.20). 

SOLUTION 

For the function to be continuous at x = c, the limit as x — c must exist and must 

equal the value of the function at x = c. The greatest integer function is discontinuous 

at every integer. For example, 

lim intx = 2 and lim intx = 3 
x= 35 ao 

so the limit as x — 3 does not exist. Notice that int 3 = 3. In general, if n is any integer, 

Figure 2.20 The function int x is im. intx=n-—1 and lim, jit 71; 
. * . 4 tere 

continuous at every noninteger point. 

(Example 2) so the limit as x — n does not exist. 

The greatest integer function is continuous at every other real number. For example, 

lim intx = 1 = int 1.5. 
ete Ni tr) 

In general, ifn — 1 < c < n,n an integer, then 

lim intx = n — 1 = intc. 
SC 

Now Try Exercise 7. 
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Shirley Ann Jackson (1746—) 

Distinguished scientist 

Shirley Jackson credits 

her interest in science to 

her parents and excellent 

mathematics and science 

teachers in high school. 

She studied physics, and 

in 1973, became the first 

African American woman 

to earn a Ph.D. at the Massachusetts 

Institute of Technology. Since then, 

Dr. Jackson has done research on topics 

relating to theoretical material sciences, 

has received numerous scholarships and 

honors, and has published more than 

100 scientific articles. 

Figure 2.21 is a catalog of discontinuity types. The function in (a) is continuous at 

x = 0. The function in (b) would be continuous if it had f(0) = 1. The function in (c) 

would be continuous if f(0) were | instead of 2. The discontinuities in (b) and (c) are 

removable. Each function has a limit as x — 0, and we can remove the discontinuity by 

setting f(0) equal to this limit. 
The discontinuities in (d)-(f) of Figure 2.21 are more serious: lim,—.9 f(x) does not 

exist and there is no way to improve the situation by changing f at 0. The step function 

in (d) has a jump discontinuity: The one-sided limits exist but have different values. 

The function f(x) = 1/x? in (e) has an infinite discontinuity. The function in (f) has an 
oscillating discontinuity: It oscillates and has no limit as x — 0. 

(e) 

Figure 2.21 The function in part (a) is continuous at x = 0. The functions in parts (b)—(f) are not. 



Figure 2.22 The function y = 1/x is con- 
tinuous at every value of x except x = 0. 

It has a point of discontinuity at x = 0. 

(Example 3) 
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EXPLORATION 1 Removing a Discontinuity 

sac? die vaal 6 
EONS ees 

Factor the denominator. What is the domain of f? 

Investigate the graph of f around x = 3 to see that f has a removable disconti- 

nuity at x = 3. 

How should f be defined at x = 3 to remove the discontinuity? Use ZOOM-IN 

and tables as necessary. 

Show that (x — 3) is a factor of the numerator of f, and remove all common 
factors. Now compute the limit as x — 3 of the reduced form for f. 

Show that the extended function 

is continuous at x = 3. The function g is the continuous extension of the origi- 

nal function f to include x = 3. 

Now Try Exercise 25. 

Continuous Functions 

A function is continuous on an interval if and only if it is continuous at every point of 

the interval. A continuous function is one that is continuous at every point of its domain. 

A continuous function need not be continuous on every interval. For example, y = 1/x is 

not continuous on [—1, 1]. 

EXAMPLE 3 Identifying Continuous Functions 

The reciprocal function y = 1/x (Figure 2.22) is a continuous function because it is 

continuous at every point of its domain. However, it has a point of discontinuity at 

x = O because it is not defined there. Now Try Exercise 31. 

Polynomial functions f are continuous at every real number c because lim,-., f(x) = 

f(c). Rational functions are continuous at every point of their domains. They have points 

of discontinuity at the zeros of their denominators. The absolute value function y = |.x| is 
continuous at every real number. The exponential functions, logarithmic functions, trigo- 

nometric functions, and radical functions like y = We (n a positive integer greater than 1) 

are continuous at every point of their domains. All of these functions are continuous 

functions. 

Algebraic Combinations 
As you may have guessed, algebraic combinations of continuous functions are continuous 

wherever they are defined. 
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THEOREM 6 _ Properties of Continuous Functions 

If the functions f and g are continuous at x = c, then the following combinations 

are continuous at x = c. 

1. Sums: p38 

2. Differences: fixe 

3. Products: 78 

4. Constant multiples: k + f, for any number k 

5. Quotients: f/g, provided g(c) A 0 

Composites 
All composites of continuous functions are continuous. This means composites like 

y= sin(x*) Jandery = cosa 

are continuous at every point at which they are defined. The idea is that if f(x) is continu- 

ous at x = c and g(x) is continuous at x = f(c), then g° f is continuous at x = c (Figure 

2.23). In this case, the limit as x — c is g(f(c)). 

eof 

Continuous at c 

atc at f(c) 

c fic) g(f(c)) 

Figure 2.23 Composites of continuous functions are continuous. 

THEOREM7 Composite of Continuous Functions 

If f is continuous at c and g is continuous at f(c), then the composite g f is con- 

tinuous at c. 

EXAMPLE 4 Using Theorem 7 

Show that y = is continuous. 
n 

x?+2 

SOLUTION 

The graph (Figure 2.24) of y = |(xsinx)/(x? + 2)| suggests that the function is con- 
tinuous at every value of x. By letting 

x sin. x 
[-32r, 327] by [-0.1, 0.5] g(x) = |x| and f(x) = 249’ : x 

Figure 2.24 The graph suggests that 

y = |(xsin x)/(x? + 2)| is continuous. we see that y is the composite g° f. 

(Example 4) 
We know that the absolute value function g is continuous. The function f is continuous 

by Theorem 6. Their composite is continuous by Theorem 7. Now Try Exercise 33. 



Figure 2.25 The function 

=O) SS ae SD) 

a) = 153 en = 4 
does not take on all values between 

f(1) = Oand f(4) = 3; it misses all the 
values between 2 and 3. 

Grapher Failure 
De eee 

In connected mode, a grapher may conceal 

a function’s discontinuities by portraying 

the graph as a connected curve when it 

is not. To see what we mean, graph y = 

int (x) ina [-10, 10] by [—10, 10] win- 
dow in both connected S dot modes. A 

knowledge of where to expect discontinui- 

ties will help you recognize this form of 

grapher failure. 

[-3, 3] by [-2, 2] 

Figure 2.26 The graph of 

f(x) =x? = x — 1). (Example:5) 
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Intermediate Value Theorem for Continuous 

Functions 

Functions that are continuous on intervals have properties that make them particularly use- 

ful in mathematics and its applications. One of these is the intermediate value property. A 

function is said to have the intermediate value property if it never takes on two values 
without taking on all the values in between. 

THEOREM 8 The Intermediate Value Theorem for Continuous Functions 

A function y = f(x) that is continuous on a closed interval [ a, b] takes on every 
value between f(a) and f(b). In other words, if yo is between f(a) and f(b), then 
yo = f(c) for some c in [a,b]. 

y 

This theorem may seem so obvious that it does not need to be singled out for special 

attention. However, it is important because it provides a foundation for the fundamental 

theorems on which calculus is built. The continuity of f on the interval is essential to 

Theorem 8. If f is discontinuous at even one point of the interval, the theorem’s conclusion 

may fail, as it does for the function graphed i in Figure 2.25. 

: Connectivity Theorem 8 is the reason why the graph of 

a function continuous on an interval cannot have any breaks. The graph will be « 

a single, unbroken curve, like the graph of sin x. It will not have jumps like those in the graph 

of the greatest integer function int x, or separate branches like we see in the graph of 1 /x. 

Most graphers can plot points (dot mode). Some can turn on pixels between plotted 

points to suggest an unbroken curve (connected mode). For functions, the connected for- 

mat basically assumes that outputs vary continuously with inputs and do not jump from 

one value to another without taking on all values in between. 

EXAMPLE 5 Using Theorem 8 

Is any real number exactly 1 less than its cube? Compute any such value accurate to 

three decimal places. 

SOLUTION 

We answer this question by applying the Intermediate Value Theorem in the follow- 

ing way. Any such number must satisfy the equation x = x? — 1 or, equivalently, 

x3 — x — 1 = 0. Hence, we are looking for a zero value of the continuous function 

f(x) = x3 — x — 1 (Figure 2.26). The function changes sign between | and 2, so 
there must be a point c between | and 2 where f(c) = 0. 

continued 
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There are a variety of methods for numerically computing the value of c to be accurate 

to as many decimal places as your technology allows. For example, a simple applica- 

tion of ZOOM (box) and TRACE using a graphing calculator will quickly give the 

result of c ~ 1.324 accurate to three decimal places. Most calculators have a numeri- 

cal zero finder that will give an immediate solution as well. Now Try Exercise 46. 

Can you find the exact value of c such that f(c) = c? — c — 1 = Oand that you know 
exists by the application of the Intermediate Value Theorem? Discuss your answer with 

your classmates and your teacher. 

Quick Review 2.3 (For help, go to Sections 1.2 and 2.1.) 

Exercise numbers with a gray background indicate problems that the 

authors have designed to be solved without a calculator. 

heuer so. all DFind im —~_2—— 
X=F—1 x ae 

2. Let f(x) = int x. Find each limit or value. 

(a) lim f(x) (b) lim, f(x) © lim f(*) @ F(-1) 

x2?—4%4+5, x<2 

4 — x, 10 
3. Let f(x) = 

Find each limit or value. 

(a) lim f(x) () lim, f(z) © lim f(x) @ F(2) 
In Exercises 4—6, find the remaining functions in the list of func- 

tions: f, g, f°g,g°f. 
DXi) 

me f(x) = x+5’ 

1 
es | g(x) ; 

Section 2.3 Exercises 

5. f(x) = x7, (g°f)(x) = sin x?, domain of g = [0, 00) 

G@e(x) = Vx-—1,(g°f)(x) =1/x, x>0 

7. Use factoring to solve 2x? + 9x — 5 = 0. 

8. Use graphing to solve x7 + 2x — 1 = 0. 

In Exercises 9 and 10, let 

Ores 5 

—x2 + 6x — 8, x>3. 

9. Solve the equation f(x) = 4. 

10. Find a value of c for which the equation f(x) = c has no 

solution. 

In Exercises 1-10, find the points of continuity and the points of dis- 

continuity of the function. Identify each type of discontinuity. 

] Seam! 

Lot ean cine Lah § 

Bagh monet oe 4.y=|x-1| 
Fe an 

B.y = V2x +3 6. y = W2x - 1 

7. y = |x| /x 8. y = cotx 

9.y =el/* 10. y = In(x + 1) 

In Exercises 11-18, use the function f defined and graphed below to 

answer the questions. 

x? — 1, -lsx<0 

2x, ate at 

f(x) = 41, = 1 

—24 +947 1 aa SZ 

0, 2 <4 33 

11. (a) Does f(—1) exist? 

(b) Does lim,——)+ f(x) exist? 

(c) Does lim,—.-;+ f(x) = f(-1)? 

(d) Is f continuous at x = —1? 

12. (a) Does f(1) exist? - 

(b) Does lim,—., f(x) exist? 

(c) Does lim,.; f(x) = f(1)? 

(d) Is f continuous at x = 1? 



13. (a) Is f defined at x = 2? (Look at the definition of f.) 

(b) Is f continuous at x = 2? 

14. At what values of x is f continuous? 

15. What value should be assigned to f(2) to make the extended 

function continuous at x = 2? 

16. What new value should be assigned to f(1) to make the new 
function continuous at x = 1? 

17. Writing to Learn Is it possible to extend f to be continuous 

at x = 0? If so, what value should the extended function have 

there? If not, why not? 

18. Writing to Learn Is it possible to extend f to be continuous 

at x = 3? If so, what value should the extended function have 

there? If not, why not? 

In Exercises 19—24, (a) find each point of discontinuity. (b) Which 

of the discontinuities are removable? not removable? Give reasons 

for your answers. 

= saa 

In Exercises 25-30, give a formula for the extended function that is 

continuous at the indicated point. 

oe 9 ay 
me s(x) -— {3° x=-3 28) f(x) = 37> x=1 

sin x _ sin 4x 
27. f(x) = ar x=0 28. f(x) en x=0 

Section 2.3 Continuity 85 

=e (Al 
20, f(x) Pires 5 SH 

is 

De hae i 30 

x? -—4 ; 
30. f(x) x=2 

In Exercises 31 and 32, explain why the given function is continuous. 

1 1 
31 fo) = 32226) == 

Wine = All aes) 

In Exercises 33-36, use Theorem 7 to show that the given function is 

continuous. 

33. f(x) = (= :) 34. f(x) = sin (x2 + 1) 

38. f(x) = cos(W1-x) 36. f(x) = tan es x27+4 

Group Activity In Exercises 37—40, verify that the function is con- 

tinuous and state its domain. Indicate which theorems you are using, 

and which functions you are assuming to be continuous. 

1 3 
—— 38, y =x? + V4 —x 
Vict 2 

37. y= 

x2-—4] 
Sell i cite | 

39. y = |x? — 4z| 40.y=4x-1 

Dh x= 1 

In Exercises 41—44, sketch a possible graph for a function f that has 

the stated properties. 

41. f(3) exists but lim,_,3 f(x) does not. 

42. f(—2) exists, lim,+5+ f(x) = f(—2), but lim,_, f(x) does 

not exist. 

43. f(4) exists, lim,—4 f(x) exists, but f is not continuous at 

x = 4, 

44. f(x) is continuous for all x except x = 1, where f has a nonre- 
movable discontinuity. 

45. Solving Equations Is any real number exactly | less than 

its fourth power? Give any such values accurate to 3 decimal 

places. 

46. Solving Equations Is any real number exactly 2 more than its 

cube? Give any such values accurate to 3 decimal places. 

47. Continuous Function Find a value for a so that the function 

oon fay= f RS eco 

2ax, 38 =e 

is continuous. 

48. Continuous Function Find a value for a so that the function 

24+ 3s eS 2 

lee be a) 

is continuous. 
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49. Continuous Function Find a value for a so that the function 

4 — x2, hs 
x)= z 

f(x) ee ee eae 

is continuous. 

50. Continuous Function Find a value for a so that the function 

xwtxta x<i 
fo 

Bib Neal 

is continuous. 

51. Writing to Learn Explain why the equation e * = x has at 

least one solution. 

52. Salary Negotiation A welder’s contract promises a 3.5% sal- 

ary increase each year for 4 years and Luisa has an initial salary 

of $36,500. 

(a) Show that Luisa’s salary is given by 

y = 36,500( 1.035)’, 

where f is the time, measured in years, since Luisa signed the 

contract. 

(b) Graph Luisa’s salary function. At what values of t is it 

continuous? 

53. Airport Parking Valuepark charges $1.10 per hour or fraction 

of an hour for airport parking. The maximum charge per day is 

$7.25. 

(a) Write a formula that gives the charge for x hours with 

0 = x S 24. (Hint: See Exercise 52.) 

(b) Graph the function in part (a). At what values of x is it 

continuous? 

Standardized Test Questions 
You may use a graphing calculator to solve the following problems. 

54. True or False A continuous function cannot have a point of 

discontinuity. Justify your answer. 

55. True or False It is possible to extend the definition of a func- 

tion f at a jump discontinuity x = a so that f is continuous at 

x = a. Justify your answer. 

56. Multiple Choice On which of the following intervals is 

I , 
f(x) = —= not continuous? 

Vx 

(A) (0,co)  (B)[0,c0)  (C)(0,2) 

(D) (1,2) (E) [ 1, 00) 
57. Multiple Choice Which of the following points is not a point 

of discontinuity of f(x) = Vx —- 1? 

(A)x =-1 (B)x =-1/2 (C)x=0 

(D)x=1/2 (E)x= 

58. Multiple Choice Which of the following statements about the 

function 

Dass Oh <= a) 

f(x) =41, x=1 

RS. alee ae 

is not true? 

(A) f(1) does not exist. 

(B) lim,—.9+ f(x) exists. 

(C) lim,.> f(x) exists. 

(D) lim,—.; f(x) exists. 

(E) lim, f(x) 4 F(1) 
59. Multiple Choice Which of the following points of 

discontinuity of 

(ei Ne Ok ee ed ee 

eis 2 1c eee ee 

is not removable? 

(A) x =—1 (B) x = 0 (C)x = 1 

(Dx = 2 (E) x = 3 

Exploration 
1\* 

60. Let f(x) = (1 + 1) ; 

(a) Find the domain of f. (b) Draw the graph of f. 

(c) Writing to Learn Explain why x = —1 and x = 0 are 
points of discontinuity of f. 

(d) Writing to Learn Is either of the discontinuities in part (c) 

removable? Explain. 

(e) Use graphs and tables to estimate lim,_.,, f(x). 

Extending the Ideas 
61. Continuity at a Point Show that f(x) is continuous at x = a 

if and only if 

; jim f(a +h) = f(a). 

62. Continuity on Closed Intervals Let f be continuous and 

never zero on { a, b |. Show that either f(x) > 0 for all x in 
[a,b] or f(x). < 0 for all xin [a,b]. 

63. Properties of Continuity Prove that if f is continuous on an 

interval, then so is | f|. 

64. Everywhere Discontinuous Give a convincing argument 

that the following function is not continuous at any real number. 

f(x) 1, if xis rational 
x — 

0, if x is irrational 
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Rates of Change, Tangent Lines, 
and Sensitivity 

You will be able to use limits to 

determine instantaneous rates of 

change, slopes of tangent lines, and 

sensitivity to change. 

* Tangent lines 

¢ Slopes of curves 

- Instantaneous rate of change 

¢ Sensitivity 

Secant to a Curve 
De 

A line through two points on a curve is a 

secant to the curve. 

Maryjorte Lee Browne 

When Marjorie Browne 

graduated from the 

University of Michigan 

in 1949, she was one 

of the first two African 

American women to 

be awarded a Ph.D. in 

Mathematics. Browne 

went on to become chairperson of the 

mathematics department at North Carolina 

Central University, and succeeded in 

obtaining grants for retraining high school 

mathematics teachers. 

WE scseLeds 

Average Rates of Change 
We encounter average rates of change in such forms as average speed (in miles per hour), 

growth rates of populations (in percent per year), and average monthly rainfall (in inches 

per month). The average rate of change of a quantity over a period of time is the amount 

of change divided by the time it takes. In general, the average rate of change of a function 

over an interval is the amount of change divided by the length of the interval. 

EXAMPLE 1 Finding Average Rate of Change 

Find the average rate of change of f(x) = x* — x over the interval [ 1, 3]. 

SOLUTION 

Since f(1) = 0 and f(3) = 24, the average rate of change over the interval [ 1, 3] is 

ioe SL emeeds— Ove 
eS 2S 

12 Now Try Exercise 1. 

Seo ee 

Experimental biologists often want to know the rates at which populations grow 

under controlled laboratory conditions. Figure 2.27 shows how the number of fruit flies 

(Drosophila) grew in a controlled 50-day experiment. The graph was made by counting 

flies at regular intervals, plotting a point for each count, and drawing a smooth curve 

through the plotted points. 

Number of flies 

Time (days) 

Figure 2.27 Growth of a fruit fly population in a controlled experiment. 

Source: Elements of Mathematical Biology. (Example 2) 

EXAMPLE 2 Growing Drosophila in a Laboratory 

Use the points P(23, 150) and Q(45, 340) in Figure 2.27 to compute the average rate 

of change and the slope of the secant line PQ. 

SOLUTION 

There were 150 flies on day 23 and 340 flies on day 45. This gives an increase of 

340 — 150 = 190 flies in 45 — 23 = 22 days. 

The average rate of change in the population p from day 23 to day 45 was 

Ap _ 340-150 _ 190 
Average rate of change: —— Re Ma Penn eae taal, 

ede ate = 99 ea ie Se ey 
or about 9 flies per day. 

continued 



88 Chapter 2. Limits and Continuity 

Why Find Tangents to Curves? 
ee ee 

In mechanics, the tangent determines the 

direction of a body’s motion at every point 

along its path. 

Path of 

motion —~ 

Position of body 
at time t a a 

Direction of 

motion at time tf 

In geometry, the tangents to two curves at 

a point of intersection determine the angle 

at which the curves intersect. 

Tangent 

Angle between 
CUNVES fm 

ae ihe Si sf 4 : 

In optics, the tangent setormines the angle 

at which a ray light 

how badly 
of the day wanted to Pa dh 
Descartes went so far as to say that the — 
problem was the most useful and most 
general problem not only that he knew but 
that he had any desire to know. 

This average rate of change is also the slope of the secant line through the two points 

P and Q on the population curve. We can calculate the slope of the secant PQ from the 

coordinates of P and Q. 

Ap 340 — 150 190 
= cal =~ 8.6 flies/day Ss t slope: = 

mein 75 

Now Try Exercise 7. 

As suggested by Example 2, we can always think of an average rate of change as the 

slope of a secant line. 

In addition to knowing the average rate at which the population grew from day 23 to 

day 45, we may also want to know how fast the population was growing on day 23 itself. 

To find out, we can watch the slope of the secant PQ change as we back Q along the curve 

toward P. The results for four positions of Q are shown in Figure 2.28. 

, 340) 

(6) Slope of PQ = Ap/At (flies/day) j 

(340 — 150)/(45- 23) ~ 8.6 

(330 — 150)/(40 — 23) ~ 10.6 

(310 — 150)/(35 — 23) ~ 13.3 

(265 — 150)/(30 — 23) ~ 16.4 

(45, 340) 
(40, 330) 
(35, 310) 
(30, 265) 

Number of flies 

Time (days) 

(a) (b) 

Figure 2.28 (a) Four secants to the fruit fly graph of Figure 2.27, through the point P(23, 150). 
(b) The slopes of the four secants. 

In terms of geometry, what we see as Q approaches P along the curve is this: The secant 

PQ approaches the tangent line AB that we drew by eye at P. This means that within the 

limitations of our drawing, the slopes of the secants approach the slope of the tangent, 

which we calculate from the coordinates of A and B to be | 

3507= 0) 

eye Ur 

In terms of population, what we see as Q approaches P is this: The average growth rates 

for increasingly smaller time intervals approach the slope of the tangent to the curve at P 

(17.5 flies per day). The slope of the tangent line is therefore the number we take as the 

rate at which the fly population was growing on day t = 23. 

= He flies/day. 

Tangent to a Curve 
The moral of the fruit fly story would seem to be that we should define the rate at which 

if f ; 



; 

Pierre de Fermat (1601-1665) 

Fermat was a lawyer 

who worked for the 

regional parliament in 

Toulouse, France. He 

invented his method of 

tangents in 1629 to solve 

the problem of finding 

the cone of greatest vol- 

ume that can be formed 

by cutting a sector out of a circle and then 

folding the circle to join the cut edges 

(see Exploration 1, Section 5.4, page 225). 

Fermat shares with René Descartes the 

honor of having invented what today we 

know as the Cartesian coordinate system, 

enabling us to express algebraic equations 

graphically and so connect algebra and 

geometry. Fermat made many contribu- 

tions to the development of calculus, but 

he did not publish his discoveries. Most of 

his mathematicatwriting was confined to 

professional correspondence and papers 

written for personal friends. 

Oa+h, fla+h)) 

flat h) - fla) 

Pa, fla)) 

Figure 2.30 The tangent slope is 

fin £02 + #) = fa) 
h>0 h 
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2. We find the limiting value of the secant slope (if it exists) as Q approaches P along 

the curve. 

3. We define the slope of the curve at P to be this number and define the tangent to 

the curve at P to be the line through P with this slope. 

EXAMPLE 3 Finding Slope and Tangent Line 

Find the slope of the parabola y = x? at the point P(2, 4). Write an equation for the 
tangent to the parabola at this point. 

SOLUTION 

We begin with a secant line through P(2, 4) and a nearby point Q(2 + h, (2 + h)?) 
on the curve (Figure 2.29). 

om CeO ht Secant slope is 

Q(2 + h, (2 + h)*) 

Tangent slope = 4 

Ay=(2+h)*-4 

Figure 2.29 The slope of the tangent to the parabola y = x? at P(2, 4) is 4. 

We then write an expression for the slope of the secant line and find the limiting value 

of this slope as Q approaches P along the curve. 

A ia ee) eat | 
Secant slope = aca = ce a a 

Ax h 

_h? +4nh+4-—4 

h 

h2 + 4h 
eer =h+4 

The limit of the secant slope as Q approaches P along the curve is 

li tsl = lim(h + 4) = 4. iim, (secant slope ) jim ( ) 

Thus, the slope of the parabola at P is 4. 

The tangent to the parabola at P is the line through P(2, 4) with slope m = 4. 

y—4=4(x - 2) 

y=4x-8+4 

y=4x-4 Now Try Exercise 11 (a, b). 

Slope of a Curve 
To find the tangent to a curve y = f(x) at a point P(a,f(a)) we use the same 
dynamic procedure. We calculate the slope of the secant line through P and a point 

Q(a + h, f(a + h)). We then investigate the limit of the slope as h — 0 (Figure 2.30). 
If the limit exists, it is the slope of the curve at P and we define the tangent at P to be the 

line through P having this slope. 
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Figure 2.31 The two tangent lines to 

y = 1/x having slope —1/4. (Example 4) 

All of These Are the Same: 

1. the slope of y = f(x) atx=a 

2. the slope of the tangent to y = f(x) 

atx =a 

3. the (instantaneous) rate of change of 

f(x) with respect to x at x = a 

f(a + h) — f(a) 
4. lim —————- 

pal h 

An Alternate Form 
a 

In Chapter 3, we will introduce the 

expression 

f(x) — f(a) 
x-a 

as an important and useful alternate form 

of the difference quotient of f at a. (See 
Exercise 57.) 

DEFINITION Slope of a Curve at a Point 

The slope of the curve y = f(x) at the point P(a, f(a)) is the number 

f(a + h) — f(a) 
m = im ————— 

h—0 h : 

provided the limit exists. 

The tangent line to the curve at P is the line through P with this slope. 

EXAMPLE 4 Exploring Slope and Tangent 

Letif (x) = 1/% 

(a) Find the slope of the curve at x = a. 

(b) Where does the slope equal —1/4? 

(c) What happens to the tangent to the curve at the point (a, 1/a) for different values of a? 

SOLUTION 

(a) The slope at x = ais 

I 1 

(a+ ky) —*f(a) gee l = fn 
1 Sea) 

ry ks a(a + h) 

=olimue beet haa 
h—>0 ha(a +h) 

ih eee 
h>0 a(a + h) a? 

(b) The slope will be —1/4 if 

eo St 

a=4 Multiply by —4a?. 

a= +2 

The curve has the slope —1/4 at the two points (2, 1/2) and (—2, —1/2) (Figure 2.31). 

(c) The slope —1/a? is always negative. As a — 0°, the slope approaches —oo and 

the tangent becomes increasingly steep. We see this again as a — 0~. As a moves 

away from the origin in either direction, the slope approaches 0 and the tangent 

becomes increasingly horizontal. Now Try Exercise 19. 

The expression 

flat h) — f(@) 
h 

is the difference quotient of f at a. Suppose the difference quotient has a limit as h 

approaches zero. If we interpret the difference quotient as a secant slope, the limit is the 

slope of both the curve and the tangent to the curve at the point x = a. If we interpret the 

difference quotient as an average rate of change, the limit is the function’s rate of change 

with respect to x at the point x = a. This limit is one of the two most important math- 

ematical objects considered in calculus. We will begin a thorough study of it in Chapter 3. 



About the Word Normal 
aes 

When analytic geometry was developed 

in the 17th century, European scientists 

still wrote about their work and ideas in 

Latin, the one language that all educated 

Europeans could read and understand. The 

Latin word normalis, which scholars used 

for perpendicular, became normal when 

they discussed geometry in English. 

Particle Motion 

We have considered only objects moving in 

one direction in this chapter. In Chapter 3, 

we will deal with more complicated 

motion. 
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Normal to a Curve 

The normal line to a curve at a point is the line perpendicular to the tangent at that 

point. 

EXAMPLE 5 Finding a Normal Line 

Write an equation for the normal to the curve f(x) = 4 — x? atx = 1. 

SOLUTION 

The slope of the tangent to the curve at x = 1 is 

Pielain)s ti ldooe ot Surctluti A) rs 
te ee eS 
h—>0 h h>0 h 

. 4-1-2h-h? -3 
= lim 

h>0 h 

Ai 2 a= Me 
= jim ( ve D, 

Thus, the slope of the normal is 1/2, the negative reciprocal of —2. The normal to the 

curve at (1, f(1)) = (1, 3) is the line through (1, 3) with slope m = 1/2. 

1 1 
Yea 5 eae gore 

ates 
2 2) 

You can support this result by drawing the graphs in a square viewing window. 

Now Try Exercise 11 (c, d). 

Speed Revisited 
The function y = 16f? that gave the distance fallen by the rock in Example 1, Section 2.1, 

was the rock’s position function. A body’s average speed along a coordinate axis (here, 

the y-axis) for a given period of time is the average rate of change of its position y = f(t). 

Its instantaneous speed at any time tf is the instantaneous rate of change of position with 

respect to time at time f, or 

Ph ee te) 
lim 7 a) ew 

h>0 h 

We saw in Example 1, Section 2.1, that the rock’s instantaneous speed at t = 2 sec was 

64 ft/sec. 

EXAMPLE 6 Finding Instantaneous Rate of Change 

Find 

ome a, 
mn > 
h—>0 h 

for the function f(t) = 2t? — 1 at t = 2. Interpret the answer if f(t) represents a 
position function in feet of an object at time ft seconds. 

continued 
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SOLUTION 

f(teth)—f(t) 202 +h? -1-(2-22-1) 
jn ia ae h 

8+ 8h + 2h2-1-7 

h—0 h 

_ 8h + 2h? 
an $= 
h->0 h 

lim(8 + 2h) = 8 
h—0 

fl] 5 

I 

The instantaneous rate of change of the object is 8 ft/sec. 

Now Try Exercise 23. 

EXAMPLE 7 Investigating Free Fall 

Find the speed of the falling rock in Example 1, Section 2.1, at t = 1 sec. 

SOLUTION 

The position function of the rock is f(t) = 167. The average speed of the rock over 

the interval between t = 1 andt = 1 + h sec was 

fl th) =f) 16C see)? Se ae eae 
16(h + 2). 

h h h ( ) 

The rock’s speed at the instant t = 1 was 

iim 16(h + 2) = 32 ft/sec. Now Try Exercise 31. 

Sensitivity 
We live in an interconnected world where changes in one quantity cause changes in 

another. For example, crop yields per acre depend on rainfall. If rainfall has been low, 

each small increase in the amount of rain creates a small increase in crop yield. For a drug 

that works to lower a patient’s temperature, each small increase in the amount of the drug 

will lower the temperature a small amount. The mathematical connection between such 

changes is known as sensitivity. Sensitivity describes how one variable responds to small 

changes in another variable. 

How much the patient’s temperature drops’ depends not just on how much more of the drug 

is given, but also on how large the dose already is. Sensitivity changes as the dosage changes. 

If we let T denote the patient’s temperature and D the dosage, then the sensitivity is given by 

ar 
0 AD 

If we know the sensitivity and we have a very small change in the dosage, then we can 

approximate the change in the patient’s temperature by 

sensitivity = lim 
AD—> 

AT = sensitivity X AD. 

EXAMPLE 8 Measuring Sensitivity to Medicine 

A patient enters the hospital with a temperature of 102°F and is given medicine to 

lower the temperature. As a function of the dosage, D, measured in milligrams, the 

patient’s temperature will be 

= 
TLD): uD Dibt: grees 

Find and interpret the sensitivity of the patient’s temperature to the medicine dosage 

when D = | mg. continued 
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SOLUTION 

Let h be the increase in the dosage, AD = A, so that the sensitivity is 

3 3 
OO ee es OD 

AGAT, ‘ Pil teh) ( 4) 
| ECR SS SS a 
h>0 h h—>0 h 

pee 
S Pi Aft APS ei; Ose Oo geri 

eal ho (0k eee ed oe 

This means that when the dosage is 1 mg, a small additional dosage, AD mg, will 

result in a drop in the patient’s temperature of approximately 3/4 AD degrees. 

Now Try Exercise 37. 

Quick Review 2.4 (for help, go to Section 1.1.) 

Exercise numbers with a gray background indicate problems that the 

authors have designed to be solved without a calculator. ie rough bo) and ea) 

In Exercises | and 2, find the increments Ax and Ay from point A to 7. through (1, 4) and parallel to y = — ra a2, 
point B. 4 

ap A(—5,2), B(3,5) 2)A(1,3), B(a,b) 8. through (1, 4) and perpendicular to y = rag 2 

In Exercises 3 and 4, find the slope of the line determined by the 9. through (—1, 3) and parallel to 2x + 3y = 5 

points. 10. For what value of b will the slope of the line through (2, 3) 

me(~2,3), (S)—1) 4. (-3,-1), (3,3) and (4, b) be 5/3? 

In Exercises 5—9, write an equation for the specified line. 

5. through (—2, 3) with slope = 3/2 

Section 2.4 Exercises 

In Exercises 1—6, find the average rate of change of the function 7. Accelerating from a Standstill The figure shows the 

over each interval. distance-time graph for a 1994 Ford® Mustang Cobra™ acceler- 

f(x) = +1 D(x) = V4x +1 ating from a standstill. 

(a) [2,3] (b) [-1, 1] (a) [0,2] (b) [10, 12] 

3. f(x) = e 4. f(x) = Inx en 

(a) [-2,0] (b) [1,3] (a) [1,4] (b) [ 100, 103} 
5. f(x) = cotx 500 

(a) [7/4, 32/4] (b) [ 77/6, 7/2] 

6. f(x) =2 + cosx 

(a) [0,7] (b) [-7, 7] 
In Exercises 7 and 8, a distance-time graph is shown. 

(a) Estimate the slopes of the secants PQ,, PQ2, PQ3, and PQ,, 

arranging them in order in a table. What is the appropriate 

unit for these slopes? 

(b) Estimate the speed at point P. 

Distance (m) 

we 

ean) le 

3 10 15 20 

Elapsed time (sec) 
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8. Lunar Data The accompanying figure shows a distance-time 

graph for a wrench that fell from the top platform of a communi- 

cation mast on the moon to the station roof 80 m below. 

Distance fallen (m) 

Elapsed time (sec) 

In Exercises 9—12, at the indicated point find 

(a) the slope of the curve, 

(b) an equation of the tangent, and 

(c) an equation of the normal. 

(d) Then draw a graph of the curve, tangent line, and normal 

line in the same square viewing window. 

x=-2 10. y =x? — 4x at x=1 

11. y = - at x= 2 12.) = x* — 3x — 1 -at xa 

In Exercises 13 and 14, find the slope of the curve at the indicated 

point. 

13. f(x) = |x| at (x= 

14. f(x) 

2, (b) x =—3 

=|x—2) at x=1 

In Exercises 15—18, determine whether the curve has a tangent at the 

indicated point. If it does, give its slope. If not, explain why not. 

2— 2% —x*, x<0 
(9) = 45 nthe: at x =0 

: <0 
16. f(x) = cues re at x=0 

Vix een 

17, f(x) = i=" are tee x=2 

sinx, Osx < 3/4 = 

18) f(x) = fons 37/4SxsS27 Rt = 304 

In Exercises 19-22, (a) find the slope of the curve at x = a. 

(b) Writing to Learn Describe what happens to the tangent at 

x = a asa changes. 

19. y = x7 +2 

20. y = 2/x 

i 
21. y = 

: ioe oll 

22.y =9 — x? 

Find the instantaneous rate of change of the position function 

y = f(t) in feet at the given time f in seconds. 

23. f(t) = 3t —7,t=1 

24. f(t) = 317+ 24, t=3 

+ mM 25. f(t) == t=2 

ee t=2 

27. Free Fall An object is dropped from the top of a 100-m tower. 

Its height above ground after t sec is 100 — 4.9r7 m. How fast is 

it falling 2 sec after it is dropped? 

28. Rocket Launch At t sec after lift-off, the height of a rocket is 

3r? ft. How fast is the rocket climbing after 10 sec? 

29. Area of Circle What is the rate of change of the area 

of a circle with respect to the radius when the radius is 

r = 3 in.? 

30. Volume of Sphere What is the rate of change of the volume 

of a sphere with respect to the radius when the radius is 

r= 2in.? 

31. Free Fall on Mars The equation for free fall at the surface 

of Mars is s = 1.86t? m with ¢ in seconds. Assume a rock is 

dropped from the top of a 200-m cliff. Find the speed of the rock 

att = 1 sec. 

32. Free Fall on Jupiter The equation for free fall at the surface 

of Jupiter is s = 11.44? m with t in seconds. Assume a rock is 

dropped from the top of a 500-m cliff. Find the speed of the rock 

at t = 2 sec. 

(33. Horizontal Tangent At what point is the tangent to 
f(x) = x? + 4x — | horizontal? 

34. Horizontal Tangent At what point is the tangent to 
f(x) = 3 — 4x — x? horizontal? 



35. 

36. 

37. 

38. 

39. 

40. 

Section 2.4 

Finding Tangents and Normals 

(a) Find an equation for each tangent to the curve y = 1/(x — 1) 

that has slope —1. (See Exercise 21.) 

(b) Find an equation for each normal to the curve y = 1/(x — 1) 
that has slope 1. 

Finding Tangents Find the equations of all lines tangent to 

y = 9 — x? that pass through the point (1, 12). 

Sensitivity A patient’s temperature T as a function of the dos- 

age D of a medicine is given by T(D) = 99 + 4/(1 + D). Find 
and interpret the sensitivity of the patient’s temperature to the 

dosage when D = 2 mg. 

Sensitivity If a ball is thrown straight up with an initial veloc- 

ity of v feet per second, it will reach a maximum height of 

H = y*/64 feet. Find and interpret the sensitivity of the height to 

the initial velocity when the initial velocity is 40 ft/sec. 

Table 2.2 gives the total amount of all U.S. exported wheat in 

millions of bushels for several years. 

Exported Wheat 
Year (millions of bushels) 

2008 1015 

2009 879 

2010 1291 

2011 1051 

2012 1007 

2013 900 

Source: U.S. Department of Agriculture, Economic 

Research Service, Wheat Data, Table 21. 

(a) Make a scatter plot of the data in the table. 

(b) Let P represent the point corresponding to 2008, Q, the point 

corresponding to 2011, Q> the point corresponding to 2012, 

and Q3 the point corresponding to 2013. Find the slope of the 

secant line PQ; for i = 1, 2, 3. 

Table 2.3 gives the amount of federal spending in billions of dol- 

lars for national defense for several years. 

National Defense Spending 
Year ($ billion) 

2008 616 

2009 661 

2010 693 

2011 706 

2012 678 

2013 633 

Source: U.S. Office of Management and Budget, Budget Authority by 

Function and Subfunction, Outlay by Function and Subfunction, Table 492. 
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(a) Find the average rate of change in spending from 2008 

to 2013. 

(b) Find the average rate of change in spending from 2008 to 

2011. 

(c) Find the average rate of change in spending from 2011 to 

208: 

(d) Writing to Learn Explain why someone might be hesitant 

to make predictions about the rate of change of national 

defense spending based on the data given in Table 2.3. 

Standardized Test Questions 

41. 

42. 

43. 

45. 

46. 

True or False If the graph of a function has a tangent line at 

x = a, then the graph also has a normal line at x = a. Justify 

your answer. 

True or False The graph of f(x) = |x| has a tangent line at 
x = 0. Justify your answer. 

Multiple Choice If the line L tangent to the graph of a func- 

tion f at the point (2,5) passes through the point (—1,—3), 

what is the slope of L? 

(A) -3/8 (B)3/8 (C)—8/3 (D)8/3 (E) undefined 

. Multiple Choice Find the average rate of change of f(x) = - 

x? + x over the interval [1,3]. 

(A)-S5 (B)1/5 (C)1/4 (@)4 5 

Multiple Choice Which of the following is an equation of the 

tangent to the graph of f(x) = 2/x atx = 1? 

CA) yee oN (B)y=2x (C)y=-2x+4 

(D)y=-x+3 (E)y=x+3 

Multiple Choice Which of the following is an equation of the 

normal to the graph of f(x) = 2/x atx = 1? 

ll 

1 3 1 1 
=-x+- »=--— =-xt+ (A) y Renee (B) y oe (C) y on 2 

1 
ae aa (E) y = 2x + 5 

Explorations 

In Exercises 47 and 48, complete the following for the function. 

47. 

(a) Compute the difference quotient 

f(l +h) — fQ) 
h 

(b) Use graphs and tables to estimate the limit of the difference 

quotient in part (a) ash — 0. 

(c) Compare your estimate in part (b) with the given number. 

(d) Writing to Learn Based on your computations, do you 

think the graph of f has a tangent at x = 1? If so, estimate 

its slope. If not, explain why not. 

f(x) =e, e 48. f(x) = 2%, In4 
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aa Activity In Exercises 49-52, the curve y = f(x) has a 

it at x = aif 

f(a +h) — f(a) 
im = 00 

h->0 h 

or if 

f(a +h) = fla) 
m — 

h—>0 h 

In each case, the right- and left-hand limits are required to be the 

same: both +oo0 or both —oo. 

Use graphs to investigate whether the curve has a vertical tangent at 

50. y = x3/5 

52. y = x2/3 

Extending the Ideas 
In Exercises 53 and 54, determine whether the graph of the function 

has a tangent at the origin. Explain your answer. 

53. f(x) = 

x #0 
54. f(x) = 

0, x=0 

55. Sine Function Estimate the slope of the curve y = sin x 

at x = 1. (Hint: See Exercises 47 and 48.) 

56. Consider the function f given in Example 1. Explain how the 

average rate of change of f over the interval [3,3 + h] is the 
same as the difference quotient of f at a = 3. 

57. (a) Let x = a + h. Show algebraically how the difference quo- 

tient of f at a, 

f(a + h) — f(a) 
- " 

is equivalent to an alternate form given by 

f(x) = f(a) 
ya 

(b) Writing to Learn Why do you think we discuss two forms 

of the difference quotient of f at a? 

You may use a calculator with these problems. 

1. Multiple Choice Which of the following values is the average rate 
of f(x) = Vx + 1 over the interval (0, 3)? 

(A)-3 (B)-1 (C)-1/3 (D)1/3 (E)3 

2. Multiple Choice Which of the following statements is false for the 

function 

3 
Faia O44 

f(x) = 4 2 mrad 
te a ieee 16 

iW 69.4 87 

(A) lim,—.4 f(x) exists.  (B) f(4) exists. 

(C) lim, +5 f(x) exists.  (D) lim,g-f(x) exists. 

(E) f is continuous at x = 4. 

3. Multiple Choice Which of the following is an equation for the 
tangent line to f(x) = 9 — x? atx = 2? 

1 9 
(A) y = ree (B) y = —4x + 13 

(C) y = —4x — 3 (C) y = 4x — 3 

(E) y = 4x + 13 

2 4. Free Response Let f(x) = 2x — x?. 

(a) Find f(3). (b) Find f(3 + h). 
f(3 +h) — f3) (©) Find es 

(d) Find the instantaneous rate of change of f at x = 3. 

average rate of change (p. 59, 87) continuous at an interior 
poi (p. 79) end behavior model (p. 74) 

composite of continuous functions (p. 82) continuous function (p. 1) OS 

connected graph (p. 83) i 

Constant Multiple Rule for Limits (p. 71) 

continuity at a point (p. 78) 

continuous at an endpoint (p. 79) discontinuous (p. a 

continuous on an interval (p. 81) 

aes basin bans a Be 90) 



intermediate value property (p. 83) 

Intermediate Value Theorem for Continuous 

Functions (p. 83) 

jump discontinuity (p. 80) f 

left end behavior model (p. 74) 

left-hand limit (p. 63) 

limit of a function (p. 60) 

normal line to a curve (p. 91) 

oscillating discontinuity (p. 80) 

point of discontinuity (p. 79) 

Power Rule for Limits (p. 71) 

Product Rule for Limits (p. 71) 

Properties of Continuous Functions (p. 82) 

Quotient Rule for Limits (p. 71) 

removable discontinuity (p. 80) 

right end behavior model (p. 74) 

right-hand limit (p. 63) 

secant to a curve (p. 87) 
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sensitivity (p. 92) 

slope of a curve (p. 90) 

Squeeze Theorem (p. 65) 

Sum Rule for Limits (p. 71) 

tangent line to a curve (p. 90) 

two-sided limit (p. 64) 

vertical asymptote (p. 72) 

vertical tangent (p. 96) 

CHAPTER 2 MiGusGie ciety 

Exercise numbers with a gray background indicate problems that the 

authors have designed to be solved without a calculator. 

The collection of exercises marked in red could be used as a chapter 

test. 

In Exercises 1—14, find the limits. 

x27 +1 
> ii Pease gh a a p ii 

: jim, oz) ) 2 eS 3x2 — 2x +5 

3. lim V1 — 2x 4) lim V9 — x? 

dihay ced, 
Dee ey ah 2x? + 3 

2 Le x e Rare 5x2 +7 

4 ais 3 in 2. 

7. lim pat IES 8. lim eee 
x> +00 12x3 + 128 x>0 4x 

ap il 
9. lim sae Ee 10. lim e* sin x 

x>0 xcscx x0 

fay lim int (2x —- 1) a2) lim int (2x — 1) 
x>7/2+ x 7/27 

+ sin 
13. lim e *cosx ‘14. lim ba ceati 

escs X=>60 % 151 COS X 

In Exercises 15—20, determine whether the limit exists on the basis 

of the graph of y = f(x). The domain of f is the set of real 

numbers. 

15. lim, Ff () 16. lim, f(x) 
2 teen dl D hemd 

18. lim f(x) 

20. lim f(x) 

17.) lim f(x) 

19, lim f(x) 

In Exercises 21-24, determine whether the function f used in 

Exercises 15-20 is continuous at the indicated point. 

Ziex =a 

waex —C 

Zesx=b 

24.x=d 

In Exercises 25 and 26, use the graph of the function with domain 

— She Ss7eh 

25. Determine 

(a) lim g(x). (b) (3). 

(c) whether g(x) is continuous at x = 3. 

(d) the points of discontinuity of g(x). 

(e) Writing to Learn whether any points of discontinuity are 

removable. If so, describe the new function. If not, explain 

why not. 

26. Determine 

(a) lim k(x). (b) lim, k(x). (©) K(1). 
x 2 aad 

(d) whether k(x) is continuous at x = 1. 

(e) the points of discontinuity of k(x). 

(f) Writing to Learn whether any points of discontinuity are 

removable. If so, describe the new function. If not, explain 

why not. 
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In Exercises 27 and 28, (a) find the vertical asymptotes of the graph Group Activity In Exercises 41 and 42, sketch a graph of a func- 

of y = f(x), and (b) describe the behavior of f(x) to the left and tion f that satisfies the given conditions. 

right of any vertical asymptote. 41. lim f(x) =3, lim f(x) =o, 

2 s(x) = 28) f(x) = “im, f(2) = 00, lim f(x) =- F(x) = x+2 p s(x) = Baas ))) Seah A ea ee 
42. lim f(x) does not exist, lim. f(x) = f(2) =3 

bee cS? 

In Exercises 29 and 30, answer the questions for the piecewise- 43. Average Rate of Change Find the average rate of 

defined function. change of f(x) = 1 + sin x over the interval [0, 7/2]. 

Laer oe 44, Rate of Change Find the instantaneous rate of change of 

Sige eee) the volume V = (1/3)7r?H of a cone with respect to the radius 
29. f(x)=41, %x=0 rat r = aif the height H does not change. 

Tihs OS ei 45. Rate of Change Find the instantaneous rate of change of the 

l Gel surface area S = 6x? of a cube with respect to the edge length 

(a) Find the right-hand and left-hand limits of f at x = —1, 0, ik oma 
adit 46. Slope of a Curve Find the slope of the curve y = x? — x — 2 

at x=) a. 
(b) Does f have a limit as x approaches —1? 0? 1? If so, what is 

it? If not, why not? 47. Tangent and Normal Let f(x) = x* — 3x and P = (1, f(1)). 
Find (a) the slope of the curve y = f(x) at P, (b) an equation of 

I ti t x = —120? 1? Explain. F 
eye con oy : 3 ery the tangent at P, and (c) an equation of the normal at P. 

— 4x], <a) : 5) ete 
30. f(x) = i x| : e 48. Horizontal Tangents At what points, if any, are the tangents 

cae eee to the graph of f(x) = x* — 3x horizontal? (See Exercise 47.) 

(a) Find the right-hand and left-hand limits of f at x = 1. 49. Sensitivity A ball is thrown straight up with an initial velocity 
(b) Does f have a limit as x — 1? If so, what is it? If not, why of v feet per second. The maximum height is H = v?/64 feet. 

not? Find and interpret the sensitivity of the height to the initial 

(c) At what points is f continuous? velocity when the initial velocity is 30 ft/sec. 

50. Sensitivity An error in the measurement of the radius of a (d) At what points is f discontinuous? é : : i : : 
circle results in an error in the computation of its area. Find and 

In Exercises 31 and 32, find all points of discontinuity of the function. interpret the sensitivity of the area, A, of a circle to the measure- 

_xtl aot ment of its radius, r, when the radius is 2 meters. 

31. f(x) = Av 42 B2u g(x) = Vide 2 51. Bear Population The number of bears in a federal wildlife 

reserve is given by the population equation 

In Exercises 33-36, find (a) a power function end behavior model 200 

and (b) any horizontal asymptotes. p(t) = 1 + Ten0.lt? 
rs 2 = tae 

33. f(x) = — 34. f(x) = aes where f is in years. 

Ee oat apes (a) Writing to Learn Find p(0). Give a possible interpreta- 

3 — 4x2 + 3x +3 4— 3x2 +x —- 1 tion of this number. ne] Ey eee a ET f(x) = <> rae 
ey Ee Bee A (b) Find lim p(t). 

t— oo 

(c) Writing to Learn Give a possible interpretation of the 
In Exercises 37 and 38, find (a) a right end behavior model and 4 

result in part (b). 
(b) a left end behavior model for the function. 

37. f(x) =xte 38. f(x) = In|x| + sinx 52. Taxi Fares Bluetop Cab charges $3.20 for the first mile and 

$1.35 for each additional mile or part of a mile. 

Group Activity In Exercises 39 and 40, what value should be (a) Write a formula that gives the charge for x miles with 

assigned to k to make f a continuous function? Osx = 20; 

Peo. Oy oe sai (b) Graph te function in (a). At what values of x is it discon- 

Ai a eee fas tinuous / 
39. f(x) = x—3 

k x=3 

sin x 
——= +a 

40. f(x) = 4 2x 
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53. Table 2.4 gives the population of Florida for several years. All 

data are for July 1 except in 2010, when it is for April 1. 

Year Population (in thousands) 

2006 18,019 

2008 18,328 

2009 18,538 

2010 18,803 

2012 19,321 

2013 10% 53 

Source: U.S. Census Bureau, 2012 Statistical Abstract of 

the United States. 

(a) Make a scatter plot of the data in the table. 

(b) Let P represent the point corresponding to 2006, Q, the point 

corresponding to 2009, Q, the point corresponding to 2012, 

and Q; the point corresponding to 2013. Find the slope of the 

secant line PQ; for i = 1, 2, 3. 

(c) Using the same information given in part (b), find the aver- 

age rates of change from P to Qj. 

(d) Estimate the instantaneous rate of change of the population 

on July 1, 2013. 

(e) Writing to Learn Assuming the population growth in 

Table 2.4 is linear, estimate the population of Florida in 

2020. Explain why linear growth may or may not be a bad 

assumption over longer periods of time. 

54. Limit Properties Assume that 

lim [ f(x) + @(x)] = 2 
lim [ f(x) — g(x)] = 1, 

and that lim,-,. f(x) and lim,_,, g(x) exist. Find lim,., f(x) 

and lim,-,, g(x). 
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Derivative of a Function 
You will be able to compute the 

derivative of a function at x = a 
using both forms of the limit defini- 

tion and explain its relationship to 

slope. 

¢ The meaning of differentiable 

Different ways of denoting the 

derivative of a function 

¢ Graphing y = f(x) given the graph 

of y= f(x) 
« Graphing y = f’(x) given the graph 

of y = f(x) 
- One-sided derivatives — 
« Graphing the derivative from data 
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SVN ee Overvien 

In Chapter 2, we learned how to find the slope of a tangent to a curve as the limit of the 

slopes of secant lines. In Example 4 of Section 2.4, we derived a formula for the slope of 

the tangent at an arbitrary point (a, 1/a) on the graph of the function f(x) = 1/x and 
showed that it was —1/a?. 

This seemingly unimportant result is more powerful than it might appear at first glance, 

as it gives us a simple way to calculate the instantaneous rate of change of f at any point. 

The study of rates of change of functions is called differential calculus, and the formula 

—1/a? was our first look at a derivative. The derivative was the 17th-century breakthrough 

that enabled mathematicians to unlock the secrets of planetary motion and gravitational 

attraction—of objects changing position over time. We will learn many uses for deriva- 

tives in Chapter 5, but first, in the next two chapters, we will focus on what derivatives 

are and how they work. 

Definition of Derivative 

In Section 2.4, we defined the slope of a curve y = f(x) at the point where x = a to be 

Meee Cu! i tte) 
an = iy 

h—>0 h 

When it exists, this limit is called the derivative of f at a. In this section, we investigate 
the derivative as a function derived from f by considering the limit at each point of the 

domain of f. 

DEFINITION Derivative 

ative of the function f with respect to the variable x is the function f’ 

whose value at x is 

_ sa tb) = F(x) 
f'(x) = lim a ats (1) 

h->0 h 

provided the limit exists. 

The domain of f’, the set of points in the domain of f for which the limit exists, may be 

smaller than the domain of f. If f'(x) exists, we say that f 
at x. A function that is differentiable at every point of its domain is a 

EXAMPLE 1 Applying the Definition 

Differentiate (that is, find the derivative of) f(x) = x°. 
continued 
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SOLUTION 

Applying the definition, we have 

ere ae err =f 
tA Reyes h 

hel ee) ee Eq. 1 with f(x) = x, 

oe h f(x + h) = (x + hy 

(re > 307 isan ee 

h—>0 h 

y=f(x) (x + h)8 expanded I = 

O(a +h, fla + h)) 

DAD) ore ere re Ok ane ae x? terms canceled, 
jim h h factored out 

m. (Bate ae hace Now Try Exercise 1. 

The derivative of f(x) at a point where x = a is found by taking the limit as h — 0 of 

slopes of secant lines, as shown in Figure 3.1. 

Figure 3.1 The slope of the secant line By relabeling the picture as in Figure 3.2, we arrive at a useful alternate formula for 

PO is calculating the derivative. This time, the limit is taken as x approaches a. 

Ay _ f(a +h) - f(a) 
Ax (a+h)-a DEFINITION (ALTERNATE) Derivative at a Point 

ad rane Fla) The derivative of the function f at the point x = a is the limit 
h 

Xe Ta pret: Hea - 
xa Keer 

y=fo) : te : 
provided the limit exists. 

Q(x, f(x)) 
f(x) -}----------- === 

After we find the derivative of f at a point x = a using the alternate form, we can find 

ie the derivative of f as a function by applying the resulting formula to an arbitrary x in the 

[ domain of f. 

P(a, fi Pee 
f(a) Bae ey: ne EXAMPLE 2 Applying the Alternate Definition 

| 7 | 

a ,x | Differentiate f(x) = Vx using the alternate definition. 
O a x 

: SOLUTION ' 
Figure 3.2 The slope of the secant line ; 
PO is At the point x = a, 

Ais = Sie fla ay _ f(x) = fla) Pilg: neciceaeie® 
Ax ae) xa Xo 

ara : 
= lim Vx : Eq. 2 with f(x) = Vx 
xa nie Ob 

= ji : Rationalize . . . iim a rim ; ationalize 

; ad 
=) ee _., the numerator. 

age Sa a)(Vx fe Va) 

1 
Si. =<. —_ = We can now take the limit. 
xa Vx + Va 

1 

2Va 
Applying this formula to an arbitrary x > 0 in the domain of f identifies the derivative 
as the function f’(x) = 1/(2Vx) with domain (0, co). Now Try Exercise 5. 



Why All the Notation? 

The “prime” notations y’ and f’ come from 

notations that Newton used for derivatives. 

The d/dx notations are similar to those 

used by Leibniz. Each has its advantages 

and disadvantages. 

Algebraic Challenge 
(a 

Analyze the data from the graphs of f and 

f’ and determine equations for fin Figure 

3.3a and f’ in Figure 3.3b that appear to 

match the data and graphs as shown in the 

example. 
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Notation 

There are many ways to denote the derivative of a function y = f(x). Besides f’(x), the 
most common notations are these: 

y’ “y prime” Nice and brief, but does not name 

the independent variable. 

dy “dy dx” or “the derivative Names both variables and 

dx of y with respect to x” uses d for derivative. 

df “df dx’ or “the derivative Emphasizes the function’s name. 

dx of f with respect to x” 

d f(x) “d dx of f at x” or “the Emphasizes the idea that differentiation 
et Gs: derivative of f at x” is an operation performed on f. 

Relationships Between the Graphs of f and f’ 
When we have the explicit formula for f(x), we can derive a formula for f’(x) using 

methods like those in Examples | and 2. We have already seen, however, that functions 

are encountered in other ways: graphically, for example, or in tables of data. 

Because we can think of the derivative at a point in graphical terms as slope, we can 

get a good idea of what the graph of the function f’ looks like by estimating the slopes at 

various points along the graph of f. 

EXAMPLE 3 Graphing f’ from f 

Graph the derivative of the function f whose graph is shown in Figure 3.3a. Discuss 

the behavior of f in terms of the signs and values of f’. 

y' (slope) 

Figure 3.3 By plotting the slopes at points on the graph of y = f(x), we obtain a graph of 

y’ = f'(x). The slope at point A of the graph of f in part (a) is the y-coordinate of point A’ 

on the graph of f’ in part (b), and so on. (Example 3) 

SOLUTION 

First, we draw a pair of coordinate axes, marking the horizontal axis in x-units and 

the vertical axis in slope units (Figure 3.3b). Next, we estimate the slope of the graph 

of f at various points, plotting the corresponding slope values using the new axes. At 

A(0, f(0)), the graph of f has slope 4, so f’(0) = 4. At B, the graph of f has slope 1, 

so f’ = 1 at B’, and so on. 
continued 
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We complete our estimate of the graph of f’ by connecting the plotted points with a 

smooth curve. 

Although we do not have a formula for either f or f’, the graph of each reveals impor- 

tant information about the behavior of the other. In particular, notice that f is decreasing 

where f’ is negative and increasing where f’ is positive. Where f’ is zero, the graph of 

f has a horizontal tangent, changing from increasing to decreasing at point C and from 

decreasing to increasing at point F. Now Try Exercise 23. 

EXPLORATION 1 Reading the Graphs 

Suppose that the function f in Figure 3.3a represents the depth y (in inches) of water 

in a ditch alongside a dirt road as a function of time x (in days). How would you 

answer the following questions? 

. What does the graph in Figure 3.3b represent? What units would you use along 

the y’-axis? 

. Describe as carefully as you can what happened to the water in the ditch over 

the course of the 7-day period. 

. Can you describe the weather during the 7 days? When was it the wettest? When 

was it the driest? 

. How does the graph of the derivative help in finding when the weather was wet- 

test or driest? 

. Interpret the significance of point C in terms of the water in the ditch. How does 

the significance of point C’ reflect that in terms of rate of change? 

. It is tempting to say that it rains right up until the beginning of the second day, 

but that overlooks a fact about rainwater that is important in flood control. 

Explain. 

Construct your own “real-world” scenario for the function in Example 3, and pose 

a similar set of questions that could be answered by considering the two graphs in 

Figure 3.3. 

Figure 3.4 The graph of the derivative. ( 

(Example 4) 
EXAMPLE 4 Graphing f from f’ 

Sketch the graph of a function f that has the following properties: 

i. f(0) = 0; 

ii. the graph of f’, the derivative of f, is as shown in Figure 3.4; 

iii. f is continuous for all x. 

SOLUTION 

To satisfy property (i), we begin with a point at the origin. 

To satisfy property (ii), we consider what the graph of the derivative tells us about 

slopes. To the left of x = 1, the graph of f has a constant slope of —1; therefore we 

draw a line with slope —1 to the left of x = 1, making sure that it goes through the 

origin. 

To the right of x = 1, the graph of f has a constant slope of 2, so it must be a line with 

slope 2. There are infinitely many such lines but only one—the one that meets the left 

side of the graph at (1, -1)—will satisfy the continuity requirement. The resulting 
graph is shown in Figure 3.5. Now Try Exercise 27. 

Figure 3.5 The graph of f, constructed 

from the graph of f’and two other 

conditions. (Example 4) 



What's happening at x = 1? 

Notice that fin Figure 3.5 is defined at 

x = 1, while f’ is not. It is the continu- 

ity of fthat enables us to conclude that 

f(1) = —1. Looking at the graph of f, 

can you see why f’ could not possibly be 

defined at x = 1? We will explore the rea- 

son for this in Example 6. 

David H. Blackwell (1417-2010) 
By the age of 22, David 

Blackwell had earned a 

Ph.D. in Mathematics 

from the University 

of Illinois. He taught 

at Howard University, 

where his research 

included statistics, 

Markov chains, and 

sequential analysis. He then went on to 

teach and continue his research at the 

University of California at Berkeley. 

Dr. Blackwell served as president of the 

American Statistical Association and was 

the first African American mathematician 

of the National Academy of Sciences. 

[-5, 75] by [-0.2, 1.1] 

Figure 3.6 Scatter plot of the probabilities 
(y) of shared birthdays among x people, 

for x = 0,5, 10, ..., 70. (Example 5) 
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Graphing the Derivative from Data 
Discrete points plotted from sets of data do not yield a continuous curve, but we have seen 

that the shape and pattern of the graphed points (called a scatter plot) can be meaningful 

nonetheless. It is often possible to fit a curve to the points using regression techniques. If 

the fit is good, we could use the curve to get a graph of the derivative visually, as in Exam- 

ple 3. However, it is also possible to get a scatter plot of the derivative numerically, di- 

rectly from the data, by computing the slopes between successive points, as in Example 5. 

EXAMPLE 5 Estimating the Probability of Shared Birthdays 

Suppose 30 people are in a room. What is the probability that two of them share the 

same birthday? Ignore the year of birth. 

SOLUTION 

It may surprise you to learn that the probability of a shared birthday among 30 people 

is at least 0.706, well above two-thirds! In fact, if we assume that no one day is more 

likely to be a birthday than any other day, the probabilities shown in Table 3.1 are not 

hard to determine (see Exercise 45). 

Midpoint of Change People in 
Room (x) Probability (y) Interval (x) (Slope Ay/Ax) 

0 0 2.5 0.0054 

5 0.027 Tes 0.0180 

10 0.117 P28) 0.0272 

15 0.253 N7fes 0.0316 

20 0.411 DOES 0.0316 

25 0.569 Dies 0.0274 

30 0.706 S29 0.0216 

35 0.814 SS 0.0154 

40 0.891 42.5 0.0100 

45 0.941 47.5 0.0058 

50 0.970 325 0.0032 

DS 0.986 he 0.0016 

60 0.994 62.5 0.0008 

65 0.998 67.5 0.0002 

70 0.999 

A scatter plot of the data in Table 3.1 is shown in Figure 3.6. 

Notice that the probabilities grow slowly at first, then faster, then much more slowly 

past x = 45. At which x are they growing the fastest? To answer the question, we 

consider the graph of the derivative. 

Using the data in Table 3.1, we compute the slopes between successive points on the 

probability plot. For example, from x = 0 to x = 5 the slope is 

We make a new table showing the slopes, beginning with slope 0.0054 on the interval 

[0, 5] (Table 3.2). A logical x value to use to represent the interval is its midpoint, 2.5. 
continued 
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A scatter plot of the derivative data in Table 3.2 is shown in Figure 3.7. 

From the derivative plot, we can see that the rate of change peaks near x = 20. You can 

impress your friends with your “psychic powers” by predicting a shared birthday in a 

room of just 25 people (since you will be right about 57% of the time), but the derivative 

warns you to be cautious: A few less people can make quite a difference. On the other 

hand, going from 40 people to 100 people will not improve your chances much at all. 

Now Try Exercise 29. 

[-5, 75] by [-0.01, 0.04] 

Figure 3.7 A scatter plot of the derivative Generating shared birthday probabilities: If you know a little about probability, you 
data in Table 3.2. (Example 5) might try generating the probabilities in Table 3.1. Extending the Idea Exercise 45 at the 

end of this section shows how to generate them on a calculator. 

One-Sided Derivatives 

Slope = A function y = f(x) is differentiable on a closed interval [a, b] if it has a derivative at 
tim £2 +4) =f) every interior point of the interval, and if the limits 

ho0 h 
Slope = ath) — fla : — 
+ lim A suf ha) [the right-hand derivative at a] 

fla +h) — fla) h—>0+ h lim 
h-0* | 

On he 
; Jim I , f(b) [the left-hand derivative at 5] 
| whe 

| 
| 
| 

exist at the endpoints. In the right-hand derivative, h is positive and a + h approaches a 

from the right. In the left-hand derivative, h is negative and b + h approaches b from the 

: left (Figure 3.8). 

rigs : ee < Right-hand and left-hand derivatives may be defined at any point of a function’s 
1 ‘1 . 

; pa domain. 

Suhr Wits 2 at endpoints. are The usual relationship between one-sided and two-sided limits holds for derivatives. 
one-sided limits. 

Theorem 3, Section 2.1, allows us to conclude that a function has a (two-sided) derivative 

at a point if and only if the function’s right-hand and left-hand derivatives are defined and 

equal at that point. 

EXAMPLE 6 One-Sided Derivatives Can Differ at a Point 

Show that the following function has left-hand and right-hand derivatives at x = 0, but 

no derivative there (Figure 3.9). 

SOLUTION 

We verify the existence of the left-hand derivative: 

é COM J)? eee) h2 

h0- h hs h 

We verify the existence of the right-hand derivative: 

 2(0+ hk) — 0 ‘Toon 
Lina Sa = ir 
h—0* h h->0* A 

Since the left-hand derivative equals zero and the right-hand derivative equals 2, the 

derivatives are not equal at x = 0. The function does not have a derivative at 0. 
Figure 3.9 A function with different one- 
° Now Try Exercise 31. 

sided derivatives at x = 0. (Example 6) 
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Quick Review 3.1 (for help, go to Sections 2.1 and 2.4.) 

Exercise numbers with a gray background indicate problems that the 

authors have designed to be solved without a calculator. 

In Exercises 1—4, evaluate the indicated limit algebraically. 

2 hae a 3 
pears 2) lim ~ 

h->0 h x>2t+ 2 

Dye = 3 
So lim ty 4. lim 

y>o" y Be Vise SY) 

5. Find the slope of the line tangent to the parabola 

y = x* + 1 at its vertex. 

6. By considering the graph of f(x) = x3 — 3x? + 2, find the 
intervals on which f is increasing. 

Section 3.1 Exercises 

In Exercises 7—10, let 

Se oe PA al 

At Oop fas 1), «> 1. 

7. Find lim,_,,+f(x) and lim,-.,-f(x). 

8. Find lim, 9+f(1 + A). 

9. Does lim,—.; f(x) exist? Explain. 

10. Is f continuous? Explain. 

In Exercises 14, use the definition 

f(a +h) — f(a) 
h 

to find the derivative of the given function at the given value of a. 

1. f(x) =1/x,a =2 Zf(x) =x7+4,a=1 

eef(x) =3-x4,a=-1 4. f(x) =x? +x,a=0 

f'(a) = jim 

In Exercises 5-8, use the definition 

Pragya ew fla 
xa xX —G 

to find the derivative of the given function at the given value of a. 

5. f(x) = 1/x,a = 2 6) f(x) =x? +4,a=1 

7. f(x) = Vx+1,a=3 BS f(x) =2x+3,a=-1 

95 Find f'(x) if f(x) = 3x — 12. 

10. Find dy/dx if y = 7x. 

11. Find “(x?). 

In Exercises 13-16, match the graph of the function with the graph 

of the derivative shown here: 

y’ 

O x 

O x 

(a) (b) 
y’ 

(c) (d) 

12. Find < f(x) if f(x) = 3x?. 

13: y 

y=f 

O x 

14. y 

y =f) 

O 25 

15. », 

y =f@) 

O x: 

16. a 

y =f, 

O a 

47) if f(2) = 3 and f'(2) = 5, find an equation of (a) the tangent 
line, and (b) the normal line to the graph of y = f(x) at the 
point where x = 2. 

[Hint: Recall that the normal line is perpendicular to the tangent 

line. ] 

(18, Find the derivative of the function y = 2x? — 13x + 5 and use 
it to find an equation of the line tangent to the curve at x = 3. 
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19. Find the lines that are (a) tangent and (b) normal to the curve 

y = x at the point (1, 1). 

20. Find the lines that are (a) tangent and (b) normal to the curve 

y= Vx at x = 4. 

21. Daylight in Fairbanks The viewing window below shows 

the number of hours of daylight in Fairbanks, Alaska, on each 

day for a typical 365-day period from January 1 to December 31. 

Answer the following questions by estimating slopes on the 

graph in hours per day. For the purposes of estimation, assume 

that each month has 30 days. 

[0, 365] by [0, 24] 

(a) On about what date is the amount of daylight increasing at 

the fastest rate? What is that rate? 

(b) Do there appear to be days on which the rate of change in the 

amount of daylight is zero? If so, which ones? 

(c) On what dates is the rate of change in the number of daylight 

hours positive? negative? 

22. Graphing f' from f Given the graph of the function f below, 

sketch a graph of the derivative of f. 

[-5, 5] by [-3, 3] 

23. Lynxes and Hares In some northern parts of its range, the 
snowshoe hare is known to have a population that varies dra- 

matically over time. The variation is cyclic and is tied to the 

population cycle of the Canada lynx, which preys almost exclu- 

sively on snowshoe hares. A simplified version of the “predator- 

prey population model” is shown in Figure 3.10. Figure 3.10a 

shows populations of hares (blue) and lynxes (red) varying over 

a 9-year period in the 1800’s, while Figure 3.10b shows the 

graph of the derivative of the hare population, determined by 

the slopes of the blue curve in Figure 3.10a. 

(a) What is the derivative of the hare population in Figure 3.10 
when the number of hares is the largest? smallest? 

(b) What is the size of the hare population in Figure 3.10 when 

the population of hares is largest? smallest? 

100 

Population of snowshoe hares and 

Canada lynx (in thousands) 

fo) i) 

Time (in years) 

(a) 

Derivative of snowshoe 

hare population 

Time (in years) 

(b) 

Figure 3.10 Lynxes and hares in a Canadian predator-prey food chain. 

(c) Approximately how many years elapse between a peak in the 

prey population and a peak in the predator population? 

24. Shown below is the graph of f(x) = x Inx — x. From what 
you know about the graphs of functions (i) through (v), pick out 

the one that is the derivative of f for x > 0. 

-1 iy =e ii, y = Inx iii. y = —In (x) 

iv. y = In(x)—1 Vo y= 34.) 

[-2, 6] by {-3, 3] 

25. From what you know about the graphs of functions (i) through 

(v), pick out the one that is its own derivative. 

i. y = sinx ii, y =x iii, y = Vx 

iv. y = e* vy =x? 



26. The graph of the function y = f(x) shown here is made of line 

segments joined end to end. 

(1, —2) (4, =) 

(a) Graph the function’s derivative. 

(b) At what values of x between x = —4 and x = 6 is the func- 

tion not differentiable? 

27. Graphing f from f' Sketch the graph of a continuous 
function f with f(0) = —1 and 

: adi RS el Ta 
28. Graphing f from f’ Sketch the graph of a continuous 

function f with f(0) = 1 and 

f(x) = e SD 
— ees > 8 

In Exercises 29 and 30, use the data to answer the questions. 

29. A Downhill Skier Table 3.3 gives the approximate distance 

traveled by a downhill skier after t seconds for 0 = t S 10. Use 

the method of Example 5 to sketch a graph of the derivative; 

then answer the following questions: 

(a) What does the derivative represent? 

(b) In what units would the derivative be measured? 

(c) Can you guess an equation of the derivative by considering 

its graph? 

Time t Distance Traveled 

(seconds) (feet) 

0 0 

1 he) 

2 ibe ye) 

3 29.9 

4 567) 

5 83.2 

6 119.8 

7 163.0 

8 212.9 

9 269.5 

10 B82 

30. A Whitewater River Bear Creek, a Georgia river known to 

kayaking enthusiasts, drops more than 770 feet over one stretch 

of 3.24 miles. By reading a contour map, one can estimate the 

31. 

32. 

33. 

34. 

35. 
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elevations (3) at various distances (x) downriver from the start 
of the kayaking route (Table 3.4). 

River Elevation Distance Downriver 

(miles) (feet) 

0.00 (S77 

0.56 isi 

0.92 1448 

1.19 1384 

1.30 1319 

1°39 1255 

IeS)7/ 1191 

1.74 1126 

1.98 1062 

2.18 998 

2.41 933 

2.64 869 

3.24 805 

(a) Sketch a graph of elevation (y) as a function of distance 
downriver (x). 

(b) Use the technique of Example 5 to get an approximate graph 

of the derivative, dy/dx. 

(c) The average change in elevation over a given distance is 

called a gradient. In this problem, what units of measure 

would be appropriate for a gradient? 

(d) In this problem, what units of measure would be appropriate 

for the derivative? 

(e) How would you identify the most dangerous section of the 

river (ignoring rocks) by analyzing the graph in (a)? Explain. 

(f) How would you identify the most dangerous section of the 

river by analyzing the graph in (b)? Explain. 

Using one-sided derivatives, show that the function 

Seu o een Il 

fx) “i Se x>1 
does not have a derivative at x = 1. 

Using one-sided derivatives, show that the function 

ye PI 

{ie hea ee x>1 
does not have a derivative at x = 1. 

Writing to Learn Graph y = sin x and y = cos x in the same 

viewing window. Which function could be the derivative of the 

other? Defend your answer in terms of the behavior of the graphs. 

In Example 2 of this section we showed that the derivative of 

y= Vx is a function with domain (0, co). However, the func- 

tion y = Vx itself has domain [ 0, co), so it could have a right- 

hand derivative at x = 0. Prove that it does not. 

Writing to Learn Use the concept of the derivative to define 
what it might mean for two parabolas to be parallel. Construct 

equations for two such parallel parabolas and graph them. Are 

the parabolas “everywhere equidistant,” and if so, in what sense? 
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Standardized Test Questions 

36. True or False If f(x) = x? + x, then f’(x) exists for every 
real number x. Justify your answer. 

37. True or False If the left-hand derivative and the right-hand 

derivative of f exist at x = a, then f’(a) exists. Justify your 

answer. 

38. Multiple Choice Let f(x) = 4 — 3x. Which of the following 

is equal to f'(—1)? 

(A) -7 (B) 7 (C)-3 (D) 3 (E) does not exist 

39. Multiple Choice Let f(x) = 1 — 3x?. Which of the follow- 
ing is equal to f’(1)? 

(A) -—6 (By)=5. (€)5 (D) 6 (E) does not exist 

In Exercises 40 and 41, let 

x7=—1, x<0 

HE Te —-1, x=0. 

40. Multiple Choice Which of the following is equal to the left- 
hand derivative of f atx = 0? 

(A)—2 (@)0 (©2 Q@Mao §€©)-c 

41. Multiple Choice Which of the following is equal to the right- 

hand derivative of f at x = 0? 

(A)-2 @)0 (2 W)w § (€&)-co 

Explorations 

BD Let f(x) = Ve Sits 
oe be mle 

(a) Find f'(x) for x < 1. (b) Find f’(x) for x > 1. 

(c) Find lim,_,,- f’(x). (d) Find lim,-,,+ f’(x). 

(e) Does lim,—.,; f’(x) exist? Explain. 

(f) Use the definition to find the left-hand derivative of f at 

x = 1 if it exists. 

(g) Use the definition to find the right-hand derivative of f at 

x = 1 if it exists. 

(h) Does f'(1) exist? Explain. 

43. Group Activity Using graphing calculators, have each person 

in your group do the following: 

(a) pick two numbers a and b between | and 10; 

(b) graph the function y = (x — a)(x + b); 

(c) graph the derivative of your function (it will be a line with 

slope 2); 

(d) find the y-intercept of your derivative graph. 

(e) Compare your answers and determine a simple way to pre- 

dict the y-intercept, given the values of a and b. Test your 

result. 

Extending the Ideas 

44. Find the unique value of k that makes the function 2 

f(x) = ig eat 

fo ls a) ede a | 

differentiable at x = 1. 

45. Generating the Birthday Probabilities Example 5 of this 

section concerns the probability that, in a group of n people, at 

least two people will share a common birthday. You can generate 

these probabilities on your calculator for values of n from 1 to 365. 

Step 1: Set the values of N and P to zero: 

0 -N:0>P 

Step 2: Type in this single, multi-step command: 

N+I9N:1-(1-P) (366 
-N}/365P: {N,P} 

Now each time you press the ENTER key, the command will 

print a new value of N (the number of people in the room) 

along-side P (the probability that at least two of them share a 

common birthday): 

{1 0} 
{2 .002739726} 

.0082041659} 
-OIG3559125; 
UefisasiaA) 
0404624836} 
.0562357031} 

If you have some experience with probability, try to answer the 

following questions without looking at the table: 

(a) If there are three people in the room, what is the probability 

that they all have different birthdays? (Assume that there are 

365 possible birthdays, all of them equally likely.) 

(b) If there are three people in the room, what is the probability 

that at least two of them share a common birthday? 

(c) Explain how you can use the answer in part (b) to find the 

probability of a shared birthday when there are four people 

in the room. (This is how the calculator statement in Step 2 

generates the probabilities.) 

(d) Is it reasonable to assume that all calendar dates are equally 

likely birthdays? Explain your answer. 

46. Algebraic Challenge Construct polynomial functions that fit 
the graphs of f and f’that are shown in Example 3 of this section. 

a“ 

—— 



Section 3.2 Differentiability 111 

EBi2: Differentiability 

How f'(a) Might Fail to Exist 
A function will not have a derivative at a point P(a, f(a) ) where the slopes of the secant 

You will be able to analyze and dis- 

cuss the differentiability of functions. 

« Why f’(a) might fail to exist at 
x=a 

¢ Differentiability implies local linearity 

¢ Numerical derivatives on a calculator 

+ Differentiability implies continuity 

¢ Intermediate Value Theorem for 

derivatives 

How Rough Can the Graph of 

a Continuous Function Be? 
De 

The graph of the absolute value function 

fails to be differentiable at a single point. If 

you graph y = sin“!(sin (x)) on your cal- 
culator, you will see a continuous function 

with an infinite number of points of nondif- 

ferentiability. But can a continuous function 

fail to be differentiable at every point? 

The answer, surprisingly enough, is 

yes, as Karl Weierstrass showed in 1872. 

One of his formulas (there are many like 

it) was 

co n 

f(x) = > (2) cos (9"7x), 
n=0 3 

a formula that expresses fas an infinite 

(but converging) sum of cosines with 

increasingly higher frequencies. By adding 

wiggles to wiggles infinitely many times, 

so to speak, the formula produces a func- 

tion whose graph is too bumpy in the limit 

to have a tangent anywhere! 

lines, 

f(x) — fla) 
25. sO! 

’ 

fail to approach a limit as x approaches a. Figures 3.11—3.14 illustrate four different 

instances where this occurs. For example, a function whose graph is otherwise smooth will 

fail to have a derivative at a point where the graph has 

1: a corner, where the one-sided derivatives differ; Example: f(x) = |x| 

[-3, 3] by [-2, 2] [-3, 3] by [-2, 2] 

Figure 3.11 There is a “corner” at x = 0. Figure 3.12 There is a “cusp” at x = 0. 

a cusp, where the slopes of the secant lines approach oo from one side and —oo 

from the other (an extreme case of a corner); Example: f(x) = x?/3 

a vertical tangent, where the slopes of the secant lines approach either co or —oo 
Wy 

ae al 
[-3, 3] by [-2, 2] [-3, 3] by [-2, 2] 

from both sides (in this example, oo); Example: f(x) = 

Figure 3.13 There is a vertical tangent 

line at x = 0. 

Figure 3.14 There is a discontinuity 

at x = 0. 

a discontinuity (which will cause one or both of the one-sided derivatives to be 

nonexistent). Example: The Unit Step Function 

ral 
U(x) = ; Ge, 

In this example, the left-hand derivative fails to exist: 

U(0 +h) — U(O) _ Gh) aA) 
h>0- h ¥ Cfeus h 

pee) 

Sec 10) 
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Later in this section we will prove a theorem that states that a function must be continu- 

ous at a to be differentiable at a. This theorem would provide a quick and easy verification 

that U is not differentiable at x = 0. 

EXAMPLE 1 Finding Where a Function Is Not Differentiable 

Find all points in the domain of f(x) = |x — 2| + 3 where f is not differentiable. 

SOLUTION 

Think graphically! The graph of this function is the same as that of y = |x|, translated 

2 units to the right and 3 units up. This puts the corner at the point (2, 3), so this func- 

tion is not differentiable at x = 2. 

At every other point, the graph is (locally) a straight line and f has derivative +1 or —1 

(again, just like y = |x|). Now Try Exercise 1. 

Most of the functions we encounter in calculus are differentiable wherever they are 

defined, which means that they will not have corners, cusps, vertical tangent lines, or 

points of discontinuity within their domains. Their graphs will be unbroken and smooth, 

with a well-defined slope at each point. Polynomials are differentiable, as are rational 

functions, trigonometric functions, exponential functions, and logarithmic functions. 

Composites of differentiable functions are differentiable, and so are sums, products, inte- 

ger powers, and quotients of differentiable functions, where defined. We will see why all 

of this is true as Chapters 3 and 4 unfold. 

[-4, 4] by [-3, 3] 
“5 Differentiability Implies Local Linearity 

A good way to think of differentiable functions is that they are locally linear; that is, a 

function that is differentiable at a closely resembles its own tangent line very close to a. 

In the jargon of graphing calculators, differentiable curves will “straighten out” when we 

zoom in on them at a point of differentiability. (See Figure 3.15.) 

EXPLORATION 1 | Zooming in to “See” Differentiability 

Is either of these functions differentiable at x = 0? 

(a) f(x) = |x| +1 ~~ (b) g(x) = Vx? + 0.0001 + 0.99 

1. We already know that f is not differentiable at x = 0; its graph has a corner 

there. Graph f and zoom in at the point (0, 1) several times. Does the corner 
alien signs of straightening out? 

& Does ahaa of g show ae of straightening 
at fo 

[1.7, 2.3] by (1.7, 2.1] 
(b) 

Wehr moos et Wo pl 18) i 
Lees, 

ld > 

ores 

aa ’ rd i. 7 

; g 

- 7 _ ”  s a) 

-_ 
5e 

y 
7 



ay 

my 

myx Lat ~fa) 
_ fla+h)-fla-h) P 

| 
~t—~ tangent line 

Figure 3.16 The symmetric difference 

quotient (slope m,) usually gives a better 

approximation of the derivative for a 

given value of h than does the regular dif- 

ference quotient (slope m,), which is why 

the symmetric difference quotient is used 

in the numerical derivative. 

A Word on Notation 
SESE - 

Some newer graphing calculators may 

have two modes of displaying functions 

when graphing or computing. The new 

mode is sometimes called Pretty Print or 

Mathprint, and the other is the traditional 

calculator Classic mode. These two com- 

mands are illustrated below for the deriva- 

tive of the function f(x) = x? at x = 2 

shown in Example 2. 

Classic mode: nDeriv(x®, x, 2): 

nDeriv(X*3,X,2) 12.000001 

and Pretty Print or Mathprint mode: 

d ax OC x=2 12.000001 

Note that both results are the same 

and equal to that shown in Example 2. 

Both Mathprint and Classic modes give 

the same numerical approximation 

because they are identical computation- 

ally on the calculator! Mathprint mode is 

not a Computer Algebra System (CAS) 

exe 
mode giving exact results like oe =Eoxe 

or 12 when x = 2. Also remember that 

in our textbook we use NDER (f(x), a) 
to represent the numerical derivative of 

f(x) at x = a, as defined on this page. 
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Numerical Derivatives on a Calculator 

For small values of h, the difference quotient 

TG) TA) 
h 

is often a good numerical approximation of f'(a). However, as suggested by Figure 3.16, 

the same value of A will usually yield a better approximation of f’(a) if we use the 

symmetric difference quotient 
Narthrat(ar hk) 

2h 

to compute the slope between two nearby points on opposite sides of a. In fact, this 

approximation (which calculators can easily compute) is close enough to be used as a 

substitute for the derivative at a point in most applications. 

DEFINITION The Numerical Derivative 

The numerical derivative of f at a, which we will denote NDER (f(x), a), is the 
number 

Fea, + 20.001) Sif (a —-0.001) 

0.002 

ative of f, which we will denote NDER (f(x), x); is the function 

if (tat 0.001) SF (x2 0001) 

0.002 ‘ 

Some calculators have a name for the numerical derivative, like nDeriv( f(x), x, a), which 

is Similar to the one we use in the definition. Others use the Leibniz notation for the actual 

derivative at a: 

d 
nf) 

We do not want to suggest that the numerical derivative and the derivative are the same, so 

we will continue to use our generic term NDER when referring to the numerical derivative. 

Thus, in this textbook, 

x=a 

NDER (f(x), a) = 0.002 ; 

while 

d _ f(a th) — f(a) 
nt) eee ot ; 

d 
Be aware, however, that — (f(x) ) 

eae dx 
cal derivative. 

EXAMPLE 2 Computing a Numerical Derivative 

If f(x) = x, use the numerical derivative to approximate f'(2). 

SOLUTION 

on your calculator might well refer to the numeri- 
x=a 

2.001 )3 — (1.999)3 
os NDER (x?, 2) as (2.001)° — (1.999)" = 12.000001 

x=2 0.002 
f1(2) = £(29) 

Now Try Exercise 17. 
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In Example 1 of Section 3.1, we found the derivative of x* to be 3x7, whose value at 

x = 2 is 3(2)* = 12. The numerical derivative is accurate to 5 decimal places. Not bad 

for the push of a button. 

Example 2 gives dramatic evidence that NDER is very accurate when h = 0.001. Such 

accuracy is usually the case, although it is also possible for NDER to produce some sur- 

prisingly inaccurate results, as in Example 3. 

EXAMPLE 3 Fooling the Symmetric Difference Quotient 

Compute NDER (|x 

SOLUTION 

We saw at the start of this section that y = |x| is not differentiable at x = 0, since its 
right-hand and left-hand derivatives at x = 0 are not the same. Nonetheless, 

|0 + 0.001| — |0 — 0.001 | 
2(0.001) 

WOON 0.007 

0.002 

, 0), the numerical derivative of |x| at x = 0. 

NDER( |x ,0) = 

Even in the limit, 

i (O=F PaO: at ane 0 eA 

i 2h amen 

This proves that the derivative cannot be defined as the limit of the symmetric differ- 

ence quotient. The symmetric difference quotient, which works on opposite sides of 0, 

has no chance of detecting the corner! Now Try Exercise 23. 

In light of Example 3, it is worth repeating here that the symmetric difference quotient 

actually does approach f'(a) when f'(a) exists, and in fact approximates it quite well (as 

in Example 2). 

EXPLORATION 2 Looking at the Symmetric Difference 
Quotient Analytically 

Let f(x) = x? and let h = 0.01. 

1. Find 

(10: ees 1D) 
; ; 

How close is it to f’(10)? 

. Find 

FO tela fC1L0 ~ A) 

2h y 

How close is it to f’(10)? 

. Repeat this comparison for f(x) = x?. 

EXAMPLE 4 Graphing a Derivative Using NDER 

Let f(x) = In.x. Use NDER to graph y = f'(x). Can you guess what function f’(x) 
is by analyzing its graph? 

continued 
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SOLUTION 

The graph is shown in Figure 3.17a. The shape of the graph suggests, and the table of 

values in Figure 3.17b supports, the conjecture that this is the graph of y = 1/x. We 

will prove in Section 4.4 (using analytic methods) that this is indeed the case. 

Now Try Exercise 27. 

Differentiability Implies Continuity 
We began this section with a look at the typical ways that a function could fail to have a 

derivative at a point. As one example, we indicated graphically that a discontinuity in the 

graph of f would cause one or both of the one-sided derivatives to be nonexistent. It is 

actually not difficult to give an analytic proof that continuity is an essential condition for 

the derivative to exist, so we include that as a theorem here. 

THEOREM 1 _ _Differentiability Implies Continuity 

If f has a derivative at x = a, then f is continuous at x = a. 

Proof Our task is to show that lim f(x) = f(a), or, equivalently, that 
(b) 

Pha | 

Figure 3.17 (a) The graph of NDER lim [ f(x) — f(a)] = 0. 

(In (x), x) and (b) a table of values. ; fa Rade . 

What graph could this be? (Example 4) Using the Limit Product Rule (and noting that x — a is not zero), we can write 

Hen af tayi= lial x oa) Notice that we can obtain the graph and x—a a x-—a 

table of values in Figure 3.17 by entering 

Y1 = nDeriv(In (x), x, x). 

I 

II = = as s 
| =) 

ey 
= 

I i= of aa g 

The converse of Theorem 1 is false, as we have already seen. A continuous function 

might have a corner, a cusp, or a vertical tangent line, and hence not be differentiable at 

a given point. 

Intermediate Value Theorem for Derivatives 

Not every function can be a derivative. A derivative must have the intermediate value prop- 

erty, as stated in the following theorem (the proof of which can be found in advanced texts). 

THEOREM 2_ Intermediate Value Theorem for Derivatives 

If a and b are any two points in an interval on which f is differentiable, then f’ takes 

on every value between f’(a) and f'(b). 

Absolutely Not EXAMPLE 5 Applying Theorem 2 

You might think that the absolute value 

function would work in Example 5, but it SOLUTION 
does not work at x = 0. Pondering how to 
overcome that difficulty is futile, but it will No. Choose some a < 0 and some b > 0. Then U(a) = —1 and U(b) = 1, but U does 
give you further insight into Theorem 2. not take on any value between —1 and 1. Now Try Exercise 37. 

Does any function have the Unit Step Function (see Figure 3.14) as its derivative? 

The question of when a function is a derivative of some function is one of the central 

questions in all of calculus. The answer, found by Newton and Leibniz, would revolutionize 

the world of mathematics. We will see what that answer is when we reach Chapter 6. 
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Exercise numbers with a gray background indicate problems that the 

authors have designed to be solved without a calculator. 

In Exercises 1—5, tell whether the limit could be used to define f'(a) 
(assuming that f is differentiable at a). 

. f(a + h) — f(a) f(a + h) — f(A) pes SAPS = van ike 
- hee h Z; a h 

2 et @at@) shale OY SM 
xa A yor aU 3 xa Ca 

= Be Ct ee A et 

h> h 

Quick Review 3.2 (For help, go to Sections 1.2 and 2.1.) 

6. Find the domain of the function y = x*/?. 

7. Find the domain of the function y = «3/4. 

8. Find the range of the function y = |x — 2| + 3. 

9. Find the slope of the line y — 5 = 3.2(x + 7). 

10. If f(x) = 5x, find 

f(3 + 0.001) — f(3 — 0.001) 
0.002 

In Exercises 1-4, compare the right-hand and left-hand derivatives to 

show that the function is not differentiable at the point P. 

tle 

In Exercises 5—10, the graph of a function over a closed interval D is 

given. At what domain points does the function appear to be 

(a) differentiable? 

(c) neither continuous nor differentiable? 

(b) continuous but not differentiable? 

5. y=f@ y 
D:-3sxs 3, 

y=f@) 
D:-1lsxs2 

In Exercises 11—16, the function fails to be differentiable at x = 0. 

Tell whether the problem is a corner, a cusp, a vertical tangent, or a 

discontinuity. 

te on % 40 
12. y = x*/5 

te x=0 si mae 

14.y=3- We 
16. y= V |x| 

In Exercises 17—26, find the numerical derivative of the given func- 

tion at the indicated point. Use h = 0.001. Is the function differen- 

tiable at the indicated point? 

17. f(x) = 4x — x7,x =0 18. f(x) = 4x — x7,x = 3 

19. f(x) = 4x - x= 1 20. f(x) = x3 — 4x,x =0 

21. f(x) =x? — 4x,x = —-2 22. f(x) = x3 — 4x,x =2 

23. f(x) = x77,x =0 24, f(x) = |x —3|,x=3 

25. f(x) = 2x77, 7 =0 26. f(x) = x*5,x =0 

Group Activity In Exercises 27-30, use NDER to graph the deriva- 

tive of the function. If possible, identify the derivative function by 

looking at the graph. 

13.y=x+ Vx2+2 

15. y = 3x — 2|x/ -—1 

27. y = —cosx 28. y = 0.25x4 

x|x| 
29. y = cna 30. y = —In |cos x| 

In Exercises 31—36, find all values of x for which the function is 

differentiable. 

x? — 8 
31. f(x) nr oe 

33. P(x) = sin (|x|) — 1 

(x+1}7, x50 

35. g(x) = 4 2x + 1, 0<x <3 

(4—x)2, x23 

32. h(x) = W3x -6 +5 

34. Q(x) = 3 cos (|x|) 



36. C(x) = x|x| 

37. Show that the function 

Oh: SS feed 
il. (Seass tl 

is not the derivative of any function on the interval -1 = x = 1. 

38. Writing to Learn Recall that the numerical derivative 

(NDER) can give meaningless values at points where a function 

is not differentiable. In this exercise, we consider the numerical 

derivatives of the functions 1/x and 1/x? at x = 0. 

(a) Explain why neither function is differentiable at x = 0. 

(b) Find NDER at x = O for each function. 

(c) By analyzing the definition of the symmetric difference quo- 

tient, explain why NDER returns wrong responses that are so 

different from each other for these two functions. 

39. Let f be the function defined as 

By) = ahs 53 << Al fx) =| 
ax2+ bx, x=1 

where a and b are constants. 

(a) If the function is continuous for all x, what is the relationship 

between a and b? 

(b) Find the unique values for a and b that will make f both con- 

tinuous and differentiable. 

Standardized Test Questions 
You may use a graphing calculator to solve the following problems. 

40. True or False If f has a derivative at x = a, then f is continu- 

ous at x = a. Justify your answer. 

41. True or False If f is continuous at x = a, then f has a deriva- 

tive at x = a. Justify your answer. 

42. Multipte-Choice Which of the following is true about the 

graph of f(x) = x*/> at x = 0? 

(A) It has a corner. 

(B) It has a cusp. 

(C) It has a vertical tangent. 

(D) It has a discontinuity. 

(E) (0) does not exist. 

43. Multiple Choice Let f(x) = Wx — 1. At which of the 
following points is f’(a) # NDER(f(x), a)? 

(A)a = 1 (B) a =—-1 (C)a=2 

(E)a =0 

In Exercises 44 and 45, let 

Oke Sel 58 0) 

3) Spin x>0. 

(D) a = -2 

44. Multiple Choice Which of the following is equal to the left- 

hand derivative of f at x = 0? 

(A) 2x (B) 2 (C) 0 (D) —oo (E) co 
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45. Multiple Choice Which of the following is equal to the right- 

hand derivative of f at x = 0? 

(A) 2x (B) 2 (C) 0 (D) —co (E) co 

Explorations 
46. (a) Enter the expression “x < 0” into Y1 of your calculator 

using “<” from the TEST menu. Graph Y1 in DOT MODE 

in the window [—4.7, 4.7] by [—3.1, 3.1]. 

(b) Describe the graph in part (a). 

(c) Enter the expression “x = 0” into Y1 of your calculator 

using “=” from the TEST menu. Graph Y1 in DOT MODE 

in the window [—4.7, 4.7] by [—3.1, 3.1]. 

(d) Describe the graph in part (c). 

47. Graphing Piecewise Functions on a Calculator Let 

Xe S10 

F(x) = ee 36 (0) 

(a) Enter the expression “(X*)(X < 0) + (2X)(X > 0)” 
into Y1 of your calculator and draw its graph in the window 

pero ds 41d: DYN —3,95. 

(b) Explain why the values of Y1 and f(x) are the same. 

(c) Enter the numerical derivative of Y1 into Y2 of your calcu- 

lator and draw its graph in the same window. Turn off the 

graph of Y1. 

(d) Use TRACE to calculate NDER (Y1, —0.1), NDER(Y1, 0), 

and NDER (Y1, 0.1). Compare with Section 3.1, Example 6. 

Did the numerical derivative get all three right? 

Extending the Ideas 
48. Oscillation There is another way that a function might fail to 

be differentiable, and that is by oscillation. Let 

te! x #0 
x 

Oa) =0. 

(a) Show that f is continuous at x = 0. 

(b) Show that 

{0 2 cae 
sin — 

(c) Explain why 

does not exist. 

(d) Does f have either a left-hand or right-hand derivative at 

x = 0? 

(e) Now consider the function 

1 
x*sin-, x #0 

x 

0, x= 0. 

Use the definition of the derivative to show that g is 

differentiable at x = 0 and that g'(0) = 0. 
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3.3) Rules for Differentiation 
You will be able to apply the rules 
for differentiation. Positive Integer Powers, Multiples, 

- Power functions Sums, and Differences 
> Sum and difference rules The first rule of differentiation is that the derivative of every constant function is the zero 
+ Product and quotient rules function. 
« Negative integer powers of x 

« Second and higher order derivatives : 
RULE 1 Derivative of a Constant Function 

If f is the function with the constant value c, then 

Proof of Rule 1 If f(x) = c is a function with a constant value c, then 

se /e)) = = 
ACTEM EMBED pes Te rs] 

h—0 h h>o0 h ~~ h-o 

The next rule is a first step toward a rule for differentiating any polynomial. 

More Powerful Rules to Come RULE 2 Power Rule for Positive Integer Powers of x 

The Power Rule actually applies to all real If n is a positive integer, then 

exponents, not just positive integers; we d 

just cannot prove that yet. You will see this — (xP )i= nee 
same rule several more times in Chapters 3 dx 

and 4 as we gradually prove it for more and 

more kinds of exponents. 
Proof of Rule 2 If f(x) = x”, then 

dees (x + hyn — x" 
Ne a7 ptheat 
dx h>0 h 

We can expand (x + h)" using the Binomial Theorem as follows: 

n(n #1) 

2 

=x"+n-x" 1h + h? - [stuff] 

Cer By ee ee ox 2p2 +--+. + ye xfr-1 + An 

Notice that after the first two terms of the expansion, every term has a factor of h to a 

power greater than or equal to 2. This means we can factor h? out of all the remaining 

terms (leaving a polynomial expression we have chosen to call “stuff,” since its particulars 

become irrelevant). Now we can complete the proof. 

dae (eae fe) = 

PED ett at h 
oe en OR At [tate a 

= lim -——_--- - 
h->0 h 

nex" lh + h2 + [stuff] 
= ay —— 

h—0 h 

= jim (n «ett Rares ho state |) 

= nx""!+0-> [stuff] 



Denoting Functions by u and v 

The functions we work with when we 

need a differentiation formula are likely to 

be denoted by letters like fand g. When 

we apply the formula, we do not want to 

find the formula using these same letters 

in some other way. To guard against this, 

we denote the functions in differentiation 

rules by letters like u and v that are not 

likely to be already in use. 
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The Power Rule says: To differentiate x”, multiply by n and subtract 1 from the expo- 

nent. For example, the derivatives of x, x3, and x* are 2x!, 3x, and 4x3, respectively. 

RULE3 The Constant Multiple Rule 

If u is a differentiable function of x and c is a constant, then 

d (eu) du 
(Gn) = 6. 
dx dx 

Proof of Rule 3 

d : Cul x tr hy). H cuts) 

Cole rs h 

eka te) 
=c lim 

h—>0 h 

== Ca & 

Rule 3 says that if a differentiable function is multiplied by a constant, then its 

derivative is multiplied by the same constant. Combined with Rule 2, it enables us 

to find the derivative of any monomial quickly; for example, the derivative of 7x* is 

7(4x3) = 28x3. 
To find the derivatives of polynomials, we need to be able to differentiate sums and 

differences of monomials. We can accomplish this by applying the Sum and Difference 

Rule. 

RULE 4 The Sum and Difference Rule 

If u and v are differentiable functions of x, then their sum and difference are differ- 

entiable at every point where u and v are differentiable. At such points, 

ee oh ) 5 du at, dv 

ee herd 

Proof of Rule 4 
We use the difference quotient for f(x) = u(x) + v(x). 

d lee ected lamar een ae lea [u(x) + v(x) ] 
Wy Lela) + Via) ] = tim h 

& lx h)- = u(x) mn y( xk kh) = vx) 

~ h=0 h h 

ue bh) = u(x) gh ES wa aroma bal 
= lim. + lim 

h>0 h>0 

du dv 
= —+ — 

ae dK 

The proof of the rule for the difference of two functions is similar. B 
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[-10, 10] by [-10, 10] 

Figure 3.18 The graph of 

y = 0.2x4 — 0.7x3 — 2x2 + Sx + 4 

has three horizontal tangents. (Example 3) 

EXAMPLE 1 Differentiating a Polynomial 

© sap" 5 
if p = 1 6 =e Pee Find o ifp=t 6t A 16 

SOLUTION 

By Rule 4 we can differentiate the polynomial term-by-term, applying Rules 1 through 3 

as We go. 

ap ide eee “ (21) d 
= = + =( 6t7) ee oe ee de ae} geht = aan ge 

5 
a aah ei i 0 

Sum and Difference Rule 

Constant and Power Rules 

5 
= Stet 12 

3 
ee SPs EY dS 

Now Try Exercise 5. 

EXAMPLE 2 Finding Horizontal Tangents 

Does the curve y = x* — 2x? + 2 have any horizontal tangents? If so, where? 

SOLUTION 

The horizontal tangents, if any, occur where the slope dy/dx is zero. To find these 

points, we 

(a) calculate dy/dx: 

dy d ae 7 gg (tt ~ 28? + 2) = Ax? — 4 

(b) solve the equation dy/dx = 0 for x: 

4x3 — 4x = 0 

Ax(x? = 1) = 0 

x =.0)1-—1 

The curve has horizontal tangents at x = 0, 1, and —1. The corresponding points on 

the curve (found from the equation y = x* — 2x? + 2) are (0,2), (1, 1), and (—1, 1). 
You might wish to graph the curve to see where the horizontal tangents go. 

Now Try Exercise 7. 

The derivative in Example 2 was easily factored, making an algebraic solution of the 

equation dy/dx = 0 correspondingly simple. When a simple algebraic solution is not pos- 

sible, the solutions to dy/dx = 0 can still be found to a high degree of accuracy by using 

the SOLVE capability of your calculator. 

EXAMPLE 3 Using Calculus and Calculator 

As can be seen in the viewing window [—10, 10] by [—10, 10], the graph of 
y = 0.2x4 — 0.7x3 — 2x? + 5x + 4 has three horizontal tangents (Figure 3.18). 
At what points do these horizontal tangents occur? 

continued 



On Rounding Calculator Values 

Notice in Example 3 that we rounded the 

X values to four significant digits when 

we presented the answers. The calculator 

actually presented many more digits, but 

there was no practical reason for writing 

all of them. When we used the calculator 

to compute the corresponding y values, 

however, we used the x values stored in 

the calculator, not the rounded values. We 

then rounded the y values to four signifi- 

cant digits when we presented the ordered 

pairs. Significant “round-off errors” can 

accumulate in a problem if you use round- 

ed intermediate values for doing additional 

computations, so avoid rounding until the 

final answer. 

Formula Tip 

You can remember the Product Rule with 

the phrase “the first times the derivative 

of the second plus the second times the 

derivative of the first.” 

Gottfried Wilhelm 
Leibniz (1646-1716) 

The method of limits 

used in this book was 

not discovered until 

nearly a century after 

Newton and Leibniz, the 

discoverers of calculus, 

had died. 

To Leibniz, the key 

idea was the differential, 

an infinitely small quantity that was almost 

like zero, but which—unlike zero—could 

be used in the denominator of a fraction. 

Thus, Leibniz thought of the derivative 

dy/dx as the quotient of two differentials, 

dy and ax. 

The problem was explaining why these 

differentials sometimes became zero and 

sometimes did not! See Exercise 59. 

Some 17th-century mathematicians 

were confident that the calculus of Newton 

and Leibniz would eventually be found to 

be fatally flawed because of these mysteri- 

ous quantities. It was only after later gener- 

ations of mathematicians had found better 

ways to prove their results that the calcu- 

lus of Newton and Leibniz was accepted 

by the entire scientific community. 
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SOLUTION 

First we find the derivative 

d 
Bugg prbetatg ey Cee eames) 
dx 

Using the calculator solver, we find that 0.8x7 — 2.1x7 — 4x + 5 = Owhenx ~ —1.862, 

0.9484, and 3.539. We use the calculator again to evaluate the original function at these 

x values and find the corresponding points to be approximately (— 1.862, —5.321), 

(0.9484, 6.508), and (3.539, —3.008). Now Try Exercise 11. 

Products and Quotients 

While the derivative of the sum of two functions is the sum of their derivatives and the 

derivative of the difference of two functions is the difference of their derivatives, the 

derivative of the product of two functions is not the product of their derivatives. 

For instance, 

d d d d 
==((Ge © = —(x?) = 2x, hil 
sn ‘) te ‘ vere dx dx 

The derivative of a product is actually the sum of two products, as we now explain. 

RULE5 The Product Rule 

The product of two differentiable functions u and v is differentiable, and 

Proof of Rule 5 We begin, as usual, by applying the definition. 

setae sn tae) ke it) ee a on) x) 

eee h 

To change the fraction into an equivalent one that contains difference quotients for the 

derivatives of u and v, we subtract and add u(x + h)v(x) in the numerator. Then, 

ae = (ih (ee ak Een) tee + h)v(x) — 4 x V(x) 

dee i> h 

f v(x + h) — v(x) u(x + h) — u(x)] Factor and 
= lim u(x + eT era F a Aa separate. 

CRS U8) 16a) 

h 

whee) = ax) 
Ms oe lim u(x + h) + lim sy ((x,) ie 

h>0 h>0 h>0 

As h approaches 0, u(x + h) approaches u(x) because u, being differentiable at x, is 
continuous at x. The two fractions approach the values of dv/dx and du/dx, respectively, 

at x. Therefore 

dv du d at a pp) LJ (uv) =u v 
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Formula Tip 

Since order is important in subtraction, 

be sure to set up the numerator of the 

Quotient Rule correctly: 

v times the derivative of u 

minus 

u times the derivative of v 

You can remember the Quotient Rule 

with the phrase “bottom times the de- 

rivative of the top minus the top times the 

derivative of the bottom, all over the bot- 

tom squared.” 

| 

EXAMPLE 4 Differentiating a Product 

Find f'(x) if f(x) = @7-L)Ga 3): 

SOLUTION 

From the Product Rule with u = x2 + 1 and v = x? + 3, we find 

f'(x) = <1? +1) (03 + 3) bs (x ROS es a 2) 

Sk ok te eas 

= 5x4 + 3x2 + 6x Now Try Exercise 13. 

We could also have done Example 4 by multiplying out the original expression and 

then differentiating the resulting polynomial. That alternate strategy will not work, how- 

ever, on a product like x? sin x. 
Just as the derivative of the product of two differentiable functions is not the product of 

their derivatives, the derivative of a quotient of two functions is not the quotient of their 

derivatives. What happens instead is this: 

RULE6 The Quotient Rule 

At a point where v ¥ 0, the quotient y = u/v of two differentiable functions is 

differentiable, and 

Proof of Rule 6 

alge v(x)u(x, + h) — u(x)v(x + h) 

h—>0 hv(x + h)v(x) 

To change the last fraction into an equivalent one that contains the difference quotients 

for the derivatives of u and v, we subtract and add v(x)u(x) in the numerator. This allows 
us to continue with 

v(x)u(x + h) — v(x)u(x) + v(x)u(x) — u(x)v(x + h) 

hv(x + h)v(x) 

=U Xa) al ites = a — v(x) 

h—0 v(x + h)v(x) 

Taking the limits in both the numerator and denominator now gives us the Quotient 
Rule. a 

EXAMPLE 5 Supporting Computations Graphically 

2-1 
Differentiate f(x) = Maree Support graphically. 

continued 



[-3, 3] by [-2, 2] 

Figure 3.19 The graph of 

re 4x 

and the graph of 

= nper (5 ) 
y Star ee 

appear to be the same. (Example 5) 

that our calculations are indeed correct. 
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SOLUTION 

We apply the Quotient Rule with u = x* — 1 andy = x? + 1: 

eye (x* + 1) + 2x — (x? — 1) +2 Wau/ax) — uav/dx) 
(x2 + 1)? v2 

MOD PEPE Dat HOE Dy 

ala 

rf 4x 

(2 in)? 

The graphs of y; = f'(x) calculated above and of y) = NDER (f(x), x) are shown in 

Figure 3.19. The fact that they appear to be identical provides strong graphical support 

Now Try Exercise 19. 

EXAMPLE 6 Working with Numerical Values 

Let y = wv be the product of the functions u and v. Find y'(2) if 

u(2) = 3, u'(2) = —4, v(2) = 1, and v'(2) = 2. 

SOLUTION 

From the Product Rule, y’ = (uv)’ = uv’ + vu'. In particular, 

y'(2) = u(2)v'(2) + v(2)u'(2) 

= (3)(2) > ()ie4) 
=2 Now Try Exercise 23. 

Negative Integer Powers of x 
The rule for differentiating negative powers of x is the same as Rule 2 for differentiating 

positive powers of x, although our proof of Rule 2 does not work for negative values of n. 

We can now extend the Power Rule to negative integer powers by a clever use of the 

Quotient Rule. 

RULE7 Power Rule for Negative Integer Powers of x 

If n is a negative integer and x # 0, then 

d 
SliGalin\ == Ti FG = net 

Proof of Rule 7 If n is a negative integer, then n = —m, where m is a positive integer. 

Hence, x”-= x7" = 1/x™,and 

d d 

d Faouiienes ie ae 
cE Yespica | A LS lg ee be alc SE ee 

rice a (x)? 
O= mae 

= x2m 

= —mx~m—1 
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[-6, 6] by [+4, 4] 

Figure 3.20 The line y = —x + 3 appears 

to be tangent to the graph of 

=" x* + 3 

» 2x 

at the point (1, 2). (Example 7) 

Technology Tip 

You can find second derivatives numerically 

on a calculator by “nesting” the NDER com- 

mand. For example, the second derivative 

of x* at x = 2 is NDER(NDER(X, x), 2). 

In MATHPRINT, that becomes 

dfd.., 

£ (Zu ) ai 

to use this trick for orders higher than-2, 

though. Not only does the syntax get even 

more cumbersome, but error accumula- 

tion in the algorithm makes the results 
unreliable. 

. It is not advisable 
x=2 

EXAMPLE 7 Using the Power Rule 

Find an equation for the line tangent to the curve 

mesa © 

: ba 

at the point (1, 2). Support your answer graphically. 

SOLUTION 

We could find the derivative by the Quotient Rule, but it is easier to first simplify the 

function as a sum of two powers of x. 

The slope at x = 1 is 

The line through (1, 2) with slope m = —1 is 

Year 2 II 
—~ 
| 

— we —~ ce 
| 

—" <=} 

or, equivalently, 

y= yor 

We graph y = (x? + 3)/2x and y = —x + 3 (Figure 3.20), observing that the line 

appears to be tangent to the curve at (1, 2). Thus, we have graphical support that our 
computations are correct. Now Try Exercise 27. 

Second and Higher Order Derivatives 
The derivative y’ = dy/dx is called the first derivative of y with respect to x. The first 

derivative may itself be a differentiable function of x. If so, its derivative, 

ee 4(@) ee 

peemee a gh dx 

is called the second derivative of y with respect to x. If y” (“y double-prime’”’) is differen- 

tiable, its derivative, 

iptuies d'y 
ati ae 

mw 

is called the third derivative of y with respect to x. The names continue as you might 

expect they would, except that the multiple-prime notation begins to lose its usefulness 

after about three primes. We use 

dy("—1) d"y 

y”) = Te = an “y super n” 

to denote the nth derivative of y with respect to x. (We also use d”y/dx".) Do not confuse 
y) with the nth power of y, which is y”. 
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EXAMPLE 8 Finding Higher Order Derivatives 

Find the first four derivatives of y = x3 — 5x? + 2. 

SOLUTION 

The first four derivatives are 

First derivative: y' = 3x? — 10x; 

Second derivative: y = 6x -110; 

Third derivative: y” = 6; 

Fourth derivative: _y(4) = 0. 

This function has derivatives of all orders, the fourth and higher order derivatives all 

being zero. Now Try Exercise 33. 

EXAMPLE 9 Finding Instantaneous Rate of Change 

An orange farmer currently has 200 trees yielding an average of 15 bushels of oranges 

per tree. She is expanding her farm at the rate of 15 trees per year, while improved hus- 

bandry is improving her average annual yield by 1.2 bushels per tree. What is the cur- - 

rent (instantaneous) rate of increase of her total annual production of oranges? 

SOLUTION 

Let the functions ¢ and y be defined as follows. 

t(x) = the number of trees x years from now. 

y(x) = yield per tree x years from now. 

Then p(x) = t(x)y(x) is the total production of oranges in year x. We know the fol- 
lowing values. 

(0) = 200, (0) = 15 
’(0) = 15, _y’(0) = 1.2 

We need to find p’(0), where p = ty. 

p'(0) = t(0)y’(0) + y(0)t'(0) 
= (200)(1.2) + (15)(15) 

= 465 

The rate we seek is 465 bushels per year. Now Try Exercise 51. 

Quick Review 3.3 (For help, go to Sections 1.2 and 3.1.) 

Exercise numbers with a gray background indicate problems that the peri sng? =] —2 
authors have designed to be solved without a calculator. 5. (x! + 2)(a* + 1) 6. x73 

: $ ; Ed iti f the equation 
In Exercises 1-6, write the expression as a sum of powers of x. 7. Find the positive roots 0 q 

e- \St ei Se = 2x + 6 = 0 

, ( ) and evaluate the function y = 500x° at each root. Round your 

answers to the nearest integer, but only in the final step. 

ae -1 a (92.2 \(ee ely) en 

5 Ppa ae 2 
3.3x? - 7+ 5 xe 
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8. If f(x) = 7 for all real numbers x, find 

(a) f(10). (b) f(0). 

(c) f(x + h). oe (d) lim 
x0 a 

Section 3.3 Exercises 

9. Find the derivatives of these functions with respect to x. 

(a) f(x) = 7 (b) f(4) = a? ©f@) =" 
10. Find the derivatives of these functions with respect to x using 

the definition of the derivative. 

x 

(a) f(x) (b) f(x) = = 

In Exercises 1-6, find dy/dx. 
3 

my =—x? +3 By-5-* 

Sey =.2x+ 1 mey=x?+x+1 
ie ee 

BS tae By=1-—x+x?-x3 

In Exercises 7—12, find the values of x for which the curve has 

horizontal tangents. 

Boy =x? — 2x7 +x4+1 

Bay = x4 — 4x74 1 a0) y = 4x? — 6x? —1 

apy = 5x? — 3x? 12. y = x* — 7x? + 2x? + 15 

13. Let y = (x + 1)(x? + 1). Find dy/dx (a) by applying the 
Product Rule, and (b) by multiplying the factors first and then 

differentiating. 

14. Let y = (x? + 3)/x. Find dy/dx (a) by using the Quotient 
Rule, and (b) by first dividing the terms in the numerator by the 

denominator and then differentiating. 

8. y =x? — 4x7 +442 

In Exercises 15-22, find dy/dx. (You can support your answer 

graphically.) 

emp (x? + x + 1)(x4 + x? + 1) GERD (x? + 1) (x? + 1) 

2x +5 gle Nee oo | 
my- 35 DS om 

(x = 1)(x?. +x +1) L 
ge a ygoranls ener mopy = (1 — x)(1 + x”)! 

x? (ie 1) 2) 
y= DU area Sacer 

ayy L =. ) i) 

23. Suppose u and y are functions of x that are differentiable at x = 0, 

and that u(0) = 5, u'(0) = —3, v(0) = —1, and v'(0) = 2. 
Find the values of the following derivatives at x = 0. 

d fu 
(b) FH (“) 

d 
(d) a = 21) 

d 
(a) 7) 

dfv 
(c) (*) 

24. Suppose u and v are functions of x that are differentiable 

at x = 2 and that u(2) = 3, u’(2) = —4, (2) = 1, and 
v'(2) = 2. Find the values of the following derivatives at x = 2. 

d/fu 

w Z(7) 
(d) <(3u — 2v + 2uv) 

(a) <(w) 

© 4(2) 
oe u 

25. Which of the following numbers is the slope of the line tangent 

to the curve y = x? + 5x atx = 3? 

i, 24 ii. —5/2 

26. Which of the following numbers is the slope of the line 

3x — 2y cele 10? 

i. 6 ii. 3 iii. 3/2 iv. 2/3 

In Exercises 27 and 28, find an equation for the line tangent to the 

curve at the given point. 

x+1 

2x 

iii. 11 iv. 8 

27. y = x=1 28) y =~ es a we 

In Exercises 29-32, find dy /dx. 

Baay = 4x~-2 — 8x + 1 

nd y8 ge? 
DP = tS ee 

JF ge es ana 

Va - 1 ec i. 
er 32) y = 2Vx es 

In Exercises 33-36, find the first four derivatives of the function. 

ey xt ee eS S4)y =x? +x+3 

31.y = 

mepy =x! + x? 36. y = 

37. Find an equation of the line perpendicular to the tangent to 

the curve y = x? — 3x + 1 at the point (2, 3). 

38. Find the tangents to the curve y = x? + x at the points 
where the slope is 4. What is the smallest slope of the curve? At 

what value of x does the curve have this slope? 

39. Find the points on the curve y = 2x3 — 3x? — 12x + 20 
where the tangent is parallel to the x-axis. 

40. Find the x- and y-intercepts of the line that is tangent to the 

curve y = x? at the point (—2, —8). 

41, Find the tangents to Newton’s serpentine, 

4x 

at the origin and the point (1, 2). 

42. Find the tangent to the witch of Agnesi, 

8 

Yee 

at the point (2) ai¥e 



43. Use the definition of derivative (given in Section 3.1, Equation 1) 

to show that 

for any constant c. 

ahi il 
45. Devise a rule for — (+). 

dx \ f(x) 
When we work with functions of a single variable in mathematics, 

we often call the independent variable x and the dependent variable y. 

Applied fields use many different letters, however. Here are some 

examples. 

46. Cylinder Pressure If gas in a cylinder is maintained at a con- 

stant temperature 7, the pressure P is related to the volume V by 

a formula of the form 

in which a, b, n, and R are constants. Find dP/dV. 

\__4 

47. Free Fall When a rock falls from rest near the surface of 
the earth, the distance it covers during the first few seconds is 

given by the equation 

s = 4972, 

In this equation, s is the distance in meters and f is the elapsed 

time in seconds. Find ds/dt and d*s/dt?. 
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Group Activity In Exercises 48-52, work in groups of two or 

three to solve the problems. 

48. The Body’s Reaction to Medicine The reaction of the 

body to a dose of medicine can often be represented by an equa- 

tion of the form 

where C is a positive constant and M is the amount of medicine 

absorbed in the blood. If the reaction is a change in blood pres- 

sure, R is measured in millimeters of mercury. If the reaction is a 

change in temperature, R is measured in degrees, and so on. 

Find dR/dM. This derivative, as a function of M, is called the 

sensitivity of the body to medicine. In Chapter 5, we shall see 

how to find the amount of medicine to which the body is most 

sensitive. [Source: Some Mathematical Models in Biology, 

Revised Edition, December 1967, PB-202 364, p. 221; distrib- 

uted by N.T.I.S., U.S. Department of Commerce. ] 

49. Writing to Learn Recall that the area A of a circle with 

radius r is rr? and that the circumference C is 2zr. Notice that 

dA/dr = C. Explain in terms of geometry why the instantaneous 

rate of change of the area with respect to the radius should equal. 

the circumference. 

50. Writing to Learn Recall that the volume V of a sphere of radi- 

us ris (4/3)2r? and that the surface area A is 47rr?. Notice that 

dV/dr = A. Explain in terms of geometry why the instantaneous 

rate of change of the volume with respect to the radius should 

equal the surface area. 

51. Orchard Farming An apple farmer currently has 156 trees 

yielding an average of 12 bushels of apples per tree. He is 

expanding his farm at a rate of 13 trees per year, while improved 

husbandry is boosting his average annual yield by 1.5 bushels 

per tree. What is the current (instantaneous) rate of increase of 

his total annual production of apples? Answer in appropriate 

units of measure. 

52. Picnic Pavilion Rental The members of the Blue Boar society 

always divide the pavilion rental fee for their picnics equally 

among the members. Currently there are 65 members and the 

pavilion rents for $250. The pavilion cost is increasing at a rate 

of $10 per year, while the Blue Boar membership is increasing at 

a rate of 6 members per year. What is the current (instantaneous) 

rate of change in each member’s share of the pavilion rental fee? 

Answer in appropriate units of measure. 

Standardized Test Questions 
a d 
‘53. True or False At = 377”. Justify your answer. 

(54. True or False The graph of f(x) = 1/x has no horizontal 
tangents. Justify your answer. 



128 Chapter 3 Derivatives 

55. Multiple Choice Let y = wy be the product of the functions 

wand v. Find y’(1) if u(1) = 2, uw’(1) = 3, v(1) = 1, and 

v'(1) = 1. 

(A) —4 (B) —1 (C) 1 (D) 4 (E) 7 

] 
56. Multiple Choice Let f(x) = x— ss Find f”(x). 

1 1 2 
{A} res (B) (C) = 

pe x aX 

(D) aoe (E) does not exist 
wD tg 

d(x+1 
57. Multiple Choice Which of the following is £(; “)p a 

2 x? +] ye B) 0 = Wiper kee (0) Co 

() 22 — 2g ee 
ig ee (1)? 

58. Multiple Choice Assume f(x) = (x? — 1)(x? + 1). Which 
of the following gives the number of horizontal tangents of f? 

@oO @®i* O2 Opr-@4 

Extending the Ideas 

59. Leibniz’s Proof of the Product Rule Here’s how Leibniz 

explained the Product Rule in a letter to his colleague John Wallis: 

It is useful to consider quantities infinitely small such that when 

their ratio is sought, they may not be considered zero, but which 

are rejected as often as they occur with quantities incomparably 

greater. Thus if we have x + dx, dx is rejected. Similarly we 

cannot have xdx and dxdx standing together, as xdx is incompa- 

rably greater than dxdx. Hence if we are to differentiate uv, we 

write 

d(uv) = (u + du)(v + dv) — w 

= uv + vdu + udv + dudv — uv 

= vdu + udy. 

Answer the following questions about Leibniz’s proof. 

(a) What does Leibniz mean by a quantity being “rejected’’? 

(b) What happened to dudv in the last step of Leibniz’s proof? 

(c) Divide both sides of Leibniz’s formula 

d(uv) = vdu + udv 

by the differential dx. What formula results? 

(d) Why would the critics of Leibniz’s time have objected to 

dividing both sides of the equation by dx? 

(e) Leibniz had a similar simple (but not-so-clean) proof of the 

Quotient Rule. Can you reconstruct it? 

1. Multiple Choice Let f(x) = |x + 1|. Which of the follow- 
ing statements about f are true? 

I. f is continuous at x = —1. 

Il. f is differentiable at x = —1. 

Ill. f has a corner at x = —1. 

(A) I only (B) II only 

(D) I and II only (E) I and II only 

2. Multiple Choice If the line normal to the graph of f at the 

point (1, 2) passes through the point (—1, 1), then which of the 
following gives the value of f’(1) = ? 

(A) -2 (B) 2 (Cy 1/2 (D) 1/2 (E) 3 

(C) If only 

: 2 : ne (ee 
3. Multiple Choice Find dy/dx if y = ae 

10 10 10 

OE = 3) igs OTE (©) (2x + 1) 

Diese (E) 2 
2x4 tye 

4. Free Response Let f(x) = x* — 4x?. 

(a) Find all the points where f has horizontal tangents. 

(b) Find an equation of the tangent line at x = 1. 

(c) Find an equation of the normal line at x = 1. 
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arg Velocity and Other Rates of Change 
You will be able to interpret the 

derivative as representing velocity 

and other rates of change. 

- Instantaneous rates of change 

* Motion on a line 
- Acceleration as the second 

derivative 

¢ Modeling vertical motion and 

particle motion 

¢ The derivative as a measure of 

sensitivity to change 

+ Marginal cost and marginal revenue 

Instantaneous Rates of Change 
In this section we examine some applications in which derivatives as functions are used 

to represent the rates at which things change in the world around us. It is natural to think 

of change as change with respect to time, but other variables can be treated in the same 

way. For example, a physician may want to know how change in dosage affects the body’s 

response to a drug. An economist may want to study how the cost of producing steel varies 

with the number of tons produced. 

If we interpret the difference quotient 

f(x + h) — F(x) 
h 

as the average rate of change of the function f over the interval from x to x + h, we can 

interpret its limit as h approaches 0 to be the rate at which f is changing at the point x. 

DEFINITION Instantaneous Rate of Change 

The (instantaneous) rate of change of f with respect to x at a is the derivative 

Fee Gs Beer) 
h—>0 h 

provided the limit exists. 

It is conventional to use the word instantaneous even when x does not represent time. 

The word, however, is frequently omitted in practice. When we say rate of change, we 

mean instantaneous rate of change. 

EXAMPLE 1 Enlarging Circles 

(a) Find the rate of change of the area A of a circle with respect to its radius r. 

(b) Evaluate the rate of change of A at r = 5 and at r = 10. 

(c) If ris measured in inches and A is measured in square inches, what units would be 

appropriate for dA /dr? 

SOLUTION 
2 The area of a circle is related to its radius by the equation A = mr-. 

(a) The (instantaneous) rate of change of A with respect to r is 

dA. yd 
Fel Feu ay art 

(b) At r = 5, the rate is 107 (1077 ~ 31.416). At rr = 10, the rate is 207 

(207 ~ 62.832). 

Notice that the rate of change gets bigger as r gets bigger. As can be seen in 

Figure 3.21, the same change in radius brings about a bigger change in area as the 

circles grow radially away from the center. 

(c) The appropriate units for dA/dr are square inches (of area) per inch (of radius). 
Now Try Exercise 1. 
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EXPLORATION 1 | Growth Rings on a Tree 

The phenomenon observed in Example 1, that the rate of change in area of a 

circle with respect to its radius gets larger as the radius gets larger, is reflected in 

nature in many ways. When trees grow, they add layers of wood directly under 

the inner bark during the growing season, then form a darker, protective layer for 

protection during the winter. This results in concentric rings that can be seen in a 

Figure 3.21 The same change in radius cross-sectional slice of the trunk. The age of the tree can be determined by count- 

brings about a larger change in area as the ing the rings. 

circles grow radially away from the cen- 
ter. (Example 1, Exploration 1) 1. Look at the concentric rings in Figure 3.21 and Figure 3.22. Which is a bet- 

ter model for the pattern of growth rings in a tree? Is it likely that a tree could 

find the nutrients and light necessary to increase its amount of growth every 

year? 

Considering how trees grow, explain why the change in area of the rings 

remains relatively constant from year to year. 

If the change in area is constant, and if 

dA change in area 
—— a ie 
dr _ change in radius 

Figure 3.22 Which is the more appropriate 

model for the growth of rings in a tree— 

the circles here or those in Figure 3.21? 

(Exploration 1) 

explain why the change in radius must get smaller as r gets bigger. 

Motion Along a Line 
o Suppose that an object is moving along a coordinate line (say an s-axis) so that we know 

Position at time ¢ ... and at time t + At g ae c c : 
| its position s on that line as a function of time f: 

| 
es 

et ECP a mss dle) Ss =i) KY 

Figure 3.23 The positions of an object The displacement of the object over the time interval from ¢ to t + At is 
moving along a coordinate line at time rf 

and shortly later at time t + At. As = f(t + At) — f(t) 

(Figure 3.23) and the average velocity of the object over that time interval is 

_ displacement As _ f(t + At) — f(t) 

~ \traveltime At sts Vay 

To find the object’s velocity at the exact instant t, we take the limit of the average veloc- 

ity over the interval from t to t + At as At shrinks to zero. The limit is the derivative of 
f with respect to t. — 

: 

9 
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EXAMPLE 2 Finding the Velocity of a Race Car 

Figure 3.24 shows the time-to-distance graph of a 1996 Riley & Scott Mk III-Olds 

WSC race car. The slope of the secant PQ is the average velocity for the 3-second 

interval from tf = 2 to t = 5 sec, in this case, about 100 ft/sec or 68 mph. The slope 

of the tangent at P is the speedometer reading at t = 2 sec, about 57 ft/sec or 39 mph. 

The acceleration for the period shown is a nearly constant 28.5 ft/sec during each sec- 

ond, which is about 0.89 where g is the acceleration due to gravity. The race car’s top 

speed is an estimated 190 mph. Source: Road and Track, March 1997. 

Secant slope is | 
"average velocity, 
_for interval froin 
p=2 10'r=p. 

| Tangent slope | 
is speedometer | 
reading at t = 2) 

. i } 

(instantaneous | 

velocity). | | 1 yee aa city) 

Distance (ft) 

_ S 5 

1 2 3 aS 6 7 8 

Elapsed time (sec) 

Figure 3.24 The time-to-distance graph for Example 2. Now Try Exercise 7. 

Besides telling how fast an object is moving, velocity tells the direction of motion. 

When the object is moving forward (when s is increasing), the velocity is positive; when 

the object is moving backward (when s is decreasing), the velocity is negative. 

If we drive to a friend’s house and back at 30 mph, the speedometer will show 30 on the 

way over but will not show —30 on the way back, even though our distance from home is 

decreasing. The speedometer always shows speed, which is the absolute value of velocity. 

Speed measures the rate of motion regardless of direction. 

DEFINITION Speed 

Speed is the absolute value of velocity. 

ds 
Speed = |v(z)| = |= 

yftS EXAMPLE 3 Reading a Velocity Graph 
A student walks around in front of a motion detector that records her velocity at 

l1-second intervals for 36 seconds. She stores the data in her graphing calculator and 

uses it to generate the time-velocity graph shown in Figure 3.25. Describe her motion 

as a function of time by reading the velocity graph. When is her speed a maximum? 

SOLUTION 
[—4, 36] by [-7.5, 7.5] 

: The student moves forward for the first 14 seconds, moves backward for the next 

Figure 3.25 A student's velocity graph 12 seconds, stands still for 6 seconds, and then moves forward again. She achieves her 
from data recorded by a motion detector. 
(Example 3) maximum speed at tf ~ 20, while moving backward. Now Try Exercise 9. 
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The rate at which a body’s velocity changes is called the body’s acceleration. The 

acceleration measures how quickly the body picks up or loses speed. 

DEFINITION Acceleration 

Acceleration is the derivative of velocity with respect to time. If a body’s velocity 

at time tis v(t) = ds/dt, then the body’s acceleration at time f is 

Lae ds 
a(t) ~ hegeaee eG 

The earliest questions that motivated the discovery of calculus were concerned with 

velocity and acceleration, particularly the motion of freely falling bodies under the force of 

gravity. (See Examples 1 and 2 in Section 2.1.) The mathematical description of this type 

of motion captured the imagination of many great scientists, including Aristotle, Galileo, 

and Newton. Experimental and theoretical investigations revealed that the distance a body 

released from rest falls freely is proportional to the square of the amount of time it has 

fallen. We express this by saying that 

ay S 5 8t j 

where s is distance, g is the acceleration due to Earth’s gravity, and f is time. The value 

of g in the equation depends on the units used to measure s and ¢. With ¢ in seconds (the 

usual unit), we have the following values: 

Free-fall Constants (Earth) 

ft 1 
eS 5 (32)r° = 16t? (sin feet) English units: g = 32 

Metric units: g = 9.8 = 
1 

oe 5 (9.8)0° = 4.9? (s in meters) 

The abbreviation ft/sec? is read “feet per second squared” or “feet per second per 

second,” and m/sec? is read “meters per second squared.” 

EXAMPLE 4 Modeling Vertical Motion 

A dynamite blast propels a heavy rock straight up with a launch velocity of 160 ft/sec 

(about 109 mph) (Figure 3.26a). It reaches a height of s = 160 — 16r? ft after 

t seconds. 

(a) How high does the rock go? 

(b) What is the velocity and speed of the rock when it is 256 ft above the ground on 

the way up? on the way down? 

(c) What is the acceleration of the rock at any time ¢ during its flight (after the blast)? 

(d) When does the rock hit the ground? 

SOLUTION 

In the coordinate system we have chosen, s measures height from the ground up, so 

velocity is positive on the way up and negative on the way down. 

continued 



Height (ft) 

s = 160t — 1617 

160 

ds 
ve = 160-32t 

(b) 

Figure 3.26 (a) The rock in Example 4. 
(b) The graphs of s and v as functions 

of time t, showing that s is largest when 

v = ds/dt = 0. (The graph of s is not the 
path of the rock; it is a plot of height as a 

function of time.) (Example 4) 
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(a) The instant when the rock is at its highest point is the one instant during the flight 

when the velocity is 0. At any time ¢, the velocity is 

ds d 2 tina: 7 (1008 — 16t?) = 160 — 32r ft/sec. 

The velocity is zero when 160 — 32t=0, oratt = Ssec. 

The maximum height is the height of the rock at t = 5 sec. That is, 

Smax = S8(5) = 160(5) — 16(5)* = 400 ft. 

See Figure 3.26b. 

(b) To find the velocity when the height is 256 ft, we determine the two values of t for 

which s(t) = 256 ft. 

s(t) = 160t — 16r? = 256 

16t? — 160¢ + 256 = 0 

16(t? — 10t + 16) = 0 

(ioe )( tee 8 =O 

b= 2asect “ors ~1'="8 sec 

The velocity of the rock at each of these times is 

v(2) = 160 — 32(2) = 96 ft/sec, 

v(8) = 160 — 32(8) = —96 ft/sec 

At both instants, the speed of the rock is 96 ft/sec. 

(c) At any time during its flight after the explosion, the rock’s acceleration is 

d a =7 = © (160 ~ 321) = —32 ft/sec?. 

The acceleration is always downward. When the rock is rising, it is slowing down; 

when it is falling, it is speeding up. 

(d) The rock hits the ground at the positive time for which s = 0. The equation 

160t — 16t? = 0 has two solutions: t = 0 and t = 10. The blast initiated the flight of 

the rock from ground level at t = 0. The rock returned to the ground 10 seconds later. 

Now Try Exercise 13. 

EXAMPLE 5 Studying Particle Motion 

A particle moves along a line so that its position at any time t = 0 is given by the 

function s(t) = t? — 4t + 3, where s is measured in meters and ft is measured in 

seconds. 

(a) Find the displacement of the particle during the first 2 seconds. 

(b) Find the average velocity of the particle during the first 4 seconds. 

(c) Find the instantaneous velocity of the particle when t = 4. 

(d) Find the acceleration of the particle when t = 4. 

(e) Describe the motion of the particle. At what values of t does the particle change 

directions? 

(f) Use parametric graphing to view the motion of the particle on the horizontal line 

y=2. 
continued 
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SOLUTION 

(a) The displacement is given by s(2) — s(0) = (—1) — 3 = —4. This value means 
that the particle is 4 units left of where it started. 

(b) The average velocity we seek is 

s(4) — s(0 3-3 
Oa 8m aa Ce = 0 m/sec. 

(c) The velocity v(t) at any time tis v(t) = ds/dt = 2t — 4. So v(4) = 4 m/sec. 

(d) The acceleration a(t) at any time tis a(t) = dv/dt = 2 m/sec”. So a(4) = 2. 

(e) The graphs of s(t) = t? — 4t + 3 for t = 0 and its derivative v(t) = 2r — 4 
shown in Figure 3.27 will help us analyze the motion. 

For 0 = t < 2, v(t) < 0, so the particle is moving to the left. Notice that s(t) is 
decreasing. The particle starts (t = 0) at s = 3 and moves left, arriving at the origin 
t = 1 when s = 0. The particle continues moving to the left until it reaches the point 

s=-—latt=2. 

Figure 3.27 The graphs of At t = 2, v = 0, so the particle is at rest. 
s(t) = t? — 4¢ + 3,t = 0 (blue) and its 

derivative v(t) = 2t — 4,t = 0 (red). 
(Example 5) 

For t > 2, v(t) > 0, so the particle is moving to the right. Notice that s(t) is increas- 
ing. In this interval, the particle starts at s = —1, moving to the right through the origin 

and continuing to the right for the rest of time. 

The particle changes direction at t = 2 when v = 0. 

X=T?-UT+3 ««[YT=2 (f) Enter X;p=T?—4T+3, Y;7 = 2 in parametric mode and graph in the window [—S, 5 |] 
by [—2, 4] with Tmin = 0, Tmax = 10 (it really should be 00), and Xscl=Yscl=1 

(Figure 3.28). By using TRACE you can follow the path of the particle. You will learn 

more ways to visualize motion in Explorations 2 and 3. 

Now Try Exercise 19. 

[=);,5) by [=2, 44 

Figure 3.28 The graph of X,7 = 

T? — 4T + 3, Yi7 = 2 in parametric 
mode. (Example 5) 

EXPLORATION 2 Modeling Horizontal Motion 

The position (x-coordinate) of a particle moving on the horizontal line y = 2 is 

given by x(t) = 423 — 16t? + 15¢t fort = O. 

1. Graph the parametric equations x,(t) = 4t° — 16r? + 15t,y,(t) = 2 in 
[—4, 6] by [—3,5]. Use TRACE to support that the particle starts at the point 
(0, 2), moves to the right, then to the left, and finally to the right. At what times 

does the particle reverse direction? 

. Graph the parametric equations x(t) = x(t), »2(t) = ft in the same viewing 
window. Explain how this graph shows the back and forth motion of the particle. 

Use this graph to find when the particle reverses direction. 

. Graph the parametric equations x3(t) = t, y3(t) = x;(t) in the same viewing 
window. Explain how this graph shows the back and forth motion of the particle. 
Use this graph to find when the particle reverses direction. 

. Use the methods in parts 1, 2, and 3 to represent and describe the velocity of the 
particle. 



(b) 

Figure 3.29 (a) The graph of y = 2p — p? 
describing the proportion of smooth- 

skinned peas. (b) The graph of dy/dp. 
(Example 6) 
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EXPLORATION 3 Seeing Motion on a Graphing Calculator 

The graphs in Figure 3.26b give us plenty of information about the flight of the rock 

in Example 4, but neither graph shows the path of the rock in flight. We can simulate 

the moving rock by graphing the parametric equations 

Sb ea dae) a. (t= 15), Ny) =. 160% = 168? 

in dot mode. 

This will show the upward flight of the rock along the vertical line x = 3, and the 

downward flight of the rock along the line x = 3.1. 

1. To see the flight of the rock from beginning to end, what should we use for ‘Min 

and tMax in our graphing window? 

2. Set xMin = 0, xMax = 6, and yMin = —10. Use the results from Example 4 

to determine an appropriate value for yMax. (You will want the entire flight of 

the rock to fit within the vertical range of the screen.) 

Set Step initially at 0.1. (A higher number will make the simulation move faster. 

A lower number will slow it down.) 

. Can you explain why the grapher actually slows down when the rock would 

slow down, and speeds up when the rock would speed up? 

Sensitivity to Change 
We introduced sensitivity in Section 2.4 as a measure of how change in one variable 

affects the change in another variable. The derivative gives us an easy way to compute 

this sensitivity. 

EXAMPLE 6 Sensitivity to Change 

The Austrian monk Gregor Johann Mendel (1822-1884), working with garden peas 

and other plants, provided the first scientific explanation of hybridization. His careful 

records showed that if p (a number between 0 and 1) is the relative frequency of the 

gene for smooth skin in peas (dominant) and (1 — p) is the relative frequency of the 

gene for wrinkled skin in peas (recessive), then the proportion of smooth-skinned peas 

in the next generation will be 

Ss tRile det Do = 2p pe. 
Compare the graphs of y and dy/dp to determine what values of y are more sensitive 

to a change in p. The graph of y versus p in Figure 3.29a suggests that the value of y 

is more sensitive to a change in p when p is small than it is to a change in p when p is 

large. Indeed, this is borne out by the derivative graph in Figure 3.29b, which shows 

that dy/dp is close to 2 when p is near 0 and close to 0 when p is near 1. 

Now Try Exercise 25. 

Derivatives in Economics 
Engineers use the terms velocity and acceleration to refer to the derivatives of functions 

describing motion. Economists, too, have a specialized vocabulary for rates of change and 

derivatives. They call them marginals. 
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y (dollars) 

Slope = 

marginal cost y= c@) 

| 
| 
| 

i 
bk al —> xX 

0 % x+h 

(tons/week) 

| 
| 
| 
| 
| 
| 
| 

wats 

Figure 3.30 Weekly steel production: c(x) 
is the cost of producing x tons per week. 

The cost of producing an additional h tons 

per week is c(x + h) — c(x). 

Figure 3.31 Because dc/dx is the slope of 

the tangent at x, the marginal cost de/dx 

approximates the extra cost Ac of produc- 

ing Ax = 1 more unit. 

Le 

In a manufacturing operation, the cost of production c(x) is a function of x, the num- 

ber of units produced. The marginal cost of production is the rate of change of cost with 

respect to the level of production, so itis dc/dx. 

Suppose c(x) represents the dollars needed to produce x tons of steel in one week. It 

costs more to produce x + hf tons per week, and the cost difference divided by h is the 

average cost of producing each additional ton. 

Cla hyena es average cost of each of the 

h additional h tons produced 

The limit of this ratio as h — 0 is the marginal cost of producing more steel per week 

when the current production is x tons (Figure 3.30). 

GG oe a CX ah enc ee) 
me 10500) 

dx ho h 
= marginal cost of production 

Sometimes the marginal cost of production is loosely defined to be the extra cost of pro- 

ducing one more unit, 

Ac e(xt Ly tales} 

rays 1 : 

which is approximated by the value of dc/dx at x. This approximation is acceptable if the 

slope of c does not change quickly near x, for then the difference quotient is close to its 

limit dc/dx even if Ax = 1 (Figure 3.31). The approximation works best for large values 

of x. 

EXAMPLE 7 Marginal Cost and Marginal Revenue 

Suppose it costs 

(x). ="? = Gr> a 5x 

dollars to produce x radiators when 8 to 10 radiators are produced, and that 

P(e) oa? 12s 

gives the dollar revenue from selling x radiators. Your shop currently produces 10 

radiators a day. Find the marginal cost and marginal revenue. 

SOLUTION 

The marginal cost of producing one more radiator a day when 10 are being produced 

is c'(10). 

d 
c'(x) = ne = 6x24 152%) = 3x7 —"12x +15 

c'(10) = 3(100) — 12(10) + 15 = 195 dollars 

The marginal revenue is 

, d 3 2 2 Pee (ee ae eye Be 1D. 

so, 

r'(10) = 3(100) — 6(10) + 12 = 252 dollars. 

Now Try Exercises 27 and 28. 



Exercise numbers with a gray background indicate problems that the 

authors have designed to be solved without a calculator. 

In Exercises 1-10, answer the questions about the graph of the qua- 

dratic function y = f(x) = —16x? + 160x — 256 by analyzing the 
equation algebraically. Then support your answers graphically. 

1. Does the graph open upward or downward? 

2. What is the y-intercept? 

3. What are the x-intercepts? 

4. What is the range of the function? 

Section 3.4 Exercises 

Quick Review 3.4 (for help, go to Sections 1.2 
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ST oand 33.) 

What point is the vertex of the parabola? 

At what x values does f(x) = 80? 

For what x value does dy/dx = 100? 

On what interval is dy/dx > 0? 

Rees hes) 
; ; 

10. Find d*y/dx? at x = 7. 

© MPnon Find lim 
h—>0 

1. (a) Write the volume V of a cube as a function of the side 

length s. 

(b) Find the (instantaneous) rate of change of the volume V with 

respect to a side s. 

(c) Evaluate the rate of change of V at s = 1 ands = 5. 

(d) If s is measured in inches and V is measured in cubic inches, 

what units would be appropriate for dV/ds? 

2. (a) Write the area A of a circle as a function of the 

circumference C. 

(b) Find the (instantaneous) rate of change of the area A with 

respect to the circumference C. 

(c) Evaluate the rate of change of A at C = w and C = 67. 

(d) If C is measured in inches and A is measured in square inches, 

what units would be appropriate for dA /dC? 

3. (a) Write the area A of an equilateral triangle as a function of 

the side length s. 

(b) Find the (instantaneous) rate of change of the area A with 

respect to a side s. 

2 ands = 10. 

(d) If s is measured in inches and A is measured in square inches, 

what units would be appropriate for dA /ds? 

(c) Evaluate the rate of change of A at s = 

4. A square of side length s is inscribed in a circle of radius r. 

(a) Write the area A of the square as a function of the radius r of 

the circle. 

(b) Find the (instantaneous) rate of change of the area A with 

respect to the radius r of the circle. 

(c) Evaluate the rate of change of A atr = 1 andr = 8. 

(d) If r is measured in inches and A is measured in square inches, 

what units would be appropriate for dA /dr? 

Group Activity In Exercises 5 and 6, the coordinates s of a 

moving body for various values of t are given. (a) Plot s versus t on 

coordinate paper, and sketch a smooth curve through the 

given points. (b) Assuming that this smooth curve represents the 

motion of the body, estimate the velocity at t = 1.0, t = 2.5, and 

t = 3.5. 

5. t (sec) Osh Ow Gs PO. ORS GO Boe A 

36.5 44 485 50 485 44 36.5 

3.0 3.5 4.0 

SR 142755. 

6. oo) LO ES e208 2:5 

7. Group Activity Fruit Flies (Example 2, Section 2.4 con- 

tinued) Populations starting out in closed environments grow 

slowly at first, when there are relatively few members, then more 

rapidly as the number of reproducing individuals increases and 

resources are still abundant, then slowly again as the population 

reaches the carrying capacity of the environment. 

(a) Use the graphical technique of Section 3.1, Example 3, to 

graph the derivative of the fruit fly population introduced 

in Section 2.4. The graph of the population is reproduced 

below. What units should be used on the horizontal and verti- 

cal axes for the derivative’s graph? 

(b) During what days does the population seem to be increasing 

fastest? slowest? 

Number of flies 

Time (days) 
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8. Draining a Tank The number of gallons of water in a tank ¢ min- 

utes after the tank has started to drain is Q(t) = 200(30 — r)?. 
How fast is the water running out at the end of 10 min? What 

is the average rate at which the water flows out during the first 

10 min? 

9. Particle Motion The accompanying figure shows the velocity 

v = f(t) of a particle moving on a coordinate line. 

(a) When does the particle move forward? move backward? 

speed up? slow down? 

(b) When is the particle’s acceleration positive? negative? zero? 

(c) When does the particle move at its greatest speed? 

(d) When does the particle stand still for more than an instant? 

y 

10. Particle Motion A particle P moves on the number line shown 

in part (a) of the accompanying figure. Part (b) shows the posi- 

tion of P as a function of time t. 

P 

—_—_—_— s (cm) 

(a) 

s (cm) 

2 —> t (sec) 

(6, —4) 

(b) 

(a) When is P moving to the left? moving to the right? standing 

still? 

(b) Graph the particle’s velocity and speed (where defined). 

11. Particle Motion The accompanying figure shows the velocity 

v = ds/dt = f(t) (m/sec) of a body moving along a coordinate 
line. 

v (m/sec) 

12. 

13. 

14. 

15. 

16. 

173 

(a) When does the body reverse direction? 

(b) When (approximately) is the body moving at a constant 

speed? 

(c) Graph the body’s speed for 0 = ¢ = 10. 

(d) Graph the acceleration, where defined. 

Thoroughbred Racing A racehorse is running a 10-furlong 

race. (A furlong is 220 yards, although we will use furlongs 

and seconds as our units in this exercise.) As the horse passes 

each furlong marker (F'), a steward records the time elapsed (t) 
since the beginning of the race, as shown in the table 

below: 

Fa) 0,91 523935, PAS Oe aS ee LO) 
EO; 9208 SSaR4 Ow OFa/3 SS Om tOO MLO 24S 

(a) How long does it take the horse to finish the race? 

(b) What is the average speed of the horse over the first 5 fur- 

longs? 

(c) What is the approximate speed of the horse as it passes the 

3-furlong marker? 

(d) During which portion of the race is the horse running the 

fastest? 

(e) During which portion of the race is the horse accelerating the 

fastest? 

Lunar Projectile Motion A rock thrown vertically upward 

from the surface of the moon at a velocity of 24 m/sec (about 

86 km/h) reaches a height of s = 24t — 0.8r? meters in 

t seconds. 

(a) Find the rock’s velocity and acceleration as functions of time. 

(The acceleration in this case is the acceleration of gravity on 

the moon.) 

(b) How long did it take the rock to reach its highest point? 

(c) How high did the rock go? 

(d) When did the rock reach half its maximum height? 

(e) How long, was the rock aloft? 

Free Fall The equations for free fall near the surfaces of Mars 

and Jupiter (s in meters, t in seconds) are: Mars, s = 1.86r7; 

Jupiter, s = 11.4417. How long would it take a rock falling from 

rest to reach a velocity of 16.6 m/sec (about 60 km/h) on each 

planet? 

Projectile Motion On Earth, in the absence of air, the rock in 

Exercise 13 would reach a height of s = 24t — 4.9t? meters in 

t seconds. How high would the rock go? 

Speeding Bullet A bullet fired straight up from the moon’s 

surface would reach a height of s = 832r — 2.6r? ft after 

t sec. On Earth, in the absence of air, its height would be 

s = 832t — 16r? ft after t sec. How long would it take the bullet 

to get back down in each case? 

Parametric Graphing Devise a grapher simulation of the 

problem situation in Exercise 16. Use it to support the answers 

obtained analytically. 

q\ 



18. 

19. 

Launching a Rocket When a model rocket is launched, 

the propellant burns for a few seconds, accelerating the rocket 

upward. After burnout, the rocket coasts upward for a while and 

then begins to fall. A small explosive charge pops out a para- 

chute shortly after the rocket starts downward. The parachute 

slows the rocket to keep it from breaking when it lands. This 

graph shows velocity data from the flight. 

Velocity (ft/sec) 

Nn =) 

io SST eae Pee F 
Time after launch (sec) 

Use the graph to answer the following. 

(a) How fast was the rocket climbing when the engine stopped? 

(b) For how many ee did the engine burn? 

(c) When did the roc 

velocity then? 

et reach its highest point? What was its 

(d) When did the parachute pop out? How fast was the rocket 

falling then? 

(e) How long did the rocket fall before the parachute opened? 

(f) When was the rocket’s acceleration greatest? When was the 

acceleration constant? 

Particle Motion A particle moves along a line so that its posi- 

tion at any time t = 0 is given by the function 

S(f) vie at oe 2, 

where s is measured in meters and ¢ is measured in seconds. 

(a) Find the displacement during the first 5 seconds. 

(b) Find the average velocity during the first 5 seconds. 

(c) Find the instantaneous velocity when t = 4. 

(d) Find the acceleration of the particle when t = 4. 

(e) At what values of f does the particle change direction? 

(f) Where is the particle when s is a minimum? 
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20. Particle Motion A particle moves along a line so that its posi- 

tion at any time t = 0 is given by the function s(t) = —t? + 

7t? — 14t + 8 where s is measured in meters and t is measured 

in seconds. 

(a) Find the instantaneous velocity at any time f. 

(b) Find the acceleration of the particle at any time t. 

(c) When is the particle at rest? 

(d) Describe the motion of the particle. At what values of t does 

the particle change directions? 

21. Particle Motion A particle moves along a line so that its 
position at any time t = 0 is given by the function s(t) = 

(t — 2)?(t — 4) where s is measured in meters and f is 
measured in seconds. 

(a) Find the instantaneous velocity at any time f. 

(b) Find the acceleration of the particle at any time f. 

(c) When is the particle at rest? 

(d) Describe the motion of the particle. At what values of t does 

the particle change directions? 

22. Particle Motion A particle moves along a line so that its 

position at any time t = 0 is given by the function s(t) = 3 — ° 

6t? + 8t + 2 where s is measured in meters and ¢ is 

measured in seconds. 

(a) Find the instantaneous velocity at any time t. 

(b) Find the acceleration of the particle at any time f. 

(c) When is the particle at rest? 

(d) Describe the motion of the particle. At what values of t does 

the particle change directions? 

23. Particle Motion The position of a body at time f sec is 

s = t? — 6t? + 9t m. Find the body’s acceleration each time the 
velocity is zero. 

24. Finding Speed A body’s velocity at time t sec is v = 247 — 
9t? + 12t — 5 m/sec. Find the body’s speed each time the accel- 

eration is zero. 

25. Draining a Tank It takes 12 hours to drain a storage tank by 

opening the valve at the bottom. The depth y of fluid in the tank 

t hours after the valve is opened is given by the formula 

war, =\6( pt) MEL he 
(a) Find the rate dy/dt (m/h) at which the water level is chang- 

ing at time ¢. 

(b) When is the fluid level in the tank falling fastest? slowest? 

What are the values of dy/dt at these times? 

(c) Graph y and dy/dt together and discuss the behavior of y in 

relation to the signs and values of dy/dt. 
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26. Moving Truck The graph here shows the position s of a truck 

traveling on a highway. The truck starts at t = 0 and returns 

15 hours later at t = 15. 

500 

Position, s (km) 

Ww =) S 

0 5 10 15 

Elapsed time, f (h) 

(a) Use the technique described in Section 3.1, Example 3, to 

graph the truck’s velocity v = ds/dt for0 = t = 15. Then 

repeat the process, with the velocity curve, to graph the 

truck’s acceleration dv/dt. 

(b) Suppose s = 15t? — t3. Graph ds/dt and d*s/dt?, and com- 

pare your graphs with those in part (a). 

27. Marginal Cost Suppose that the dollar cost of producing x 

washing machines is c(x) = 2000 + 100x — 0.1x?. 

(a) Find the average cost of producing 100 washing machines. 

(b) Find the marginal cost when 100 machines are produced. 

(c) Show that the marginal cost when 100 washing machines are 

produced is approximately the cost of producing one more 

washing machine after the first 100 have been made, by cal- 

culating the latter cost directly. 

28. Marginal Revenue Suppose the weekly revenue in dollars 

from selling x custom-made office desks is 

r(x) = 2000 oe 1) 
Otel 

(a) Draw the graph of r. What values of x make sense in this 

problem situation? 

(b) Find the marginal revenue when x desks are sold. 

(c) Use the function r’(x) to estimate the increase in revenue 

that will result from increasing sales from 5 desks a week to 

6 desks a week. 

(d) Writing to Learn Find the limit of r’(x) as x — oo. How 
would you interpret this number? 

29. Finding Profit The monthly profit (in thousands of dollars) of 

a software company is given by 

10 

Pls) = 550 « gon 
where x is the number of software packages sold. 

(a) Graph P(x). 

(b) What values of x make sense in the problem situation? 

(c) Use NDER to graph P’(x). For what values of x is P rela- 
tively sensitive to changes in x? 

(d) What is the profit when the marginal profit is greatest? 

(e) What is the marginal profit when 50 units are sold? 

100 units, 125 units, 150 units, 175 units, and 300 units? 

(f) What is lim,—.,, P(x)? What is the maximum profit pos- 

sible? 

(g) Writing to Learn Is there a practical explanation to the 
maximum profit answer? Explain your reasoning. 

30. In Step 1 of Exploration 2, at what time is the particle at the 

point (5,2)? 

31. Group Activity The graphs in Figure 3.32 show as functions 

of time f the position s, velocity v = ds/dt, and acceleration 

a = d*s/dt* of a body moving along a coordinate line. Which 

graph is which? Give reasons for your answers. 

Figure 3.32 The graphs for Exercise 31. 

32. Group Activity The graphs in Figure 3.33 show as functions 

of time ¢ the position s, the velocity v = ds/dt, and the accel- 

eration a = d*s/dt? of a body moving along a coordinate line. 

Which graph is which? Give reasons for your answers. 

Figure 3.33 The graphs for Exercise 32. 
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Figure 3.34 Two balls falling from rest. (Exercise 38) 

33. Pisa by Parachute (continuation of Exercise 18) In 1988, 

Mike McCarthy parachuted 179 ft from the top of the Tower of 

Pisa. Make a rough sketch to show the shape of the graph of his 

downward velocity during the jump. 

34. Inflating a Balloon The volume V = (4/3)zr? of a spherical 
balloon changes with the radius. 

(a) At what rate does the volume change with respect to the radius 

when r = 2 ft? 

(b) By approximately how much does the volume increase when 

the radius changes from 2 to 2.2 ft? 

35. Volcanic Lava Fountains Although the November 1959 

Kilauea Iki eruption on the island of Hawaii began with a line of 

fountains along the wall of the crater, activity was later confined 

to a single vent in the crater’s floor, which at one point shot lava 

1900 ft straight into the air (a world record). What was the lava’s 

exit velocity in feet per second? in miles per hour? [Hint: If vo 

is the exit velocity of a particle of lava, its height t seconds later 

will be s = vot — 16f? feet. Begin by finding the time at which 
ds/dt = 0. Neglect air resistance. ] 

36. Writing to Learn Suppose you are looking at a graph of 
velocity as a function of time. How can you estimate the accel- 

eration at a given point in time? 
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37. Particle Motion The position (x-coordinate) of a particle mov- 

ing on the line y = 2 is given by x(t) = 2r7 — 134? + 22t — 5 
where ¢ is time in seconds. 

(a) Describe the motion of the particle for t = 0. 

(b) When does the particle speed up? slow down? 

(c) When does the particle change direction? 

(d) When is the particle at rest? 

(e) Describe the velocity and speed of the particle. 

(f) When is the particle at the point (5,2)? 

38. Falling Objects The multiflash photograph in Figure 3.34 

shows two balls falling from rest. The vertical rulers are marked 

in centimeters. Use the equation s = 490r? (the free-fall equa- 

tion for s in centimeters and ¢ in seconds) to answer the follow- 

ing questions. 

(a) How long did it take the balls to fall the first 160 cm? What 

was their average velocity for the period? 

(b) How fast were the balls falling when they reached the 

160-cm mark? What was their acceleration then? 

(c) About how fast was the light flashing (flashes per second)? 

39. Writing to Learn Explain how the Sum and Difference Rule 

(Rule 4 in Section 3.3) can be used to derive a formula for 

marginal profit in terms of marginal revenue and marginal cost. 

Standardized Test Questions 
You may use a graphing calculator to solve the following problems. 

40. True or False The speed of a particle at t = a is given by the 

value of the velocity at tf = a. Justify your answer. 

41. True or False The acceleration of a particle is the second 

derivative of the position function. Justify your answer. 

42. Multiple Choice Find the instantaneous rate of change of 

fa) = ae yx 4 4 ats = 1, 

(A) -7 (B45 (OO (D) 4 (E)7 

43. Multiple Choice Find the instantaneous rate of change of the 

volume of a cube with respect to a side length x. 

(A) x (B) 3x (C) 6x (D) 3x? (E) x? 

In Exercises 44 and 45, a particle moves along a line so that its posi- 

tion at any time t = 0 is given by s(t) = 2 + 7t — 1”. 

44. Multiple Choice At which of the following times is the par- 

ticle moving to the left? 

(A)t=0 (B)r=1 (C)r=2 (D)t=7/2 (E)t=4 

45. Multiple Choice When is the particle at rest? 

(AVt=1 Br=2 (Otr=7/2 D)t=4 (E)t =5 

Explorations 
46. Bacterium Population When a bactericide was added to a 

nutrient broth in which bacteria were growing, the bacterium 

population continued to grow for a while but then stopped grow- 

ing and began to decline. The size of the population at time ¢ 

(hours) was b(t) = 10° + 104 — 10°22. Find the growth rates 
at t = 0, t = 5, andt = 10 hours. 
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47. 

48. 

Finding f from f’ Let f’(x) = 3x?. 

(a) Compute the derivatives of g(x) = x3, h(x) = x3 — 2, 
and t(x) = x3 + 3. 

(b) Graph the numerical derivatives of g, h, and t. 

(c) Describe a family of functions, f(x), that have the property 

that f'(x) = 3x2. 

(d) Is there a function f such that f’(x) = 3x* and f(0) = 0? 
If so, what is it? 

(e) Is there a function f such that f’(x) = 3x? and f(0) = 3? 

If so, what is it? 

Pole Vaulting In her running approach to begin her vault, a 

pole vaulter covered a distance of 1.5r? feet in t seconds. When 

she planted her pole and began her ascent, she had achieved a 

speed of 22 feet per second. How long was her approach, both in 

time and in distance? 

Extending the Ideas 
49. Even and Odd Functions 

(a) Show that if f is a differentiable even function, then f’ is an 

odd function. 

(b) Show that if f is a differentiable odd function, then f’ is an 

even function. 

50. Extended Product Rule Derive a formula for the derivative 

of the product fgh of three differentiable functions. 
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35. Derivatives of Trigonometric Functions 
You will be able to determine the : ‘ ‘ A 
derivatives of trigonometric functions. Derivative of the Sine Function 

- Derivatives of the sine and cosine Trigonometric functions are important because so many of the phenomena we want infor- 

functions mation about are periodic (heart rhythms, earthquakes, tides, weather). It is known that 

« Modeling harmonic motion continuous periodic functions can always be expressed in terms of sines and cosines, so the 

+ Jerk as the derivative of acceleration derivatives of sines and cosines play a key role in describing periodic change. This section 

+ Derivatives of the tangent, introduces the derivatives of the six basic trigonometric functions. 
cotangent, secant, and cosecant 
functions 

¢ Tangent and normal lines 

EXPLORATION 1 Making a Conjecture by Graphing 
the Derivative 

d 
Graph y,; = sin (x) and y, = re (sinx) in the window [—27, 27] by [—4, 4] 

d 
(Figure 3.35). Use the numerical derivative to graph y, = 7 sin eee 

page 113. 

1. When the graph of y, = sin x is increasing, what is true about the graph of 

d 
y2 = mae)? 

2. When the graph of y, = sin x is decreasing, what is true about the graph of 
([—277, 277] by [—4, 4] 17 hae - 

are (sin x)? 

3. When the graph of y, = sin x stops increasing and starts decreasing, what is 
Figure 3.35 Sine and its derivative. 

What is the derivative? (Exploration 1) 

om 
[=35 3] by, [-2; 2] 

(a) 

d 
true about the graph of y, = 7 sin pang 

d 
4. At the places where y) = 7 sin x) = +1, what appears to be the slope of the 

graph of y,; = sin x? 

5. Make a conjecture about what function the derivative of sine might be. Test your 

d Nae 4 
conjecture by graphing your function and y, = PAG x) in the same viewing 

window. 

d 
6. Now let y,; = cosx and y, = x 0°8 x). Answer questions (1) through (5) 

d 
without looking at the graph of y, = a (cos x) until you are ready to test your 

conjecture about what function the derivative of cosine might be. 

If you conjectured that the derivative of the sine function is the cosine function, then 

you are right. We will confirm this analytically, but first we appeal to technology one 

more time to evaluate two limits needed in the proof (see Figure 3.36 in the margin and 

Figure 3.36 (a) Graphical and (b) Figure 3.37 on the next page): 
sin (h) _ 

numerical support that jim h 
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{[—3, 3] by [-2, 2] 

(a) 

Yigg(cos(X)-1)/X 

(b) 

Figure 3.37 (a) Graphical and (b) numerical 

ae COSI (1) Meal . 
: rt that aa) elie Srbeet i ar 

Numerical Derivatives Revisited 

We now know that the exact derivative of 

sin (x) at x = 77 is cos (77) = —1. You can 

see below that the numerical derivative 

(either in MathPrint or Classic mode) gives 

a slightly different answer, but remember 

that it is a numerical approximation. 

MathPrint Mode 

HSIN xan 
-.9999998333 

Classic Mode 

nDeriv(sin(X),X,77) 

~,.9999998333 

The proof that the derivative of the sine function is the cosine function follows. Now, let 

y = sin x. Then 

dy sin (Sn) sine 
— = lim 
dx h-0 h 

sinx cosh + cosx sinh — sinx Rete 
= Angle sum identity 

h—0 h 

"(sin x) (COS f= "1) = eos etd 
== (lim = ee a 

h>0 h 

athe _ (cosh —T) _ sinh 
alihanyinee ett th) aa ——— ea (KOE iin) ——— 

h->0 h->0 h h->0 h>0 A 

=sinx- 0 + cosx: 1 

= COS X 

So, the derivative of the sine is the cosine. 

a 
Sit x = cOse 
dx 

Now that we know that the sine function is differentiable, we know that sine and its 

derivative obey all the rules for differentiation. We also know that sin x is continuous. The 

same holds for the other trigonometric functions in this section. Each one is differentiable 

at every point in its domain, so each one is continuous at every point in its domain, and 

the differentiation rules apply for each one. 

Derivative of the Cosine Function 

If you conjectured in Exploration 1 that the derivative of the cosine function is the negative 

of the sine function, you were correct. You can confirm this analytically in Exercise 24. 

— COS 4 1 silly 
dx 

EXAMPLE 1 Revisiting the Differentiation Rules 

Z Find the derivatives of (a) y = x* sin x and (b) u = cos x/(1 — sin x). 

SOLUTION 

dy md: d 
page ; ; + gj . 2 P | (a) rites 7 sit x) + sinx a (x) roduct Rule 

= x’cosx + 2x sin x 

(1 = sig. 5) (cos x) Fs (1 in x) ef : Ea . — sin x rie a etre X) — COs x + 7 s | 

(b) ia = oo sin x)? Quotient Rule 

Ct ‘sit 20a x) = coex 10 = cos x) 

Cl 60x) 

—sin x + sin? x + cos?x 

(1 = eins)? 

1 —.sin x 
ih Tr RererTaES. sin? x + cos? x = 1 

(1.~sinue) 

1 = ——___ Now Try Exercises 5 and 9. 
1 — sinx 



Radian Measure in Calculus 
I 

In case you have been wondering why 

calculus uses radian measure instead of 

degrees, you are now ready to understand 

the answer. The derivative of sin x is cos x 

only if x is measured in radians! If you look 

at the analytic confirmation, you will note 

that the derivative comes down to 

. . sinh 
cos x times lim ——. 

h>o A 

We saw that 

in Figure 3.36, but only because the graph 

in Figure 3.36 is in radian mode. |f you look 

at the limit of the same function in degree 

mode you will get a very different limit (and 

hence a different derivative for sine). See 

Exercise 50. 

Rest 

position 

| 5 Position at 

t=10 

“n< 

Figure 3.38 The weighted spring in 

Example 2. 

Figure 3.39 Graphs of the position and 
velocity of the weight in Example 2. 
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Simple Harmonic Motion 

The motion of a weight bobbing up and down on the end of a spring is an example of 

simple harmonic motion. Example 2 describes a case in which there are no opposing 

forces like friction or buoyancy to slow down the motion. 

EXAMPLE 2 The Motion of a Weight on a Spring 

A weight hanging from a spring (Figure 3.38) is stretched 5 units beyond its rest posi- 

tion (s = 0) and released at time t = 0 to bob up and down. Its position at any later 

time f is 

Ss = 5 cost. 

What are its velocity and acceleration at time t? Describe its motion. 

SOLUTION We have: 

Position: S = Sicos.& 

ast od 
Velocity: v= = = FAC cost) = —5 sint; 

d d 
Acceleration: a= = = a8 sint) = —5 cost. 

Notice how much we can learn from these equations: 

1. As time passes, the weight moves down and up between s = —5 and s = 5 on the 

s-axis. The amplitude of the motion is 5. The period of the motion is 27. 

2. The velocity v = —5 sin ¢ attains its greatest magnitude, 5, when cos t = 0, as the 

graphs show in Figure 3.39. Hence the speed of the weight, |v| = 5 |sin ¢|, is 
greatest when cos t = 0, that is, when s = 0 (the rest position). The speed of the 

weight is zero when sin t = 0. This occurs when s = 5 cost = + 5, at the end- 

points of the interval of motion. 

3. The acceleration value is always the exact opposite of the position value. When the 

weight is above the rest position, gravity is pulling it back down; when the weight is 

below the rest position, the spring is pulling it back up. 

4. The acceleration, a = —5 cos f, is zero only at the rest position where cos t = 0 and 

the force of gravity and the force from the spring offset each other. When the weight 

is anywhere else, the two forces are unequal and acceleration is nonzero. The accel- 

eration is greatest in magnitude at the points farthest from the rest position, where 

cost = +1. Now Try Exercise 11. 

Jerk 

A sudden change in acceleration is called a “jerk.” When a ride in a car or a bus is jerky, it 

is not that the accelerations involved are necessarily large but that the changes in accelera- 

tion are abrupt. Jerk is what spills your soft drink. The derivative responsible for jerk is 

the third derivative of position. 

DEFINITION Jerk 

Jerk is the derivative of acceleration. If a body’s position at time fis s(), the body’s 

jerk at time ¢ is 

ay = as 
dt?" 
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| 
| 

Tests have shown that motion sickness comes from accelerations whose changes in 

magnitude or direction take us by surprise. Keeping an eye on the road helps us to see the 

changes coming. A driver is less likely to become sick than a passenger who is reading in 

the back seat. 

EXAMPLE 3 A Couple of Jerks 

(a) The jerk caused by the constant acceleration of gravity (g = —32 ft/sec”) is zero: 

d 
i alggks) 

This explains why we don’t experience motion sickness while just sitting around. 

(b) The jerk of the simple harmonic motion in Example 2 is 

dG eae (—5 t) 
ie COS 

: Gina 

= 5sint 

It has its greatest magnitude when sin t = + 1. This does not occur at the extremes of the 

displacement, but at the rest position, where the acceleration changes direction and sign. 

Now Try Exercise 19. 

Derivatives of the Other Basic Trigonometric 
Functions 

Because sin x and cos x are differentiable functions of x, the related functions 

sin x 1 
tan x = sec x = 2 

cos COS x 

cos 1 
(Cis = ——— csc x = —— 

sin sin x 

are differentiable at every value of x for which they are defined. Their derivatives 

(Exercises 25 and 26) are given by the following formulas. 

d 
—tan x = sec’ x, —sec x = secxtanx 
dx ; 

d NCU: es 
ay eRe = —CSC* X, —CSC_¥ = —CSEniCOten 

EXAMPLE 4 Finding Tangent and Normal Lines 

Find equations for the lines that are tangent and normal to the graph of 

ih tan x 

fit ower 
x 

at x = 2. 

SOLUTION 
- 2x — 1° tan 

First, we use the Quotient Rule to find that f’(x) = Sere go = 

xsec?x — tanx 
e 

2 sec? 2 — tan2 
22 

of the normal line is —1/(3.433) = —0.291. continued 

The slope of the tangent line, then, is f’(2) = = 3.433, and the slope 
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y, = tan (x)/x : tan 2 

Yq = 3.433(x — 2) — 1.093 Both lines go through the point {| 2, —— }] = (2, —-1.093). 
y3 =—0.291(x — 2) — 1.093 2 

Finally, we write the equations in point-slope form: 

Tangent line: y = 3.433(x — 2) — 1.093 Normal line: y = —0.291(x — 2) — 1.093 

If you graph both lines and the original function, you can support your answers with 

a graphing calculator. Figure 3.40 shows the tangent line in red and the normal line in 

blue. Now Try Exercise 23 

EXAMPLE 5 A Trigonometric Second Derivative 

[-32r/2, 3727/2] by [-3, 3] Find y" if y = sec x. 

Figure 3.40 Graphical support for SOLUTION 
Example 4. 

= sec x XS | 

y /— Sec.x tani 
Calculator Note 

% Z (sec x tan x) TS = — x tan x 
dx 

Ne | 

Example 4 already makes extensive use 

of your calculator, but remember that 

your calculator will also compute the 

numerical derivative at x = 2. In this case, 

NDER (tan(x)/x, 2) = 3.433. 

| 

= sec ees tan 2) ) xT bs an x7 (sec x 

sec x(sec? x) + tan x (sec x tan x) 

sec? x + sec x tan? x Now Try Exercise 36. 

Quick Review 3.5 _ (For help, go to Sections 1.6, 3.1, and 3.4.) 

Exercise numbers with a gray background indicate problems that the 8. Verify the identity: 

authors have designed to be solved without a calculator. (peed sin2 h 

1. Convert 135 degrees to radians. ee a h(1 + cos h) 

2. Convert 1.7 radians to degrees. 9. Find an equation of the line tangent to the curve 

3. Find the exact value of sin (77/3) without a calculator. y = 2x3 — 7x? + 10 at the point (3, 1). 

4. State the domain and the range of the cosine function. 10. A particle moves along a line with velocity v = 2t3 — 7t? + 10 

5. State the domain and the range of the tangent function. for time ¢ = 0. Find the acceleration of the particle at ¢ = 3. 

6. If sin a = —1, what is cos a? 

7. If tan a = —1, what are two possible values of sin a? 

Section 3.5 Exercises 

In Exercises 1-10, find dy/dx. Use your grapher to support your Dy = cot x 10) y = cos x 

analysis if you are unsure of your answer. Dect eCOLS dips Sinx 

2 = — 2 =2 i am f : : ; ‘ , _ oY arene In Exercises 11 and 12, a weight hanging from a spring (see Figure 

y= as + 5sinx 4)y = xsecx 3.38) bobs up and down with position function s = f(t) (s in meters, 
x t in seconds). What are its velocity and acceleration at time f? 

OSdy = 4 — x2sinx «6. y = 3x + xtanx Describe its motion. 

eel 4 x 11.5 = 5sint 12.5 =7cost 
ofiy = eo y= 

cos x 1 + cos x 
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In Exercises 13-16, a body is moving in simple harmonic motion 

with position function s = f(t) (s in meters, ft in seconds). 

(a) Find the body’s velocity, speed, and acceleration at time f. 

(b) Find the body’s velocity, speed, and acceleration at time 

t= 7/4. 

(c) Describe the motion of the body. 

13.5 =2+3sint 14.5 =1-—4cost 

15. s = 2sint + 3cost 16. s = cost — 3sint 

In Exercises 17—20, a body is moving in simple harmonic motion 

with position function s = f(t) (s in meters, ft in seconds). Find the 

jerk at time ¢. 

17.s =2cost 185 = 1+ 2cost 

20.5 = 2+ 2sint 

21. Find equations for the lines that are tangent and normal to the 

graph of y = snx + 3 atx = 7. 

as = sint — cost 

22. Find equations for the lines that are tangent and normal to the 

graph of y = secx atx = 77/4. 

23. Find equations for the lines that are tangent and normal to the 

graph of y = x? sinx at x = 3. 

24. Use the definition of the derivative to prove that 

(d/dx)(cos x) = —sin x. (You will need the limits found at the 

beginning of this section.) 

25. Assuming that (d/dx)(sinx) = cos x and (d/dx)(cos x) = 

—sin x, prove each of the following. 

d d 
(a) —tan x = sec?x (b) — sec x = sec x tanx 

dx dx 

26. Assuming that (d/dx)(sin x) = cos x and (d/dx)(cos x) = 
—sin x, prove each of the following. 

d 7 d 
(a) —cotx = —cesc-x, (b)i— ese x= —csc x cot 

dx dx 

27. Show that the graphs of y = sec x and y = cos x have horizon- 

tal tangents at x = 0. 

28. Show that the graphs of y = tan x and y = cot x have no hori- 

zontal tangents. 

29. Find equations for the lines that are tangent and normal to the 

curve y = V2 cos x at the point (7/4, 1). 

30. Find the points on the curve y = tanx,—7/2 <x < 7/2, 

where the tangent is parallel to the line y = 2x. 

In Exercises 31 and 32, find an equation for (a) the tangent to the 

curve at P and (b) the horizontal tangent to the curve at Q. 

oe i 32) Y 

y=4+cotx—2csex 

Group Activity In Exercises 33 and 34, a body is moving in 

simple harmonic motion with position s = f(t) (s in meters, f in 

seconds). 

(a) Find the body’s velocity, speed, acceleration, and jerk at time f. 

(b) Find the body’s velocity, speed, acceleration, and jerk at time 

t = 7/4 sec. 

(c) Describe the motion of the body. 

33.5 = 2 — 2sint 34. 5 = sint + cost 

35. Find y” if y = csc x. 36. Find y” if y = @ tan. 

37. Writing to Learn Is there a value of b that will make 

Xie. ae 

aa) ve 0 

continuous at x = 0? differentiable at x = 0? Give reasons for 

your answers. 

ad’? 725 d 
38. Find 1x9 6098 ae): 39. Find 77 (sin ip 

40. Local Linearity This is the graph of the function y = sin x 

close to the origin. Since sin x is differentiable, this graph resem- 

bles a line. Find an equation for this line. 

41. (Continuation of Exercise 40) For values of x close to 0, the 
linear equation found in Exercise 40 gives a good approximation 

of sin x. 

(a) Use this fact to estimate sin(0.12). 

(b) Find sin(0.12) with a calculator. How close is the approxi- 

mation in part (a)? 

42. Use the identity sin 2x = 2 sin x cos x to find the derivative of 

sin 2x. Then use the identity cos 2x = cos?x — sin*x to express 
that derivative in terms of cos 2x. 

43. Use the identity cos 2x = cos x cos x — sin x sin x to find the 

derivative of cos 2x. Express the derivative in terms of sin 2x. 

Standardized Test Questions 
You may use a graphing calculator to solve the following problems. 

In Exercises 44 and 45, a weight is bobbing up and down on the end 

of a spring according to s(t) = —3 sin ¢. 

44. True or False The weight is traveling upward at t = 37/4. 

Justify your answer. 

45. True or False The velocity and speed of the weight are the 

same at t = 7/4. Justify your answer. 



46. Multiple Choice Which of the following is an equation of the 

tangent line to y = sinx + cos x atx = 77? 

(A) y=-x+a-—1 (B)y=-x+a7+1 

(Cy =] —x— 7 | (Ds a= ap al 

(KE) yy =x — a + 1 

47. Multiple Choice Which of the following is an equation of the 
normal line to y = sinx + cosxatx = 7? 

(A) y =—x +a — 1 (B) ya 

(CC) yy == a ol (D) iyi ial 

(E)y=x+a—-1 

48. Multiple Choice Find y” if y = x sin x. 

(A) —x sin x 

(D) x sin x 

49. Multiple Choice A body is moving in simple harmonic 

motion with position s = 3 + sin t. At which of the following 

times is the velocity zero? 

(B) x cos x + sin x (©) =x sina 2tcos 

(E) —sin x + cos x 

(A) t = 0 (B) t = 7/4 (C)t = 7/2 

(D)t=7 (E) none of these 

Exploration 
50. Radians vs. Degrees What happens to the derivatives of sin x 

and cos x if x is measured in degrees instead of radians? To find 

out, take the re steps. 

(a) With your grapher in degree mode, graph 

sin h 
= ———— 

and estimate lim, f(A). Compare your estimate with 

a / 180. Is there any reason to believe the limit should be 

ar / 180? 
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(b) With your grapher in degree mode, estimate 

BCOS aan 
i 
h—>0 h 

(c) Now go back to the derivation of the formula for the deriva- 

tive of sin x in the text and carry out the steps of the deriva- 

tion using degree-mode limits. What formula do you obtain 

for the derivative? 

(d) Derive the formula for the derivative of cos x using degree- 

mode limits. 

(e) The disadvantages of the degree-mode formulas become 

even more apparent as you start taking derivatives of higher 

order. What are the second and third degree-mode derivatives 

of sin x and cos x? 

Extending the Ideas 

51. Use analytic methods to show that 

[Hint: Multiply numerator and denominator by (cos h + 1).] 

52. Find A and B in y = A sinx + Bcosx so that y’ — y = 

sin x. 

1. Multiple Choice If the line tangent to the graph of the func- 

tion f at the point (1, 6) passes through the point (—1, —4), 

then f’(1) is 

(A) -1 (B) 1 (C)5 (D) 6 (E) undefined 

2. Multiple Choice Which of the following gives y” for 

y = cosx + tan x? 

(A) —cos x + 2sec? x tan x (B) cos x + 2sec? x tan x 

(C) —sin x + sec? x (D) —cos x + sec? x tan x 

(E) cos x + sec? x tan x 

: i wok ee dy ? 
_ 3. Multiple Choice If y = reearl then ae 

Nae Ne} 12ers =) 

A ooe ay. Port apy “Chee 
5 2 

(D) (x +3) +3) 

4. Free Response A particle moves along a line so that its posi- 
tion at any time t = 0 is given by s(t) = —¢? + t + 2, where s 

is measured in meters and ¢ is measured in seconds. 

(a) What is the initial position of the particle? 

(b) Find the initial velocity of the particle at any time ¢. 

(c) When is the particle moving to the right? 

(d) Find the acceleration of the particle at any time tf. 

(e) Find the speed of the particle at the moment when s(t) = 0. 
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CHAPTER 3 BiG aiyeuts 

acceleration (p. 132) 

average velocity (p. 130) 

Constant Multiple Rule (p. 119) 

Derivative of a Constant Function (p. 118) 

derivative of f (p. 101) 

derivative of f at a (p. 101, 102) 

differentiable function (p. 101) 

differentiable on a closed interval 

(p. 106) 

displacement (p. 130) 

free-fall constants (p. 132) 

instantaneous velocity (p. 130) 

Intermediate Value Theorem for 

Derivatives (p. 115) 

jerk (p. 145) 

left-hand derivative (p. 106) 

local linearity (p. 112) 

marginal cost (p. 136) 

marginal revenue (p. 136) 

nth derivative (p. 124) 

numerical derivative (NDER) (p. 113) 

Power Rule for Negative Integer Powers 

Power Rule for Positive Integer Powers 

of x (p. 118) 

Product Rule (p. 121) 

Quotient Rule (p. 122) 

right-hand derivative (p. 106) 

sensitivity to change (p. 135) 

simple harmonic motion (p. 145) 

speed (p. 131) 

Sum and Difference Rule (p. 119) 

symmetric difference quotient (p. 113) 

velocity (p. 130) 

of x (p. 123) instantaneous rate of change (p. 129) 

CHAPTER 3 B3t-\t4\\ae Op3<23 fo 215) 

Exercise numbers with a gray background indicate problems that the t2 Bb 0 of 
J pe 3 y fe a ; 2a y == -— = Zosy = — -— — authors have designed to be solved without a calculator. Bye ee gens ate 

The collection of exercises marked in red could be used as a chapter thie COUX 

test. 29. y = sec x tan x cos x Sosy = ———_— 
cos Xx 

In Exercises 1—30, find the derivative of the function. 
, i In Exercises 31—34, find all values of x for which the function is 

my=x — = + ae 2)y = 3 — 7x3 + 3x7 differentiable. 

sin x 
; 2% al say = — 32. y = sinx — xcosx 

3. y = 2 sinx cos x 4.y = x 
A el i 

3 cos x 
ee P+ Dp: == 84) y = (2x — 7) x +5 

mes = (t? — 1)(t? + 1) mS OPN aaa at ip 

my = Nig ree al. 8) y = (x5 + 1)(3x2 — x) In Exercises 35-38, find the slope of the curve at x = 7. 

Vx 35. y = secx 36. y = sin xcos x 

. tan 6 cos x. x 
9.r = 507 sec 9 7 = ——— ht ets igi Cen a 

ee a oa | a) x oe) x + sinx 

fae y = x*sinx + xcosx 12) y = x? sinx — xcosx eek 

tan x In Exercises 39-42, find —. 
is) y = Sia 14. y = tanx — cotx dx- 

2x 
1 

| | | a9) y = 40. y = cscx 
15.) = - ia ioe y = —— + : cos x 7 

sin x + cos x : sinx  cosx 44 : re 
.y =xsinx ~y=xX— xcosx 

— : Ve 
7 V = 3a + 8arr* 18) A = r st + rie 

E ; : In Exercises 43 and 44, find all derivatives of the function. 
1 + sinf LY Pesin't 

is = — 205s = ———— pet 4 6h 

| 5 2 2 120 

-, =i 22 2 4x73 ps = — py = x “cosx — : : : 5 ae 
tr ) ae oe ¥ In Exercises 45-48, find an equation for the (a) tangent and (b) nor- 

ss betas 4, 008. ” dot alt eawe mal to the curve at the indicated point. 
a y= —— = Se Ne = 

cscu secu ; tanu — sinu apy = 8&4 22 

25) y = 2x-2(x5 — x3) 26) y = 4x2(x-! + 3x-4) 46.y = 4+ cotx —2cscx, x= 7/2 



3 aT. 
i 

47. y = sinx + cosx, x = — My =22+—, x=1 

4 x4 

In Exercises 49-52, find the coordinates of all points on the curve 

at which the tangent line has slope 6. If no such point exists, write 

“none.” 

2 ee Z 

49. y = 2x3 50) y = = 

6x b 
a DRE 52. y = 2 sinx 

53. Writing to Learn 

(a) Graph the function 

Xe ((easar es 1 fe) = { 
(b) Is f continuous at x = 1? Explain. 

(c) Is f differentiable at x = 1? Explain. 

IA WS aX ae eX 

54. Writing to Learn For what values of the constant m is 

ra ={ 
(a) continuous at x = 0? Explain. 

(b) differentiable at x = 0? Explain. 

DeSinexs Seyessal) 

mx, x "0 

In Exercises 55—58, determine where the function is (a) differentia- 

ble, (b) continuous but not differentiable, and (c) neither continuous 

nor differentiable. 

55. f(x) ext? 

56. y = x3/9 

Rea 3 Si See <0 
7. = ‘ 
LETS ae. Qs es 

= {| 
= 5 See (0) 

58. 9(x) = hag 
5G 

¢ OS 
i 

In Exercises 59 and 60, use the graph of f to sketch the graph of f’. 

59. Sketching f' from f y 

60. Sketching f' from f 

61. 

62. 

63. 

64. 

65. 
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Recognizing Graphs The following graphs show the distance 

traveled, velocity, and acceleration for each second of a 2-minute 

automobile trip. Which graph shows 

(a) distance? (b) velocity? (c) acceleration? 

(i) | (ii) | 

t t 
0 1 2 0 1 

(iii) 

t 
0) 1 2 

Sketching f from f’ Sketch the graph of a continuous func- 

tion f with f(0) = 5 and 

=). Hex op) 

Fie) fate yo. 

Sketching f from f’ Sketch the graph of a continuous 
function f with f(—1) = 2 and 

= 5 SI 

ial aes al, Le Vea: 

Ih, GheS erie 

Which of the following statements could be true if 

AC Selee. 

9 9 
i. f(x) = Bae +9 ii. f(x) = rea =) 

ats 3 < 3 
iii. f’(x) = oe a) iv. f(x) = po =—4 

A. i only B. iii only 

C. ii and iv only D. i and iii only 

Derivative from Data The following data give the coordi- 

nates of a moving body for various values of t. 

£(Sec). Ome tO. 5) a LL SS 22 eS OO 
eft) 10. 38°58 270. 74. 70) S58 e538 at 

(a) Make a scatter plot of the (t, s) data and sketch a smooth 

curve through the points. 

(b) Compute the average velocity between consecutive points of 

the table. 

(c) Make a scatter plot of the data in part (b) using the midpoints 

of the t values to represent the data. Then sketch a smooth 

curve through the points. 

(d) Writing to Learn Why does the curve in part (c) approxi- 

mate the graph of ds/dt? 

66. Factorial Fact Prove that the nth derivative of x” is n! for 

any positive integer n. 
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67. Working with Numerical Values Suppose that a func- 72. Free Fall Suppose two balls are falling from rest at a cer- 

tion f and its first derivative have the following values at x = 0 tain height in centimeters above the ground. Use the equation 

and x = 1. s = 490r? to answer the following questions. 

(a) How long does it take the balls to fall the first 160 cm? What : 

is their average velocity for the period? 
f(x) __—f'(%) 

(b) How fast are the balls falling when they reach the 160-cm 

0 ? ~2 mark? What is their acceleration then? 

Be 4 73. Filling a Bowl If a hemispherical bow] of radius 10 in. is filled | 

with water to a depth of x in., the volume of water is given by 

V = a[ 10 — (x/3) ]x?. Find the rate of increase of the volume 
Find the first derivative of the following functions at the given ; : 

per inch increase of depth. 
value of x. 

74. Marginal Revenue A bus will hold 60 people. The fare 
= 5 = 1 5 

Mad ee Si (b) Pay i charged (p dollars) is related to the number x of people who use 

(c) xf(x), x=1 (d) —— al the bus by the formula p = [3 — (x/40) ]?. 

(a) Write a formula for the total revenue per trip received by the 

f(x) bus company. >. x= 0 ) f(x) > f(x), x= 0 a x +2 (b) What number of people per trip will make the marginal rey- 

68. Working with Numerical Values Suppose that functions enue equal to zero? What is the corresponding fare? 
f and g and their first derivatives have the following values at (c) Writing to Learn Do you think the bus company’s fare 

x =—landx= 0. policy is good for its business? 

75. Searchlight The figure shows a boat 1 km offshore sweeping 

; ji the shore with a searchlight. The light turns at a constant rate, 

a A(x) g(x) Fiz), _s4) d@/dt = —0.6 rad/sec : f 
=! 0 = 2 1 

; (a) How fast is the light moving along the shore when it reaches 

0 | =3 72 4 point A? | 

(b) How many revolutions per minute is 0.6 rad/sec? ] 

Find the first derivative of the following combinations at the 

given value of x. 

(a) 3f(x) — g(x), x=-1 (b) f(x)g(x), x=0 

ens Cs ee | 

$O) sglaai PO Ve oe Na 
Dee Gl itis wa PURE seth 

69. If two functions f and g have positive slopes at x = 0, must 
the function f + g have a positive slope at x = 0? Justify your ; { 
answer. 76. Calculator Exploration Use your calculator to graph the 

‘70. If two functions f and g have positive slopes at x = 0, must functions . . 

the function f + g have a positive slope at x = 0? Justify your | sin(x) | | 
oars : z y; = cos !(cos(x)) and y = Sainte: 

71. Vertical Motion On Earth, if you shoot a paper clip 64 ft 
straight up into the air with a rubber band, the paper clip will be 
s(t) = 64t — 16r? feet above your hand at t sec after firing. 

(a) Find ds/dt and d?s/dt?. 

- | 

(a) Based on the graphical information, find a relationship between 

these two functions that involves the derivative. | 

(b) Can you find a find a function y, that relates to the function 

y; = sin”!(sin(x)) in the same way? 

lange The range of the function y = or 
a], wh a certain irrational number. _ 



78. 

79. 

80. 

Finding a Range The range of the function y = is the 
x 

Kee 2 
interval [—a, a], where a is a certain irrational number. Use a 
calculator to graph the function, and then find the exact value of 

a algebraically. 

Graph the function f(x) = tan~! (tan 2x) in the window 

[—a, m | by [—4, 4]. Then answer the following questions. 

(a) What is the domain of f? 

(b) What is the range of f? 

(c) At which points is f not differentiable? 

(d) Describe the graph of f’. 

Fundamental Frequency of a Vibrating Piano String 

We measure the frequencies at which wires vibrate in cycles 

(trips back and forth) per sec. The unit of measure is a hertz: 

1 cycle per sec. Middle A on a piano has a frequency 440 hertz. 

For any given wire, the fundamental frequency y is a function of 

four variables: 

r: the radius of the wire; 

1: the length; 

d: the density of the wire; 

T: the tension (force) holding the wire taut. 

With r and / in centimeters, din grams per cubic centimeter, and 

T in dynes (it takes about 100,000 dynes to lift an apple), the 

fundamental frequency of the wire is 

1 iP 

OA RP 

If we keep all the variables fixed except one, then y can be alter- 

natively thought of as four different functions of one variable, 

y(r), y(1), y(d), and y(T). How would changing each variable 
affect the string’s fundamental frequency? To find out, calculate 

y'(r), y'(1), y'(d), and y'(T). 

y 

Chapter 3 Review Exercises 153 

AP* Examination Preparation 
You may use a graphing calculator to solve the following problems. 

81. 

82. 

83. 

A particle moves along the x-axis so that at any time t = 0 its 

position is given by x(t) = 4° — 12r + 5. 

(a) Find the velocity of the particle at any time ¢. 

(b) Find the acceleration of the particle at any time f. 

(c) Find all values of t for which the particle is at rest. 

(d) Find the speed of the particle when its acceleration is zero. 

(e) Is the particle moving toward the origin or away from the 

origin when t = 3? Justify your answer. 

The function f is differentiable for all real numbers and satisfies 

the conditions in the table below. The function g is defined by 

oO 
ia 

x (ee) 
cal 3 

4 3 5 

(a) Write an equation of the line tangent to the graph of f at 

x = 4, : 

(b) Is f continuous at x = 3? Justify your answer. 

(c) Is there a zero of f in the interval [ 2, 4]? Justify your 
answer. 

(d) Find g'(2). 

(e) Explain why g is not differentiable at x = 4. 

cos(x) 

cos( x)=: 2 

(a) Sketch a graph of f in the window [—2z,, 2a] by [—2, 2]. 

(b) Find f'(x). 

(c) Find all values in the domain of f for which f’(x) = 0. 

(d) Use information obtained from parts (a) and (c) to find the 

range of f. 

Let f(x) = for 24 = 4 = 277: 
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Vues © Overview 

Now that you have completed a chapter filled with derivative rules and their proofs (most 

of which we hope you were able to understand rather than simply memorize), you are 

about to embark on another derivative chapter, this one devoted to a single rule: the Chain 

Rule. This rule certainly deserves its own chapter, but we also want you to become suf- 

ficiently familiar with the rich variety of applications that are accessible once you know 

how to apply it. You might think of Chapter 3 as the chapter that showed you how to make 

the bricks; now Chapter 4 will show you how to use those bricks to build houses. 

You will be able to differentiate 
composite functions and parametri- 4 Derivative of a Composite Function 
cally defined functions using the We now know how to differentiate sin x and x2 — 4, but how do we differentiate a com- 

Chain Rule. posite like sin (x* — 4)? The answer is with the Chain Rule, which is probably the most 
- The Chain Rule for differentiating a widely used differentiation rule in mathematics. This section describes the rule and how 
composite function to use it. ; 

- The Chain Rule in prime and Leibniz 
notations [ 

- Differentiating parémetrically EXAMPLE 1 Relating Derivatives 

defined functions The function y = 6x — 10 = 2(3x — 5) is the composite of the functions y = 2u and 
» The Power Chain Rule u = 3x — 5. How are the derivatives of these three functions related? 
« Using the Chain Rule to show how 

degree measure affects the calculus SOLUTION 

of trig functions ; We have 

Since 6 = 2 + 3, 

Now Try Exercise 1. 

Is it an accident that dy/dx = dy/du + du/dx? 
If we think of the derivative as a rate of change, our intuition allows us to see that this 

relationship is reasonable. For y = f(u) andu = g(x), if y changes twice as fast as u and 
u changes three times as fast as x, then we expect y to change six times as fast as x. This 

is much like the effect of a multiple gear train (Figure 4.1). 

Let us try again on another function. 

C:yturns B:uturns A: x turns EXAMPLE 2 Relating Derivatives 

Figure 4.1 When gear A makes x The polynomial y = 9x4 + 6x2 + 1 = (3x? + 1)? is the composite of y = u? and 
turns, gear B makes u turns, and gear ‘| u = 3x? + 1. Calculating derivatives, we see that 
C makes y turns. By comparing cir- 
cumferences or counting teeth, we see dy du _ ee ds 
that y = u/2 and u = 3x, so y = 3x/2. du dx 

Thus dy/du = 1/2, du/dx = 3, and - a 

dy/dx = 3/2 = (dy/du)(du/dx). = 2(3x-- + 1) * 6x 

: = 36x? + 12x 
continued 
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Also, 

dy? “a 
= = —(9x4 + 6x2 + 1 
arial thea 

= 36% + oe 
Once again, 

dy d d = : as = me Now Try Exercise 5. 
| ees ae = ee, ee 

The derivative of the composite function f(g(x)) at x is the derivative of f at g(x) 
times the derivative of g at x (Figure 4.2). This is known as the Chain Rule. 

Composite f° g 

Rate of change at 

xis f'(g(x)) - 8’) 

Figure 4.2 Rates of change multiply: The 

derivative of f ° g at x is the derivative of Rate of change Rate of change 
f at the point g(x) times the derivative of at xis g(x) at g(x) is f'(g(x)) ed 

g atx. x Uu = g(x) y =f) = f(g@) 

RULE 8 The Chain Rule 

If f is differentiable at the point u = g(x), and g is differentiable at x, then the com- 

posite function (f° g)(x) = f(g(x)) is differentiable at x, and 

(feg)'(x) = f'(a(x)) + g'(>). 
In Leibniz notation, if y = f(u) and u = g(x), then 

dy _ dy du 
dt dun de 

where dy/du is evaluated at u = g(x). 

It would be tempting to try to prove the Chain Rule by writing 

Ay _,Ay , Aw 
Axi a hnurae 

(a true statement about fractions with nonzero denominators) and taking the limit as 

Ax — 0. This is essentially what is happening, and it would work as a proof if we knew 

that Au, the change in u, was nonzero; but we do not know this. A small change in x 

could conceivably produce no change in u. An air-tight proof of the Chain Rule can be 

constructed to handle all cases, but the limit arguments would be better understood in a 

future course. 

EXAMPLE 3 Applying the Chain Rule 

An object moves along the x-axis so that its position at any time t = 0 is given by 

x(t) = cos(t? + 1). Find the velocity of the object as a function of t. 

SOLUTION 

We know that the velocity is dx/dt. In this instance, x is a composite function: 

x = cos(u) and u = t? + 1. We have 

a sin (uw) os (u) —— x = cos (u 
du 

—= =f u=t? +1 continued 
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By the Chain Rule, 

avemarntdu 

dt du dt 
= —sin(u) + 2t 

= —sin(t? + 1) + 2t 

ese Now Try Exercise 9. 

“Outside-Inside” Rule 
It sometimes helps to think about the Chain Rule this way: If y = f(g(x)), then 

dy _ 

dx 

In words, differentiate the “outside” function f and evaluate it at the “inside” function 

g(x) left alone; then multiply by the derivative of the “inside function.” 

RCRD) 2 (¥)e 

EXAMPLE 4 Differentiating from the Outside In 

Differentiate sin (x? + x) with respect to x. 

SOLUTION 

d 
Sul ot) = COS( xe a) 2xict el ) 
dx pa ee SS ees 

inside inside derivative of 

left alone the inside 

Now Try Exercise 13. 

Repeated Use of the Chain Rule 
We sometimes have to use the Chain Rule two or more times to find a derivative. Here is 

an example: 

EXAMPLE 5 A Three-Link “Chain” 

Find the derivative of g(t) = tan (5 — sin 2r). 

SOLUTION 

Notice here that tan is a function of 5 — sin 2t, while sin is a function of 2t, which is 

itself a function of ¢. Therefore, by the Chain Rule, 

g(t) = “(tan (5 te rsin 22). 

d Derivative of tan u he 2 Lee wee ey eee = sec* (5 — sin 2r) a sin 2f) pier = 6 Shee 

Derivative of 5 — sin u d 
sec? (5 — sin 2t) - (0 — cos 2t : 4 (21)) bh aie 

= see (2 sin 28) © (cos 2t) * 2 

= —2(cos 2t) sec? (5 — sin 2t). 
Now Try Exercise 23. 
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y 

x= sect, y= tanz 

vie ‘Le 

5 id 

Figure 4.3 The hyperbola branch in 

Example 6. Equation 1 applies for every 

point on the graph except (1,0). Can you 

state why Equation 1 fails at (1,0)? 

Slopes of Parametrized Curves 
A parametrized curve (x(t), y(t) ) is differentiable at t if x and y are differentiable at t. At 
a point on a differentiable parametrized curve where y is also a differentiable function of 

x, the derivatives dy/dt, dx/dt, and dy/dx are related by the Chain Rule: 

AE 
dts ye at 

If dx/dt # 0, we may divide both sides of this equation by dx/dt to solve for dy/dx. 

Finding dy/dx Parametrically 

If all three derivatives exist and dx/dt # 0, 

dy dy/dt 
pits de/dt (1) 

EXAMPLE 6 Differentiating with a Parameter 

Find the line tangent to the right-hand hyperbola branch defined parametrically by 

t tan ¢ Lg) peed Xt = SECT, = ‘aly e Ss = 

y 2 2 

at the point (ie 1), where t = 77/4 (Figure 4.3). 

SOLUTION 

All three of the derivatives in Equation 1 exist and dx/dt = sec t tan t, which is 

nonzero at the indicated point. Therefore, Equation | applies and 

dy _ dy /dt 

dx  dx/dt 

sec? t 

sec f tant 

sec t 

tan t 
= csc t 

Setting t = 77/4 gives 

dy 
celsodh = csce(7/4) = V2. 

The equation of the tangent line is 

Sige Lae V2(x = V2). Now Try Exercise 41. 

Power Chain Rule 

If f is a differentiable function of u, and u is a differentiable function of x, then substituting 

y = f(u) into the Chain Rule formula 

dy _dy du 
Cen clipe 

leads to the formula 

d d <f(u) = f'(u)=. 
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Here’s an example of how it works: If n is an integer and f(u) = uw”, the Power Rules 

(Rules 2 and 7) tell us that f’(w) = nu". If u is a differentiable function of x, then we 

can use the Chain Rule to extend this to the Power Chain Rule: 

EXAMPLE 7 Finding Slope 

(a) Find the slope of the line tangent to the curve y = sin x at the point where 

x = 17/3. 

(b) Show that the slope of every line tangent to the curve y = 1/(1 — 2x)? is positive. 

SOLUTION 

dy 1 ate 
(a) — = 5sin*x: Aue Power Chain Rule with u= sinx,n=5 

X dx 

= 5sin* x cos x 

The tangent line has slope 

ey 
dx wn CEG) 

dy _d be 

(Ore Geleh oo 
Power Chain Rule with fie BY: 

ie ee) (Maen i) 2 gt ox) n't —3 

=Gb = ae ae 

i. 6 

(laa 

At any point (x, y) on the curve, x # 1/2 and the slope of the tangent line is 

dy 6 

dx (1 — 2x)” 

the quotient of two positive numbers. Now Try Exercise 53. 

EXAMPLE 8 Radians Versus Degrees 

It is important to remember that the formulas for the derivatives of both sin x and cos x 

were obtained under the assumption that x is measured in radians, not degrees. The 

Chain Rule gives us new insight into the difference between the two. Since 180° = 7 

radians, x° = 7x/180 radians. By the Chain Rule, 

2 in (x°) my (eee | cos) = — ¢0s (x°) 
ae ae ee 80) 180. 180). 3 180 . 

See Figure 4.4. 

The factor 77/180, annoying in the first derivative, would compound with repeated 

differentiation. We see at a glance the compelling reason for the use of radian 

measure. 

continued 
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y 

i 

= sin(x°) = sin — 
TX 

180 

MA PorrAUUMMNMIAMTr CT Nh 
rT TTT 

tothe 
180 

Figure 4.4 sin (x°) oscillates only 77/180 times as often as sin x oscillates. Its maximum slope is 

a / 180. (Example 8) 

Quick Review 4.1 

Exercise numbers with a gray background indicate problems that the 

authors have designed to be solved without a calculator. 

In Exercises 1-5, let f(x) = sinx,g(x) = x? + 1, and h(x) = 7x. 
Write a simplified expression for the composite function. 

1. f(g(x)) f(g(h(x))) 

3.(g ° h)(x) 4. (h © g)(x) 

B (i) 

Section 4.1 Exercises 

(For help, go to Sections 1.2 and 1.6.) 

In Exercises 6-10, let f(x) = cos x, g(x) = Vx + 2, and 
h(x) = 3x”. Write the given function as a composite of two or more 
of f, g, and h. For example, cos 3x? is f(h(x)). 

6. Vcos x + 2 

mp3 cosx + 6 

10. cosV2 + 3x? 

7. V3 cos? x + 2 

9. cos 27x* 

In Exercises 1-8, use the given substitution and the Chain Rule to 

find dy /dx. 

1. y = sin(3x + 1),u = 3x41 

3) y = cos (V3x),u = V3x 4. y = tan(2x — x7), u = 2x — x3 

sinx \2 sin x 
5. Bi = ——— 2 Uu = eo 

LS COs i + cos x 

3} 2 
6. y = Scot (2) u=- 7. y = cos(sin x), 

m9 ¥ 
= sinx 

8. y = sec(tanx),u = tan x 

In Exercises 9-12, an object moves along the x-axis so that its position 

at any time t = 0 is given by x(t) = s(t). Find the velocity of the 
object as a function of t. 

WT 
Bs = cos|— — 3 9.5 cos(2 ‘ 

4 4 
ds = —sin 3t + —co: 4 it RY i sin 3t qo St 

3ar Tt 
12)s = sin{ —t) + — as sin (72) cos (721) 

In Exercises 13-24, find dy/dx. 

13)y = (x+ Vx) 

15) y = sin-* x — cos’ x 

17. y 

10. s = tcos(a — 4t) 

14, y = (csc x + cotx)"! 

16) y = x°(2x — 5)* 

18. y = 4V secx + tanx sin? x tan 4x ll 

2. y = sin(7 — 5x),u=7 — 5x 

3 

VIX TI 

21) y = sin? (3x — 2) 

23)y = (1 + cos*7x) 

19.) = 

In Exercises 25-28, find dr/d0. 

25. r = tan(2 — @) 
f 

27.r = V6sin0 

In Exercises 29-32, find y”. 

29. y = tanx 

31. y = cot (3x — 1) 

2 ————— 
V1 + x? 

map y = (1 + cos 2x)? 

24. y = V tan 5x 

26. r = sec 20tan20 

28. r = 20V sec 0 

30. y = cotx 

32. y = 9tan(x/3) 

In Exercises 33-38, find the value of (f ° g)' at the given value of x. 

gap f(u) =v + 1, 

(34) f(u) =1- x, u = g(x) = 

(35) f(u) = cot 7 

Biota 

(37) f(u) = a 

38) ju) = (“ 

u = g(x) = 

u = g(x) = Vx, x=] 

1 

, u= g(x) = 5Vx, 

ff Reh 
ey 

u = g(x) = 7x. ae g ; 4 

10x? ++x+1, x=0 

= ee a 

= 1) 20h aoe, eee 



What happens if you can write a function as a composite in different 

ways? Do you get the same derivative each time? The Chain Rule 

says you should. Try it with the functions in Exercises 39 and 40. 

39. Find dy/dx if y = cos(6x + 2) by writing y as a composite 
with 

(a) y=cosu and u=6x+2. 

(b) y=cos2u and u=3x+ 1. 

40. Find dy/dx if y = sin(x? + 1) by writing y as a composite 
with 

(a) y = sin(u + 1) 

(b) y= sinu and 

and u = x2. 

u=x2+ 1. 

In Exercises 41—48, find the equation of the line tangent to the curve 

at the point defined by the given value of t. 

Adex = 2 cost, =2sint, t= 7/4 

42.x = sin27t, y = cos2mt, t=—1/6 

Mayx =sec?t—1, y=tant, t=—7/4 

44.x= sect, y=tant, t= 7/6 

45)x=1 y= Vi, t= 1/4 
g@eex = 217+ 3, y=, t=-1 

47.x=t-sint, y=1-cost, t= 7/3 

48.x=cost, y=1+sint, t= 7/2 

49) Let x = t? + ¢, and let y = sint. 

(a) Find dy/dx as a function of t. 

n n . S 

— 

dx dx 

Use the Chain Rule and your answer from part (b). 

(d) Which of the expressions in parts (b) and (c) is d*y/dx?? 

50. A circle of radius 2 and center (0, 0) can be parametrized 

by the equations x = 2cos t and y = 2sin t. Show that for any 

value of t, the line tangent to the circle at (2cos ft, 2sin r) is per- 

pendicular to the radius. 

51. Let s = cos 0. Evaluate ds/dt when 6 = 32/2 and 
dé/dt = 5. 

52. Let y = x? + 7x — 5. Evaluate dy/dt when x = 1 and 

dx/dt = 1/3. 

53. 

54. 

55. 

56. 

57. 

58. 

59. 

60. 

Section 4.1 Chain Rule 161 

What is the largest value possible for the slope of the curve 

y = sin (x/2)? 

Write an equation for the tangent to the curve y = sin mx at 

the origin. 

Find the lines that are tangent and normal to the curve 

y = 2tan (7x/4) at x = 1. Support your answer graphically. 

Working with Numerical Values Suppose that func- 

tions f and g and their derivatives have the following values at 

x = 2 and x = 3. 

i) pees) mel (Cig ee) 
2 8 2 1/3 = 

3 3 =a Qn 5 

Evaluate the derivatives with respect to x of the following com- 

binations at the given value of x. 

(a) 2f(x) at (b) f(x) + g(x) at 

(c) f(x) + g(x) at x=3 (d) f(x)/g(x) at 

x=2 

(e) f(g(x)) at x=2 (f) Vf(x) at x=2 

(g) 1/g*(x) at x=3 (h) V f2(x)Gr et(x) at x= 2 

d 
Extension of Example 8 Show that me (x°) is 
Tee 

780 2 (x5), 

Working with Numerical Values Suppose that the func- 

tions f and g and their derivatives with respect to x have the fol- 

lowing values at x = 0 and x = 1. 

EB eae es) 
1 1 5 1/3 

3 -4 -1/3 =8/3 

Evaluate the derivatives with respect to x of the following com- 

binations at the given value of x. 

(a) Sf(x)ir x(t) a= 1 (bi fla )e (x 0 
f(x) ie 

(c) eve ake 1 (d) f(g(x)), x=0 

(e) g(f(x)), x= 0 O (gx) FC) ye 1 
(g) f(x + g(x)), x=0 

Orthogonal Curves Two curves are said to cross at right 

angles if their tangents are perpendicular at the crossing point. 

The technical word for “crossing at right angles” is orthogonal. 

Show that the curves y = sin 2x and y = —sin (x/2) are 

orthogonal at the origin. Draw both graphs and both tangents in 

a square viewing window. 

Writing to Learn Explain why the Chain Rule formula 

a Aa 
dx du dx 

is not simply the well-known rule for multiplying fractions. 
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61. Running Machinery Too Fast Suppose that a piston is mov- 63. Particle Motion The position of a particle moving along a 

ing straight up and down and that its position at time t seconds is coordinate line is s = V1 + 4f, with s in meters and f in sec- 

P24 BSTEH, onds. Find the particle’s velocity and acceleration at t = 6sec . 

64. Constant Acceleration Suppose the velocity of a falling 

body is v = kV/s m/sec (k a constant) at the instant the body has 

fallen s meters from its starting point. Show that the body’s 

acceleration is constant. 

with A and b positive. The value of A is the amplitude of the 

motion, and b is the frequency (number of times the piston 

moves up and down each second). What effect does doubling the 

frequency have on the piston’s velocity, acceleration, and jerk? 

(Once you find out, you will know why machinery breaks when 

you run it too fast.) 

65. Falling Meteorite The velocity of a heavy meteorite entering 

the earth’s atmosphere is inversely proportional to Vs when it is 

s kilometers from the earth’s center. Show that the meteorite’s 

acceleration is inversely proportional to s. 

66. Particle Acceleration A particle moves along the x-axis 
with velocity dx/dt = f(x). Show that the particle’s accelera- 
tion is f(x)f’(x). 

67. Temperature and the Period of a Pendulum For oscil- 

lations of small amplitude (short swings), we may safely model 

the relationship between the period 7 and the length L of a 

simple pendulum with the equation 

VE; 
T= am, 

& 

where g is the constant acceleration of gravity at the pendulum’s 

location. If we measure g in centimeters per second squared, 

we measure L in centimeters and T in seconds. If the pendulum 

is made of metal, its length will vary with temperature, either 

increasing or decreasing at a rate that is roughly proportional to L. 

In symbols, with wu being temperature and k the proportionality 
Figure 4.5 The internal forces in the engine get so large that they tear 

the engine apart when the velocity is too great. 
constant, 

dL 
62. Group Activity Tempe Temperatures. The graph in Ais kL. 

Figure 4.6 shows the variation in average daily temperature in 
Tempe, Arizona, during a typical 365-day year. The equation Assuming this to be the case, show that the rate at which the 

that approximates the Fahrenheit temperature on day x is period changes with respect to temperature is kT/2. 
nt 68. Writing to Learn Chain Rule Suppose that f(x) = x? and 

y = 19.3 sin Ec me 101)| + 70. g(x) = |x|. Then the composites 

(a) On approximately what day of the year does the daily tem- (feg)(x) = |x? =x? and (g°f)(x) = |x*] = x? 
perature show the greatest increase from the previous day? are both differentiable at x = 0 even though g& itself is not differ- 

(b) About how many degrees per day is the temperature increas- entiable at x = 0. Does this contradict the Chain Rule? Explain. 

ing at that time of the year? 69. Tangents Suppose that u = g(x) is differentiable at x = 1 
and that y = f(u) is differentiable at uv = g(1). If the graph of 
y = f(g(x)) has a horizontal tangent at x = 1, can we conclude 

90 anything about the tangent to the graph of g at x = 1 or the 

80 tangent to the graph of f at w = g(1)? Give reasons for your 

ra answer. 

= 60 
2 50 Standardized Test Questions 
s 
Co 40 

d 

= 30 (70. True or False r (sinx) = cos x, if x is measured in 

™ 20 degrees or radians. Justify your answer. 

10 (71. True or False The slope of the normal line to the curve 
0 30 100 150 200 250 300 350 400 450 x = 3cost,y = 3sint att = 2/4 is —1. Justify your answer. 

Dey = (72) Multiple Choice Which of the following is dy/dx if 

Figure 4.6 Average daily temperatures in Tempe, AZ, for a typical yim tan any ; 

365-day year are modeled by a sinusoid (Exercise 62). (A) 4 sec (4x) tan (4x) (B) sec (4x) tan (4x) (C) 4 cot (4x) 
(D) sec? (4x) (E) 4 sec? (4x) 



73. Multiple Choice Which of the following is dy/dx if 
y= cos’ (x? +x")? 

(A) —2(3x? + 2x) 
(By (3x 24 )'Cos'(x° ex") sin( x? er e)) 

(Cy 2 ar ee oy cos (> axe) sin (x2 ce 72) 

(BD) 2x4 2x) cos (x2 te xe sim (x3 bax?) 

(E) 2(3x? + 2x) 

In Exercises 74 and 75, use the curve defined by the parametric 

equations x = t — cost,y = —1 + sint. 

74. Multiple Choice Which of the following is an equation of 

the tangent line to the curve at t = 0? 

(A)y=x (B). 9. > x 

(D)y=x-2 (E) y=—x - 2 

75. Multiple Choice At which of the following values of t is 

(C)y=x+2 

dy/dx = 0? 
(A) t = 7/4 (B)t = 7/2 (C) t = 37/4 

(D) tar (E) t = 27 

Explorations 
76. The Derivative of sin 2x Graph the function y = 2cos 2x for 

—2 =x = 3.5. Then, on the same screen, graph 

sink (x ih) —4sin 2x 

% h 
for h = 1.0, 0.5, and 0.2. Experiment with other values of h, 

including negative values. What do you see happening as 

h — 0? Explain this behavior. 

Section 4.1 Chain Rule 163 

77. The Derivative of cos (x?) Graph y = —2xsin (x*) for 
—2 = x = 3. Then, on the same screen, graph 

COs (aie) cos x) 

h 

for h = 1.0, 0.7, and 0.3. Experiment with other values of h. 

What do you see happening as h — O? Explain this behavior. 

Extending the Ideas 
78. Absolute Value Functions Let u be a differentiable function 

of x. 

d u 
a) Show that —|u| = u’—. (a) all ia 

(b) Use part (a) to find the derivatives of f(x) = bx? = 9| and 

g(x) = |x| sin x. 

79. Geometric and Arithmetic Mean The geometric mean of u 

and vy is G = V wy and the arithmetic mean is A = (u + v)/2. 

Show that if uw = x, v = x + c, c areal number, then 

dG_A 

ie Bes 
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a2 Implicit Differentiation 
You will be able to find derivatives 

of implicitly defined functions and 

thereby analyze parametrically 

defined curves. 

+ Implicitly defined functions 

« Using the Chain Rule to find deriva- 

tives of functions defined implicitly 

+ Tangent and normal lines to implic- 

itly defined curves 

+ Finding higher order derivatives of 

implicitly defined functions 

« Extending the Power Rule from inte- 

ger powers to rational powers 

mp She t Slope = ty," 3 

Figure 4.8 The derivative found in 

Example | gives the slope for the tangent 

lines at both P and Q, because it is a func- 

tion of y. 

folium). Although not the graph of a function, it is the 

Implicitly Defined Functions 
The graph of the equation x + y? — 9xy = 0 (Figure 4.7) has a well-defined slope at nearly 
every point because it is the union of the graphs of the functions y = f,(x), y = f2(x), 
and y = f3(x), which are differentiable except at O and A. But how do we find the slope 

when we cannot conveniently solve the equation to find the functions? The answer is to 

treat y as a differentiable function of x and differentiate both sides of the equation with 

respect to x, using the differentiation rules for sums, products, and quotients, and the Chain 

Rule. Then solve for dy /dx in terms of x and y together to obtain a formula that calculates 

the slope at any point (x, y) on the graph from the values of x and y. 

The process by which we find dy/dx is 
called implicit differentiation. The phrase 

derives from the fact that the equation 

x2 ty? — Oxy = 0 

defines the functions f;, f2, and f3 implic- 

itly (1.e., hidden inside the equation), with- 

out giving us explicit formulas to work 

with. 

Figure 4.7 The graph of x? + y> — 9xy = 0 (called a 

union of the graphs of three separate functions. This 

particular curve dates to Descartes in 1638. 

EXAMPLE 1 Differentiating Implicitly 

Find dy/dx if y* = 

SOLUTION 

To find dy/dx, we simply differentiate both sides of the equation y? = x with respect 

to x, treating y as a differentiable function of x and applying the Chain Rule: 

y° =x 

dy d d dy 
—_— = 2) 2 27. Lig eae) Res 

dy = er Now Try Exercise 3. 
as 2 iA ; 

In the previous example we differentiated with respect to x, and yet the derivative we 

obtained appeared as a function of y. Not only is this acceptable, it is actually quite useful. 

Figure 4.8, for example, shows that the curve has two different tangent lines when x = 4: 

one at the point (4,2) and the other at the point (4,—2). Since the formula for dy/dx 
depends on y, our single formula gives the slope in both cases. 

Implicit differentiation will frequently yield a derivative that is expressed in terms of 

both x and y, as in Example 2. 



Figure 4.9 The circle combines the graphs 

of two functions. The graph of y» is the 

lower semicircle and passes through 

(3, —4). (Example 2) 

Ellen Ochoa (1758- _) 

After earning a doctorate 

degree in electrical engi- 

| neering from Stanford 
| University, Ellen Ochoa 

became a research engi- 

} neer and, within a few 

years, received three 

patents in the field of 

optics. In 1990, Ochoa 

joined the NASA astronaut program, and, 

three years later, became the first Hispanic 

female to travel in space. Ochoa’s mes- 

sage to young people is: “If you stay in 

school you have the potential to achieve 
what you want in the future.” 
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EXAMPLE 2 Finding Slope on a Circle 

Find the slope of the circle x? + y? = 25 at the point (3, —4). 

SOLUTION 

The circle is not the graph of a single function of x, but it is the union of the graphs of two 

differentiable functions, y, = V25 — x? and y) = —V25 — x? (Figure 4.9). The point 
(3, —4) lies on the graph of y, so it is possible to find the slope by calculating explicitly: 

dy, Sees: oN 18) es 

dx|x=3  2\/25— x71x=3 225-9 4 
But we can also find this slope more easily by differentiating both sides of the equation 

of the circle implicitly with respect to x: 

d Differentiate both sides 8 (28 Dee Es 
Face Boa ) ra PACD with respect to x. 

d 
ats Dies = 0 

x 

Dees 0 

The slope at (3, —4) is 

wx Dah bp 72. 
y| (3,-4) —4° 4 

The implicit solution, besides being computationally easier, yields a formula for dy/dx 

that applies at any point on the circle (except, of course, (+5, 0), where slope is unde- 

fined). The explicit solution derived from the formula for y, applies only to the lower 

half of the circle. Now Try Exercise 11. 

To calculate the derivatives of other implicitly defined functions, we proceed as in 

Examples | and 2. We treat y as a differentiable function of x and apply the usual rules to 

differentiate both sides of the defining equation. 

EXAMPLE 3 Solving for dy/dx 

Show that the slope dy/dx is defined at every point on the graph of 2y = x? + siny. 

SOLUTION 

First we need to know dy/dx, which we find by implicit differentiation: 

2y = x2 + siny 

d eG P : Differentiate both sides 
ao) 7 rac + sin y) with respect to x... 

= £ (32) + <(siny) 

dy dy ... treating y as a function 
aan = 2% + Fae ie of x and using the Chain Rule. 

d d 
os — (cos y) = = 2x Collect terms with dy/dx 

dy 
(2. gs Nar = 2x and factor out dy/dx. 

dy _ 9% 
ay = apivenoy Solve for dy/dx by dividing. 

The formula for dy /dx is defined at every point (x, y), except for those points at which 

cos y = 2. Since cos y cannot be greater than 1, this never happens. 
Now Try Exercise 13. 
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Tangent 
Light ray 

Curve 

of lens 

surface 
Normal line 

Point of entry 

Figure 4.10 The profile of a lens, showing 

the bending (refraction) of a ray of light 

as it passes through the lens surface. 

Figure 4.11 Tangent and normal lines to 

the ellipse x? — xy + y? = 7 at the point 
(—1, 2). (Example 4) 

Implicit Differentiation Process 

Differentiate both sides of the equation with respect to x. 

Collect the terms with dy/dx on one side of the equation. 

Factor out dy/dx. 
Solve for dy/dx. Seen 

Lenses, Tangents, and Normal Lines 
In the law that describes how light changes direction as it enters a lens, the important 

angles are the angles the light makes with the line perpendicular to the surface of the lens 

at the point of entry (angles A and B in Figure 4.10). This line is called the normal to 

the surface at the point of entry. In a profile view of a lens like the one in Figure 4.10, 

the normal is a line perpendicular to the tangent to the profile curve at the point of entry. 

Profiles of lenses are often described by quadratic curves (see Figure 4.11). When they 

are, we can use implicit differentiation to find the tangents and normals. 

EXAMPLE 4 Tangent and normal to an ellipse 

Find the tangent and normal to the ellipse x7 — xy + y? = 7 at the point (—1, 2). (See 
Figure 4.11.) 

SOLUTION 

We first use implicit differentiation to find dy/dx: 

xe =xyt+y2=7 

d d d d Differentiate both sides 
aie) =F ne) a Ade) 7 a? with respect to x... 

dy dx dy ... treating xy as a product 
2x («2 73 2) as are = 0 and y as a function of x. 

dy 
(yee x) = y— 2x Collect terms. 

dimea gE Tal Solve for dy/d. jie Eee olve for dy/dx. 

We then evaluate the derivative at x = —}, y = 2 to obtain 

dy ie Dank 
ax|(-1,2) 2 — X}(-1,2) 

iv 2 = ott) 

Al api, (=k) 

Pa 
5 

The normal to the curve at (—1, 2) is 

5 
Si er ae 1) Now Try Exercise 17. 
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Derivatives of Higher Order 
Implicit differentiation can also be used to find derivatives of higher order. Here is an 

example. 

EXAMPLE 5 Finding a Second Derivative Implicitly 

Find d*y/dx? if 2x* — 3y* = 8. 

SOLUTION 

To start, we differentiate both sides of the equation with respect to x in order to find 

y’ = dy/dx. 

d d 
==(Jx3 — 3y2 = 2 (2x3 — 392) = 48) 

6x* = 6yy’ = 0 

aces alae 
a 

y’ Beet A~ 0 

We now apply the Quotient Rule to find y”. 

d (=) OAV iat) ee Oe eee 
= =— So -O— OC —-—— x CO y 

y2 y 

2x 2 2 2 4 

= EE) = = wheny # 0 
Ey) 

Now Try Exercise 29. 

EXPLORATION 1 | An Unexpected Derivative 

Consider the set of all points (x, y) satisfying the equation x? — 2xy + y? = 4. 

What does the graph of the equation look like? You can find out in two ways in this 

Exploration. 

. Use implicit differentiation to find dy/dx. Are you surprised by this derivative? 

2. Knowing the derivative, what do you conjecture about the graph? 

. What are the possible values of y when x = 0? Does this information enable you 

to refine your conjecture about the graph? 

. The original equation can be written as (x — y)? — 4 = 0. By factoring the 

expression on the left, write two equations whose graphs combine to give the 

graph of the original equation. Then sketch the graph. 

. Explain why your graph is consistent with the derivative found in part 1. 

Rational Powers of Differentiable Functions 

We know that the Power Rule 

—xr = nxr-t 

dx 

holds for any integer n (Rules 2 and 7). We can now prove that it holds when n is any 

rational number. 
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The Power Rule Again? 
Dee 

This is the third time we have stated this 

rule, but the first time we are able to prove 

it for arbitrary rational powers. You will see 

it one more time (Rule 10) when we have 

the tools necessary to prove it for all real 

powers. 

RULE9 Power Rule for Rational Powers of x 

If n is any rational number, then 

—— 7) — nx” 1, 

dx 

If n < 1, then the derivative does not exist at x = 0. 

Proof Let p and q be integers with g > O and suppose that y = Wx? = x?/4, Then 

yf = oP 

Since p and q are integers (for which we already have the Power Rule), we can differenti- 

ate both sides of the equation with respect to x and obtain 

gr? Se 
xX 

If y ¥ 0, we can divide both sides of the equation by gy?~! to solve for dy/dx, obtaining 

ay Ree 

dk aye 

Bola oe 
a ge ap — ee 8 = yp/q 

q (es ay 

od Pete ae Sauer le, 
~ Gg xp=Pla qe =p j 

=P . x(e-1)-@-p/a) = ¥ “x P~P/4) A law of exponents 

OF et x(P/q)-1 
q 

This proves the rule. a 

; 

By combining this result with the Chain Rule, we get an extension of the Power Chain 

Rule to rational powers of u: 

If n is arational number and u is a differentiable function of x, then uv” is a differentiable 

function of x and 

d n n=1 
Srl a — Te te 
dx 

provided thatu # Oifn < 1. 

The restriction that u # 0 when n < 1 is necessary because 0 might be in the domain 

of uw” but not in the domain of u"~!, as we see in the first two parts of Example 6. 

EXAMPLE 6 Using the Rational Power Rule 

1 d ae 1/2 Cl ae 

Notice that Vx is defined at x = 0, but 1/ (2Vx) is not. 
continued 
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d 2 zB; Bisa Sy vapgtenty S  a 

The original function is defined for all real numbers, but the derivative is undefined at 

x = 0. Recall Figure 3.12, which showed that this function’s graph has a cusp at x = 0. 

d d eV 6/5. (c) W608 x) 5 (60s x) 7 60S a) 

— 5 (cos x) 9/9 (—sin x) 

1 
= zsin x(cos x) */5 Now Try Exercise 33. 

EXAMPLE 7 Three Multiple-Choice Challenges 

Here are three multiple-choice questions that most calculus students get wrong because 

they fail to handle the Chain Rule properly. See if you can answer them before looking 

at the solutions. In any case, be sure to study them carefully so you can avoid making 

similar mistakes later. 

Dp 
dy 

1. lf = = 1 + sin y, then 
dx de 

(A) cosy (B) —cosy (C) cos?y (D) (1+ siny)* (E) cosy + sinycosy 

d7y 
2. If x = sint and y = cost, then —, = 

dx 

(A) sec?t (B) —sec?t (C) csc?t (D) —csc?t (E) —sec*t 

3. y= f(@7) ands (x)=. V2. cos x, then = = 

(AVON 2 =Seamr<) (Bali \/ 28 Cos (17). e(@)) 27 sin (77) V2) cos 7) 

t sin (t7) t 
(| a, yp = 

2a COS) Ve cOs te) 

SOLUTION 

1. The correct answer is (E), although the popular choice is (A). 

Rempihbestnage ‘ (2) A to differentiate opaeeg etn emember that ——= = — | — ], so you need to differentiate — with respect to x, dx? dx \dx)’ °° dx : 
not y. It is true that (1 + sin y)’ = cos y, but that is the derivative with respect 

d d 
to y. The correct derivative with respect to x is rae + siny) = cosy ss = 

cosy (1 + siny) = cosy + siny cosy. 

2. The correct answer is (E), although the popular choice is (A). 

dy dy/dt — 
Most students have no problem with the first derivative: Aig beaee Jat = 

aes as t d2 d d 
a 

= a eo a rite (2), so you need to differentiate a 

with respect to x, not f. It is true that (—tan t)’ = —sec? , but that is the 

derivative with respect to t. The correct derivative with respect to x is 

d(—tant)/dt —sec?t 

dx /dt cos t 

d 
—(-tant) = = —sec? t. continued 4 (tan 1) 
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3. The correct answer is (B), although the popular choice is (A). 

Distracted by the unusual appearance of prime notation and Leibniz notation in the 

same sentence, many students forget about the Chain Rule (or else they overcom- 

pensate, leading to one of the other distractors). 

It is true that f’(t7) = V2 — cos (t7), but that is the derivative of f with respect 
dy _d 

to t?. The correct derivative with respect to t is re — FA f(t?)) = 

f(y = 2t = 2k 2 cos (27): Now Try Exercises 61 and 62. 

Quick Review 4.2 (For help, go to Section 1.2 and Appendix A5.) 

Exercise numbers with a gray background indicate problems that the ~ Wipemptesumtve ss 2: 75 2° 

authors have designed to be solved without a calculator. yy es y 
2 sl N hee eee ene 

In Exercises 1—5, sketch the curve defined by the equation and find Bp x(y Vovuare y) 

two functions y; and y, whose graphs will combine to give the curve. In Exercises 9 and 10, find an expression for the function using 
eee 22k Oy ae rational powers rather than radicals. j 

3. x? — 4y? = 4.x7+ y?=9 3 Vx(x = Wx) 10. Fan 

5. x? + y* = 2x + 3 V8 

In Exercises 6-8, solve for y’ in terms of y and x. 

mex’y’ — 2xy = 4x -—y 

Section 4.2 Exercises 

In Exercises 1-8, find dy/dx. Zepy? — 2x —4y—1=0, (-2,1) 

Bex2y + xy? = @ex? + y? = 18xy ap 6x? + 3xy + 2y? + 17y -6=0, (-1,0) 

By -2— re Tt BD? - Vary + 2 =5, (V3,2) 
eee ta x+y 23) 2xy + msiny = 27, (1,7/2) 

5.x = tany 6. x = siny 24. x sin2y = ycos 2x, (m/4, 7/2) 

7. x + tan (xy) = 0 8.x + siny = xy 25.) y = 2sin(mx,— y), (1,0) 

A 26.)x?cos* y — siny = 0, (0,77) 
In Exercises 9-12, find dy/dx and find the slope of the curve at the 

indicated point. In Exercises 27-30, use implicit differentiation to find dy/dx and 

O)x? + y? = 13,. (—2,3) then d*y/dx?. 

10)x?2 + y?=9, (0,3) @apx? + y* = 1 28) x7/3 + y?/3 = 1 

Be (x - 1)? + (y—1)? = 13, (3,4) 2a) y? = x? + 2x 30))? + 2y=2e +1 

BZ) (x + 2)? + (y + 3)? = 25, (1,-7) In Exercises 31—42, find dy/dx. 
y ie = +9/4 = iyo! 

In Exercises 13-16, find where the slope of the curve is defined. (he . ‘J a : - 
2 2s == (B3)y = Ws GBAy = Vx ASpx’y — xy* = 4 14) x = cosy 35. Pie aa Om y = (1 - 6x2? 

15) x? + y? = xy 96) x? + 4xy + 4y? — 3x = 6 ay = ( ) apy = ( ) 

hi Aa eee eee 
In Exercises 17-26, find the lines that are (a) tangent and (b) normal 37. a eas 38. y i V2 +1 

to the curve at the given point. 5 39.) 2 Vi- Vx 40. y = 3(2x-12 + 1)-18 

Wx? +xy-y=1, (2,3) Gx? + y? = 25, (3,-4) Dy = 3(csc x)3/ (42) y = [sin (x + 5)]54 
19) x*y? = 9, (-1,3) 



43. Which of the following could be true if f’(x) = x7!/3? 

(a) f(x) = 532 = 3 () f(x) = x88 = 7 

() f"(x) = =o (@) f'(x) = a iW 
44. Which of the following could be true if g’(t) = 1/t*4? 

(a) g(t) =4Wi -4 (b) @"(t) = —4/ Wt 
(c) g(t) =4#-—7+ (16/5)e°4 (a) g’(t) = (1/4)2™ 

45. The Eight Curve (a) Find the slopes of the figure-eight-shaped 

curve 

yt = y? — x 

at the two points shown on the graph that follows. 

(b) Use parametric mode and the two pairs of parametric 

equations 

Sele vite boo YE) ae 

w(t) =-—Vt2—- 14, y(t) =, 
to graph the curve. Specify a window and a parameter interval. 

46. The Cissoid of Diocles (dates from about 200 B.c.E.) 

(a) Find equations for the tangent and normal to the cissoid of 

Diocles, 

y= 2) =x, 
at the point (1, 1) as pictured below. 

(b) Explain how to reproduce the graph on a grapher. 

y 

47. 

48. 

49. 

50. 

51. 

52. 

53. 

54. 

55. 

Section 4.2 Implicit Differentiation 171 

(a) Confirm that (—1, 1) is on the curve defined by 

x*y? = cos (sry). 
(b) Use part (a) to find the slope of the line tangent to the curve 

abt Sal. 1). 

Group Activity 

(a) Show that the relation 

Shea a reed: 
cannot be a function of x by showing that there is more than 

one possible y value when x = 2. 

(b) On a small enough square with center (2, 1), the part of the 
graph of the relation within the square will define a function 

y = f(x). For this function, find f’(2) and f”(2). 

Find the two points where the curve x? + xy + y? = 7 crosses 
the x-axis, and show that the tangents to the curve at these points 

are parallel. What is the common slope of these tangents? 

Find points on the curve x? + xy + y* = 7 (a) where the 
tangent is parallel to the x-axis and (b) where the tangent is par- 

allel to the y-axis. (In the latter case, dy/dx is not defined, but 

dx/dy is. What value does dx/dy have at these points?) 

Orthogonal Curves Two curves are orthogonal at a point of 

intersection if their tangents at that point cross at right angles. 

Show that the curves 2x? + 3y? = 5 and y? = x? are orthogonal 
at (1, 1) and (1,—1). Use parametric mode to draw the curves 
and to show the tangent lines. 

The position of a body moving along a coordinate line at 

time tis s = (4 + 6r)?/?, with s in meters and ¢ in seconds. Find 
the body’s velocity and acceleration when t = 2 sec. 

The velocity of a falling body is v = 8Vs — t + 1 feet per 

second at the instant t (sec) the body has fallen s feet from its 

starting point. Show that the body’s acceleration is 32 ft/sec?. 

The Devil’s Curve (Gabriel Cramer [the Cramer of 

Cramer’s Rule], 1750) Find the slopes of the devil’s curve 

y* — 4y? = x*+ — 9x? at the four indicated points. 
y* as Ay? = x4 =, 9x2 

The Folium of Descartes (See Figure 4.7 on page 164.) 

(a) Find the slope of the folium of Descartes, x? + y? — 9xy = 0 

at the points (4, 2) and (2, 4). 

(b) At what point other than the origin does the folium have a 

horizontal tangent? 

(c) Find the coordinates of point A in Figure 4.7, where the folium 

has a vertical tangent. 
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56. The line that is normal to the curve x? + 2xy — 3y? = Oat 
(1, 1) intersects the curve at what other point? 

57. Find the normals to the curve xy + 2x — y = 0 that are paral- 

lel to the line 2x + y = 0. 

58. Show that if it is possible to draw these three normals from the 

point (a, 0) to the parabola x = y? shown here, then a must 

be greater than 1/2. One of the normals is the x-axis. For what 

value of a are the other two normals perpendicular? 

y 

0 (a, 0) 

Standardized Test Questions 

59. True or False The slope of xy? + x = 1 at (1/2, 1) is 2. 
Justify your answer. 

2/3" 

1 
60. True or False The derivative of y = Wr is 323 Justify your 

x 
answer. 

In Exercises 61 and 62, use the curve x? — xy + y? = 1. 

61. Multiple Choice Which of the following is equal to dy/dx? 

Alora igh Biase = Men 
PAY) Dae hi ay 

Zeta y yo 20 
(D) (E) 

fo Dhi 
3) 
-y 

62. Multiple Choice Which of the following is equal to ae 

6 10y2 — 10x? — 10xy 
TN here poaegege se CB) cee ea 

(2y — x) (2y — x) 

(C) 8x2 — A4xy + 8y? 10x? + 10y? (E) 9 

(4:— 2)? (= 2y)? x 

63. Multiple Choice Which of the following is equal to dy/dx if 

y = 33/49 

3x1/3 4x 1/4 3x1/4 4 3 
(A) 4 (B) 3 (C) A (D) 3x14 (E) Ania 

64. Multiple Choice Which of the following is equal to the slope 

of the tangent to y2 — x2 = 1 at (1, V2)? 

1 1 
(A)-—= @)-V2 (©-—= 

Af V2 

Extending the Ideas 
65. Finding Tangents 

(D) V2 (E)0 

(a) Show that the tangent to the ellipse 

ey 
a “he 

at the point (x;, y; ) has equation 

xx Dy 
ar b? : 

(b) Find an equation for the tangent to the hyperbola 
2 2 ae 
i 

at the point (x1, y; ). 

66. End Behavior Model Consider the hyperbola 
x2 y? 

Padi ee 
Show that 

b 
(a) y= +7 x? — a?, 

(b) g(x) = (b/a)|x| is an end behavior model for 

f(x) = (b/a)V x? — a?. 

(c) g(x) = —(b/a)|x| is an end behavior model for 

f(x) = —(b/a) Vx? = a?. 

1) Multiple Choice Which of the following gives * for 

y = sin‘ (3x)? 

(A) 4 sin? (3x) cos (3x) 

(C) 12 sin (3x) cos (3x) 

(E) —12 sin? (3x) cos (3x) 

cB Multiple Choice What is the slope of the line tangent to 
the curve 2x? — 3y? = 2xy — 6 at the point (3, 2)? v 

(B) 12 sin? (3x) cos (3x) 

(D) 12 sin? (3x) 

4 7 6 5 
(A)O (B) 9 (C) 9 (D) 7 (E) 3 

dy 
_ 3. Multiple Choice Which of the following gives 7, fot the 

parametric curve x = 3 sin t, y = 2 cost f? 

s 3 2 
(A) — cos t (B) 7008 t (C)—F tant 

(D) F tant (E) tan ¢ 

| 4, Free Response A curve in the xy-plane is defined by 
xy? — x3y = 6. 

(a) Fi ies ind 7 

(b) Find an equation for the tangent line at each point on the 

curve with x-coordinate 1. 

(c) Find the x-coordinate of each point on the curve where the 

tangent line is vertical. 
* 

aa J 
Tah Acne bam | ae 
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You will be able to use implicit 

differentiation to find the derivatives 

of inverses of functions with known 

derivatives, including inverse 

trigonometric functions. 

- Differentiating inverse functions 

¢ Graphical interpretation of how 

the derivative of f is related to the 

derivative of f—' 

« Derivatives of the inverse trigono- 

metric functions 

« Identities for graphing arccot, 

arcsec, and arccsc functions on a 

graphing calculator 

Derivatives of Inverse 

Trigonometric Functions 

Derivatives of Inverse Functions 

In Section 1.5 we learned that the graph of the inverse of a function f can be obtained by 

reflecting the graph of f across the line y = x. If we combine that with our understanding 

of what makes a function differentiable, we can gain some quick insights into the differ- 

entiability of inverse functions. 

As Figure 4.12 suggests, the reflection of a continuous curve with no cusps or corners 

will be another continuous curve with no cusps or corners. Indeed, if there is a tangent 

line to the graph of f at the point (a, b), then that line will reflect across y = x to become 

a tangent line to the graph of f~! at the point (b, a). We can even see geometrically that 
the slope of the reflected tangent line (when it exists and is not zero) will be the reciprocal 

of the slope of the original tangent line, since a change in y becomes a change in x in the 

reflection, and a change in x becomes a change in y. 

m = (f)'(a) 

Figure 4.12 The graph of a function and its inverse. Notice that the slopes of the red tangent lines 

1 
are reciprocals. That is, (f~!)’(a) = ——~. 

f'(b) 

All of this serves as an introduction to the following theorem, which we will assume as 

we proceed to find derivatives of inverse functions. The essence of the proof is contained 

in the geometry of Figure 4.12, so we will leave the analytic proof for a more advanced 

course. The important thing to remember is that the slopes have a reciprocal relationship, 

but the tangent lines are at different points. 

THEOREM 1 Derivatives of Inverse Functions 

If f is differentiable at every point of an interval J and f'(x) is never zero on J, 
then f has an inverse, and f~! is differentiable at every point of the interval f(/). 

If f-'(a) = b, the inverse function slope relationship relates the derivatives by 

the equation (f~')'(a) = ert (Figure 4.12) 
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x = siny, 

y = sin“! x 

Domain: -lsxs1 

Range: — 7/2 < ys 7/2 
Vig 

x 

Figure 4.13 The graph of y = sin~! x has 
vertical tangents x = —1 and x = 1. 

EXPLORATION 1. Finding a Derivative on an Inverse 
Graph Geometrically 

Let f(x) = x° + 2x — 1. Since the point (1, 2) is on the graph of f, it follows that 
the point (2, 1) is on the graph of f~!. Can you find 

df" (2) 
the value of df! /dx at 2, without knowing a formula for Chats 

. Graph f(x) = x° + 2x — 1. A function must be one-to-one to have an inverse 
function. Is this function one-to-one? 

. Find f'(x). How could this derivative help you to conclude that f has an 
inverse? 
Reflect the graph of f across the line y = x to obtain a graph of f—!. 

. Sketch the tangent line to the graph of f~! at the point (2, 1). Call it L. 

. Reflect the line L across the line y = x. At what point is the reflection of L tan- 

gent to the graph of f? 

. What is the slope of the reflection of L? 

. What is the slope of L? 

her, 
. What is (2)? 

dx 

Derivative of the Arcsine 

We know that the functionx = sin yis differentiable in the open interval—7/2 < y < m/2 
and that its derivative, the cosine, is positive there. Theorem | therefore assures us that the 

inverse function y = sin”! (x) (the arcsine of x) is differentiable throughout the interval 

—1 <x < 1. We cannot expect it to be differentiable at x = —1 or x = 1, however, 

because the tangents to the graph are vertical at these points (Figure 4.13). 

We find the derivative of y = sin7! (x) as follows: 

y = sin 
id 

SIN Vie Inverse function relationship 

a, d . | : 
—(siny) = ae Differentiate both sides. 
dx 

cos Ad =] Implicit differentiation 
dx 

dyn 

dx rs cos y 

The division in the last step is safe because cos y ¥ 0 for —7/2 < y < a /2. In fact, 

cos y is positive for —a7/2 < y < /2, so we can replace cos y with V1 — (sin y)?, 

which is V1 — x2. Thus 

d 1 
- 7 sin x)= 2 

If w is a differentiable function of x with |u| < 1, we apply the Chain Rule to get 

|u| <i. 4 int pancetta 
dx V1 = u2 ax’ 
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EXAMPLE 1 Applying the Formula 

1 Ue ZX 

UNE METI page de FIN 8 
Now Try Exercise 3. 

Derivative of the Arctangent 
Although the function y = sin7! (x) has a rather narrow domain of [—1, 1], the function 
y = tan! xis defined for all real numbers, and is differentiable for all real numbers, as we 

will now see. The differentiation proceeds exactly as with the arcsine function. 

VW = ea se 

Lallbye— eG Inverse function relationship 

= (tany) = Sx 
dx dx 

ee . 
sec Sig = 1 Implicit differentiation 

dy 1 

dx sec? y 

= 1 ; 2 2 = ea en? Trig identity: sec* y = 1 + tan y 

treet 

1 +2? 

The derivative is defined for all real numbers. If u is a differentiable function of x, we get 

the Chain Rule form: 

eagl lay ne ae oe 
dx 1+ wv dx 

EXAMPLE 2 A Moving Particle 

A particle moves along the x-axis so that its position at any time t = 0 is 

x(t) = tan~!\V't. What is the velocity of the particle when t = 16? 

d 1 d 1 1 
SOLUTION (1) = —tan-!V/t = ety a bedia 

dt ese (Vt) dt debit doa 

Po 1 1 1 
When t = 16, the velocity is v(16) = he 

Le L6 2/16 136 

Now Try Exercise 11. 

Derivative of the Arcsecant 

We find the derivative of y = sec! x, 
trigonometric functions. 

x| > 1, beginning as we did with the other inverse 

Vi sec +X 

SEC VE au Inverse function relationship 

Ke ere oe 3, et alg 
dy 

SECA Ys =1 

yt Since |x| > 1, ylies in (0, #/2) U (27/2, 7) 
dx secytany andsecytany # 0. 
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y a4 To express the result in terms of x, we use the relationships 
y= x 

Domain: |x| =1 secy=x and tany = #V sec? y = l= +Vx?-1 

ds pha 

pe. 3 Range: [0, 7/2) U (7/2, 7] 

to get 

x SS O—eEE 

dx xVx2-1 

Can we do anything about the + sign? A glance at Figure 4.14 shows that the slope of the 

graph y = sec”! x is always positive. That must mean that 

er) 

Figure 4.14 The slope of the curve 

y = sec”! x is positive for both x < —1 
and x <1. 

1 
Ss hig > II 

d 1 xVx2-1 —sec !x= 
dx 1 d 

—————__ ifx < -l. 
xVx2 - 1 

With the absolute value symbol we can write a single expression that eliminates the “+” 

ambiguity: 

d 1 
—sec!x = ——— 
dx |x| Vx? — 1 

If u is a differentiable function of x with |u| > 1, we have the formula 

ca a \u| > 1 = Uf . : 

dx lul Vuz = 1 

EXAMPLE 3 Using the Formula 

d 1 d 
cee BCR! CS Ti CS ge 
dx |5x4]V (5x4)2 — 1 ax 

] 
sarees gy me 

5x*V 25 1 

Fit iy 

a ne | 
Now Try Exercise 17. 

Derivatives of the Other Three 

We could use the same technique to find the derivatives of the other three inverse trigo- 

nometric functions—arccosine, arccotangent, and arccosecant—but there is a much easier 

way, thanks to the following identities. 

Inverse Function—Inverse Cofunction Identities 

ly cos-! x = a/2 — sin™ 

cot-! x = a/2 — tan“! x 

esc! x = a/2 — sec"! x 
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It follows easily that the derivatives of the inverse cofunctions are the negatives of the 

derivatives of the corresponding inverse functions (see Exercises 32—34). 

You have probably noticed by now that most calculators do not have buttons for 

cot !, sec~!, or csc~!. They are not needed because of the following identities: 

Calculator Conversion Identities 

sec! x = cos! (1/x) 

cot"! x = w/2 — tan"! x 

csc’! x = sin™! (1/x) 

Notice that we do not use tan”! (1/x) as an identity for cot”! x. A glance at the graphs 
of y = tan’! (1/x) and y = w/2 — tan”! x reveals the problem (Figure 4.15). 

sae 

[-5, 5] by [-3, 3] [-5, 5] by [-3, 3] 

(a) (b) 

Figure 4.15 The graphs of (a) y = tan~! (1/x) and (b) y = 2/2 — tan”! x. The graph in (b) is 
the same as the graph of y = cot! x. 

We cannot replace cot™! x by the function y = tan~! (1/x) in the identity for the 

inverse functions and inverse cofunctions, and so it is not the function we want for cot”! x. 

The ranges of the inverse trigonometric functions have been chosen in part to make the 

two sets of identities above hold. 

EXAMPLE 4 A Tangent Line to the Arccotangent Curve 

Find an equation for the line tangent to the graph of y = cot"! x atx = —1. 

SOLUTION 

First, we note that 

cot} (4) ean 2a a Da fA) = Bar 4. 

The slope of the tangent line is 

1 

1 + x? 

. I 1 a 2! whl See 
Lie (12 = <2 dx x=—-1 x=-1 

So the tangent line has equation y — 32/4 = (—1/2)(x + 1). 
Now Try Exercise 23. 
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Exercise numbers with a gray background indicate problems that the 

authors have designed to be solved without a calculator. 

In Exercises 1—5, give the domain and range of the function, and 

evaluate the function at x = 1. 

-1 Ty = sin‘ x 

@ey = cos! x 

3. y = tan"! x 

4) y= sec”! 

5) y 

Xx 

ll tan (tan~! x) 

Section 4.3 Exercises 

Quick Review 4.3 (For help, go to Sections 1.2, 1.5, and 1.6.) 

6. y = 3x — 8 

Dy = Wx+5 

8 
Siy = — 

% 

Bye D 
9y= Z 

10. y = arctan (x/3) 

In Exercises 1-8, find the derivative of y with respect to the 

appropriate variable. 

2) y = cos"! (1/x) 

4.y = sin"! (1-1) 

ll 1. y = cos” !(x?) 

apy = sin! V2t 

Sy = sin! | : my =s V1l—s* + cos ‘5 

1 
Wy =xsin-'x + my MEST rs 

sin“! (2x) 

In Exercises 9-12, a particle moves along the x-axis so that its 

position at any time t = 0 is given by x(t). Find the velocity at the 
indicated value of t. 

9. x(t) = sin“! @) t=3 

W)x(t) =tan't, t=2 

10. x(t) = sin“! ee | 

Agpx(t) =tan'(t?), t=1 

In Exercises 13-22, find the derivative of y with respect to the 

appropriate variable. 

13. y = sec”! (2s + 1) 

fee y = csc! (x?+1), x>0 

44) y = sec”! 5s 

16.) y = csc™!x/2 

1 
Mp y = sec’, Vr J 18) y = cot! Vt 

1) y = cot! Vr-1 eapy = Vs? —1-—sec's 

map y = tan™! Vx? —1 + csc"!x, x> 1, 

1 
cot~!— — tan“! x 

x 
S 1 
In Exercises 23-26, find an equation for the tangent to the graph of 

y at the indicated point. Write your answer in the form y = ax + b 

with a and b correct to the nearest thousandth. 

@a)y =tan'x, x=2 mapy =sec"'x, x=2 

25. y = sin7! () x=3 
32. arccosine 

(34, arccosecant 

27. (a) Find an equation for the line tangent to the graph of 

y = tan x at the point (7/4, 1). 

(b) Find an equation for the line tangent to the graph of 

y = tan”! x at the point (1, 7/4). 

mee Let f(x) = x> + 2x7 +x —1. 

(a) Find f(1) and f’(1). 

(b) Find f~'(3) and (f~')'(3). 
29. Let f(x) = cosx + 3x. 

(a) Show that f has a differentiable inverse. 

(b) Find f(0) and f’(0). 

(e): Find #1 rand je) Fi). 

30. Group Activity Graph the function f(x) = sin7! (sin x) in 
the viewing window [{—27,, 27 | by [—4, 4]. Then answer the 
following questions: 

(a) What is the domain of f? 

(b) What is the range of f? 

(c) At which points is f not differentiable? 

(d) Sketch a graph of y = f'(x) without using NDER or com- 
puting the derivative. 

(e) Find f’(x) algebraically. Can you reconcile your answer 

with the graph in part (d)? 

31. Group Activity A particle moves along the x-axis so that its 
position at any time t = 0 is given by x = arctan f. 

(a) Prove that the particle is always moving to the right. 

(b) Prove that the particle is always decelerating. 

(c) What is the limiting position of the particle as t approaches 

infinity? 

In Exercises 32-34, use the inverse function—inverse cofunction 

identities to derive the formula for the derivative of the function. 

“33. arccotangent 



Section 4.3. Derivatives of Inverse Trigonometric Functions 179 

Standardized Test Questions Extending the Ideas 
You may use a graphing calculator to solve the following problems. 47. Identities Confirm the following identities for x > 0. 

35. True or False The domain of y = sin"! xis—1 Sx S 1. (a) cos"! x + sin-!x = a/2 

Justify your answer. (b) tan! x + cot~!x = 7/2 

IA 36. True or False The domain of y = tan"! xis—1 = x (c) sec! x + cse—!x = a/2 
Justify your answer. 

d % 48. Proof Without Words The figure gives a proof without 

37. Multiple Choice Which of the following is se sin-1(2) words that tan~! 1 + tan~! 2 + tan7!3 = 7. Explain what is 

¥ going on. 

A B Ss (A) (B) (C) d eae 
2 1 

V4 — x? V4 — x? 

2) 1 
(O)————— (i ——— 

V4 — x? V4 — x? 

d 
38. Multiple Choice Which of the following is r= tan~!(3x)? 

be 

1 1 
AN) = == B C 
a 1 + 9x? () 1 + 9x? (Cua? 

3 49. (Continuation of Exercise 48) Here is a way to construct 

ares) RS sacar “11, tan! 2, and tan7! 3 by foldi f Try it (rex pron? tan~! 1, tan! 2, and tan y folding a square of paper. Try i 

d and explain what is going on. 
39. Multiple Choice Which of the following is meee (x)? 

2 2 2 
A) <= (0) 

aV xt =] Oy ee AN) Lea 

Sites (eee 
%V 1 xe Wil Soe 

40. Multiple Choice Which of the following is the slope of the 

tangent line to y = tan” !(2x).at x = 1? 

(A)—2/5 (B)1/5 (C)2/5 (W)5/2 ®5 

(D) 

Explorations 
In Exercises 41-46, find (a) the right end behavior model, 

(b) the left end behavior model, and (c) any horizontal tangents for 

the function if they exist. 

41.) =tan"!x 42. y = cot !x 

43. y = sec !x 44.y=csc !x 

45.y =sin'!x 46. y = cos !x 
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Derivatives of Exponential and 

Logarithmic Functions 
You will be able to find derivatives 

of exponential functions and Derivative of e* 
logarithmic functions with positive At the end of the brief review of exponential functions in Section 1.3, we mentioned 
base a(a ~ 1). that the function y = e* was a particularly important function for modeling exponential 

- Derivative of ex growth. The number e was defined in that section to be the limit of (1 + 1/x)* as x — oo. 

- Derivative of a* This intriguing number shows up in other interesting limits as well, but the one with the 

+ Derivative of In x most interesting implications for the calculus of exponential functions is this one: 

« Derivative of log, x es] 

« Extending the Power Rule to lim = 1 
i i) Ip 

arbitrary real powers 

+ Logarithmic differentiation (The graph and the table in Figure 4.16 provide strong support for this limit being 1. A 
formal algebraic proof that begins with our limit definition of e would require some rather 

subtle limit arguments, so we will not include one here.) 

The fact that the limit is 1 creates a remarkable relationship between the function e* and 

its derivative, as we will now see. 

—(e*) = li ————— 
aes ) 0 h 

sd. EF = eb — et 
= lim 

h—0 

lim ( peat ‘) coer e 3 

h-0 h 
[-4.9, 4.9] by [-2.9, 2.9] 

(a) 
yet (= 7 =f h->0 h 

= ex ‘ 1 

= e~ 

In other words, the derivative of this particular function is itself! 

d 
rae, =e 

If wu is a differentiable function of x, then we have 

(b) d du 
—et = et—_ 

Figure 4.16 (a) The graph and (b) the table dx dx 
support the conclusion that 

ee aaa 
h>0 A : 

We will make extensive use of this formula when we study exponential growth and 

decay in Chapter 7. 

EXAMPLE 1 Using the Formula 

Find dy/dx if y = e+), 

SOLUTION 

Let u = x + x? and y = e“. Then 

Now Try Exercise 9. 



Is Any Other Function Its 

Own Derivative? 
EE 

The zero function is also its own deriva- 

tive, but this hardly seems worth mention- 

ing. (Its value is always 0 and its slope is 

always 0.) In addition to ex, however, we 

can also say that any constant multiple of 

e* is its own derivative: 

d 
°° ax) = °- Ax mea ex)=c:e 

The next obvious question is whether there 

are still other functions that are their own 

derivatives, and this time the answer is no. 

The only functions that satisfy the condi- 

tion dy/dx = y are functions of the form 

y = keX% (and notice that the zero function 

can be included in this category). We will 

prove this significant fact in Chapter 7. 
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Derivative of a* 

What about an exponential function with a base other than e? We will assume that the base 

is positive and different from 1, since negative numbers raised to arbitrary real powers are 

not always real numbers, and y = 1* is a constant function. 

Ifa > Oanda # 1, we can use the properties of logarithms to write a* in terms of e’. 

The formula for doing so is 

ax eln(a*) = exlna 

We can then find the derivative of a* with the Chain Rule. 

d d 
= = — exina =< exlna 

dx 

Thus, if u is a differentiable function of x, we get the following rule. 

d ; 
. tin a) =e™4- Ina=a* Ina 

by 

For a > Oanda #¥ 1, 

EXAMPLE 2 Reviewing the Algebra of Logarithms 

At what point on the graph of the function y = 2’ — 3 does the tangent line have 

slope 21? 

SOLUTION 

The slope is the derivative: 

d 
== (OF = 3) SS Oo in? == (0) = PEI a ) D n 

We want the value of t for which 2’ In 2 = 21. We could use the solver on the calculator, 

but we will use logarithms for the sake of review. 

PEN A == DH 

es 
In 2 

Logarithm of both sides 

t+ In2 = In21 — In(In2) 

_ in21 —'ia' (In72) 

me In2 
t ~ 4.921 

y = 2' — 3 = 27.297 Using the stored value of t 

Properties of logarithms 

Now Try Exercise 29. The point is approximately (4.9, 27.3). 
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This equation answers what was once a 

perplexing problem: Is there a function 

with derivative x—!? All of the other power 
functions follow the Power Rule, 

a |, = nx?-1, 

dx 

However, this formula is not much help if 

one is looking for a function with x! as 
its derivative! Now we know why: The 

function we should be looking for is not a 

power function at all; it is the natural 

logarithm function. 

Figure 4.17 The tangent line intersects the 

curve at some point (a, Ina), where the 
slope of the curve is 1/a. (Example 3) 

EXPLORATION 1 | Leaving Milk on the Counter 

A glass of cold milk from the refrigerator is left on the counter on a warm summer day. 

Its temperature y (in degrees Fahrenheit) after sitting on the counter for t minutes is 

y = 72 — 30(0.98)'. 

Answer the following questions by interpreting y and dy/dt. 

What is the temperature of the refrigerator? How can you tell? 

What is the temperature of the room? How can you tell? 

When is the milk warming up the fastest? How can you tell? 

Determine algebraically when the temperature of the milk reaches 55°F. 

At what rate is the milk warming when its temperature is 55°F? Answer with an 

appropriate unit of measure. 

Derivative of ln x 

Now that we know the derivative of e*, it is relatively easy to find the derivative of its 

inverse function, In x. 

y =Inx 

e=x Inverse function relationship 

a) ne ae 
an) = a) Differentiate implicitly. 

ov =1 
dx 

dy Lie ee 

dx eo x 

EXAMPLE 3 A Tangent Through the Origin 

A line with slope m passes through the origin and is tangent to the graph of y = In x. 

What is the value of m? 

SOLUTION 

This problem is a little harder than it looks, since we do not know the point of tan- 

gency. However, we do know two important facts about that point: 

1. it has coordinates (a, In a) for some positive a, and 

2. the tangent line there has slope m = 1/a (Figure 4.17). 

Since the tangent line passes through the origin, its slope is 

ha Oy ing 

a-0 a’ 
continued 
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Setting these two formulas for m equal to each other, we have 

[i Gan gel 

ues 
Ina = 1 

elna e! 

a= 

Now Try Exercise 31. 
rn | — & 

Derivative of log, x 
To find the derivative of log, x for an arbitrary base (a > 0,a ¥ 1), we use the change- 

of-base formula for logarithms to express log, x in terms of natural logarithms, as follows: 

In x 
log, x = —. 

Ina 

The rest is easy: 

qd, d (* *) 
liu = || 
Hae? dx \Ina 

1 d 
="——— - —Inx Sincein ais a constant 

Ina dx 

gi hier h 
Ina x 

ol 

xIna 

So, if u is a differentiable function of x and u > 0, the formula is as follows. 

For a > Oanda # 1, 

EXAMPLE 4 Going the Long Way with the Chain Rule 

Find dy/dx if y = log, aS™*. 

SOLUTION 

Carefully working from the outside in, we apply the Chain Rule to get: 

d 1 Te he hs 

Fy (18a ats) = ha . ne? log, u, u = @ 

1 d 
=e a" Ina ea ing * ay ot x) a,u=sinx 

a°™* In a 

qsinx Ina OSS 

COSEC Now Try Exercise 23. 



184 Chapter 4 More Derivatives 

We could have saved ourselves a lot of work in Example 4 if we had noticed at the 

beginning that log, a‘"*, being the composite of inverse functions, is equal to sin x. It is 

always a good idea to simplify functions before differentiating, wherever possible. On the 

other hand, it is comforting to know that all these rules do work if applied correctly. 

Power Rule for Arbitrary Real Powers 
We are now ready to prove the Power Rule in its final form. As long as x > 0, we can 

write any real power of x as a power of e, specifically 

x” = ef In x 

This enables us to differentiate x” for any real power n, as follows: 

d d 
oe eet Vee = Shei la, 

ao ) ae ) 

me! 
asnemiast. Frc Inx) oe u=ninx 

== en iInx 4 « 

= nx” 

The Chain Rule extends this result to the Power Rule’s final form. 

RULE 10 Power Rule for Arbitrary Real Powers 

If u is a positive differentiable function of x and n is any real number, then u” is a 

differentiable function of x, and 

yt = nu’! a 

dx dx 

EXAMPLE 5 Using the Power Rule in All Its Power 

(a) If y = x V2, then 

Y _ Vax(Vi-, 
dx 

(b) If y = (2 + sin 3x)”, then 

d 
rae + sin 3x)" = 9r( 2’ + ‘sin 3x)"—1(cos3x) +3 

x 

Se 2 4+ Bin 22)" *(on9Gx) 

EXAMPLE 6 Finding a Domain 

If f(x) = In (x — 3), find f’(x). State the domain of f’. 

SOLUTION 

The domain of f is (3,00) and 

1 

x-3 
f'(x) = 

Now Try Exercise 35. 

continued 
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[-5, 10] by [-25, 120] 

Figure 4.18 The graph of 

100 

OEE: Bat 
modeling the spread of a flu. (Example 8) 
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The domain of f’ appears to be all x # 3. However, since f is not defined for x < 3, 

neither is f’. Thus, 

That is, the domain of f’ is (3, 00). Now Try Exercise 37. 

Sometimes the properties of logarithms can be used to simplify the differentiation process, 

even if we must introduce the logarithms ourselves as a step in the process. Example 7 

shows a clever way to differentiate y = x* for x > 0. 

EXAMPLE 7 Logarithmic Differentiation 

Find dy/dx for y = x*,x > 0. 

SOLUTION 

Logs of both sides 

Property of logs 

Differentiate implicitly 
dx dx 

ld 
Sy ee u 

dy = = y(Inx + 1 = y(inx + 1) 
dy p 
ok af (Ine ere! ) Now Try Exercise 43. 

EXAMPLE 8 How Fast Does a Flu Spread? 

The spread of a flu in a certain school is modeled by the equation 

100 Pe eg eee 
(1) 1+ e- 

? 

where P(t) is the total number of students infected t days after the flu was first noticed. 
Many of them may already be well again at time ¢. 

(a) Estimate the initial number of students infected with the flu. 

(b) How fast is the flu spreading after 3 days? 

(c) When will the flu spread at its maximum rate? What is this rate? 

SOLUTION 

The graph of P as a function of t is shown in Figure 4.18. 

(a) P(O) = 100/(1 + e*) = 5 students (to the nearest whole number). 
continued 
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(b) To find the rate at which the flu spreads, we find dP/dt. To find dP/dt, we need to 

invoke the Chain Rule twice: 

ihe i d 
pete gg = OE, a 37 \— onli ae B= \ aes ae Sat | i ne ou! eof), +) 004 (ead sen) ae: er) 

II 
d 00h 2) (0 ae een ») 

II ~100(1 + e3-*)-2(e3-! - (-1)) 
[-5, 10] by [-10, 30] 100e3-¢ 

Figure 4.19 The graph of dP/dt, the rate ~ (1+ >)? 
of spread of the flu in Example 8. The 

graph of P is shown in Figure 4.18. At t = 3, then, dP/dt = 100/4 = 25. The flu is spreading to 25 students per day. 

(c) We could estimate when the flu is spreading the fastest by seeing where the graph 

of y = P(t) has the steepest upward slope, but we can answer both the “when” and the 

“what” parts of this question most easily by finding the maximum point on the graph of 

the derivative (Figure 4.19). 

We see by tracing on the curve that the maximum rate occurs at about 3 days, when (as 

we have just calculated) the flu is spreading at a rate of 25 students per day. 

Now Try Exercise 51. 

ee 

Quick Review 4.4 (For help, go to Sections 1.3 and 1.5.) 

Exercise numbers with a gray background indicate problems that the In Exercises 8-10, solve the equation algebraically using logarithms. 

authors have designed to be solved without a calculator. Give an exact answer, such as (In 2) /3, and also an approximate 

1. Write logs 8 in terms of natural logarithms. answer to the nearest hundredth. 

2. Write 7* as a power of e. 8. 3° = 19 
; rie : : : 9.5'In5 = 18 

In Exercises 3—7, simplify the expression using properties of expo- —4 e 

nents and logarithms. 10. 387" = 2 | 

Ga) in (e™*) 4) in (x? — 4) — In(x + 2) 

1 Be log, (8) (7. (log, x5) /(logy x) 
(793 In x — In 3x + In (12x?) 

Section 4.4 Exercises 

In Exercises 1-28, find dy/dx. 

(My = 2 Dy =e 
(25) y = n2 - log, x (26) y = log; (1 + xIn3) 

(27) y = logy e (28) y = In 10" 
oe ae iedae 

By es @,- : 29. At what point on the graph of y = 3* + 1 is the tangent line 

Oo et ein foe pana to the Hine y = Sx - 17 
Ry Nie “i B= 2 - aah i, ga tn yr 30. ae eon tae SSA TRERS RAT 

e* Bs Bats i: Yo roche 
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In Exercises 37—42, find f'(x) and state the domain of f’. 

37. f(x) = In (x + 2) 

38. f(x) = In (2x + 2) 

Ba, f(x) = In(2 — cosx) 

40. f(x) = In (x? + 1) 

41. f(x) = log, (3x + 1) 

A2. f(x) = logy Vx + 1 

Group Activity In Exercises 43—48, use the technique of logarithmic 

differentiation to find dy/dx. 

43. y = (sinx), 0<x< 7/2 
44.) = xix y>0 

aie eo) (ee etek) 
45.) = » (2x + 5)3 

xVx2 +1 iB, = —- cee +)? 
ey = x™* Bee y = x(i/nx) 

49. Find an equation for a line that is tangent to the graph of 

y = e* and goes through the origin. 

50. Find an equation for a line that is normal to the graph of 

= xe* and goes through the origin. 

51. Spread of a Rumor The spread of a rumor in a certain school 

is modeled by the equation 

— ea 

1+ 2e-0 
where P(t) is the total number of students who have heard the 
rumor ¢ days after the rumor first started to spread. 

P(t) 

(a) Estimate the initial number of students who first heard the 

rumor. 

(b) How fast is the rumor spreading after 4 days? 

(c) When will the rumor spread at its maximum rate? What is that 

rate? 

52. Spread of Flu The spread of flu in a certain school is modeled 

by the equation 

200 

1+ e% 

where P(t) is the total number of students infected ¢ days after the 
flu first started to spread. 

P(t) = 

(a) Estimate the initial number of students infected with this flu. 

(b) How fast is the flu spreading after 4 days? 

(c) When will the flu spread at its maximum rate? What is that 

rate? 

53. Radioactive Decay The amount A (in grams) of radioactive 

plutonium remaining in a 20-gram sample after ¢ days is given 

by the formula 

A= 20412) te 

At what rate is the plutonium decaying when t = 2 days? Answer 

in appropriate units. 

(54. For any positive constant k, the derivative of In(kx) is 1/x. 
Prove this fact 

(a) by using the Chain Rule. 

(b) by using a property of logarithms and differentiating. 
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55. 

56. 

Let f(x) = 2”. 

(a) Find f’(0). 

(b) Use the definition of the derivative to write f’(0) as a limit. 

(c) Deduce the exact value of 

Writing to Learn The graph of y = In x looks as though it 

might be approaching a horizontal asymptote. Write an argument 

based on the graph of y = e* to explain why it does not. 

( 
[-3, 6] by [-3, 3] 

Standardized Test Questions 

57. 

58. 

59. 

60. 

61. 

True or False The derivative of y = 2* is 2*. Justify your 
answer. 

True or False The derivative of y = e* is 2 (In 2) e*. 
Justify your answer. 

Multiple Choice If a flu is spreading at the rate of 

150 P(t) = ——— 
(7) ieegie 

which of the following is the initial number of persons infected? 

(A)1 (B)3 (C)7 (D)8 (E)75 

Multiple Choice Which of the following is the domain of 

f'(x) if f(x) = logy (x + 3)? 

A)x =< =3 Byes 3) > (Ox 

(Deg 3 (he 

Multiple Choice Which of the following gives dy/dx if 

y = logyo (2x — 3)? 

2 2 i! 
A B OC) 
Sa CERN T ed ea a ene TERT: 

1 1 
E ee (D) emo (E) oe 

. Multiple Choice Which of the following gives the slope 
of the tangent line to the graph of y = 2!~* at x = 2? 

1 1 In 2 
2325 Pe pe) 2 — (A) > (B) 5 (C)-2 M2 © 5 
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Explorations 
63. Let y,; = a*, y.) = NDER(y, x), y3 = y2/y, and y4 = e%. 

(a) Describe the graph of y4 for a = 2, 3, 4, 5. Generalize your 

description to an arbitrary a > 1. 

(b) Describe the graph of y3 for a = 2, 3, 4, 5. Compare a table 

of values for y3 for a = 2, 3, 4,5 with In a. Generalize your 

description to an arbitrary a > 1. 

(c) Explain how parts (a) and (b) support the statement 

l 
“a* =a" ifand onlyif a=e. 
dx 

(d) Show algebraically that y, = y, if and only if a = e. 

Extending the Ideas 
64. Orthogonal Families of Curves Prove that all curves in the 

family 

i 
y= a +k 

(k any constant) are perpendicular to all curves in the family 

y = Inx + c (c any constant) at their points of intersection. 

(See accompanying figure.) 

Uf 
Ma 

[-3, 6] by [-3, 3] 

KK 

Me 
M 

65. Which Is Bigger, 7° or e” ? Calculators have taken some of 

the mystery out of this once-challenging question. (Go ahead and 

check; you will see that it is a surprisingly close call.) You can 

answer the question without a calculator, though, by using the 

result from Example 3 of this section. 

Recall from that example that the line through the origin tangent 

to the graph of y = In x has slope 1 /e. 

(a) Find an equation for this tangent line. 

(b) Give an argument based on the graphs of y = In x and 

the tangent line to explain why Inx < x/e for all positive 

Be ee 

(c) Show that In (x°) < x for all positive x # e. 

(d) Conclude that x* < e* for all positive x # e. 

(e) So which is bigger, 7° or e”? 

1. Multiple Choice If f(x) = In(x + 4 + e~*), then f’(0) is 

Bes 1 1 w) E 
(A) “5 (B) 5 (C) ri (D) r (E) nonexistent 

2. Multiple Choice Let f be the function defined by f(x) = 
x3 + x. If g(x) = f-'(x) and g(2) = 1, what is the value 
of g'(2)? 

WB. ©2 M4 OB 
13 4 4 

d 
3. Multiple Choice Which of the following gives = if 

y = sin™!(2x)? " 

(A) Baal it (B) i (C) wale 
V1 — 4x? V1 = 4x2 V1 — 4x? 

(D) ts 2 (E) ‘ait ae 1 + 4x? 

4. Free Response A particle moves along the x-axis with posi- 

tion at time ¢ given by x(t) = e' sint for0 = t S 27. 

(a) Find each time t, 0 = t = 277, for which the particle is 

at rest. 

(b) Find the value of the constant A for which Ax"(t) + x'(t) = 
x(t) forO St S 27. 
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Chain Rule (p. 156) 

implicit differentiation (p. 164) 

inverse function—inverse cofunction 

identities (p. 176) 

inverse function slope relationship (p. 173) 

CHAPTER 4 BsGiuGi ia oy qatt-t4 

Exercise numbers with a gray background indicate problems that the 

authors have designed to be solved without a calculator. 

The collection of exercises marked in red could be used as a chapter 

test. 

In Exercises 1—30, find the derivative of the function. 

Dy =e 7 2. y = tan (e*) 

aay = sin’ x 4) y = In (csc x) 

2 
Sos = cos (1 — 2f) pps = cot” 

7.y = V1+4 cosx 8. y=xV2x + 1 

9)r = sec (1 + 30) 10) r = tan? (3 — 67) 

/ipy = x* csc 5x 12. y =1In Vx 

13. y = In(1 + e*) 14. y = xe * 

aoe y = e(ltnz) 16. y = In (sin x) 

17.)r = In (cos! x) 18. r = log, (67) 

19. 5 = logs (t — 7) 20.5 = 8"! 

21 22 Aah? By = xin Ly = ———— 

Vi ea 

Bay = en'x Bae y = sin! V1 — v2 

i 
25.) = tsec"!t — Sint ea y = (1 + t*) cot! 2 

mapy = zcos!z— V1 — z7@aeey = 2Vx - 1 ese“! Vx 

meapy = csc !(secx),0OSx< - 

+ si “ 30, - (1 “a 

1 ORR) 

In Exercises 31-34, find all values of x for which the function is 

differentiable. 

aay = In x? 32) y = sin (e”) 

Lem X 
33.)y = rae barre: 

In Exercises 35-38, find dy/dx. 

35) xy + 2x + 3y =1 

37) Vxy = 1 

36.5x4/5 + 10y9/5 = 15 

Xi 

x% +1 
38) y? = 

logarithmic differentiation (p. 185) 

normal to the surface (p. 166) 

orthogonal curves (p. 161) 

orthogonal families (p. 188) 

Power Chain Rule (p. 159) 

(57) f(x) = { 
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Power Rule for Arbitrary Real Powers 

(p. 184) 

Power Rule for Rational Powers of x 

(p. 168) 

In Exercises 39-42, find d*y/dx? by implicit differentiation. 

Z 
39° + y= 1 By? =1-= 

ae 

41. y> + y = 2cosx 42x13 + yi3=4 

d*°y 

In Exercises 43 and 44, find —\. dx40 

43) y = ex? 44) y = sin(x V2) 

In Exercises 45—48, find an equation for the (a) tangent and 

(b) normal to the curve at the indicated point. 

@5)y = Vx? -—2x, x=3 (46)y=tan2x, x= 7/3 

A7) x? + 2y2=9, (1,2) (@Bix+ Viey=6, (4,1) 
In Exercises 49-52, find an equation for the line tangent to the curve 

at the point defined by the given value of t. 

49)x=2sint, y =2cost, t = 37/4 

50. x = 3cost, y=4sint, t = 37/4 

51. x 

52)x = cost, y=tt+sint, t =—7/4 

53. Writing to Learn 

Il 3 sect, y=Stant, t= 7/6 

Swen? ae (COs 98 =< 0 
Let = : 
Ae) a ar 3}, 50) 

(a) If f is continuous at x = 0, find the value of b. Justify your 

answer. 

(b) If f is differentiable at x = 0, find the value of a. Justify 

your answer. 

(c) Is f differentiable at x = 0 if a = 5 and b = 4? Justify your 

answer. 

54. Writing to Learn For what values of the constant m is 

Ssink2x ee) eben 
(a) continuous at x = 0? Explain. 

(b) differentiable at x = 0? Explain. 

In Exercises 55—58, determine where the function is 

(a) differentiable, (b) continuous but not differentiable, and 

(c) neither continuous nor differentiable. 

55. f(x) = V(x — 1)3 56. ¢(x) = sin (x? + 1) 

Vx27+3, -1ls=x< 1 

52 se lhe fe eye—ees 
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58. 

59. 

60. 

61. 

62. 

63. 

: Se wath 52 <S [0) 

§\2) =) 2a nee 
Simplify, Simplify Find the derivative of each function easily 

by simplifying the expression before differentiating. 

(a) y = (V3 — sinx)? (b) y = In (3e7”— 1345) 

(c) s = tan (tan! (t? — 3r)) @s= Wis — 5(sin (sin! r) )® 

Simplify, Simplify Find the derivative of each function rela- 

tively easily by simplifying the expression before differentiating. 

2x +7 (x2 — 1) 
= b ————————— 

@)9 aes 0). 5 G2 => eee 
2V1\5 

(c) s = sin? (cos! r) @s= ( ) vi 
Hitting the Slopes A differentiable function f has the property 

that f’(x) > 0 for all x. The line y = 3x — 2 is tangent to the 

graph of f at the point where x = 2. 

(a) Find the equation of the line normal to the graph of f at the 

point where x = 2. 

(b) Find the equation of the line tangent to the graph of f~! at the 

point where y = 2. 

(c) Find the equation of the line tangent to the graph of 

x) 
y = —— at the point where x = 2. 
: x 

Hitting the Slopes Again A differentiable function g has 

the property that g’(x) < 0 for all x. The line y = 5 — 2x is 

tangent to the graph of g at the point where x = 1. 

(a) Find the equation of the line normal to the graph of g at the 

point where x = 1. 

(b) Find the equation of the line tangent to the graph of g™! at the 

point where y = 1. 

(c) Find the equation of the line tangent to the graph of y = g(x) 

at the point where x = 1. 

Logarithmic Differentiation Use the technique of logarithmic 
dy 

differentiation to find F when 
X 

(x + 2)5(2x — 3)4 
(x + 17)? 

y= . (See Example 7 of Section 4.4.) 

. Logarithmic Differentiation Use the technique of logarithmic 
d 

differentiation to find = when y = (x* + 2)**5, (See Example 7 

of Section 4.4.) 

Differential Equations Equations that involve derivatives 

are called differential equations. We will have much more to say 

about them in Chapter 7, but meanwhile try to use what you have 

learned in Chapters 3 and 4 to find at least one nonzero function 

that satisfies each of these differential equations. 

(a) f'(x) =x (b) f'(x) = f(x) (©) f(x) =—f(x) 

(d) f"(x) = f(x) (©) f"(x) = —f(x) 
. Working with Numerical Values Suppose that a function f 

and its first derivative have the following values at x = 0 and 

x= 1. 

x f(x) f'(*) 
0 9 —2 

l =—s Lys 

67. 

68. 

69. 

70. 

TAN 

Find the first derivative of the following combinations at the 

given value of x. 

(a) Vxf(x), x= 1 war's V#(x), x= 0 
() f(Vx), x=1 (a) f(1 — Stanx), x=0 

di (e) ee x=0 (f) 10 sin (rc, x= 

Working with Numerical Values Suppose that functions 

f and g and their first derivatives have the following values at 

x = land 57=)0- 

x f(x) a(x) f'(%) 8’) 
-1 0° -1 2 1 
Owl pecker ee? 4 

Find the first derivative of the following combinations at the 

given value of x. 

(a) fe x=0 (b) f?(x)g7(x), x =0 

(©) s(f(x))~ a1 (d) f(e(x)), x=-1 

(e) f(g(2x—1)), x=0 OHa(x+ f(x)), x=0 
Find the value of dw/ds at s = 0 if w = sin (Vr — 2) and 
r = 8sin(s + 7/6). 

Find the value of dr/dt at t = 0 if r = (0? + 7)'/3 and 
r+e=1. 

Particle Motion The position at time t = 0 of a particle 

moving along the s-axis is 

s(t) = 10 cos (t + 77/4). 

(a) Give parametric equations that can be used to simulate the 

motion of the particle. 

(b) What is the particle’s initial position (t = 0)? 

(c) What points reached by the particle are farthest to the left 

and right of the origin? 

(d) When does the particle first reach the origin? What are its 

velocity, speed, and acceleration then? 

Implicit Hyperbola The hyperbola shown in the graph is 

defined implicitly by the equation 4x2 + 8xy + y? +3 = 0. 

ie 

(a) Find the coordinates of points A and B, where the tangent 

lines are horizontal. 

(b) Find the coordinates of points C and D, where the tangent 

lines are vertical. 

i 



72. Implicit Ellipse The ellipse shown in the graph is defined 

implicitly by the equation 2x2 — 2xy + y? — 4 =0. 

(a) Find the coordinates of points A and B, where the tangent 

lines are horizontal. 

(b) Find the coordinates of points C and D, where the tangent 

lines are vertical. 

73. Implicit Parabola The parabola shown in the graph is defined 

implicitly by the equation x? — 2xy + y? — 4x = 8. 

y 

B 

(a) Find the coordinates of point A, where the tangent line is 

vertical. 

(b) Find the coordinates of point B, where the tangent line is 

horizontal. 

74. Problem 73 Revisited Find the slope of the parabola defined 
implicitly by the equation x? — 2xy + y? — 4x = 8 at each of 
the points where it crosses the coordinate axes. 

75. Slope of a Sinusoid Recall that the general equation of a 

sinusoid is y = A sin (Bx + C) + D, where only the constants 

A and B affect the amplitude and period. What is the maximum 

possible slope for a sinusoid with amplitude 3 and period 7? 

76. Writing to Learn Write a formula that gives the maximum 

possible slope for a sinusoid with amplitude A and period p. 

Justify your answer. 

77. Horizontal Tangents The graph of y = sin (x — sin x) 
appears to have horizontal tangents at the x-axis. Does it? 
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78. Spread of Measles The spread of measles in a certain school 

is given by 

200 

“Ty ee 
where f¢ is the number of days since the measles first appeared, 

and P(t) is the total number of students who have caught the 
measles to date. 

P(t) 

(a) Estimate the initial number of students infected with 

measles. 

(b) About how many students in all will get the measles? 

(c) When will the rate of spread of measles be greatest? What is 

this rate? 

79. If x? + 2xy + 2y* = 5, find 

Dike reint (ied); (a) Fatt e point (1, 1); 

dy : 
(b) 7 at the point (1, 1). 

80. If x2 — y? = 1, find d2y/dx? at the point (2, V3). 
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A 
An automobile’s gas mileage is a function of many variables, including road 

surface, tire type, velocity, fuel octane rating, road angle, and the speed 
and direction of the wind. If we look only at the velocity’s effect on gas 

mileage, then for velocities between 20 and 70 mph the mileage of a certain 
car can be approximated by 

m(v) = 0.00027v? — 0.05iv? + 2.9v — 17 

(where vis velocity). 

At what speed should you drive this car to obtain the best gas mileage? The 
ideas in Section 5.1 will help you find the answer. 
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CHAPTER 5 | 

The derivative is supremely useful because there are so many ways to think of it. It is 

the instantaneous rate of change, enabling us to find velocity when position is given or 

acceleration when velocity is given. It also describes sensitivity, how change in the input 

variable is reflected in the change of the output variable. And it has a geometric meaning, 

as the slope of the tangent to the graph of a function. In this chapter, we will explore how 

all of these understandings of the derivative lead to applications. 

The derivative tells us a great deal about the shape of a curve. Even though we can 

graph a function quickly, and usually correctly using a grapher, the derivative gives us 

precise information about how the curve bends and exactly where it turns. We also will 

see how to deduce rates of change we cannot measure from rates of change we already 

know, and how to find a function when we know only its first derivative and its value at a 

single point. The key to recovering functions from derivatives is the Mean Value Theorem, 

the theorem whose corollaries provide the gateway to integral calculus, which we begin 

in Chapter 6. 

This chapter begins where the early developers of calculus began, with the derivative 

as the slope of the tangent line and the insights this gives us into finding the greatest and 

least values of a function. 

Extreme Values of Functions 
You will be able to find the maximum 

or minimum value of a function over 

a given interval and determine the 

applicability of the Extreme Value 

Theorem. 

+ Absolute (Global) and Local 
(Relative) Extrema 

¢ The Extreme Value Theorem 

« Using the derivative to find extrema 

Figure 5.1 (Example 1) 

Absolute (Global) Extreme Values 

One of the most useful things we can learn from a function’s derivative is whether the 

function assumes any maximum or minimum values on a given interval and where these 

values are located if it does. Once we know how to find a function’s extreme values, we 

will be able to answer such questions as “What is the most effective size for a dose of 

medicine?” and “What is the least expensive way to pipe oil from an offshore well to a 

refinery down the coast?” We will see how to answer questions like these in Section 5.4. 

DEFINITION Absolute Extreme Values 

Let f be a function with domain D. Then f(c) is the 

lue on D if and only if f(x) = f(c) for all x in D. 

n value on D if and only if f(x) = f(c) for all x in D. 

zlobal) maximum and minimum values are also called absolute extreme 
(plural of the Latin extremum). We often omit the term “absolute” or “global” and just say 

maximum and minimum. 

Example 1 shows that extreme values can occur at interior points or endpoints of 

intervals. 

EXAMPLE 1 Exploring Extreme Values 

On [—7/2, 7/2], f(x) = cos x takes on a maximum value of | (once) and a mini- 
mum value of 0 (twice). The function g(x) = sin x takes on a maximum value of | 
and a minimum value of —1 (Figure 5.1). Now Try Exercise 1. 

Functions with the same defining rule can have different extrema, depending on the 

domain. 
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(a) abs min only 

a 

(b) abs max and min 

(d) no abs max or min 

Figure 5.2 (Example 2) 

EXAMPLE 2 Exploring Absolute Extrema 

The absolute extrema of the following functions on their domains can be seen in 

Figure 5.2. 

Function Rule Domain D Absolute Extrema on D 

(a) y = x? (—00, co) No absolute maximum 
Absolute minimum of 0 at x = 0 

[0,2] Absolute maximum of 4 at x = 2 

Absolute minimum of 0 at x = 0 

(0, 2] Absolute maximum of 4 at x = 2 

No absolute minimum 

(0, 2) No absolute extrema 

Now Try Exercise 3. 

Example 2 shows that a function may fail to have a maximum or minimum value. This 

cannot happen with a continuous function on a finite closed interval. 

THEOREM 1 The Extreme Value Theorem 

If f is continuous on a closed interval [ a, b], then f has both a maximum value and 

a minimum value on the interval. (Figure 5.3) 

Maximum and minimum 
at endpoints 

(x,, m) 
Maximum and minimum 
at interior points 

Maximum at interior point, Minimum at interior point, 
minimum at endpoint maximum at endpoint 

Figure 5.3 Some possibilities for a continuous function’s maximum (M) and minimum (m) on a 

closed interval [ a, b]. 



Figure 5.4 A discontinuous function on 

[0, 1] that has no absolute extrema. 
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The continuity of f is essential for Theorem 1. Figure 5.4 shows a function on the 

closed interval [ 0, 1 ] that has no absolute extrema. 

Absolute maximum. 
No greater value of f anywhere. 

: Also a local maximum. 
Local maximum. 

No greater value of 

f nearby. 
Local minimum. 

| No smaller 

| value of f nearby. 

Absolute minimum. 

No smaller value 

of f anywhere. Also a| 

local minimum. | 

ode. | 
_ Local minimum. 
, No smaller value of 

| f nearby. | | 
| | | 

x 

| 
| 

| 
| 
| 
| 
| 

aes =! 
Cc e d b 

Figure 5.5 Classifying extreme values. 

Local (Relative) Extreme Values 

Figure 5.5 shows a graph with five points where a function has extreme values on its 

domain [a,b]. The function’s absolute minimum occurs at a even though at e the . 

function’s value is smaller than at any other point nearby. The curve rises to the left 

and falls to the right around c, making f(c) a maximum locally. The function attains its 

absolute maximum at d. . 

DEFINITION Local Extreme Values 

Let c be an interior point of the domain of the function f. Then f(c) is a 

(a) local maximum value at c if and only if f(x) =< f(c) for all x in some open 

interval containing c. 

(b) local minimum value at c if and only if f(x) = f(c) for all x in some open 
interval containing c. 

A function f has a local maximum or local minimum at an endpoint c if the appro- 

priate inequality holds for all x in some half-open domain interval containing c. 

Local extrema are also called relative extrema. 

An absolute extremum is also a local extremum, because being an extreme value 

overall makes it an extreme value in its immediate neighborhood. Hence, a list of local 

extrema will automatically include absolute extrema if there are any. 

Finding Extreme Values 
The interior domain points where the function in Figure 5.5 has local extreme values are 

points where either f’ is zero or f’ does not exist. This is generally the case, as we see 

from the following theorem, first discovered by Pierre de Fermat (page 89). 

THEOREM 2. Local Extreme Values 

If a function f has a local maximum value or a local minimum value at an interior 

point c of its domain, and if f’ exists at c, then 

f'(c) = 0. 



196 Chapter 5 Applications of Derivatives 

[—2, 3] by [-1, 2.5] 

Figure 5.6 (Example 3) 

Because of Theorem 2, we usually need to look at only a few points to find a function’s 

extrema. These consist of the interior domain points where f’ = 0 or f' does not exist (the 

domain points covered by the theorem) and the domain endpoints (the domain points not 

covered by the theorem). At all other domain points, f’ > O or f’ < 0. 

The following definition helps us summarize these findings. 

DEFINITION Critical Point 

A point in the interior of the domain of a function f at which f’ = 0 or f’ does not 

exist is a critical point of f. 

Thus, in summary, extreme values occur only at critical points and endpoints. 

DEFINITION Stationary Point 

A point in the interior of the domain of a function f at which f’ = 0 is called a 

stationary point of f. 

A stationary point can be a minimum, a maximum, or neither. Note that critical points 

and stationary points of a function f are not necessarily the same. See Examples 3 and 5. 

EXAMPLE 3 Finding Absolute Extrema 

Find the absolute maximum and minimum values of f(x) = x?/? on the interval [—2, 3]. 

SOLUTION 

The graph in Figure 5.6 suggests that f has an absolute maximum value of about 2 at 

x = 3 and an absolute minimum value of 0 at x = 0. The critical point (0, 0) is not a 

stationary point. 

To find the exact maximum and minimum values, we evaluate the function at the criti- 

cal points and endpoints and take the largest and smallest of the resulting values. 

The first derivative 

has no zeros but is undefined at x = 0. The values of f at this one critical point and at 

the endpoints are 

Critical point value: f(0) =-0; 

Endpoint values: f(-2) = (-2)73 = W/4: 

f(3) = 373 = Wa. 

We can see from this list that the function’s absolute maximum value is 1/9 ~ 2.08, 

and occurs at the right endpoint x = 3. The absolute minimum value is 0, and occurs at 

the interior point x = 0. Now Try Exercise 11. 

In Example 4, we investigate the reciprocal of the function whose graph was drawn in 

Example 3 of Section 1.2 to illustrate “grapher failure.” 

EXAMPLE 4 Finding Extreme Values 

: 
Find the extreme values of f(x) = . 

4 — x? 
continued 
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SOLUTION 

Figure 5.7 suggests that f has an absolute minimum of about 0.5 at x = 0. There also 

appear to be local maxima at x = —2 and x = 2. However, f is not defined at these 

points and there do not appear to be maxima anywhere else. 

The function f is defined only for 4 — x? > 0, so its domain is the open interval 

(—2, 2). The domain has no endpoints, so all the extreme values must occur at critical 

points. We rewrite the formula for f to find f’: 

1 
[-4, 4] by [-2, 4] f(x) = as = (4 - YP 

: ANS ee 
Figure 5.7 The graph of 

\ Thus, 

f(s) =§ Fa. x SBS ! ——— 2\—3/2 = ta eas tek), (7 2) 
(Example 4) 2 (Aaa x) 

The only critical point in the domain (—2, 2) is x = 0. The value 

1 1 

V4—-02 2 
is therefore the sole candidate for an extreme value. 

7(0),= 

To determine whether 1/2 is an extreme value of f, we examine the formula 

1 

V4 — x? 

As x moves away from 0 on either side, the denominator gets smaller, the values of f 

increase, and the graph rises. We have a minimum value at x = 0, and the minimum is 

absolute. 

f(x) = 

The function has no maxima, either local or absolute. This does not violate Theorem | 

(The Extreme Value Theorem) because here f is defined on an open interval. To invoke 

Theorem 1’s guarantee of extreme points, the interval must be closed. 

Now Try Exercise 25. 

While a function’s extrema can occur only at critical points and endpoints, not every 

critical point or endpoint signals the presence of an extreme value. Figure 5.8 illustrates 

this for interior points. Exercise 55 describes a function that fails to assume an extreme 

value at an endpoint of its domain. 

(b) 

Figure 5.8 Critical points without extreme values. (a) y’ = 3x? is 0 at x = 0, but y = x° has no 
extremum there. (b) y’ = (1/3)x~?/3 is undefined at x = 0, but y = x!/? has no extremum there. 



198 Chapter 5 Applications of Derivatives 

EXAMPLE 5 Finding Extreme Values 

Find the extreme values of 

So 2. baa 

saya See le 

SOLUTION 

The graph in Figure 5.9 suggests that f’(0) = 0 and that f’(1) does not exist. There 
appears to be a local maximum value of 5 at x = 0 and a local minimum value of 3 at 

x = 1. The point (0, 5) is the only stationary point. 

ih To verify the real extrema, we look at the derivative of f. For x # 1, the derivative is 

“(5 042 weet Gone 

Bet aad Chee Oks 

[-5, 5] by [-5, 10] 

ae 

The only point where f’ = 0 is x = 0. What happens at x = 1? : 

At x = 1, the right- and left-hand derivatives are, respectively, | 

f(Uistoh pire TG )aoieraas elaes) seas ee 
1 a 

Figure 5.9 The function in Example 5. 

h—>0* h h—>0+ h a) il ki . 

f(lth)-f(1)  . 5-21 +h)?-3 
m =) Ln a a : 

h—>0- h h>0- h : 

—2h(2 + h) 
= ite — SS SS A 

hae 

Since these one-sided derivatives differ, f has no derivative at x = 1, and 1 is a second 

critical point of f. 

The domain (—oo, co) has no endpoints, so the only values of f that might be local 

extrema are those at the critical points: 

PO} oSandee sls 

From the formula for f, we see that the values of f immediately to either side of x = 0 

are less than 5, so 5 is a local maximum. Similarly, the values of f immediately to 

either side of x = | are greater than 3, so 3 is a local minimum. | 
Now Try Exercise 41. 

+) . Most graphing calculators have built-in methods to find the coordinates of points where 

: extreme values occur. We must, of course, be sure that we use correct graphs to find these 

: = ),0 values. The calculus that you learn in this chapter should make you feel more confident 

* pace eas eee 
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The derivative 

1 — x? 

INCI. (ole ten) 

is defined at every point of the function’s domain. The critical points where f'(x) = 0 are 

x = 1 and x = —1. The corresponding values of f are both In (1/2) = —In2 ~ —0.69. 
Now Try Exercise 37. 

EXPLORATION 1 | Finding Extreme Values 

x 
Let = real ee 

. Determine graphically the extreme values of f and where they occur. Find f’ at 

these values of x. 

. Graph f and f’ (or NDER (f(x), x)) in the same viewing window. Comment 
on the relationship between the graphs. 

. Find a formula for f’(x). 

Quick Review 5.1 _ (for help, go to Sections 1.2, 2.1, 3.5, and 4.1.) — 

Exercise numbers with a gray background indicate problems that the 

authors have designed to be solved without a calculator. 

In Exercises 1—4, find the first derivative of the function. Dipesenn 

mito; Aa 
(c) (d) 

3. g(x) = cos (In x) 
In Exercises 9 and 10, find the limit for @)h(x) = e* 

f(x) = = a 

In Exercises 5-8, match the table with a graph of f(x). A Geet 

Ly x f'(x) 6. x is) 9. im f(x) 10. im, f(x) 

a 0 a 0) 

b 0 p 0 In Exercises 11 and 12, let 
= 5 ASO Mg JA =e eve ie —2x, x=2 

SS $= SS ee fais see De bpd, 

; x 1% > a ‘(x : ' ’ ! 
eee eee 11. Find (a) f’(1), (b) f'(3), (© f'(2). 

a oes not exist a 7 no os 12. (a) Find the domain of f’. 

: ° b seep ea (b) Write a formula for f'(x). 
@ =i G ili 

(a) (b) 

ee 

g > 9 g > in) 

| 
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Section 5.1 Exercises = 

In Exercises 1-4, find the extreme values and where they occur. aph(x) =In(x +1), OS x53 

14. k(x) = e-*, =0o < x <00 

7 lt 
ty = + — s <= = — 15. f(x) = sin (« ") 02 x= Fi 

16. g(x) = secx, — ea ep 
# a ee 2 

fe f(x) = x75, —-3 = x< 1 

ap f(x) = x39, —-2<x=3 

In Exercises 19-30, find the extreme values of the function and 

where they occur. 

19) y = 2x? — 8x + 9 mpy=x—2x+4 

C@iy=xrtx2?—8x+5 Gedy = x° — 3x? + 3x -2 

0 jas mm, = 24  — 
x* = 1 

25 26. a i — 
WA Ss2 AAs Be? 

In Exercises 5—10, identify each x value at which any absolute 1x Loe 

extreme value occurs. Explain how your answer is consistent with gaey = V3 + 2x = x? 

the Extreme Value Theorem. 3 . 
pe ese ayes 5. y 6 y 28. y = 5% + 4x 9x? + 10 

a Kata 
29.) = 0.y = 

Rai rir my ~ 3 ae ae 

Group Activity In Exercises 31-34, find the extreme values of the 
function on the interval and where they occur. 

31. f(x) = [x — 2] + [x4 3], Sa255 

32. e(x)'= "x= Te = Si 2 = eee 

33. h(x). = |x 4 2) > [x = 3), Soc ko ee 

34, k(x) = [e+ Ip lx—3 = SOOKE S100 

In Exercises 35-42, identify the critical points and determine the 

local extreme values. Identify which critical points are not stationary 

points. 

Say = x72 (x +2) GABBy = x2 (x? — 4) 

maey = xV4 — x? (eey = x7 V3-x 

4 2K x SS I 

=, ' Stal cee | 

me  j3-%, x = 10 

@-Prr % =O 
In Exercises 11-18, use analytic methods to find the extreme values ae ee ee eee 

of the function on the interval and where they occur. Identify any ai y= a oie x ith 

critical points that are not stationary points. . EY 

i 1 11 
My f(x) = ~ + Inx, OS sx=4 5 42.) = <iatvtea cole a I 

x3 — 6x? + Bx, r= 1 
Bape(x)=e*, -lsxsil 



43. Writing to Learn The function 

Vier), = KOLO 1692 sO or aS 

models the volume of a box. 

(a) Find the extreme values of V. 

(b) Interpret any values found in (a) in terms of volume of the 

box. 

(c) Support your analytic answer to part (a) graphically. 

44. Writing to Learn The function 

200 
Pie Ota ced EX 100, 

x 

models the perimeter of a rectangle of dimensions x by 100/x. 

(a) Find any extreme values of P. 

(b) Give an interpretation in terms of perimeter of the rectangle 

for any values found in (a). 

Standardized Test Questions 

45. True or False If f(c) is a local maximum of a continuous 
function f on an open interval (a, b), then f’(c) = 0. Justify 
your answer. 

46. True or False If m is a local minimum and M is a local 

maximum of a continuous function f on (a,b), then m < M. 

Justify your answer. 

47. Multiple Choice Which of the following values is the absolute 

maximum of the function f(x) = 4x — x? + 6 on the interval 
[0,4]? 
(A) 0 (B) 2 (C) 4 (D) 6 (E) 10 

48. Multiple Choice [If f is a continuous, decreasing function on 

[0, 10] with a critical point at (4, 2), which of the following 
statements must be false? 

(A) (10) is an absolute minimum of f on [ 0, 10]. 

(B) f(4) is neither a relative maximum nor a relative minimum. 

(C) f'(4) does not exist. 

(D) f’(4) = 0 
(E) f'(4) <0 

49. Multiple Choice Which of the following functions has exactly 

two local extrema on its domain? 

(A) f(a) = 14 —2| 

(B) f(x) =a>— 62 +5 

(C) fixe) Se GS 

(D) f(x) = tanx 
(E) f(x) =x + Inx 

50. Multiple Choice If an even function f with domain all real 

numbers has a local maximum at x = a, then f(—a) 

(A) is a local minimum. 

(B) is a local maximum. 

(C) is both a local minimum and a local maximum. 

- (D) could be either a local minimum or a local maximum. 

(E) is neither a local minimum nor a local maximum. 
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Explorations 
In Exercises 51 and 52, give reasons for your answers. 

51. Writing to Learn Let f(x) = (x — 2)%/3. 

(a) Does f'(2) exist? 

(b) Show that the only local extreme value of f occurs at x = 2. 

(c) Does the result in (b) contradict the Extreme Value Theorem? 

(d) Repeat parts (a) and (b) for f(x) = (x — a)?/>, replacing 
2 by a. 

52. Writing to Learn Let f(x) = |x? — 9x|. 

(a) Does f’(0) exist? 

(b) Does f'(3) exist? 

(c) Does f'(—3) exist? 

(d) Determine all extrema of f. 

Extending the Ideas 
53. Cubic Functions Consider the cubic function 

Ge) ax br? eed. 

(a) Show that f can have 0, 1, or 2 critical points. Give examples 

and graphs to support your argument. 

(b) How many local extreme values can f have? 

54. Proving Theorem 2 Assume that the function f has a local 

maximum value at the interior point c of its domain and that 

f'(c) exists. 

(a) Show that there is an open interval containing c such that 

f(x) — f(c) = 0 for all x in the open interval. 

(b) Writing to Learn Now explain why we may say 

re) 
sn Kaa: 

== ()) 

(c) Writing to Learn Now explain why we may say 

sop) candle 
x>eF A Te 

(d) Writing to Learn Explain how parts (b) and (c) allow us 

to conclude f’(c) = 0. 

(e) Writing to Learn Give a similar argument if f has a local 

minimum value at an interior point. 

55. Functions with No Extreme Values at Endpoints 

(a) Graph the function 

1 
Gis, ened 

0, x= 0. 

Explain why f(0) = 0 is not a local extreme value of f. 

(b) Group Activity Construct a function of your own that fails 

to have an extreme value at a domain endpoint. 
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5.2 Mean Value Theorem 
You will be able to apply the Mean 

Value Theorem to describe the 

behavior of a function over an 

interval. 

+ The Mean Value Theorem 

« Increasing and decreasing functions 

« Functions whose derivative is zero 

¢ Antidifferentiation 

y sone to chord 

Slope LO — LY f= — fe) 

y=f@) 

Figure 5.11 Figure for the Mean Value 

Theorem. 

Rolle’s Theorem 
Da 

Ossian Bonnet (1819-1892) was the first 

to discover what is now the most common 

proof of the Mean Value Theorem (Exercise 

63). It is based on first proving the simpler 

case where f(a) = f(b) = 0 (Exercise 62). 
This case is known as Rolle’s Theorem, 

named for Michel Rolle (1652-1719), who 

proved it only for polynomials. 

Rolle distrusted calculus and spent 1 most | of | 
his life denouncing it. It is ironic that he is 
known today only for an unintended contri- 
bution to a field he tried to suppress. 

Dg Bip we aoe Whee 

Mean Value Theorem 

The Mean Value Theorem connects the average, or mean, rate of change of a function 

over an interval with the instantaneous rate of change of the function at a point within 

the interval. It first arose in the 18th century, when it was used by Joseph Louis Lagrange 

(1736-1813) to determine the distance between a function and its linear approximation (see 

Exercise 72 in Section 5.5). In the 19th century, it helped to answer many of the questions 

that faced scientists as they pushed the boundaries of calculus and discovered strange and 

unexpected effects. For us, it will provide the basis for many applications of the derivative. 

The theorem says that somewhere between points A and B on a differentiable curve, 

there is at least one tangent line parallel to chord AB (Figure 5.11). 

THEOREM 3 Mean Value Theorem for Derivatives 

If y = f(x) is continuous at every point of the closed interval [ a,b] and differen- 
tiable at every point of its interior (a, b), then there is at least one point c in (a, b) 
at which the instantaneous rate of change equals the mean rate of change, 

fee fb) fla) 

The hypotheses of Theorem 3 cannot be relaxed. If they fail at even one point, the graph 

may fail to have a tangent parallel to the chord. For instance, the function f(x) = |x| is 
continuous on [—1, 1] and differentiable at every point of the interior (—1, 1) except 
x = 0. The graph has no tangent parallel to chord AB (Figure 5.12a). The function 

g(x) = int (x) is differentiable at every point of (1, 2) and continuous at every point of 
[1,2] except x = 2. Again, the graph has no tangent parallel to chord AB (Figure 5.12b). 

The Mean Value Theorem is an existence theorem. It tells us the number c exists with- 

out telling how to find it. We can sometimes satisfy our curiosity about the value of c but 

the real importance of the theorem lies in the surprising conclusions we can draw from it. 

=Ixl,-lsxs1l : 2 B(2, 2) 

Ba, 1) y =intx, lsxx<2 
A(1, 1) 

Figure 5.12 ‘No tangent 



B(2, 4) 

Figure 5.13 (Example 1) 
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SOLUTION 

The function f(x) = x? is continuous on [ 0, 2] and differentiable on (0, 2). Since 
f(0) = Oand f(2) = 4, the Mean Value Theorem guarantees a point c in the interval 

(0, 2) for which 

f(b) — fla) fie) = at 

ee 5a UW) 
2c = po PP si NGG) =a: 

c= 1 

Interpret The tangent line to f(x) = x? at x = 1 has slope 2 and is parallel to the 
chord joining A(0, 0) and B(2, 4) (Figure 5.13). Now Try Exercise 1. 

EXAMPLE 2 Exploring the Mean Value Theorem 

Explain why each of the following functions fails to satisfy the conditions of the Mean 

Value Theorem on the interval [—1, 1 ]. 

x3 WY forx <1 

x?7+1 forx=1 
(a) f(x) = Vx? +1 (b) f(x) = { 

SOLUTION 

(a) Note that Vx? + 1 = |x| + 1, so this is just a vertical shift of the absolute value 
function, which has a nondifferentiable “corner” at x = 0. (See Section 3.2.) The func- 

tion f is not differentiable on (—1, 1). 

(b) Since lim,_,,- f(x) = lim,.,-x7+3 = 4 and lim,_,,+ f(x) = lim,,+x? + 
= 2, the function has a discontinuity at x = 1. The function f is not continuous 

ON sel selal. 

If the two functions given had satisfied the necessary conditions, the conclusion of the 

Mean Value Theorem would have guaranteed the existence of a number c in (—1, 1) 

yee Ses) 
such that f’(c) = —————— = 0. Such a number c does not exist for the func- (21) 
tion in part (a), but one happens to exist for the function in part (b) (Figure 5.14). 

(a) (b) 

poy f{-1) 
== LP} 

conditions of the Mean Value Theorem on the interval [—1, 1 |. For the function in Example 2(a), 

there is no number c such that f'(c) = 0. It happens that f’(0) = 0 in Example 2(b). 
Now Try Exercise 3. 

Figure 5.14 For both functions in Example 2, = 0 but neither function satisfies the 
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y EXAMPLE 3 Applying the Mean Value Theorem 

Let f(x) = V1 — x?,A = (-1, f(-1)), and B = (1, f(1)). Find a tangent to f in 
the ae (—1, 1) that is parallel to the secant AB. 

SOLUTION 

The function f (Figure 5.15) is continuous on the interval [—1, 1 ] and 

Px fl eee 
doege 

is defined on the interval (—1, 1). The function is not differentiable at x = —1 and x = 1, 
but it does not need to be for the theorem to apply. Since f(—1) = f(1) = 0, the tangent 
we are looking for is horizontal. We find that f’ = 0 at x = 0, where the graph has the 

horizontal tangent y = 1. Now Try Exercise 9. 

Figure 5.15 (Example 3) 

Physical Interpretation 
If we think of the difference quotient (f(b) — f(a))/(b — a) as the average change in f 
over [a,b] and f'(c) as an instantaneous change, then the Mean Value Theorem says 

= 300 (8, 352) that the instantaneous change at some interior point must equal the average change over 
2 a the entire interval. 

3 

ae ee ae EXAMPLE 4 Int ah iheicass speed nterpreting the Mean Value Theorem 

was 30 mph. If a car accelerating from zero takes 8 sec to go 352 ft, its average velocity for the 

5 8-sec interval is 352/8 = 44 ft/sec, or 30 mph. At some point during the acceleration, 

Time (sec) the theorem says, the speedometer must read exactly 30 mph (Figure 5.16). 

Figure 5.16 (Example 4)- Now Try Exercise 11. 

Increasing and Decreasing Functions 
Our first use of the Mean Value Theorem will be its application to increasing and 

decreasing functions. 

DEFINITIONS Increasing Function, Decreasing Function 

Let f be a function defined on an interval J and let x, and x, be any two points in /. 

Monotonic Functions a 1. f on / if x; see aye f(x) < f(x). 

A function that is always increasing on an 2. f ot Lat % <% => flu) > F(%). 
interval or always decreasing on an interval 

is said to be monotonic there. 

The Mean Value Theorem allows us to identify exactly where graphs rise and fall. 

Functions | with pea Bevan ves are increasing functions; functions with negative 
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y a Proof Let x, and x, be any two points in [| a,b] with x; < x). The Mean Value Theorem 

Li ars applied to f on [| x;,x2 | gives 

De eae 20) gad ge) %) — 24) 

Function | for some c between x, and x. The sign of the right-hand side of this equation is the same 

increasing —_as the sign of f'(c) because x. — x, is positive. Therefore, 

(a) f(x) < f(x) if f’ > 0 on (a, bd) (f is increasing), or 

(b) f(x.) > f(x) if f’ < 0 on (a, b) (f is decreasing ). | 

Function 
decreasing 

y' <0 

p10 EXAMPLE 5 Determining Where Graphs Rise or Fall 

Figure 5.17 (Example 5) The function y = x? (Figure 5.17) is 

(a) decreasing on (—oo, 0] because y’ = 2x < 0 on (—o0, 0). 

(b) increasing on [ 0, 00) because y’ = 2x > 0 on (0, co). Now Try Exercise 15. 
What’s Happening at Zero? 

Note that 0 appears in both intervals in 

Example 5, which is consistent both with 

the definition and with Corollary 1. Does 

this mean that the function y = x? is both 
increasing and decreasing at x = 0? No! 

This is because a function can only be 

described as increasing or decreasing 

EXAMPLE 6 Determining Where Graphs Rise or Fall 

Where is the function f(x) = x* — 4x increasing and where is it decreasing? 

SOLUTION 

The function is increasing where f’(x) > 0. 

on an interval with more than one point 3x2 —4>'0 

(see the definition). Saying that y = x? is 4 
“increasing at x = 2" is not really proper > 

either, but you will often see that state- 3) 
ment used as a short way of saying y = x? 

is “increasing on an interval containing 2.” 

iN My 
[-5, 5] by [-5, 5] 

In interval notation, f is increasing on (—o0, = 4/3 i decreasing on 

[- V 4/3, V4/3 iy and increasing on [ V 4/3, oo). See Figure 5.18 for graphical 
support of the analytic solution. Now Try Exercise 27. 

Figure 5.18 By comparing the graphs of 

f(x) = x? — 4x and f’(x) = 3x? — 4.we 
can relate the increasing and decreasing 

behavior of f to the sign of f’. (Example 6) Other Consequences 

We know that constant functions have the zero function as their derivative. We can now 

use the Mean Value Theorem to show the converse, that the only functions with the zero 

function as derivative are constant functions. 

COROLLARY 2 +Functions with f’ = 0 Are Constant 

If f'(x) = 0 at each point of an interval /, then there is a constant C for which 
f(x) = C for all x in. 
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i 

con ¥ 

Proof Our plan is to show that f(x,) = f(x2) for any two points x, and x, in J. We can 
assume the points are numbered so that x; < x. Since f is differentiable at every point 

of [x,,x2] it is continuous at every point as well. Thus, f satisfies the hypotheses of 

the Mean Value Theorem on [ x), x, ]. Therefore, there is a point c between x, and x 

for which 

f(%2) — f f'(c) = a ~ fa 

Because f'(c) = 0, it follows that f(x.) = f(x). a 

We can use Corollary 2 to show that if two functions have the same derivative, they 

differ by a constant. 

COROLLARY 3 Functions with the Same Derivative Differ by a Constant 

If f'(x) = g'(x) at each point of an interval /, then there is a constant C such that 
f(x) = g(x) + C forall xine | 

Proof Let h = f — g. Then for each point x in J, 

h'(x) = f'(x) — g'(x) = 0. 
It follows from Corollary 2 that there is a constant C such that h(x) = C for all x in J. 
Thus, h(x) = f(x) — g(x) = C, or f(x) = g(x) + C. a 

We know that the derivative of f(x) = x? is 2x on the interval (—oo, 00). So, any other 
function g(x) with derivative 2x on (—oo, 00) must have the formula g(x) = x? + C for 
some constant C. 

EXAMPLE 7 Applying Corollary 3 

Find the function f(x) whose derivative is sin x and whose graph passes through the 

point (0, 2). 

SOLUTION 

Since f has the same derivative as g(x) = —cos x, we know that f(x) = —cos x + C, 
for some constant C. To identify C, we use the condition that the graph must pass 

through (0, 2). This is equivalent to saying that 

f(0) =2 
—cos(0) +C=2 f(x) =-cosx+C 

-1+C=2 
C= 3. 

The formula for f is f(x) = —cos x + 3. Now Try Exercise 35. 
Ti. thi ae OG 6 Aty Weep) 

to find a function with that deriva- 

eR A i 



Section 5.2 Mean Value Theorem 207 

We know that if f has one antiderivative F then it has infinitely many antideriva- 

tives, each differing from F by a constant. Corollary 3 says these are all there are. In 

Example 7, we found the particular antiderivative of sin x whose graph passed through 

the point (0, 2). 

EXAMPLE 8&8 Finding Velocity and Position 

Find the velocity and position functions of a body falling freely from a height of 

0 meters under each of the following sets of conditions: 

(a) The acceleration is 9.8 m/sec? and the body falls from rest. 

(b) The acceleration is 9.8 m/sec? and the body is propelled downward with an initial 

velocity of 1 m/sec. 

SOLUTION 

(a) Falling from rest. We measure distance fallen in meters and time in seconds, and 

assume that the body is released from rest at time t = 0 with downward as the positive 

direction. 

Velocity: We know that the velocity v(t) is an antiderivative of the constant function 9.8. 

We also know that g(t) = 9.8r is an antiderivative of 9.8. By Corollary 3, 

v(t) = 9.8 + C 

for some constant C. Since the body falls from rest, v(0) = 0. Thus, 

9.8(0) +C=0 and C=0. 

The body’s velocity function is v(t) = 9.8t. 

Position: We know that the position s(t) is an antiderivative of 9.87. We also know 
that h(t) = 4.91? is an antiderivative of 9.8¢. By Corollary 3, 

s(t) = 4.912 + C 

for some constant C. Since s(0) = 0, 

4.9(0)?+C=0 and C=0. 

The body’s position function is s(t) = 4.97. 

(b) Propelled downward. We measure distance fallen in meters and time in seconds, 

and assume that the body is propelled downward with a velocity of 1 m/sec at 

time t = 0. 

Velocity: The velocity function still has the form 9.8¢ + C, but instead of being zero, 

the initial velocity (velocity at t = 0) is now | m/sec. Thus, 

9.8(0) +C=1 and C=1. 

The body’s velocity function is v(t) = 9.8¢ + 1. 

Position: We know that the position s(t) is an antiderivative of 9.8¢ + 1. We also 
know that k(t) = 4.9t? + t is an antiderivative of 9.8¢ + 1. By Corollary 3, 

Bune 0 tet 

for some constant C. Since s(0) = 0, 

49(02 +0+C=0 and C=0. 

The body’s position function is s(t) = 4.9t? + t. Now Try Exercise 43. 
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Exercise numbers with a gray background indicate problems that the 

authors have designed to be solved without a calculator. 

In Exercises 1 and 2, find exact solutions to the inequality. 

1.2x7 —-6<0 2.3x7 —-6>0 

In Exercises 3-5, let f(x) = V8 — 2x?. 

3. Find the domain of f. 

4. Where is f continuous? 

5. Where is f differentiable? 

x 

x2 - 1) 
In Exercises 6-8, let f(x) = 

6. Find the domain of f. 

Section 5.2 Exercises 

Quick Review 5.2 (for help, go to Sections 1.2, 2.3, and 3.2.) 

7. Where is f continuous? 

8. Where is f differentiable? 

In Exercises 9 and 10, find C so that the graph of the function f 

passes through the specified point. 

me f(x) =—2x + C,. (—2,7) 

BO) e(x) =x2?+2x4+C, (1-1) 

In Exercises 1—8, (a) state whether or not the function satisfies the 

hypotheses of the Mean Value Theorem on the given interval, and 

(b) if it does, find each value of c in the interval (a, b) that satisfies 

the equation 

Ut eek yoo = Mase) 
1. f(x) =x? +2x—1 on[0,1] 

2) f(x) = x7 on [0,1] 

B) f(x) =x? on [-1,1] 

4) f(x) =|x-—1| on[0,4] 

By f(x) =sin-'x on[-1,1] 

6. f(x) =In(x-—1) on[2,4] 

-, loose, 0 =x = 7/2 

f(x) = ae Gf DK aeT Aan 

sin”! x, Spay =n 
Bie) - {0 ee Ee ni—1: 3, 

In Exercises 9 and 10, the interval a = x = b is given. Let 

A = (a, f(a)) and B = (b, f(b)). Write an equation for 

(a) the secant line AB. 

(b) a tangent line to f in the interval (a, b) that is parallel to AB. 

I 
mef(x)=x+-, 05 sx=2 

x 

10) f(x) = Vx - 1, es a-s S 

11. Speeding A trucker handed in a ticket at a toll booth 

showing that in 2 h she had covered 159 mi on a toll road 

with speed limit 65 mph. The trucker was cited for speeding. 

Why? 

12. Temperature Change It took 20 sec for the temperature to 

rise from 0°F to 212°F when a thermometer was taken from 

a freezer and placed in boiling water. Explain why at some 

moment in that interval the mercury was rising at exactly 

10.6°F/sec. 

13. Triremes Classical accounts tell us that a 170-oar trireme 

(ancient Greek or Roman warship) once covered 184 sea miles 

in 24 h. Explain why at some point during this feat the trireme’s 

speed exceeded 7.5 knots (sea miles per hour). 

14. Running a Marathon A marathoner ran the 26.2-mi New York 

City Marathon in 2.2 h. Show that at least twice, the marathoner 

was running at exactly 11 mph. 

In Exercises 15—22, use analytic methods to find (a) the local 

extrema, (b) the intervals on which the function is increasing, and 

(c) the intervals on which the function is decreasing. 

15) f(x) = 5x — x? fap e(x) =x? -—x- 12 

47) h(x) = : 48) k(x) = 5 

me f(x) = e 20) f(x) = e-%* 

(21by =4-Vx+2 22) y = x4 - 10x? +9 



In Exercises 23-28, find (a) the local extrema, (b) the intervals on 

which the function is increasing, and (c) the intervals on which the 

function is decreasing. 

23. f(x) =xV4-x 24. 9(x) = x'3(x + 8) 

25) aor 26 airas 

22x) =i 2k 2COsK, 28.9(x) = 2x + cos x 

In Exercises 29-34, find all possible functions f with the given 

derivative. 

29. f'(x) =x 

ae f'(x) = 3x2 — 2x + 1 

30. f’(x) =2 

32. f'(x) = sinx 

1 
pee f'(x) =——,, x>1 33. f'(x) = e* 

ie = il 

In Exercises 35-38, find the function with the given derivative 

whose graph passes through the point P. 

85) f'(x)=-=, x>0, P(2,1) 
x 

1 
BB) f(x) = yy P(1.-2) 

37 f=. ee), P(-1, 3) 
Oe 

gap f'(x) =2x+1-—cosx, P(0,3), 

Group Activity In Exercises 39-42, sketch a graph of a differen- 

tiable function y = f(x) that has the given properties. 

39. (a) local minimum at (1, 1 ),.local maximum at (3, 3) 

(b) local minima at (1, 1) and (3, 3) 

(c) local maxima at (1, 1) and (3, 3) 

40. (2) = 3, f'(2) =0, and 
(ape Utne f(a 0 for x > 2. 

(b) f'(x) < Oforx <2, f'(x) > Oforx > 2. 
(c) f'(x) < Oforx # 2. 

(d) f’(x) > Oforx # 2. 

aa) pad =O) f(x) >. Oon (—1, 1); 

if eon eri 1 k(x) = Oiforx eat, 

42. A local minimum value that is greater than one of its local maxi- 

mum values. 

43. Free Fall On the moon, the acceleration due to gravity is 

1.6 m/sec’. 

(a) If a rock is dropped into a crevasse, how fast will it be going 

just before it hits bottom 30 sec later? 

(b) How far below the point of release is the bottom of the 

crevasse? 

(c) If instead of being released from rest, the rock is thrown into 

the crevasse from the same point with a downward velocity 

of 4 m/sec, when will it hit the bottom and how fast will it be 

going when it does? 
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44. Diving (a) With what velocity will you hit the water if you step 

off from a 10-m diving platform? 

(b) With what velocity will you hit the water if you dive off the 

platform with an upward velocity of 2 m/sec? 

45. Writing to Learn The function 

se SSeS 

is zero at x = 0 and at x = 1. Its derivative is equal to | at 

every point between 0 and 1, so f’ is never zero between 0 and 

1, and the graph of f has no tangent parallel to the chord from 

(0, 0) to (1, 0). Explain why this does not contradict the Mean 
Value Theorem. 

46. Writing to Learn Explain why there is a zero of y = cos x 

between every two zeros of y = sin x. 

47. Unique Solution Assume that f is continuous on | a, b | 
and differentiable on (a, b). Also assume that f(a) and f(b) 
have opposite signs and f’ # 0 between a and b. Show that 

f(x) = 0 exactly once between a and b. 

In Exercises 48 and 49, show that the equation has exactly one solu- 

tion in the given interval. (Hint: See Exercise 47.) 

48. x4 + 3x+ 1=0, DS et 

49.x + In(x+ 1) =0, OS x3 

50. Parallel Tangents Assume that f and g are differentiable on 

[a,b] and that f(a) = g(a) and f(b) = g(b). Show that there 
is at least one point between a and b where the tangents to the 

graphs of f and g are parallel or the same line. Illustrate with a 

sketch. 

Standardized Test Questions 
You may use a graphing calculator to solve the following problems. 

51. True or False If f is differentiable and increasing on (a, b), 
then f’(c) > 0 for every c in (a, b). Justify your answer. 

52. True or False If f is differentiable and f’(c) > 0 for every c 
in (a, b), then f is increasing on (a, b). Justify your answer. 
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53. 

54. 

55. 

56. 
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Multiple Choice If f(x) = cos x, then the Mean Value 

Theorem guarantees that somewhere between 0 and 

7/3, f'(x) = 
(CH 

AVE | 
@)-— (D0); 

3 
(A) he 

Multiple Choice On what interval is the function 

g(x) = e* "+8 decreasing? 

(A) (-c0,2] ~—(B) [0,4] (© [2,4] 
(D) (4, co) (E) no interval 

Multiple Choice Which of the following functions is an anti- 

| 
derivative of ——? 

Vx 
2 Vx 

(A) (Bi = = (Cy 
V 2x3 Vx 2 

(D)Vx+5 (EB) 2Vx—10 
Multiple Choice All of the following functions satisfy the 

conditions of the Mean Value Theorem on the interval [—1, 1 | 
except 

x 
Oo Becta es (A) sin x (B) sin~!x (C) x5/3 (D) x3/5 : 

Extending the Ideas 

Dike 

58 

59. 

60. 

61. 

Geometric Mean The geometric mean of two positive 

numbers a and b is Vab. Show that for f(x) = 1/x on any 

interval [ a, b] of positive numbers, the value of c in the conclu- 

sion of the Mean Value Theorem is c = V ab. 

. Arithmetic Mean The arithmetic mean of two numbers a 

and b is (a + b)/2. Show that for f(x) = x? on any interval 

[a,b], the value of c in the conclusion of the Mean Value 

Theorem is c = (a + b)/2. 

Upper Bounds Show that for any numbers a and b 

|sinb — sina| S |b — al. 

Sign of f’ Assume that f is differentiable on a S x S b 

and that f(b) < f(a). Show that f’ is negative at some point 

between a and b. 

Monotonic Functions Show that monotonic increasing and 

decreasing functions are one-to-one. 

62. 

63. 

Writing to Learn Proof of Rolle’s Theorem Rolle’s 

Theorem is the special case of the Mean Value Theorem for 

which f(a) = f(b) = 0, and the conclusion is that there is at 
least one point c for which f’(c) = 0. The following steps will 
lead you through a proof of Rolle’s Theorem. 

(a) Since f is continuous on [ a, b |, the Extreme Value Theorem 

(Theorem 1, p. 194) guarantees that f has both a maxi- 

mum and a minimum value on this interval. Explain why, 

if the maximum and minimum occur only at the endpoints, 

then f is the constant function f(x) = 0. It follows that 
either f’(x) = 0 for all x in (a, b) or there is some point c 
between a and b where f has a local maximum or minimum. 

(b) Use Theorem 2 (p. 195) to finish the proof of Rolle’s 

Theorem. 

Writing to Learn Proof of the Mean Value Theorem 

The following steps will establish the Mean Value Theorem as a 

corollary of Rolle’s Theorem. This is the proof first discovered 

by Ossian Bonnet in the 1860s. We assume that f is continuous 

on [a,b] and differentiable on (a, b). 

(a) Verify that 

_ f(b) - fa) 
a (2) = 

is the equation of the secant line through (a, f(a) ) and 

(b) Define a new function g, 

Oita s(x) = fe) — (A= (e ~ a) + sa)), 
Explain why g is continuous on | a, b], differentiable on 

(a, b), and g(a) = g(b) = 0. Rolle’s Theorem (Exercise 62) 
implies that there is at least one point c between a and b for 

which g’(c) = 0. 

(c) Use the definition of g to show that 

; f(b) — f(a) 

Now finish the proof of the Mean Value Theorem. 

(x — a) + f(a) 
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5.3 | Connecting f’ and f” with the Graph of f 
You will be able to use derivatives to 

analyze properties of a function. 

¢ Intervals of increase or decrease 

¢ Both First and Second Derivative 

Tests for local extrema 

« Intervals of upward or downward 

concavity 

¢ Points of inflection 

¢ Identification of key features of 

functions and their derivatives 

Absolute min 

First Derivative Test for Local Extrema 

AS we see once again in Figure 5.19, a function f may have local extrema at some critical 

points while failing to have local extrema at others. The key is the sign of f’ in a critical 

point’s immediate vicinity. As x moves from left to right, the values of f increase where 

f’ > 0 and decrease where f’ < 0. 

At the points where f has a minimum value, we see that f’ < 0 on the interval imme- 

diately to the left and f’ > 0 on the interval immediately to the right. (If the point is an 

endpoint, there is only the interval on the appropriate side to consider.) This means that 

the curve is falling (values decreasing) on the left of the minimum value and rising (values 

increasing) on its right. Similarly, at the points where f has a maximum value, f’ > 0 on 

the interval immediately to the left and f’ < 0 on the interval immediately to the right. 

This means that the curve is rising (values increasing) on the left of the maximum value 

and falling (values decreasing) on its right. 

Absolute max 

f undefined 

Local max 

f'=0 No extreme 

f=0 
No extreme 

0 

Local min _ Local min 
f>0 f'=0 

Figure 5.19 A function’s first derivative tells how the graph rises and falls. 

THEOREM 4 First Derivative Test for Local Extrema 

The following test applies to a continuous function f(x). 

At a critical point c: 
1. If f’ changes sign from positive to negative at c(f'’ > Oforx < c and f’<0 

for x > c), then f has a local maximum value at c. 

local max local max 

peaks NG | 
f'>0 piso F>0 I ff<o 

| | 

c Gy 

(a) f(c) =0 (b) f'(c) undefined 

continued 
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2. If f' changes sign from negative to positive at c (f' < 0 forx < cand f’> 0 for 

x > c) then f has a local minimum value at c. 

local 

min f' <0 

tee!) aoe local min} PSO 

| 

C c 

(a) f(c) =0 (b) f(c) undefined 

3. If f’ does not change sign at c (f’ has the same sign on both sides of c), then f 

has no local extreme value at c. 

no extreme no extreme 

f <0 

c c 

(a) f(c) = 0 (b) f(c) undefined 

At a left endpoint a: 
If f'<0(f'> 0) forx > a, then f has a local maximum (minimum) value at a. 

local max 

i 

| wine, 
| f' <0 f>0 
| | 

ee poe S, on a ae 
a a 

At a right endpoint b: 
If f'<0(f'> 0) forx < b, then f has a local minimum (maximum) value at b. 

f local max 

local min Joe 

= aes ae 
b 

Here is how we apply the First Derivative Test to find the local extrema of a function. 

The critical points of a function f partition the x-axis into intervals on which f’ is either 

positive or negative. We determine the sign of f’ in each interval by evaluating f’ for one 

value of x in the interval. Then we apply Theorem 4 as shown in Examples | and 2. 

EXAMPLE 1 Using the First Derivative Test 

For each of the following functions, use the First Derivative Test to find the local 

extreme values. Identify any absolute extrema. 

(a) f(x) =x? — 12x -—5 (b) g(x) = (x? — 3)e* 
continued 



[=5, 5] by [—25, 25] 

Figure 5.20 The graph of 

Foro x 12 — 5. 

[-5, 5] by [-8, 5] 

Figure 5.21 The graph of 

pix) = (47 — 3 )e*. 

Caution: When using a sign chart, as in the 

solution to Example 1, be certain to label 

it, indicating for which function these are 

the signs. 

y’ increases 

25 

Figure 5.22 The graph of y = x? is con- 
cave down on (—oo, 0) and concave up on 
(0, 00). 
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SOLUTION 

(a) Since f is differentiable for all real numbers, the only possible critical points are 

the zeros of f’. Solving f'(x) = 3x* — 12 = 0, we find the zeros to be x = 2 and 
x = —2. The zeros partition the x-axis into three intervals, as shown below: 

Sign of f’ + =- & 

ee 
—2 2 

Using the First Derivative Test, we can see from the sign of f’ on each interval that 

there is a local maximum at x = —2 and a local minimum at x = 2. The local maxi- 

mum value is f(—2) = 11, and the local minimum value is f(2) = —21. There are no 
absolute extrema, as the function has range (—oo, oo) (Figure 5.20). 

(b) Since g is differentiable for all real numbers, the only possible critical points are 

the zeros of g’. Since g’(x) = (x? — 3) *e* + (2x) *e* = (x? + 2x — 3) °e%, we 
find the zeros of g’ to be x = 1 and x = —3. The zeros partition the x-axis into three 

intervals, as shown below: 

Signofg) + - + 

eee 

-3 1 

Using the First Derivative Test, we can see from the sign of f’ on each interval that there 

is a local maximum at x = —3 and a local minimum at x = 1. The local maximum value 

is g(—3) = 6e 3 ~ 0.299, and the local minimum value is g(1) = —2e ~ —5.437. 
Although this function has the same increasing—decreasing—increasing pattern as f, 

its left end behavior is quite different. We see that lim, —. _,, g(x) = 0, so the graph 

approaches the y-axis asymptotically and is therefore bounded below. This makes 

g(1) an absolute minimum. Since lim,-.,, g(x) = 00, there is no absolute maximum 

(Figure 5.21). Now Try Exercise 3. 

Concavity 
As you can see in Figure 5.22, the function y = x” rises as x increases, but the portions 

defined on the intervals (—oo, 0) and (0, co) turn in different ways. Looking at tangents 
as we scan from left to right, we see that the slope y’ of the curve decreases on the interval 

(—oo, 0) and then increases on the interval (0, 00). The curve y = x? is concave down on 
(—oo, 0) and concave up on (0, co). The curve lies below the tangents where it is concave 
down, and above the tangents where it is concave up. 

5 

DEFINITION Concavity 

The graph of a differentiable function y = f(x) is 

(a) concave up on an interval / if y’ is increasing on J. 

(b) concave down on an interval / if y’ is decreasing on /. 

If a function y = f(x) has a second derivative, then we can conclude that y’ increases 

if y” > O and y’ decreases if y” < 0. 
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Note 

Since y’ is increasing or decreasing on the 

interval /, we can only speak of concavity 

on an interval that contains more than one 

point. There also is a definition of concavity 

that is independent of the derivative: The 

graph of y = f(x) is concave up on the 

interval / if for any pair of points x; < x 

in /, the secant line connecting (x1, f(x; )) 

and (Xp, f(X)) lies above the graph of f. 

lt is concave down if the secant line lies 

below the graph of f. 

y 

Figure 5.23 The graph of y = x? is con- 
cave up on any interval. (Example 2) 

y, =3 +sinx, vy =-sin x 

[0, 277] by [—2, 5] 

Figure 5.24 Using the graph of y” to deter- 

mine the concavity of y. (Example 2) 

X=.70710678 |Y=.60653066 
{-2, 2] by [-1, 2] 

Figure 5.25 Graphical confirmation that 

the graph of y = e ~ has a point of 

inflection at x = V1/2 (and hence also 

atx = stil /2). (Example 3) 
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Concavity Test 

The graph of a twice-differentiable function y = f(x) is 

(a) concave up on any interval where y” > 0. 

(b) concave down on any interval where y” < 0. 

EXAMPLE 2 Determining Concavity 

Use the Concavity Test to determine the concavity of the given functions on the given 

intervals: 

(a) y = x? on (3, 10) 

SOLUTION 

(a) Since y” = 2 is always positive, the graph of y = x? is concave up on any interval. 

In particular, it is concave up on (3, 10) (Figure 5.23). 

(b) y = 3 + sinx on (0, 277) 

(b) The graph of y = 3 + sin x is concave down on (0, 77), where y” = —sin x is 
negative. It is concave up on (77, 277), where y” = —sin x is positive (Figure 5.24). 

Now Try Exercise 7. 

Points of Inflection 

The curve y = 3 + sinx in Example 2 changes concavity at the point (7,3). We call 
(7, 3) a point of inflection of the curve. 

DEFINITION Point of Inflection 

A point where the graph of a function has a tangent line and where the concavity 

changes is a point of inflection. 

A point on a curve where y” is positive on one side and negative on the other is a point 

of inflection. At such a point, y” is either zero (because derivatives have the Intermediate 

Value Property) or undefined. If y is a twice differentiable function, y” = 0 at a point of 

inflection and y’ has a local maximum or minimum. 

EXAMPLE 3 Finding Points of Inflection 

Find all points of inflection of the graph of y = e~*. 

SOLUTION 

First we find the second derivative, recalling the Chain and Product Rules: 

y=e™ 

Por ets {20} 
yf e-¥ 9 (2x) ¢ (—22) +e + (-2) 

= e7* (4x? — 2) 

The factor e~* is always positive, while the factor (4x? — 2) changes sign at —V 1/2 

and at V 1/2. Since y” must also change sign at these two numbers, the points of 

inflection are (—V1/2, 1/ Ve) and (V1/2, 1/ Ve). We confirm our solution graph- 
ically by observing the changes of curvature in Figure 5.25. 

Now Try Exercise 13. 
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EXAMPLE 4 Reading the Graph of the Derivative 

The graph of the derivative of a function f on the interval {—4, 4] is shown in Figure 5.26. 
Answer the following questions about f, justifying each answer with information obtained 

from the graph of f’. 

(a) On what intervals is f increasing? 

(b) On what intervals is the graph of f concave up? 

(c) At which x-coordinates does f have local extrema? 

(d) What are the x-coordinates of all inflection points of the graph of f? 

(e) Sketch a possible graph of f on the interval [—4, 4]. 

Figure 5.26 The graph of f’ the derivative SOLUTION 

of f, on the interval [—4, 4]. Often, making a chart showing where f’ is positive and negative and where f’ is 
increasing and decreasing helps to understand the behavior of the function f (whose 

derivative is f’). The following chart is based on Figure 5.26. 

Intervals See at ae xs 04 Oe <1 lax 3) 8a x=4 

Sign of f’ positive positive positive negative negative 

Graph of f’ decreasing increasing decreasing decreasing increasing 

(a) Since f’ > 0 on the intervals [—4, —2) and (—2, 1), the function f must be increas- 

ing on the entire interval | —4, 1 | with a horizontal tangent at x = —2 (a “shelf point”). 

(b) The graph of f is concave up on the intervals where f’ is increasing. We see from 

the graph that f’ is increasing on the intervals (—2, 0) and (3, 4). 
Figure 5.27 A possible graph of f. ; ae , 
(Example 4) (c) By the First Derivative Test, there is a local maximum at x = | because the 

sign of f’ changes from positive to negative there. Note that there is no extremum at 

x = —2, since f’ does not change sign. Because the function increases from the left 

endpoint and decreases to the right endpoint, there are local minima at the endpoints 

x = —4and x = 4. 

(d) The inflection points of the graph of f have the same x-coordinates as the turning 

points of the graph of f’, namely, —2, 0, and 3. 

(e) A possible graph satisfying all the conditions is shown in Figure 5.27. 

Now Try Exercise 23. 

[-4.7, 4.7] by [-3.1, 3.1] 

Figure 5.28 The function f(x) = x* does : ; ; : om : : . : 
y have a point of cages . the origin Caution: It is tempting to oversimplify a point of inflection as a point where the second 

even though f"(0) = 0. derivative is zero, but that can be wrong for two reasons: 

1. The second derivative can be zero at a noninflection point. For example, consider 

the function f(x) = x4 (Figure 5.28). Since f”(x) = 12x?, we have f”(0) = 0; 
however, (0,0) is not an inflection point. Note that f” does not change sign at 

x= 0. 

2. The second derivative need not be zero at an inflection point. For example, con- 

sider the function f(x) = We (Figure 5.29). The concavity changes at x = 0, but 

there is a vertical tangent line, so both f’(0) and f”(0) fail to exist. 

Therefore, the only safe way to test algebraically for a point of inflection is to confirm a 

sign change of the second derivative. This could occur at a point where the second deriva- 

festa the Aner ea tive is zero, but it also could occur at a point where the second derivative fails to exist. 

Figure 5.29 The function f(x) = Wx has To study the motion of a body moving along a line, we often graph the body’s position as 

a point of inflection at the origin, even a function of time. One reason for doing so is to reveal where the body’s acceleration, given 
though f”(0) # 0. by the second derivative, changes sign. On the graph, these are the points of inflection. 
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[0, 6] by [-30, 30] 

(a) 

[0, 6] by [-30, 30] 

(b) 

[0, 6] by [-30, 30] 

(c) 

Figure 5.30 The graph of 

(a) x(t) = 227 = 1422, + 224 —.5, t= 0, 
(b) x’(t) = 6t? — 28¢ + 22, and 

(c) x"(t) = 12t — 28. (Example 5) 

EXAMPLE 5 Studying Motion Along a Line 

A particle is moving along the x-axis with position function 

x(t) Die Ape 2 Sete 

Find the velocity and acceleration, and describe the motion of the particle. 

SOLUTION 

The velocity is 

v(t) = x'(t) = 6t? — 28 + 22 = 2(t — 1)(3t — 11), 

and the acceleration is 

a(t) = v'(t) = x"(t) = 12t — 28 = 4(3t — 7). 

When the function x(t) is increasing, the particle is moving to the right on the x-axis; 

when x(t) is decreasing, the particle is moving to the left. Figure 5.30 shows the 

graphs of the position, velocity, and acceleration of the particle. 

Notice that the first derivative (v = x’) is zero when t = | and t = 11/3. These zeros 
partition the f-axis into three intervals, as shown in the sign graph of v below: 

Sign of v= x’ + =- +> 

Ene 

0 1 ut 

Behavior of x increasing decreasing increasing 

Particle motion right left right 

The particle is moving to the right in the time intervals [ 0, 1) and (11/3, 00) and 
moving to the left in (1, 11/3). 

The acceleration a(t) = 12 — 28 has a single zero at t = 7/3. The sign graph of the 

acceleration is shown below: 

Sign of a=x" i + 

as x 

7 
¢ 7 

Graph of x concave down concave up 

Particle motion decelerating accelerating 

The accelerating force is directed toward the left during the time interval { 0, 7/3), is 

momentarily zero at t = 7/3, and is directed toward the right thereafter. 

Now Try Exercise 25. 

Second Derivative Test for Local Extrema 

Instead of looking for sign changes in y’ at critical points, we can sometimes use the fol- 
lowing test to determine the presence of local extrema. 
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THEOREM 5 Second Derivative Test for Local Extrema 

1. If f'(c) = 0 and f"(c) < 0, then f has a local maximum at x = c. 

2. If f’(c) = 0 and f"(c) > 0, then f has a local minimum at x = c. 

This test requires us to know f” only at c itself and not in an interval about c. This 

makes the test easy to apply. That’s the good news. The bad news is that the test fails if 

f"(c) = 0 or if f"(c) fails to exist. Sometimes, f” is just much harder to find than f’. 
When this happens, go back to the First Derivative Test for local extreme values. 

In Example 6, we apply the Second Derivative Test to the function in Example 1. 

EXAMPLE 6 Using the Second Derivative Test 

Find the local extreme values of f(x) = x7 — 12x — 5. 

SOLUTION 

We have 

POKORNY 3 (44) 

f"(x) = Ox 
Testing the critical points x = +2 (there are no endpoints), we find 

f"(—2) = -12 < 0= f has a local maximum at x = —2 and 

f"(2) = 12 0 => f has a local minimum at x = 2. 

Now Try Exercise 33. 

EXAMPLE 7 Using f and f” to Graph f 

Lett! (x) 4x3 Salon. 

(a) Identify where the extrema of f occur. 

(b) Find the intervals on which f is increasing and the intervals on which f is decreasing. 

(c) Find where the graph of f is concave up and where it is concave down. 

(d) Sketch a possible graph for f. 

SOLUTION 

f is continuous, since f’ exists. The domain of f’ is (—o0, 00), so the domain of f is 

also (—oo, co). Thus, the critical points of f occur only at the zeros of f’. Since 

fazed 12x? = 4x?(x— 3), 

the first derivative is zero at x = 0 and x = 3. 

Intervals 

Behavior of f decreasing decreasing 

(a) Using the First Derivative Test and the table above, we see that there is no extre- 

mum at x = 0 and a local minimum at x = 3. 

increasing 

(b) Using the table above, we see that f is decreasing in (—oo, 0] and [0,3], and 

increasing in [ 3, 00). (We also could say that f is decreasing in (—oo, 3 | because 0 is 

included in both (—co, 0] and [ 0, 3 ].) 
continued 
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Note (c) f’(x) = 12x? — 24x = 12x(x — 2) is zero at x = O and x = 2. 
a 

The Second Derivative Test does not apply Intervals 22% 

at x = 0 because f”(0) = 0. We need the Sign of ¥ re 
First Derivative Test to see that there is no 

local extremum at x = 0. Behavior of f concave up concave down concave up 

We see that f is concave up on the intervals (—oo, 0) and (2, 00), and concave down 
COs) 

(d) Summarizing the information in the two tables above, we obtain 

xa) Ske Se 

decreasing decreasing decreasing increasing 

concave up concave down concave up concave up 

Figure 5.31 shows one possibility for the graph of f. Now Try Exercise 37. 
Figure 5.31 The graph for f has no 

extremum but has points of inflection 

where x = 0 and x = 2, and a local mini- 

mum where x = 3. (Example 7) 

EXPLORATION 1 Finding ffrom 7 

Letfa(e) 94x alone) 

1. Find three different functions with derivative equal to f'(x). How are the graphs 

of the three functions related? 

2. Compare their behavior with the behavior found in Example 7. 

Learning About Functions from Derivatives 
We have seen in Example 7 and Exploration 1 that we are able to recover almost every- 

thing we need to know about a differentiable function y = f(x) by examining y’. We can 

find where the graph rises and falls and where any local extrema are assumed. We can dif- 

ferentiate y’ to learn how the graph bends as it passes over the intervals of rise and fall. We 

can determine the shape of the function’s graph. The only information we cannot get from 

the derivative is how to place the graph in the xy-plane. As we discovered in Section 5.2, 

the only additional information we need to position the graph is the value of f at one point. 

Differentiable > y' > 0 = graph rises y'<0 = graph falls 
smooth, connected; graph from left to right; from left to right; 
may rise and fall may be wavy may be wavy 

ae ee 
y" changes sign 

y” >0 = concave up y" <0 = concave down ? . 
throughout; no waves; throughout; no waves; Inflection point 
graph may rise or fall graph may rise or fall 

[iS 
y’ changes =0 and y"<0 =0 and y">0 
sien rd oa re int; "graph has ava int; fey has 
has loc local maximum minimum 
maximum or 
minimum 
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Remember also that a function can be continuous and still have points of nondiffer- 

entiability (cusps, corners, and points with vertical tangent lines). Thus, a noncontinuous 

graph of f’ could lead to a continuous graph of f, as Example 8 shows. 

EXAMPLE 8 Analyzing a Discontinuous Derivative 

A function f is continuous on the interval [—4, 4]. The discontinuous function f’, with 

domain [—4, 0) U (0, 2) U (2, 4], is shown in the graph to the left (Figure 5.32). 

(a) Find the x-coordinates of all local extrema and points of inflection of f. 

(b) Sketch a possible graph of f. 

SOLUTION 

(a) For extrema, we look for places where f’ changes sign. There are local maxima 

at x = —3, 0, and 2 (where f’ goes from positive to negative) and local minima at 

x = —1 and 1 (where f’ goes from negative to positive). There are also local minima 

at the two endpoints x = —4 and 4, because f’ starts positive at the left endpoint and 

ends negative at the right endpoint. 

For points of inflection, we look for places where f” changes sign, that is, where 

the graph of f’ changes direction. This occurs only at x = —2. 

Figure 5.32 The graph of f’, a discontinu- 

ous derivative. 

(b) A possible graph of f is shown in Figure 5.33. The derivative information deter- 

mines the shape of the three components, and the continuity condition determines that 

the three components must be linked together. Now Try Exercises 47 and 51. 

Figure 5.33 A possible graph of f. 

(Example 8) 

EXPLORATION 2 | Finding ffrom f and? 

Note 
EE A function f is continuous on its domain [—2, 4], f(—2) 

Because sign charts are very helpful, you and f” have the following properties. 

will want to use and analyze them on a 

regular basis. 

1. Find where all absolute extrema of f occur. 

2. Find where the points of inflection of f occur. 

3. Sketch a possible graph of f. 

Quick Review 5.3 (For help, go to Sections 1.3, 22 3.3, and 4.4) 

Exercise numbers with a gray background indicate problems that the In Exercises 7-10, find the horizontal asymptotes of the function’s 

authors have designed to be solved without a calculator. graph. 

In Exercises 1 and 2, factor the expression and use sign charts to Ge y = (4 — x*)e* 28h y = (x* = x)e™ 

solve the inequality. 200 sues 750 

@ =o DD Gx —-9<0 aeax? — 4x >0 

In Exercises 3-6, find the domains of f and f’. 

GBs(x) = 2" @ie) = 2 
@1)-=5 OB s(x) = 
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Section 5.3 Exercises 

In Exercises 1-6, use the First Derivative Test to determine the local 

extreme values of the function, and identify any absolute extrema. 

Support your answers graphically. 

: ay = —2x3 + 6x2 — 3 

4)y = xel* 

g eye FESAO 
PY 7 y= 0 

fey =x*—-x-1 

Mey = 2x4 — 4x2 + 1 

my =xV8 — x2 

In Exercises 7-12, use the Concavity Test to determine the intervals 

on which the graph of the function is (a) concave up and (b) concave 

down. 

ey = 4x° + 21x? + 36x — 20 

Bey = —x? + 49° -— 44 4+1 

S)y = 2x15 +3 

25. ~<a 
my = 

> pe ne 

10, y = 5 — x}/3 

izay=—e, 0Sx5 27 

In Exercises 13-20, find all points of inflection of the function. 

13. y = xe* aapy = xV9 — x? 

15. y = tan! x 16. y = x3(4 — x) 

Woy = x'/3(x — 4) AS) y = x'/2(x + 3) 

ia oe ee eee _y = > @y 
aaa ee 

In Exercises 21 and 22, use the graph of the function f to estimate 

where (a) f’ and (b) f” are 0, positive, and negative. 

21. ; 
y=f(x) 

In Exercises 23 and 24, use the graph of the function f’ to estimate 
the intervals on which the function f is (a) increasing or (b) decreas- 

ing. Also, (e) estimate the x-coordinates of all local extreme values. 

23. ; 

In Exercises 25-28, a particle is moving along the x-axis with posi- 

tion function x(t). Find the (a) velocity and (b) acceleration, and 

(c) describe the motion of the particle for t = 0. 

25. x(t) = 1? — 46 + 3 260% )= 6 = 2h 

27: x(t) ps = 3t Fed 28. x(t) = 31? — 213 

In Exercises 29 and 30, the graph of the position function y = s(t) 
of a particle moving along a line is given. At approximately what 

times is the particle’s (a) velocity equal to zero? (b) acceleration 

equal to zero? 

29751 Ay 

Distance 
from origin 

10 

Time (sec) 

cies art 

1 

Time (sec) 



In Exercises 31—36, use the Second Derivative Test to find the local 

extrema for the function. 

Bigy = 3x —x7° +5 

32. y = x° — 80x + 100 

Saey = x? + 3x7 — 2 

Sa) y = 3x° — 25x3 + 60x + 20 

35. y = xe* 

36. y = xe 

In Exercises 37 and 38, use the derivative of the function y = f(x) 

to find the points at which f has a 

(a) local maximum, (b) local minimum, or 

(c) point of inflection. 

Sieve =i Ly 2) 

Bony aces) )e(x 72 )\(x— 4) 

Exercises 39 and 40 show the graphs of the first and second deriva- 

tives of a function y = f(x). Copy the figure and add a sketch of a 

possible graph of f that passes through the point P. 

41. Writing to Learn If f(x) is a differentiable function and 
f'(c) = 0 at an interior point c of f’s domain, must f have a 

local maximum or minimum at x = c? Explain. 

42. Writing to Learn If f(x) is a twice-differentiable function 
and f”(c) = 0 at an interior point c of f’s domain, must f have 
an inflection point at x = c? Explain. 

43. Connecting f and f' Sketch a smooth curve y = f(x) 
through the origin with the properties that f’(x) < 0 for x < 0 

and f'(x) > 0 for x > 0. 

44. Connecting f and f" Sketch a smooth curve y = f(x) 
through the origin with the properties that f’(x) < 0 for x < 0 

and f"(x) > 0 for x > 0. 
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45. Connecting f, f', and f” Sketch a continuous curve y = f(x) 

with the following properties. Label coordinates where 

possible. 

f(-2) =8 f(x) = Ufor |x| > 2 

f(0) =4 t (ae) = Oiors| <2 

f(2) =0 4") = Ofor x. — 0 

(2) =F7'(-2) =0 _- F"(x) = Uforx = 0 

46. Using Behavior to Sketch Sketch a continuous curve 

y = f(x) with the following properties. Label coordinates where 
possible. 

falling, concave up 

horizontal tangent 

rising, concave up 

inflection point 

rising, concave down 

horizontal tangent 

falling, concave down 

In Exercises 47 and 48, use the graph of f’ to estimate the intervals 

on which the function f is (a) increasing or (b) decreasing. Also, 

(c) estimate the x-coordinates of all local extreme values. (Assume 

that the function f is continuous, even at the points where f’ is 

undefined.) 

47. The domain of f’ is [0, 4) U (4, 6]. 

y 

48. The domain of f’ is [0, 1) U (1,2) U (2, 3]. 
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Group Activity In Exercises 49 and 50, do the following. 

(a) Find the absolute extrema of f and where they occur. 

(b) Find any points of inflection. 

(c) Sketch a possible graph of f. 

49. f is continuous on | 0, 3] and satisfies the following. 

does not exist 

50. f is an even function, continuous on [—3, 3], and satisfies the 
following. 

(d) What can you conclude about f(3) and f(—3)? 

Group Activity In Exercises 51 and 52, sketch a possible graph of 

a continuous function f that has the given properties. 

51. Domain [0,6], graph of f’ given in Exercise 47, and f(0) = 2. 

52. Domain [0,3], graph of f’ given in Exercise 48, and 
f(0) = -3. 

Standardized Test Questions 

53. True or False If f’(c) = 0, then (c, f(c)) is a point of 

inflection. Justify your answer. 

54. True or False If f'(c) = O and f"(c) < 0, then f(c) isa 
local maximum. Justify your answer. 

55. Multiple Choice If a < 0, the graph of y = 
4x + 5 is concave up on 

o(-}s) (A) (ve . 1) (B) (ve 1) 
a a 

(; ) (D) | —, 00 
a 

ax? + 3x? + 

(E) (—co, —1) 

56. Multiple Choice If f(0) = 
the following must be true? 

f'(0) = f"(0) = 0, which of 

(A) There is a local maximum of f at the origin. 

(B) There is a local minimum of f at the origin. 

(C) There is no local extremum of f at the origin. 

(D) There is a point of inflection of the graph of f at the origin. 

(E) There is a horizontal tangent to the graph of f at the origin. 

57. Multiple Choice The x-coordinates of the points of inflection 

of the graph of y = x° — 5x4 + 3x + 7 are 

(A) 0 only (B)1lonly (C)3 only (D)Oand3 (E)Oand1 

58. Multiple Choice Which of the following conditions would 

enable you to conclude that the graph of f has a point of inflec- 

tion at x = c? 

(A) There is a local maximum of f’ at x = c. 

(B) f"(c) = 0. 
(C) f"(c) does not exist. 

(D) The sign of f’ changes at x = c. 

(E) f is a cubic polynomial and c = 0. 

Exploration 
59. Graphs of Cubics There is almost no leeway in the locations 

of the inflection point and the extrema of f(x) = ax? + bx? + 
cx + d,a # O, because the one inflection point occurs at 

x = —b/(3a) and the extrema, if any, must be located sym- 

metrically about this value of x. Check this out by examining 

(a) the cubic in Exercise 7 and (b) the cubic in Exercise 2. Then 

(c) prove the general case. 

Extending the Ideas 
In Exercise 60, feel free to use a CAS (computer algebra system), if 

you have one, to solve the problem. 

60. Quartic Polynomial Functions Let f(x) = 
ax* + bx3 + cx? + dx + ewitha # 0. 

(a) Show that the graph of f has 0 or 2 points of inflection. 

(b) Write a condition that must be satisfied by the coefficients if 

the graph of f has 0 or 2 points of inflection. 
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Quick Quiz for AP* Preparation: Sections 5.1—-5.3 

1. Multiple Choice How many critical points does the function (C) f has relative minima at x = —3 and at x = 3. 

(ec) "(a 2)? (x 493) * have? (D) f has relative maxima at x = —3 and at x = 3. 

(A) One (B)Two (C) Three (D) Five (E) Nine (E) It cannot be determined if f has any relative extrema. 

2. Multiple Choice For what value of x does the function 4. Free Response Let f be the function given by 
f(x) = (x — 2)(x — 3)? have a relative maximum? f(x) = 3 In (x? + 2) — 2x with domain [—2, 4]. 

(a) Find the coordinate of each relative maximum point and each of 5 7 >) 
A) omen emaNC = (Di {ES SE" tare. : 

3 2 3 2 relative minimum point of f. Justify your answer. 

3. Multiple Choice If g is a differentiable function such that (b) Find the x-coordinate of each point of inflection of the graph 

g(x) < 0 for all real numbers x, and if f’(x) = (x? — 9)g(x), of f. 

which of the following is true? (c) Find the absolute maximum value of f(x). 
(A) f has a relative maximum at x = —3 and a relative mini- 

mum at x = 3. 

(B) f has a relative minimum at x = —3 and a relative maxi- 

mum at x = 3. 
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5.4 Modeling and Optimization 
You will be able to use derivatives to 

solve optimization problems. A Strategy for Optimization 
« Development of a mathematical While optimization problems constantly arise in business and industry, economics, medicine 

model and the life sciences, engineering, physics, chemistry, or anywhere mathematical models are 

- Analysis of the function used to used, it is unlikely that outside of a mathematics class anyone will ever give you a function 

model the situation and ask you to find its maximum or minimum value. Real-world optimization problems 
- Identification of critical points and almost always involve first finding an appropriate function, then optimizing that function, 
endpoints and finally interpreting the solution. Once you know the function, finding the maximum or 

+ Identification of solution minimum is usually the easiest part. In this section, we will practice taking a problem from 
+ Interpretation of solution its original statement to the final interpretation of the solution. Here is a strategy you can use: 

Strategy for Solving Max-Min Problems 

1. Understand the Problem Read the problem carefully. Identify the information 

you need to solve the problem. 

2. Develop a Mathematical Model of the Problem Draw pictures and label the 

parts that are important to the problem. Introduce a variable to represent the 

quantity that can be controlled. Using that variable, write a function whose 

extreme value gives the information sought. 

3. Graph the Function Find the domain of the function. Determine what values of 

the variable make sense in the problem. 

4. Identify the Critical Points and Endpoints Find where the derivative is zero 

or fails to exist. 

5. Solve the Mathematical Model If unsure of the result, support or confirm your 

solution with another method. 

6. Interpret the Solution Translate your mathematical result into the problem set- 

ting and decide whether the result makes sense. 

Examples from Mathematics 

EXAMPLE 1 Using the Strategy 

Find two numbers whose sum is 20 and whose product is as large as possible. 

SOLUTION 

Model If one number is x, the other is (20 — x), and their product is 

[-5, 25] by [-100, 150] 

Figure 5.34 The graph of f(x) = 
x(20 — x) with domain (—co, co) has aa 
an absolute maximum of 100 at x = 10. f(x) = x(20 — x). 
(Example 1) Solve We can see from the graph of f in Figure 5.34 that there is a maximum. From | 

- what we know about parabolas, the maximum occurs at x = 10. We confirm this solu- 
tion by observing that f’(x) = 20 — 2x is zero at x = 10. Since f”(x) = —2 (always 
negative), a maximum occurs at x = 10. The endpoints (x = 0 or 20) give us a product 

of 0, so x = 10 is the number we seek. The other number is 20 — x = 10. 

pasa a nbers Au seek are x = 10 and 20 — x = 10. 
— pow, Try Exercise 1. 

(0, x} by [-0.5, 1.5] 

Figure 5.35 A rectangle inscribed under 
one arch of y = sin x. (Example 2) 



ae: 
Maximum 
X = .71I04U63Y4Y Y = 1.1221927 

[0, 7/2] by [-1, 2] 

(a) 

(0, 2/2] by [-4, 4] 

(b) 

Figure 5.36 The graph of (a) A(x) = 

(ar — 2x) sin x and (b) A’ in the interval 
0 = x = 7/2. (Example 2) 

Exploration 1, finding the cone of maxi- 

mum volume that can be constructed from 

a circular disk of radius R, was a challenge 

problem that spread among the greatest 

scientists in Europe in the 1620s. In 1628, 

Pierre de Fermat invented the derivative 

in order to solve this problem. His solution 

made him famous. 
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SOLUTION 

Model Let (x, sin x) be the coordinates of point P in Figure 5.35. From what we 
know about the sine function the x-coordinate of point Q is (7 — x). Thus, 

a — 2x = length of rectangle 

and 

sin.x = height of rectangle. 

The area of the rectangle is 

A(x) = (am — 2x) sin x. 

Solve We can assume that 0 = x = 7/2. Notice that A = 0 at the endpoints x = 0 
and x = 7/2. Since A is differentiable, the only critical points occur at the zeros of the 

first derivative, 

A(x) = 2 six + "(ar 2x) cos x: 

It is not possible to solve the equation A’(x) = 0 using algebraic methods. We can use 
the graph of A (Figure 5.36a) to find the maximum value and where it occurs. Or, we 

can use the graph of A’ (Figure 5.36b) to find where the derivative is zero, and then 

evaluate A at this value of x to find the maximum value. The two x values appear to be. 

the same, as they should. 

Interpret The rectangle has a maximum area of about 1.122 square units when 

x =~ 0.710. At this point, the rectangle is 7 — 2x ~ 1.721 units long by sinx ~ 0.652 

unit high. Now Try Exercise 5. 

EXPLORATION 1 | Constructing Cones 

A cone of height / and radius r is constructed from a flat, circular disk of radius 

4 in. by removing a sector AOC of arc length x in. and then connecting the edges OA 

and OC. What arc length x will produce the cone of maximum volume, and what 

is that volume? 

A 

F 

Cc 

NOT TO SCALE 

Show that 

. Show that the natural domain of Vis 0 = x = 167. Graph V over this domain. 

. Explain why the restriction 0 = x = 87 makes sense in the problem situation. 

Graph V over this domain. 

. Use graphical methods to find where the cone has its maximum volume, and 

what that volume is. 
. Confirm your findings in part 4 analytically. [Hint: Use V = (1/3)ar?h, 

h? + r? = 16, and the Chain Rule.] 
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Examples from Business and Industry 
To optimize something means to maximize or minimize some aspect of it. What is the size 

of the most profitable production run? What is the least expensive shape for an oil can? 

What is the stiffest rectangular beam we can cut from a 12-inch log? We usually answer 

such questions by finding the greatest or smallest value of some function that we have 

used to model the situation. 

EXAMPLE 3 Fabricating a Box 

An open-top box is to be made by cutting congruent squares of side length x from the 

corners of a 20- by 25-inch sheet of tin and bending up the sides (Figure 5.37). How 

large should the squares be to make the box hold as much as possible? What is the 

resulting maximum volume? 

SOLUTION 

Model The height of the box is x, and the other two dimensions are (20 — 2x) and 
(25 — 2x). Thus, the volume of the box is 

V(x), Sax@0 me2x)(25 = 2x): 

Solve Because 2x cannot exceed 20, we have 0 = x = 10. Figure 5.38 suggests that 

the maximum value of V is about 820.528 and occurs at x ~ 3.681. To verify that this 

is the solution, we expand V(x) = 4x7 — 90x? + 500x. The first derivative of V is 

Figure 5.37 An open box made by cutting V'(x) = 12x2 — 180x + 500. 

the corners from a piece of tin. (Example 3) 
The two solutions of the quadratic equation V’(x) = 0 are 

180 — V180? — 48(500) 
y = x(20 — 2x)(25 — 2x) q = oA = 3.681 and 

180 + V/1802 — 48(500) 
= ~ 11.317 

24 

| Only c, is in the domain [0, 10] of V. The values of V at this one critical point and the 
two endpoints are 

| Critical point value: V(c,;) ~ 820.528; 

ay BSII856 Y = 820.52819 Endpoint values: v(0) = 0, V(10) =0. 

[0, 10] by [-300, 1000] Interpret Cutout squares that are about 3.681 in. on a side give the maximum vol- 
veRE | 5 

Figure 5.38 We chose the —300 in ume, about 820.528 in’. Now Try Exercise 7. 

—300 = y = 1000 so that the coordinates 

of the local maximum at the bottom of the ae 

screen would not interfere with the graph. | EXAMPLE 4 Designing a Can 
(Example 3) You have been asked to design a one-liter oil can shaped like a right circular cylinder 

(see Figure 5.39). What dimensions will use the least material? 

NEE Sseniteg SOLUTION 
Volume of can: If r and h are measured in centimeters, then the volume of the can in 

cubic centimeters is 

arr*h = 1000. 1 liter = 1000 cm 

Surface area of can. A = 2mr? + 2arh 
—— 

| 
| oa 

circular cylinder 

ends wall 

How can we interpret the phrase “least material”? One possibility is to ignore the thick- 

Figure 5.39 This one-liter can uses the ness of the material and the waste in manufacturing. Then we ask for dimensions r and h 
least material when h = 2r. (Example 4) that make the total surface area as small as possible while satisfying the constraint 

mr*h = 1000. (Exercise 17 describes one way to take waste into account.) continued 



[0, 15] by [0, 2000] 

Figure 5.40 The graph of A = 

2mr? + 2000/r, r > 0, suggests that the 
minimum occurs when the radius is about 

5.419 cm. (Example 4) 
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Model To express the surface area as a function of one variable, we solve for one of 

the variables in zr7h = 1000 and substitute that expression into the surface area for- 

mula. Solving for h is easier, 

1000 
h= 

qr 

Thus, 

A = 2ar? + 2mrh 

1000 
= 2nr? + 2mr( ) 

ar 

» , 2000 
= nip 

Solve Our goal is to find a value of r > 0 that minimizes the value of A. Figure 5.40 

suggests that such a value exists. 

Notice from the graph that for small r (a tall thin container, like a piece of pipe), the 

term 2000/r dominates and A is large. For large r (a short wide container, like a pizza 

pan), the term 2arr? dominates and A again is large. 

Since A is differentiable on r > 0, an interval with no endpoints, it can have a mini- 

mum value only where its first derivative is zero. 

dA : 2000 St ee 
dr r2 

2000 
O= 477 = Set dA/dr = 0 

r 

4ar? = 2000 Multiply by r? 

r= cies = 5.419 Solve for r. 
aan 

Something happens at r = W/500/7,, but what? 

If the domain of A were a closed interval, we could find out by evaluating A at this 

critical point and the endpoints and comparing the results. But the domain is an open 

interval, so we must learn what is happening at r = \/500 /7 by referring to the shape 

of A’s graph. The second derivative 

d’A aos 4000 ES Py as a 
ar? r 

is positive throughout the domain of A. The graph is therefore concave up and the 

value of A at r = W/500 /7 is an absolute minimum. 

The corresponding value of h (after a little algebra) is 

h= rhe digg = on 
Tr T 

Interpret The one-liter can that uses the least material has height equal to the dia- 

meter, with r ~ 5.419 cmandh ~ 10.839 cm. Now Try Exercise 11. 

Examples from Economics 
Here we want to point out two more places where calculus makes a contribution to 

economic theory. The first has to do with maximizing profit. The second has to do with 

minimizing average cost. 
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Marginal Analysis 

Marginal revenue, cost, and profit are 

how economists talk about sensitivity, the 

effect of small changes in the input, in 

this case the number of units, on revenue, 

costs, or profits. Economists speak of this 

as marginal analysis. 

Figure 5.41 The graph of a typical cost 

function starts concave down and later 

turns concave up. It crosses the revenue 

curve at the break-even point B. To the 

left of B, the company operates at a loss. 

To the right, the company operates at 

a profit, the maximum profit occurring 

where r’(x) = c’(x). Farther to the right, 

cost exceeds revenue (perhaps because of 

a combination of market saturation and 

rising labor and material costs) and pro- 

duction levels become unprofitable again. 

Suppose that 

r(x) = the revenue from selling x items, 

c(x) = the cost of producing the x items, 

p(x) = r(x) — c(x) = the profit from selling x items 

The marginal revenue, marginal cost, and marginal profit at this production level (x items) 

are 

dr d dc F dp : : 
— = marginal revenue, — = marginal cost, — = marginal profit. 
dx dx dx 

The first observation is about the relationship of p to these derivatives. 

THEOREM6 Maximum Profit 

Maximum profit (if any) occurs at a production level at which marginal revenue 

equals marginal cost. 

Proof We assume that r(x) and c(x) are differentiable for all x > 0, so if p(x) = 
r(x) — c(x) has a maximum value, it occurs at a production level at which p'(x) = 0. 
Since p'(x) = r'(x) — c'(x), p'(x) = 0 implies that 

r! (x )nerel(x p=nO on ar’ (x eae’ (ac) | 

Figure 5.41 gives more information about this situation. 

ny 

Cost c(x) 

cs Revenue r(x) 

a 
a Break-even 

Maximum profit, c'(x) = r(x) 

| 

| 

B 

| 
| 

Maximum loss (minimum profit), cx) = r'@) 

0 Items produced 

What guidance do we get from this observation? We know that a production level at 

which p'(x) = O need not be a level of maximum profit. It might be a level of minimum 

profit, for example. But if we are making financial projections for our company, we should 

look for production levels at which marginal cost seems to equal marginal revenue. If there 

is a most profitable production level, it will be one of these. 

EXAMPLE 5 Maximizing Profit 

Suppose that r(x) = 9x and c(x) = x3 — 6x? + 15x, where x represents thousands of 
units. Is there a production level that maximizes profit? If so, what is it? 

continued 



c(x) = x3 — 6x? + 15x 

| Maximum 

| for profit 

| 
Local maximum for loss 

| 

24+2 

NOT TO SCALE 

0 2-vV2 y, 

Figure 5.42 The cost and revenue curves 

for Example 5. 
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SOLUTION 

Notice that r’(x) = 9 and c’(x) = 3x? — 12x + 15. 

3x2 — 12x + 15 =9 Setc'(x) =r'(x) 

3x2 — 12x +6 =0 

The two solutions of the quadratic equation are 

ee Vee 

6 

D+ V7 
6 

=2— V2 = 0.586 and xii 

X= =2+ V2 ~ 3.414. 

The possible production levels for maximum profit are x ~ 0.586 thousand units 

or x ~ 3.414 thousand units. The graphs in Figure 5.42 show that maximum profit 

occurs at about x = 3.414 and maximum loss occurs at about x = 0.586. 

Another way to look for optimal production levels is to look for levels that minimize 

the average cost of the units produced. Theorem 7 helps us find them. 

Now Try Exercise 23. 

THEOREM 7 Minimizing Average Cost 

The production level (if any) at which average cost is smallest is a level at which the 

average cost equals the marginal cost. 

Proof We assume that c(x) is differentiable. 

Cx 

—— = average cost of producing x items 
x 

c(x) = cost of producing x items, x > 0. 

If the average cost can be minimized, it will be at a production level at which 

= 0 Quotient Rule 
x 

xe'(x) — c(x) =O Multiply by x2. 

_ . (2) 
c'(x) a7 
ee —— 

marginal average 

cost cost 8 

Again we have to be careful about what Theorem 7 does and does not say. It does not 

say that there is a production level of minimum average cost—it says where to look to 

see if there is one. Look for production levels at which average cost and marginal cost are 

equal. Then check to see if any of them gives a minimum average cost. 

EXAMPLE 6 Minimizing Average Cost 

Suppose c(x) = x? — 6x? + 15x, where x represents thousands of units. Is there a 

production level that minimizes average cost? If so, what is it? 

continued 
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SOLUTION 

We look for levels at which average cost equals marginal cost. 

Marginal cost: c'(x) = 3x2 — 12x + 15 

c(x) 
Average cost: an x” = 6% -F 15 

3x2 — 12x + 15 = x2 — 6x + 15. Marginal cost = Average cost 

2x? — 6x = 0 

2x(x — 3) =0 

x=0 or x=3 

Since x > 0, the only production level that might minimize average cost is x = 3 

thousand units. 

We use the Second Derivative Test. 

The second derivative is positive for all x > 0, so x = 3 gives an absolute minimum. 

Now Try Exercise 25. 

Modeling Discrete Phenomena with Differentiable 
Functions 
In case you are wondering how we can use differentiable functions c(x) and r(x) to 
describe the cost and revenue that come from producing a number of items x that can only 

be an integer, here is the rationale. 

When x is large, we can reasonably fit the cost and revenue data with smooth curves 

c(x) and r(x) that are defined not only at integer values of x but also at the values in 
between, just as we do when we use regression equations. Once we have these differen- 

tiable functions, which are supposed to behave like the real cost and revenue when x is an 

integer, we can apply calculus to draw conclusions about their values. We then translate 

these mathematical conclusions into inferences about the real world that we hope will have 

predictive value. When they do, as is the case with the economic theory here, we say that 

the functions give a good model of reality. 

What do we do when our calculus tells us that the best production level is a value of 

x that isn’t an integer, as it did in Example 5? We use the nearest convenient integer. For 

x ~ 3.414 thousand units in Example 5, we might use 3414, or perhaps 3410 or 3420 if 

we ship in boxes of 10. 

Quick Review 5.4 (for help, go to Sections 1.6, 5.1, and Appendix A. 1.) 

Exercise numbers with a gray background indicate problems that the 3. Find the volume of a cone with radius 5 cm and height 8 cm. 

authors have designed to be solved without a calculator. a 4. Find the dimensions of a right circular cylinder with volume 

1. Use the First Derivative Test to identify the local extrema of 1000 cm? and surface area 600 cm?. 
y = x3 — 6x? + 12x — 8. 

2. Use the Second Derivative Test to identify the local extrema of 

y = 2x? + 3x? — 12x — 3. 



In Exercises 5—8, rewrite the expression as a trigonometric function 

of the angle a. 

5. sin (—a) 6. cos (—a@) 

7. sin.(a — @) 8. cos (7 — a) 

Section 5.4 Exercises 
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In Exercises 9 and 10, use substitution to find the exact solutions of 

the system of equations. 

In Exercises 1-10, solve the problem analytically. Support your 

answer graphically. 

1. Finding Numbers The sum of two nonnegative numbers is 20. 

Find the numbers if 

(a) the sum of their squares is as large as possible; as small as 

possible. 

(b) one number plus the square root of the other is as large as 

possible; as small as possible. 

2. Maximizing Area What is the largest possible area for a right 

triangle whose hypotenuse is 5 cm long, and what are its 

dimensions? 

3. Minimizing Perimeter What is the smallest perimeter 

possible for a rectangle whose area is 16 in*, and what are its 

dimensions? 

4. Finding Area Show that among all rectangles with an 8-m 

perimeter, the one with largest area is a square. 

5. Inscribing Rectangles The figure shows a rectangle 

inscribed in an isosceles right triangle whose hypotenuse is 

2 units long. 

(a) Express the y-coordinate of P in terms of x. (Hint: Write an 

equation for the line AB.) 

(b) Express the area of the rectangle in terms of x. 

(c) What is the largest area the rectangle can have, and what are 

its dimensions? 

6. Largest Rectangle A rectangle has its base on the x-axis and 

its upper two vertices on the parabola y = 12 — x?. What is 

the largest area the rectangle can have, and what are its 

' dimensions? 

10. 

11. 

12. 

. Optimal Dimensions You are planning to make an open 

rectangular box from an 8- by 15-in. piece of cardboard by cut- 

ting congruent squares from the corners and folding up the sides. 

What are the dimensions of the box of largest volume you can 

make this way, and what is its volume? 

. Closing Off the First Quadrant You are planning to close 

off a corner of the first quadrant with a line segment 20 units long 

running from (a, 0) to (0, b). Show that the area of the triangle 
enclosed by the segment is largest when a = b. 

. The Best Fencing Plan A rectangular plot of farmland will 

be bounded on one side by a river and on the other three sides 

by a single-strand electric fence. With 800 m of wire at your dis- 

posal, what is the largest area you can enclose, and what are its 

dimensions? 

The Shortest Fence A 216-m? rectangular pea patch is to be 

enclosed by a fence and divided into two equal parts by another 

fence parallel to one of the sides. What dimensions for the outer 

rectangle will require the smallest total length of fence? How 

much fence will be needed? 

Designing a Tank Your iron works has contracted to design 

and build a 500-ft?, square-based, open-top, rectangular steel 

holding tank for a paper company. The tank is to be made by 

welding thin stainless steel plates together along their edges. As 

the production engineer, your job is to find dimensions for the 

base and height that will make the tank weigh as little as 

possible. 

(a) What dimensions do you tell the shop to use? 

(b) Writing to Learn Briefly describe how you took weight 

into account. 

Catching Rainwater A 1125-ft? open-top rectangular tank 
with a square base x ft on a side and y ft deep is to be built with 

its top flush with the ground to catch runoff water. The costs 

associated with the tank involve not only the material from 

which the tank is made but also an excavation charge propor- 

tional to the product xy. 

(a) If the total cost is 

c = 5(x? + 4xy) + 10xy, 

what values of x and y will minimize it? 

(b) Writing to Learn Give a possible scenario for the cost 

function in (a). 
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13. 

14. 

15. 

16. 

17. 

18. 
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Designing a Poster You are designing a rectangular poster 

to contain 50 in? of printing with a 4-in. margin at the top and 

bottom and a 2-in. margin at each side. What overall dimensions 

will minimize the amount of paper used? 

Vertical Motion The height of an object moving vertically is 

given by 

s = —16t? + 96t + 112, 

with s in ft and fin sec. Find (a) the object’s velocity when 

t = 0, (b) its maximum height and when it occurs, and 

(c) its velocity when s = 0. 

Finding an Angle Two sides of a triangle have lengths a and 

b, and the angle between them is 6. What value of @ will maxi- 

mize the triangle’s area? [ Hint: A = (1/2) ab sin 0. | 

Designing a Can What are the dimensions of the lightest 

open-top right circular cylindrical can that will hold a volume of 

1000 cm*? Compare the result here with the result in Example 4. 

Designing a Can You are designing a 1000-cm right circular 

cylindrical can whose manufacture will take waste into account. 

There is no waste in cutting the aluminum for the side, but the 

top and bottom of radius r will be cut from squares that measure 

2r units on a side. The total amount of aluminum used up by the 

can will therefore be 

A = 8r? + 2arh 

rather than the A = 2ar? + 27rh in Example 4. In Example 4 

the ratio of h to r for the most economical can was 2 to 1. What 

is the ratio now? 

Designing a Box with Lid A piece of cardboard measures 

10 in. by 15 in. Two equal squares are removed from the corners 

of a 10-in. side as shown in the figure. Two equal rectangles are 

removed from the other corners so that the tabs can be folded to 

form a rectangular box with lid. 
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(a) Write a formula V(x) for the volume of the box. 

(b) Find the domain of V for the problem situation and graph V 

over this domain. 

(c) Use a graphical method to find the maximum volume and the 

value of x that gives it. 

(d) Confirm your result in part (c) analytically. 

19. 

20. 

21. 

22. 

23. 

Designing a Suitcase A 24- by 36-in. sheet of cardboard is 

folded in half to form a 24- by 18-in. rectangle as shown in the 

figure. Then four congruent squares of side length x are cut from 

the corners of the folded rectangle. The sheet is unfolded, and 

the six tabs are folded up to form a box with sides and a lid. 

a - | 

|——____ 34" ————|_ | 18" 

The sheet is then unfolded. 

24" 

fo 8 

(a) Write a formula V(x) for the volume of the box. 

(b) Find the domain of V for the problem situation and graph V 

over this domain. 

(c) Use an analytic method to find the maximum volume and the 

value of x that gives it. 

(d) Support your result in part (c) graphically. 

(e) Find a value of x that yields a volume of 1120 in?. 

(f) Writing to Learn Write a paragraph describing the issues 

that arise in part (b). 

Quickest Route Jane is 2 mi offshore in a boat and wishes to 

reach a coastal village 6 mi down a straight shoreline from the 

point nearest the boat. She can row 2 mph and can walk 5 mph. 

Where should she land her boat to reach the village in the least 

amount of time? 

Inscribing Rectangles A rectangle is to be inscribed under 

the arch of the curve y = 4 cos (0.5x) from x = — 7 tox = 7. 
What are the dimensions of the rectangle with largest area, and 

what is the largest area? 

Maximizing Volume Find the dimensions of a right circular 

cylinder of maximum volume that can be inscribed in a sphere 

of radius 10 cm. What is the maximum volume? 

Maximizing Profit Suppose r(x) = 8Vx represents revenue 
and c(x) = 2x? represents cost, with x measured in thousands 

of units. Is there a production level that maximizes profit? If so, 

what is it? 



24. Maximizing Profit Suppose r(x) = x*/(x? + 1) represents 
revenue and c(x) = (x — 1)3/3 + 1/3 represents cost, with x 

measured in thousands of units. Is there a production level that 

maximizes profit? If so, what is it? 

25. Minimizing Average Cost Suppose c(x) = x? — 10x? — 30x, 
where x is measured in thousands of units. Is there a production 

level that minimizes average cost? If so, what is it? 

26. Minimizing Average Cost Suppose c(x) = xe* — 2x?, 
where x is measured in thousands of units. Is there a production 

level that minimizes average cost? If so, what is it? 

27. Tour Service You operate a tour service that offers the follow- 

ing rates: 

¢ $200 per person if 50 people (the minimum number to book 

the tour) go on the tour. 

¢ For each additional person, up to a maximum of 80 people 

total, the rate per person is reduced by $2. 

It costs $6000 (a fixed cost) plus $32 per person to conduct 

the tour. How many people does it take to maximize your 

profit? 

28. Group Activity The figure shows the graph of f(x) = xe, 

Ra==105 

(a) Find where the absolute maximum of f occurs. 

(b) Let a > 0 and b > 0 be given as shown in the figure. 

Complete the following table where A is the area of the rect- 

angle in the figure. 

(c) Draw a scatter plot of the data (a, A). 

(d) Find the quadratic, cubic, and quartic regression equations 

for the data in part (b), and superimpose their graphs on a 

scatter plot of the data. 

(e) Use each of the regression equations in part (d) to estimate 

the maximum possible value of the area of the rectangle. 

29. Cubic Polynomial Functions 

Let f(x) = ax? + bx? +ex+d,a #0. 

(a) Show that f has either 0 or 2 local extrema. 

(b) Give an example of each possibility in part (a). 
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30. Shipping Packages The U.S. Postal Service will accept a 

box for domestic shipment only if the sum of its length and girth 

(distance around), as shown in the figure, does not exceed 108 

in. What dimensions will give a box with a square end the larg- 

est possible volume? 

Girth = Distance 

around here 

Square end 

31. Constructing Cylinders Compare the answers to the follow- 

ing two construction problems. 

(a) A rectangular sheet of perimeter 36 cm and dimensions x cm 

by y cm is to be rolled into a cylinder as shown in part (a) of 

the figure. What values of x and y give the largest volume? 

(b) The same sheet is to be revolved about one of the sides of 

length y to sweep out the cylinder as shown in part (b) of the 

figure. What values of x and y give the largest volume? 

x 

Circumference = x 

(b) 

32. Constructing Cones A right triangle whose hypotenuse is 

3 m long is revolved about one of its legs to generate a right 

circular cone. Find the radius, height, and volume of the cone of 

greatest volume that can be made this way. 

33. Finding Parameter Values What value of a makes 

f(x) = x? + (a/x) have (a) a local minimum at x = 2? 
(b) a point of inflection at x = 1? 
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34. 

35. 

36. 

SIP 
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Finding Parameter Values Show that f(x) = x? + (a/x) 
cannot have a local maximum for any value of a. 

Finding Parameter Values What values of a and b make 

f(x) = x? + ax? + bx have (a) a local maximum at x = —1 

and a local minimum at x = 3? (b) a local minimum at x = 4 

and a point of inflection at x = 1? 

Inscribing a Cone Find the volume of the largest right circu- 

lar cone that can be inscribed in a sphere of radius 3. 

Strength of a Beam The strength S of a rectangular wooden 

beam is proportional to its width times the square of its depth. 

(a) Find the dimensions of the strongest beam that can be cut 

from a 12-in.-diameter cylindrical log. 

(b) Writing to Learn Graph S as a function of the beam’s 

width w, assuming the proportionality constant to be k = 1. 

Reconcile what you see with your answer in part (a). 

(c) Writing to Learn On the same screen, graph S as a func- 

tion of the beam’s depth d, again taking k = 1. Compare the 

graphs with one another and with your answer in part (a). 

What would be the effect of changing to some other value of 

k? Try it. 

38. Stiffness of a Beam The stiffness S of a rectangular beam is 

proportional to its width times the cube of its depth. 

(a) Find the dimensions of the stiffest beam that can be cut from 

a 12-in.-diameter cylindrical log. 

(b) Writing to Learn Graph S as a function of the beam’s 

width w, assuming the proportionality constant to be k = 1. 

Reconcile what you see with your answer in part (a). 

39. 

40. 

41. 

(c) Writing to Learn On the same screen, graph S as a func- 

tion of the beam’s depth d, again taking k = 1. Compare the 

graphs with one another and with your answer in part (a). 

What would be the effect of changing to some other value 

of k? Try it. 

Frictionless Cart A small frictionless cart, attached to the wall 

by a spring, is pulled 10 cm from its rest position and released at 

time t = 0 to roll back and forth for 4 sec. Its position at time ¢ 

is s = 10 cos mt. 

(a) What is the cart’s maximum speed? When is the cart moy- 

ing that fast? Where is it then? What is the magnitude of the 

acceleration then? 

(b) Where is the cart when the magnitude of the acceleration is 

greatest? What is the cart’s speed then? 

Electrical Current Suppose that at any time f (sec) the current 

i (amp) in an alternating current circuit is i = 2 cost + 2 sint. 

What is the peak (largest magnitude) current for this circuit? 

Calculus and Geometry How close does the curve y = Vx 

come to the point (3/2, 0)? (Hint: If you minimize the square 

of the distance, you can avoid square roots.) 

42. Calculus and Geometry How close does the semicircle 

y = V 16 — x? come to the point (1, V3)? 

43. Writing to Learn Is the function f(x) = x? — x + 1 ever 
negative? Explain. 

44. Writing to Learn You have been asked to determine whether 

the function f(x) = 3 + 4cos.x + cos 2x is ever negative. 

(a) Explain why you need to consider values of x only in the 

interval [ 0, 27}. 

(b) Is f ever negative? Explain. 



45. Vertical Motion Two masses hanging side by side from 

springs have positions s; = 2 sin t and sj = sin 2t, respectively, 

with s, and s5 in meters and ¢ in seconds. 

(a) At what times in the interval t > O do the masses pass each 

other? (Hint: sin 2t = 2 sin f cos t.) 

(b) When in the interval 0 S t S 277 is the vertical distance 

between the masses the greatest? What is this distance? 

(Hint: cos 2t = 2 cos? t — 1.) 

46. Motion on a Line The positions of two particles on the s-axis 

are s; = sint and sy = sin (t + 7/3), with s; and s in meters 

and ¢ in seconds. 

(a) At what time(s) in the interval 0 = t = 27 do the particles 

meet? 

(b) What is the farthest apart that the particles ever get? 

(c) When in the interval 0 = t = 277 is the distance between the 

particles changing the fastest? 

47. Finding an Angle The trough in the figure is to be made to 

the dimensions shown. Only the angle @ can be varied. What 

value of @ will maximize the trough’s volume? 

NY f 
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48. Group Activity Paper Folding A rectangular sheet of 8 1 /2- 

by 11-in. paper is placed on a flat surface. One of the corners is 

placed on the opposite longer edge, as shown in the figure, and 

held there as the paper is smoothed flat. The problem is to make 

the length of the crease as small as possible. Call the length L. 

Try it with paper. 

(a) Show that I? = 2x3/(2x — 8.5). 

(b) What value of x minimizes L?? 

(c) What is the minimum value of L? 

49. 

50. 
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Q (originally at A) 

Sensitivity to Medicine (continuation of Exercise 48, 

Section 3.3) Find the amount of medicine to which the body 

is most sensitive by finding the value of M that maximizes the 

derivative dR/dM. 

Selling Backpacks It costs you c dollars each to manufacture 

and distribute backpacks. If the backpacks sell at x dollars each, 

the number sold is given by 

a 
n= s+ b(100 =x); 

X Ea 

where a and b are certain positive constants. What selling price 

will bring a maximum profit? 

Standardized Test Questions 

You may use a graphing calculator to solve the following problems. 

ot 

52. 

53. 

54. 

55. 

True or False A continuous function on a closed interval 

must attain a maximum value on that interval. Justify your 

answer. 

True or False If f’(c) = 0 and f(c) is not a local maximum, 
then f(c) is a local minimum. Justify your answer. 

Multiple Choice Two positive numbers have a sum of 60. 

What is the maximum product of one number times the square 

of the second number? 

(A) 3481 (B) 3600 

(D) 32,000 (E) 36,000 

Multiple Choice A continuous function f has domain [ 1, 25 | 
and range [ 3, 30]. If f'(x) < 0 for all x between 1 and 25, 
what is f(25)? 

(A) 1 (B) Sei (Cy25 (D) 30 

(E) impossible to determine from the information given 

(C) 27,000 

Multiple Choice What is the maximum area of a right triangle 

with hypotenuse 10? 

(A) 24 (B) 25 

(D) 48 (E) 50 

(C) 252 



236 

56. 

Chapter 5 Applications of Derivatives 

Multiple Choice A rectangle is inscribed between the parabolas 

y = 4x? and y = 30 — x? as shown below: 

[-3, 3] by [-2, 40] 

What is the maximum area of such a rectangle? 

(A)20V2 (B40 (Cc) 30V2 

(D) 50 (E) 40V2 

Explorations 

57. 

58. 

Fermat’s Principle in Optics Fermat’s principle in optics 

states that light always travels from one point to another along 

a path that minimizes the travel time. Light from a source A is 

reflected by a plane mirror to a receiver at point B, as shown in 

the figure. Show that for the light to obey Fermat’s principle, the 

angle of incidence must equal the angle of reflection, both mea- 

sured from the line normal to the reflecting surface. (This result 

can also be derived without calculus. There is a purely geometric 

argument, which you may prefer.) 

Normal 

Light 
receiver 

Angle of 

reflection 

9, 

Angle of 

incidence 

Plane mirror 

Tin Pest When metallic tin is kept below 13.2°C, it slowly 

becomes brittle and crumbles to a gray powder. Tin objects 

eventually crumble to this gray powder spontaneously if kept in 

a cold climate for years. The Europeans who saw tin organ pipes 

in their churches crumble away years ago called the change tin 

pest because it seemed to be contagious. And indeed it was, for 

the gray powder is a catalyst for its own formation. 

A catalyst for a chemical reaction is a substance that controls 

the rate of reaction without undergoing any permanent change in 

itself. An autocatalytic reaction is one whose product is a cata- 

lyst for its own formation. Such a reaction may proceed slowly 

at first if the amount of catalyst present is small and slowly again 

at the end, when most of the original substance is used up. But 

in between, when both the substance and its catalyst product are 

abundant, the reaction proceeds at a faster pace. = 

In some cases it is reasonable to assume that the rate v = dx/dt 
of the reaction is proportional both to the amount of the original 

substance present and to the amount of product. That is, vy may 

be considered to be a function of x alone, and 

v = kx(a — x) = kax — kx?, 

59. 

60. 

61. 

62. 

x = the amount of product, 

a = the amount of substance at the beginning, 

k = a positive constant. 

At what value of x does the rate v have a maximum? What is the 

maximum value of v? 

How We Cough When we cough, the trachea (windpipe) 

contracts to increase the velocity of the air going out. This 

raises the question of how much it should contract to maxi- 

mize the velocity and whether it really contracts that much 

when we cough. 

Under reasonable assumptions about the elasticity of the tracheal 

wall and about how the air near the wall is slowed by friction, 

the average flow velocity v (in cm/sec) can be modeled by the 

equation 

10 oy WAL 
2 

v = c(%m — r)r’, = =p 

where 7 is the rest radius of the trachea in cm and c is a positive 

constant whose value depends in part on the length of the trachea. 

(a) Show that v is greatest when r = (2/3)7, that is, when the 
trachea is about 33% contracted. The remarkable fact is that 

X-ray photographs confirm that the trachea contracts about 

this much during a cough. 

(b) Take 7 to be 0.5 and c to be 1, and graph v over the interval 

0 = r = 0.5. Compare what you see to the claim that v is a 

maximum when r = (2/3)7. 

Wilson Lot Size Formula One of the formulas for inventory 

management says that the average weekly cost of ordering, pay- 

ing for, and holding merchandise is 

km hq 
A(q) = 2 ak 2 i 2? 

where q is the quantity you order when things run low (shoes, 

radios, brooms, or whatever the item might be), k is the cost of 

placing an order (the same, no matter how often you order), c 

is the cost of one item (a constant), m is the number of items 

sold each week (a constant), and h is the weekly holding cost 

per item (a constant that takes into account things such as space, 

utilities, insurance, and security). 

(a) Your job, as the inventory manager for your store, is to 

find the quantity that will minimize A(q). What is it? (The 
formula you get for the answer is called the Wilson lot size 

formula.) 

(b) Shipping costs sometimes depend on order size. When they 

do, it is more realistic to replace k by k + bq, the sum of k and 

a constant multiple of g. What is the most economical quantity 

to order now? 

Production Level Show that if r(x) = 6x and c(x) = 
x3 — 6x? + 15x are your revenue and cost functions, then the 
best you can do is break even (have revenue equal cost). 

Production Level Suppose c(x) = x? — 20x? + 20,000x is 
the cost of manufacturing x items. Find a production level that 
will minimize the average cost of making x items. 



Extending the Ideas 
63. Airplane Landing Path An airplane is flying at altitude H 

when it begins its descent to an airport runway that is at horizon- 

tal ground distance L from the airplane, as shown in the figure. 

Assume that the landing path of the airplane is the graph of a 

cubic polynomial function y = ax? + bx? + cx + d where 
y(—-L) = H and y(0) = 0. 

(a) What is dy/dx at x = 0? 

(b) What is dy/dx at x = —L? 

(c) Use the values for dy/dx at x = 0 and x = —L together with 

y(0) = 0 and y(—L) = H to show that 

wo =e) +6) 
Landing path 3 

H = Cruising altitude 
Airport 

eee ey, 

In Exercises 64 and 65, you might find it helpful to use a CAS. 

64. Generalized Cone Problem A cone of height / and radius 

r is constructed from a flat, circular disk of radius a in. as 

described in Exploration 1. 

(a) Find a formula for the volume V of the cone in terms of x 

and a. 

(b) Find r and h in the cone of maximum volume for a = 4, 

DROMOs 

(c) Writing to Learn Find a simple relationship between r and 

h that is independent of a for the cone of maximum volume. 

Explain how you arrived at your relationship. 
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65. Circumscribing an Ellipse Let P(x, a) and Q(—x, a) be two 
points on the upper half of the ellipse 

tea) ee 
100 2S ats 

centered at (0,5). A triangle RST is formed by using the tangent 

lines to the ellipse at Q and P as shown in the figure. 

1 

Ay: 

(a) Show that the area of the triangle is 

roll A(x) = =F'(2)|x Fe 

where y = f(x) is the function representing the upper half of 

the ellipse. 

(b) What is the domain of A? Draw the graph of A. How are the 

asymptotes of the graph related to the problem situation? 

(c) Determine the height of the triangle with minimum area. 

How is it related to the y-coordinate of the center of the 

ellipse? 

(d) Repeat parts (a)—(c) for the ellipse 

2 yh 2 

oe 
Cz Ba 

centered at (0, B). Show that the triangle has minimum area 

when its height is 3B. 
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5.5 Linearization, 
You will be able to solve problems 

involving the slope of the tangent 

line. 

« Linear approximation 

« Sensitivity analysis 

Differentials 

« Newton's method 

Slope = f(a) 

Figure 5.43 The tangent to the 
curve y = f(x) at x = ais the line 

y = f(a) + f'(a)(x — a). 

gS tiv 
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Sensitivity, and Differentials 

Linear Approximation 
Because the derivative is defined as the limit of the ratio of the change in output to the 

d A 
change in input, os lim. a we can approximate the derivative by Ay/Ax when Ax 

—0 Ax 
is small. This also works the other way. Very often it is easy to calculate the derivative, 

which we can use to approximate the change in y when the change in x is known. What is 

happening is that very close to the point where the derivative is calculated, the graph of the 

function is very close to a straight line, the tangent line, as we see in Exploration 1. Linear 

functions are special because the change in output, Ay, is always equal to a constant times 

the change in input, Ax. 

EXPLORATION 1 Appreciating Local Linearity 

The function f(x) = (x? + 0.0001)!/4 + 0.9 is differentiable at x = 0 and hence 
“locally linear” there. Let us explore the significance of this fact with the help of a 

graphing calculator. 

. Graph y = f(x) in the “ZoomDecimal” window. What appears to be the behay- 

ior of the function at the point (0, 1)? 
. Show algebraically that f is differentiable at x = 0. What is the equation of the 

tangent line at (0, 1)? 
. Now zoom in repeatedly, keeping the cursor at (0, 1). What is the long-range 

outcome of repeated zooming? 

. The graph of y = f(x) eventually looks like the graph of a line. What line is it? 

We hope that this exploration gives you a new appreciation for the tangent line. As 

you zoom in on a differentiable function, its graph at that point actually seems to 

become the graph of the tangent line! This observation—that even the most compli- 

cated differentiable curve behaves locally like the simplest graph of all, a straight 

line—is the basis for most of the applications of differential calculus. It is what 

allows us, for example, to refer to the derivative as the “slope of the curve” or as 

“the velocity at time fo.” 

Algebraically, the principle of local linearity means that the equation of the tangent 
line defines a function that can be used to approximate a differentiable function near 

the point of tangency. In recognition of this fact, we give the equation of the tangent 

line a new name: the linearization of f at a. Recall that the tangent line at (a, f(a) ) 
has point-slope equation y — f(a) = f'(a)(x — a) (Figure 5.43). 
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EXAMPLE 1 Finding a Linearization 

Find the linearization of f(x) = V1 + x at x = 0, and use it to approximate V 1.02 

without a calculator. Then use a calculator to determine the accuracy of the 

approximation. 

SOLUTION 

‘ 1 
Since f(0) = 1, the point of tangency is (0, 1). Since f’(x) = au i) ie the 

, alae 1 
Figure 5.44 The graph of f(x) = V1+ x | __ slope of the tangent line is f’(0) = =. Thus 
and its linearization at x = 0 and x = 3. 2 

(Example 1) 

(Figure 5.44) 

To approximate V 1.02, we use x = 0.02: 

0.02 
V 1.02 = f(0.02) ~ L(0.02) = 1 + —- = 1.01 

Why Not Just Use a Calculator? 2 

V 1.02 = 1.009950494, so the approximation error is 
We readily admit that linearization will The calculator gives 5 j 

to finding square roots. Indeed, historically Now Try Exercise 1. 

it was the other way around. Understanding 

linearization, however, brings you one step x 

closer to understanding how the calculator | Look at how accurate the approximation V1 + x ~ 1 + =is for values of x near 0. 
finds those square roots so easily. You 2 

will get many steps closer when you study 

Taylor polynomials in Chapter 10. Approximation |True Value — Approximation| 
(A linearization is just a Taylor polynomial 0.002 

of degree 1.) Vi.002 ~ 1 + = = 1.001 <107° 

0.02 
V 0258 Ie oe = 1.01 <10%* 

0.2 
i ede Le fail iba =< 10e- 

As we move away from zero (the center of the approximation), we lose accuracy and the 

approximation becomes less useful. For example, using L(2) = 2 as an approximation for 

f(2) = V3 is not even accurate to one decimal place. We could do slightly better using 

L(2) to approximate f(2) if we were to use 3 as the center of our approximation (Figure 5.44), 

EXAMPLE 2 Finding a Linearization 

Find the linearization of f(x) = cos x at x = 7/2 and use it to approximate cos 1.75 

without a calculator. Then use a calculator to determine the accuracy of the approximation. 

y SOLUTION 

Since f(a /2) = cos (7/2) = 0, the point of tangency is (7/2, 0). The slope of the 
tangent line is f’(a/2) = —sin (7/2) = —1. Thus 

L(x) =0+ -1( = =) =—x+ = (Figure 5.45) 

To approximate cos (1.75), we use x = 1.75: 

cos 1.75 = f(1.75) ~ L(1.75) =-1.75 + = 
2 

Figure 5.45 The graph of f(x) = cos x The calculator gives cos 1.75 = —0.1782460556, so the approximation error is 
and its linearization atx = 7/2. Near |—0.1782460556 — (—1.75 + /2)| ~ 9.57 X 10-4. We report that the error is less 
x = 1/2, cosx ~ —x + (17/2). than 1073. Now Try Exercise 5. 
(Example 2) 
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EXAMPLE 3 Approximating Binomial Powers 

Example | introduces a special case of a general linearization formula that applies to 

powers of | + x for small values of x: 

Cry i ie 

If k is a positive integer this follows from the Binomial Theorem, but the formula actu- 

ally holds for all real values of k. (We leave the justification to you as Exercise 7.) Use 

this formula to find polynomials that will approximate the following functions for val- 

ues of x close to zero: 

(a) tis (b) —— (c) V1 + 5x4 (d) rae 
J ie 

SOLUTION 
We change each expression to the form (1 + y)*, where k is a real number and y is a 

function of x that is close to 0 when x is close to zero. The approximation is then given 

by 1 + ky. 

(a) Wi-x= (1 + (-x))8 = 1 + 3(-x) s -2 

o) = (14 Cx) = 1+ CI) = 1 + 
1 5 

() Vis ax = x ye = tee 5 (5x*) =1+ me 

pes ee rp I /OPe (-Z)(-") = 1, Os (ey) 1+ 5 I (-*) t+ 3% 

Now Try Exercise 9. 

EXAMPLE 4 Approximating Roots 

Use linearizations to approximate (a) V 123 and (b) W/123. 

SOLUTION 

Part of the analysis is to decide where to center the approximations. 

(a) Let f(x) = Vx. The closest perfect square to 123 is 121, so we center the linear- 

ization at x = 121. The tangent line at (121, 11) has slope 

] 1 1 1 '(121) = ~(121)-"2 = ~- —==— f(121) =5 (21 = 5 = ss 
So 

1 ra. 
V 123 = L(123) = 11 + 59 (123 — 121) = 11.09. 

(b) Let f(x) = Wx. The closest perfect cube to 123 is 125, so we center the lineariza- 
tion at x = 125. The tangent line at (125, 5) has slope 

1 1 1 1 
4 = = =2/ aS res = #25) = =(125)-9? = = irae ae 

So 

W123 ~ L(123) =5+ ==(123 — 125) = 4.973. 

A calculator shows both approximations to be within 10~? of the actual values. 

Now Try Exercise 11. 



Leibniz and His Notation 

Although Leibniz did most of his calculus 

using dy and dx as separable entities, he 

never quite settled the issue of what they 

were. To him, they were “infinitesimals”— 

nonzero numbers, but infinitesimally small. 

There was much debate about whether 

such things could exist in mathematics, 

but luckily for the early development of 

calculus it did not matter: Thanks to the 

Chain Rule, dy/dx behaved like a quotient 

whether it was one or not. 

Fan Chung Graham (1749—) 

“Don't be intimidat- 

ed!” is Dr. Fan Chung 

Graham's advice to 

young women con- 

sidering careers in 

mathematics. Fan 

Chung Graham came 

to the United States 

from Taiwan to earn a 

Ph.D. in Mathematics from the University 

of Pennsylvania. She worked in the field 

of combinatorics at Bell Labs and Bellcore, 

and then, in 1994, returned to her alma 

mater as a Professor of Mathematics. She 

is now the Akamai Professor in Internet 

Mathematics at the University of California, 

San Diego. 
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Differentials 

Leibniz used the notation dy/dx to represent the derivative of y with respect to x. The 

notation looks like a quotient of real numbers, but it is really a limit of quotients in which 

both numerator and denominator go to zero (without actually equaling zero). That makes 

it tricky to define dy and dx as separate entities. (See the margin note, “Leibniz and His 

Notation.”) Since we really only need to define dy and dx as formal variables, we define 

them in terms of each other so that their quotient must be the derivative. 

DEFINITION _ Differentials 

fferential dx is an independent Let y = f(x) be a differentiable function. The di 
a 

variable. The dit 

Unlike the independent variable dx, the variable dy is always a dependent variable. It 

depends on both x and dx. 

EXAMPLE 5 Finding the Differential dy 

Find the differential dy and evaluate dy for the given values of x and dx. 

(4) yee eee ul. de — 0.0L (hb). y= sinSx, x =a, dx =—0.02 

(c) xty=x, x=2, dx = 0.05 

SOLUTION 

(a) dy = (5x* + 37) dx. When x = 1 and dx = 0.01, dy = (5 + 37)(0.01) = 0.42. 

(b) dy = (3 cos 3x) dx. When x = 7 and dx = —0.02, 
dy = (3 cos 37r)(—0.02) = 0.06. 

(c) We could solve explicitly for y before differentiating, but it is easier to use implicit 

differentiation: 

d(x + y) = d(xy) 
dx + dy = xdy + ydx Sum and Product Rules in differential form 

dy(1 — x) = (y — 1)dx 

y — 1)dx py = Oz be 
inboard 2 

When x = 2 in the original equation, 2 + y = 2y, so y is also 2. Therefore 

(2 — 1)(0.05) 
= —(0.05. Now Try Exercise 15. 

i) id 
dy = 

If dx # 0, then the quotient of the differential dy by the differential dx is equal to the 

derivative f'(x) because 

dy fi(x)dx i See 
We sometimes write 

df = f'(x) dx 
in place of dy = f'(x) dx, calling df the differential of f. For instance, if f(x) = 3x? — 6, 
then 

df = d(3x? — 6) = 6xdx. 
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Every differentiation formula like 

d(ut+v) du a dv d(sin u) du 
- or 

dx aL. ax dx dx 

has a corresponding differential form like 

d(u+v)=dut+dv or d(sinu) = cosudu. 

EXAMPLE 6 Finding Differentials of Functions 

(a) d(tan 2x) = sec? (2x) d(2x) = 2 sec? 2x dx 

w) a( si }- BS ne dx 

x+1] (xael)2 (x Pete? (x 1)? 

I ii Now Try Exercise 23. 

Differential Estimate of Change 

The differential df = f'(x) dx has a geometric interpretation. If we think of dx as 
Ax, the change in x, then the value of df at x = a is AL, the change in the linear 

approximation to f. If f is differentiable at x = a, then the approximate change in f 

when x changes from a to a + dx can be represented by 

df = f'(a) dx. 

Sensitivity Analysis 
We have local linearity because the derivative changes by very little over very small 

intervals. One of the consequences is that over small intervals the ratio of the change in 

the output to the change in the input, Ay/Ax, can be treated as constant. This gives us 

another interpretation of the derivative, as a measure of the sensitivity of the output to 

small changes in the input. 

DEFINITION Sensitivity 

Sensitivity is an interpretation of the derivative, describing how small changes in the 

input variable produce changes in the output variable. For small values of Ax, we 

can approximate Ay by Ay =~ = Ax. 

Suppose we know the value of a differentiable function f(x) at a point a and we want to 

predict how much this value will change if we move to a nearby point a + Ax. If Ax is 

small, f and its linearization L at a will change by nearly the same amount (Figure 5.46). 

Since the values of L are simple to calculate, calculating the change in L offers a practical 

way to estimate the change in f. 

In the notation of Figure 5.46, the change in f is 

Af = f(a + Ax) — f(a). 
The corresponding change in L is 

BE = Lio.+ Ax) = Lea) 

= fla) + f'(a)[(a + Ax) ~ a] ~ fla) 
L(a + Ax) L(a) 

= f'(a) Ax 



Ar=0.1 

AA = 27a Ar 

Figure 5.47 When Ar is small compared 

with a, as it is when Ar = 0.1 and 

a = 10, 27a Ar gives a good estimate 

of AA. (Example 7) 

Why It’s Easy to Estimate Change 

in Perimeter 

Note that the true change in Example 8 is 

P(13) — P(12) = 26a — 2477 = 277, so 
the estimate in this case is perfectly accu- 

rate! Why? Since P = 27rr is a linear func- 

tion of r, the linearization of Pis the same 

as Pitself. It is useful to keep in mind that 

local linearity is what makes estimation 

work. 
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¥ y=f(x) 

Af=f(a + Ax) —f(a) a 
AL=f(a)Ax 

: When Ax is a small change in x, 

| the corresponding change in fis 

| approximately the change in the 

| linearization, AL = f(a) Ax. 

Tangent 

line 

x 

Figure 5.46 Approximating the change in the function f by the change in the linearization of f. 

EXAMPLE 7 Estimating Change 

The radius r of a circle increases from a = 10 m to 10.1 m (Figure 5.47). Use the 

linearization to estimate the increase in the circle’s area A. Compare this estimate with 

the true change AA, and find the approximation error. 

SOLUTION 

Since A = mr?, the estimated increase is 

A'(a) Ar = 2aa Ar = 27(10)(0.1) = 27 m?. 

The true change is 

AA = 7(10.1)? — (10)? = (102.01 — 100)a = 2.0177 m2. 

The approximation error is AA — A’Ar = 2.01m — 2a = 0.017 m’. 

Now Try Exercise 27. 

Absolute, Relative, and Percentage Change 
As we move from a to a nearby point a + Ax, we can describe the change in’f in three ways: 

Estimated True 

Absolute change Af = f(a + Ax) — f(a) Af = f'(a)Ax 

Relative change Af f'(a) 
Ax 

f(a) f(a) 
Percentage change Af f'(a) 

= LOO f(a) Xx f(a) Ax X 100 

EXAMPLE 8 Changing Tires 

Inflating a bicycle tire changes its radius from 12 inches to 13 inches. Use the linear- 

ization to estimate the absolute change, the relative change, and the percentage change 

in the perimeter of the tire. 

SOLUTION 

Perimeter P = 2ar,so AP ~ 2aAr = 27(1) = 27 = 6.28. 

The absolute change is approximately 6.3 inches. 

The relative change (when P(12) = 247r) is approximately 27/247 ~ 0.08. 

The percentage change is approximately 8 percent. Now Try Exercise 31. 
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Another way to interpret the change in f(x) resulting from a change in x is the effect 

that an error in estimating x has on the estimation of f(x). We illustrate this in Example 9. 

EXAMPLE 9 Estimating the Earth’s Surface Area 

Suppose the earth were a perfect sphere and we determined its radius to be 3959 0.1 

miles. What effect would the tolerance of += 0.1 mi have on our estimate of the earth’s 

surface area? 

SOLUTION 

The surface area of a sphere of radius r is S = 47rr?. The uncertainty in the calculation 

of S that arises from measuring r with a tolerance of Ar miles is 

AS = 8mr Ar. 

With r = 3959 and Ar = 0.1, our estimate of S could be off by as much as 

AS =~ 82(3959)(0.1) ~ 9950 mi?, 

to the nearest square mile, which is about the area of the state of Maryland. 

Now Try Exercise 37. 

EXAMPLE 10 Determining Tolerance 

About how accurately should we measure the radius r of a sphere to calculate the sur- 

face area S = 4ar? within 1% of its true value? 

SOLUTION 

We want any inaccuracy in our measurement to be small enough to make the corre- 

sponding increment AS in the surface area satisfy the inequality 

1 Aqr? 
\ASi==e Ss = 

100 100 

Angiography We replace AS in this inequality by its approximation 
De : 

aah dS 
An opaque dye is injected into a partially AS ~ | — JAr = 8ar Ar. 

blocked artery to make the inside visible dr 
under X-rays. This reveals the location and This gives 

severity of the blockage. 

4ar? Ree aN ean li. 
|8ar Ar| = , or |Ar| < . ==s = 0.005r. 

87r 100 2 100 

We should measure r with an error Ar that is no more than 0.5% of the true value. 

Now Try Exercise 45. 
[ee 8 a 

EXAMPLE 11 Unclogging Arteries 

In the late 1830s, the French physiologist Jean Poiseuille (“pwa-ZOY”) discovered the 

formula we use today to predict how much the radius of a partially clogged artery has 
Angioplasty : to be expanded to restore normal flow. His formula, 

A balloon-tipped catheter is inflated inside V = kr", 
the artery to widen it at the blockage site. ; 

says that the volume V of fluid flowing through a small pipe or tube in a unit of time at 

a fixed pressure is a constant times the fourth power of the tube’s radius r. How will a 

10% increase in r affect V ? 

SOLUTION 

The changes in r and V are related by 

dV 
AV = aot = 4kr Ar. continued 



(x5, fr) 

(xy f(x3)) 

\ 

LO EE * 25 
Fourth Third Second First 

APPROXIMATIONS 

Root 

sought 
NN 

Figure 5.48 Usually the approxima- 

tions rapidly approach an actual zero of 

y = f(x). 

| 
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The relative change in V is 

AV 4kr?Ar Ar 
a Ae 

V kr* r 

The relative change in V is 4 times the relative change in r, so a 10% increase in r will 

produce a 40% increase in the flow. Now Try Exercise 47. 
| eee ee 

| 
| 

Sensitivity to Change 

The approximate equality Af ~ f'(x) Ax tells how sensitive the output of f is to a 
change in input at different values of x. The larger the value of f’ at x, the greater the 

effect of a given change Ax. 

EXAMPLE 12 Finding Depth of a Well 

You want to calculate the depth of a well from the equation s = 167? by timing how 

long it takes a heavy stone you drop to splash into the water below. How sensitive will 

your calculations be to a 0.1-sec error in measuring the time? 

SOLUTION 

The size of As in the approximation 

As = 32t At 

depends on how big f is. If t = 2 sec, the error caused by At = 0.1 is only 

As = 32(2)(0.1) = 6.4 ft. 

Three seconds later at t = 5 sec, the error caused by the same At is 

As ~ 32(5)(0.1) = 16 ft. Now Try Exercise 49. 

Tangent line 
(graph of 
linearization 
of f atx,,) 

y = f@) 
Point: (x,,, f(x,,)) 

Slope: f'(x,,) 

Equation: 

y-f(x,) =f @,)@-~x,) 

(Xp f(%,)) 

Root sought 

f@,) 
eo mer ae fe) 

Figure 5.49 From x, we go up to the 

curve and follow the tangent line down to 

find Xn+1- 

Newton’s Method 

Newton’s method is a numerical technique for approximating a zero of a function with zeros 

of its linearizations. Under favorable circumstances, the zeros of the linearizations converge 

rapidly to an accurate approximation. Many calculators use the method because it applies to 

a wide range of functions and usually gets results in only a few steps. Here is how it works. 

To find a solution of an equation f(x) = 0, we begin with an initial estimate x,, found 

either by looking at a graph or by simply guessing. Then we use the tangent to the curve 

y = f(x) at (x, f(%,)) to approximate the curve (Figure 5.48). The point where the 
tangent crosses the x-axis is the next approximation x,. The number x is usually a bet- 

ter approximation to the solution than is x,;. The point where the tangent to the curve at 

(x, f(x2)) crosses the x-axis is the next approximation x3. We continue on, using each 

approximation to generate the next, until we are close enough to the zero to stop. 

There is a formula for finding the (n + 1)st approximation x, from the nth approxi- 

mation x,, which is shown in the following procedure for Newton’s method. 

Procedure for Newton's Method 

1. Guess a first approximation to a solution of the equation f(x) = 0. A graph of 

y = f(x) may help. 
2. Use the first approximation to get a second, the second to get a third, and so on, 

using the formula 

been) 
f'n) Xn+1 = Xn 

See Figure 5.49. 
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EXAMPLE 13 Using Newton’s Method 

Use Newton’s method to solve x37 + 3x + 1 = 0. 

SOLUTION 

Let f(x) = x3 + 3x + 1, then f’(x) = 3x? + 3 and 

HEN) Kearse 
Xn+1 SG, ae en 

[-5, 5} by [-5, 5] The graph of f in Figure 5.50 suggests that x; = —0.3 is a good first approximation to 

the zero of f in the interval —1 = x < 0. Then, 
Figure 5.50 A calculator graph of 
y = x3 + 3x + 1 suggests that —0.3 is x, = —0.3, 

a good first guess at the zero to begin xX, = —0.322324159, 

Newton’s method. (Example 13) xy = —0.3221853603, 

X4 = —0.3221853546 

The x, for n = 5 all appear to equal x, on the calculator we used for our computa- 

tions. We conclude that the solution to the equation x7 + 3x + 1 = 0 is about 

—0.3221853546. Now Try Exercise 53. 

Newton’s Method May Fail 
Newton’s method does not work if f’(x,) = 0. In that case, choose a new starting point. 

Newton’s method does not always converge. For instance (see Figure 5.51), successive | 

approximations r — h and r + hf can go back and forth between these two values, and no 

amount of iteration will bring us any closer to the zero r. 

If Newton’s method does converge, it converges to a zero of f. However, the method 

may converge to a zero that is different from the expected one if the starting value is not 

close enough to the zero sought. Figure 5.52 shows how this might happen. 

Figure 5.51 The graph of the function 

Sg A oe ee ee 
ae = 

F{ ) { Ev ieiahs DA Ge x 

If x, = r—h,thenx, =r+h. Root found | Root Starting 
Successive approximations go back and sought — point 

forth between these two values, and 

Rewion f pethod om SOD PraR: Figure 5.52 Newton’s method may miss the zero you want if you start too far away. 

(For help, go to § 



8. Let g(x) be the function whose graph is the tangent line to the 

graph of f(x) = x7 — 4x + 1 at x = 1. Complete the table. 

Section 5.5 Exercises 
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In Exercises 9 and 10, graph y = f(x) and its tangent line at x = c. 

9.c= 1.5, f(x) = sinx 

{ye 5a eg 

WS A peg 
10.c=4, f(x) = 

at x = a. In Exercises 1—6, (a) find the linearization L(x) of f(x) 
1) = f(a + 0.1)? (b) How accurate is the approximation L(a + 0. 

See the comparisons following Example 1. 

1. f(x) =e -— 243, a=2 

2. fe coe Oe ad 

3. f(x) =x+-, a=1 

4. f(x) =In(x+1), a=0 

5. f(x) =tanx, a=7 

6. f(x) = cos'!x, a=0 

7. Show that the linearization of f(x) = (1 + x)‘ atx = Ois 
L(x) =e kx. 

8. Use the linearization (1 + x)‘ ~ 1 + kx to approximate the 

following. State how accurate your approximation is. 

(a) (1.002)! (b) V/1.009 

In Exercises 9 and 10, use the linear approximation (1 + x)* ~ 

1 + kx to find an approximation for the function f(x) for values of 

x near zero. 

BD (a). f(x) =(1—x)® (b) f(x)-= a oe FS 

(b) f(x) = 

Ta hepiaghale clea ip 
(c) f(x) = (1 +) 

In Exercises 11-14, approximate the root by using a linearization 

centered at an appropriate nearby number. 

11. V101 12. V/26 
13. \/998 14. V’80 

In Exercises 15-22, (a) find dy, and (b) evaluate dy for the given 

value of x and dx. 

15. y =x? —. 3x; x =!2s) Sdx =10.05 

10) (a) f(x) = (4 + 3x)! 2+ x? 

16. y = x=-2, dx=0.1 
1+ x?’ 

17.y=x?Inx, x=1, d=0.01 

18.y =xV1—x7, x=0, dk =-02 

19.y=e™*7, x=, dx=-0.1 

20. y = 3ese (1 -2), x=1, de=01 

ax = 0.01 

222 ye = Ay ee, de = = 0.05 

21.y+xy-x=0, x=0, 

In Exercises 23-26, find the differential. 

23. d(V/1 — x?) 
24. d(e* + x>) 

25. d( arctan 4x) 

26. d(8* + x) 

In Exercises 27-30, the function f changes value when x changes 

from atoa + Ax. Find 

(a) the true change Af = f(a + Ax) — f(a). 

(b) the estimated change f’(a) Ax. 

(c) the approximation error |Af — f’(a)Ax|. 

» 
y=f(x) 

Af = fla+Ax) — fla) 

| (a, fla)) fia@ax 

Tangent 

27. f(x) =x? +2x, a=0, Ax=0.1 

28. f(2)=2—x% a=, Ar= U1 

29. f(x) = x7}, 

30. f(x) = x4, a=1, Ax=0.01 

In Exercises 31—36, write a formula that estimates the given change 

in volume or surface area. Then use the formula to estimate the 

change when the independent variable changes from 10 cm to 

10.05 cm. 

31. Volume The change in the volume V = (4/3)zr? of a sphere 
when the radius changes from a toa + Ar 

32. Surface Area The change in the surface area S = 47rr? of a 

sphere when the radius changes from a toa + Ar 
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V=x3, S = 6x* 

33. Volume The change in the volume V = x? of a cube when the 

edge lengths change from a toa + Ax 

34. Surface Area The change in the surface area S = 6x? of a 

cube when the edge lengths change from a toa + Ax 

35. Volume The change in the volume V = zr7h of a right circu- 

lar cylinder when the radius changes from a to a + Ar and the 

height does not change 

36. Surface Area The change in the lateral surface area S = 27rrh 

of a right circular cylinder when the height changes from a to 

a + Ah and the radius does not change 

| 

V=mr-h, S=2arh 

In Exercises 37—40, use differentials to estimate the maximum error 

in measurement resulting from the tolerance of error in the indepen- 

dent variable. Express answers to the nearest tenth, since that is the 

precision used to express the tolerance. 

37. The area of a circle with radius 10 + 0.1 in. 

38. The volume of a sphere with radius 8 + 0.3 in. 

39. The volume of a cube with side 15 + 0.2 cm 

40. The area of an equilateral triangle with side 20 + 0.5 cm 

41. Linear Approximation Let f be a function with f(0) = 1 and 

f'(x) = cos (x?). 

(a) Find the linearization of f at x = 0. 

(b) Estimate the value of f at x = 0.1. 

(c) Writing to Learn Do you think the actual value of f at 

x = (0.1 is greater than or less than the estimate in part (b)? 

Explain. 

42. Expanding Circle The radius of a circle is increased from 
2.00 to 2.02 m. 

(a) Estimate the resulting change in area. 

(b) Estimate as a percentage of the circle’s original area. 

43. Growing Tree The diameter of a tree was 10 in. During the 

following year, the circumference increased 2 in. About how 

much did the tree’s diameter increase? the tree’s cross-section 

area? 

44. Percentage Error The edge of a cube is measured as 10 cm 

with an error of 1%. The cube’s volume is to be calculated from 

this measurement. Estimate the percentage error in the volume 

calculation. 

45. Tolerance About how accurately should you measure the side 

of a square to be sure of calculating the area to within 2% of its 

true value? 

46. Tolerance (a) About how accurately must the interior diameter 

of a 10-m-high cylindrical storage tank be measured to calculate 

the tank’s volume to within 1% of its true value? 

(b) About how accurately must the tank’s exterior diameter be 

measured to calculate the amount of paint it will take to paint 

the side of the tank to within 5% of the true amount? 

47. Minting Coins A manufacturer contracts to mint coins for the 

federal government. The coins must weigh within 0.1% of their 

ideal weight, so the volume must be within 0.1% of the ideal 

volume. Assuming the thickness of the coins does not change, 

what is the percentage change in the volume of the coin that 

would result from a 0.1% increase in the radius? 

48. Tolerance The height and radius of a right circular cylinder are 

equal, so the cylinder’s volume is V = 7th. The volume is to be 

calculated with an error of no more than 1% of the true value. 

Find approximately the greatest error that can be tolerated in the 

measurement of h, expressed as a percentage of h. 

49. Estimating Volume You can estimate the volume of a sphere 

by measuring its circumference with a tape measure, dividing by 

27 to get the radius, then using the radius in the volume formula. 

Find how sensitive your volume estimate is to a 1 /8-in. error in 

the circumference measurement by filling in the table below for 

spheres of the given sizes. Use the approximation for AV when 

filling in the last column. 

ain! A eee ea 
ig ain PA 
apie dlaiens aaa 

50. Estimating Surface Area Change the heading in the last col- 

umn of the table in Exercise 49 to “Surface Area Error” and find 

how sensitive the measure of surface area is to a 1/8-in. error in 

estimating the circumference of the sphere. 

51. The Effect of Flight Maneuvers on the Heart The amount 

of work done by the heart’s main pumping chamber, the left 

ventricle, is given by the equation 

é 2 

py eitp yg Lethe 
2g 

Sphere Type 

Melon 

Beach Ball 

where W is the work per unit time, P is the average blood 

pressure, V is the volume of blood pumped out during the unit 

of time, 6 (“delta”) is the density of the blood, v is the average 

velocity of the exiting blood, and g is the acceleration of 

gravity. 



When P, V, 6, and v remain constant, W becomes a function of 

g, and the equation takes the simplified form 

b 
W =a + —(a,bconstant). 

& 

As a member of NASA’s medical team, you want to know how 

sensitive W is to apparent changes in g caused by flight maneu- 

vers, and this depends on the initial value of g. As part of your 

investigation, you decide to compare the effect on W of a given 

change Ag on the moon, where g = 5.2 ft/sec”, with the effect 

the same change Ag would have on Earth, where g = 32 ft/sec. 

Use the simplified equation above to approximate the ratio 

of AWroon to AWgarth by finding the ratio of dWpoon/dg to 

dWearn/ dg. 

52. Measuring Acceleration of Gravity When the length L of 

a clock pendulum is held constant by controlling its temperature, 

the pendulum’s period T depends on the acceleration of gravity 

g. The period will therefore vary slightly as the clock is moved 

from place to place on the earth’s surface, depending on the 

change in g. By keeping track of AT, we can estimate the varia- 

tion in g from the equation T = 27(L/g)!/? that relates T, g, 
and L. 

(a) With L held constant and g as the independent variable, esti- 

mate AT and use it to answer parts (b) and (c). 

(b) Writing to Learn If g increases, will T increase or 

decrease? Will a pendulum clock speed up or slow down? 

Explain. 

(c) A clock with a 100-cm pendulum is moved from a location 

where g = 980 cm/sec? to a new location. This increases the 

period by AT = 0.001 sec. Approximate Ag and use it to 

estimate the value of g at the new location. 

Using Newton’s Method on Your Calculator 
Here is a nice way to get your calculator to perform the calculations 

in Newton’s method. Try it with the function f(x) = x7 + 3x + 1 
from Example 13. 

1. Enter the function in Y1 and its derivative in Y2. 

2. On the home screen, store the initial guess into x. For example, 

using the initial guess in Example 13, you would type —.3 — X. 

3. Type X-Y1/Y2 — X and press the ENTER key over and over. 

Watch as the numbers converge to the zero of f. When 
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the values stop changing, it means that your calculator has found 

the zero to the extent of its displayed digits, as shown in the 

following figure. 

-.3-X 

-.3 

X-Yi/ Y2>X 
-. 322324159 

-.3221853603 
-.3221853546 
-.3221853546 

4. Experiment with different initial guesses and repeat Steps 2 and 3. 

5. Experiment with different functions and repeat Steps 1 through 3. 

Compare each final value you find with the value given by your 

calculator’s built-in zero-finding feature. 

In Exercises 53—56, use Newton’s method to estimate all real 

solutions of the equation. Make your answers accurate to 6 decimal 

places. 

BS. = 1) 

55. 05 sn 2xiche Ls sinx 

54.x4+x-3=0 

56. x* —-2=0 

Standardized Test Questions 
You may use a graphing calculator to solve the following problems. 

57. True or False Newton’s method will not find the zero of 

f(x) = x/(x? + 1) if the first guess is greater than 1. Justify 
your answer. 

58. True or False If uw and v are differentiable functions, then 

d(uv) = du dv. Justify your answer. 

59. Multiple Choice What is the linearization of f(x) = e* 
atx = 1? 

(A) y =e (B) y = ex 

O)y=x-e () y= (a> 1) 

60. Multiple Choice If y = tan x, x = 77, and dx = 0.5, what 

does dy equal? 

(A) —-0.25 (B)—-0.55 (C)O0 (D)05 (E)0.25 

61. Multiple Choice If Newton’s method is used to find the zero 

of f(x) = x — x? + 2, what is the third estimate if the first 
estimate is 1? 

(©) y =e 

3 3 8 18 
(A) au (B) , (C) 5 (D) rl (E) 3 

62. Multiple Choice If the linearization of y = Wx at x = 64 is 
used to approximate 66, what is the percentage error? 

(A) 0.01% (B) 0.04% (C)04% (D)1% (E)4% 

Explorations 
63. Newton’s Method Suppose your first guess in using 

Newton’s method is lucky in the sense that x, is a root of 

f(x) = 0. What happens to x, and later approximations? 
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64. 

65. 

66. 

67. 
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Oscillation Show that if h > 0, applying Newton’s method to 

Vx, fey = {Ve 
leads to x. = —hif x, = h, and to x» = hif x, = —h. Drawa 

picture that shows what is going on. 

Sees U) 

x=0 

Approximations That Get Worse and Worse Apply 

Newton’s method to f(x) = x!/3 with x, = 1, and calculate x, 
X3, X4, and x5. Find a formula for |x,,|. What happens to |x,| as 

n — oo? Draw a picture that shows what is going on. 

Quadratic Approximations 

(a) Let O(x) = bo + b\(x — a) + b,(x — a)* be a quadratic 

approximation to f(x) at x = a with the properties: 

i. O(a) = f(a), 

ii. Q'(a) = f'(a), 
iii. Q"(a) = f"(a). 

Determine the coefficients bo, b,, and b>. 

(b) Find the quadratic approximation to f(x) = 1/(1 — x) at 

x=0. 

(c) Graph f(x) = 1/(1 — x) and its quadratic approximation 

at x = 0. Then ZOOM IN on the two graphs at the point 

(0, 1). Comment on what you see. 

(d) Find the quadratic approximation to g(x) = 1/x atx = 1. 
Graph g and its quadratic approximation together. Comment 

on what you see. 

(e) Find the quadratic approximation to h(x) = V1 + x at 

x = 0. Graph h and its quadratic approximation together. 

Comment on what you see. 

(f) What are the linearizations of f, g, and h at the respective 

points in parts (b), (d), and (e)? 

Multiples of Pi Store any number as X in your calculator. 

Then enter the command X — tan(X) — X and press the 
ENTER key repeatedly until the displayed value stops changing. 

The result is always an integral multiple of 7. Why is this so? 

[Hint: These are zeros of the sine function.] 

Extending the Ideas 
68. 

69. 

Formulas for Differentials Verify the following formulas. 

(a) d(c) = 0 (c a constant) 

(b) d(cu) = ¢ du (c a constant) 

(c) d(u + v) = du + dv 

(d)d(u*v) =udv + vdu 

(e) a(*) _ v du wth 

v 

(f) d(u") = nu"! du 

The Linearization Is the Best Linear Approximation 

Suppose that y = f(x) is differentiable at x = a and that 

g(x) = m(x — a) + c(mand c constants ). If the error 
E(x) = f(x) — g(x) were small enough near x = a, we might 

think of using g as a linear approximation of f instead of the 

70. 

71. 

72. 

73. 

linearization L(x) = f(a) + f'(a)(x — a). Show that if we 
impose on g the conditions 

i. E(a) = 0, 

_ E(x) 
ii. lim = 

Keak Ita 

then g(x) = f(a) + f'(a)(x — a). Thus, the linearization 
gives the only linear approximation whose error is both zero at 

x = aand negligible in comparison with (x — a). 

The linearization, L(x): Some other linear 

y = fla) +f (@a — a) approximation, g9(x): 
\ ee 

(a, fla) 
{ 

} 

{ 

a 

Writing to Learn Find the linearization of 

f(x) = Vx + 1 + sin x at_x = 0. How is it related to the indi- 
vidual linearizations for V x + 1 and sin x? 

Formula for Newton’s Method Derive the formula for find- 
ing the (n + 1)st approximation x,, from the nth approxima- 

tion x,. [Hint: Write the point-slope equation for the tangent line 

to the curve at (x,, f(x,) ). See Figure 5.49 on page 245. Then 

set y = 0 and solve for x.] 

Bounding the Distance Between Ay and f'(a) Ax We 
know that if y = f(x), then Ay is close to f’(a) Ax, where 
Ax = x — aand Ay = f(x) — f(a). How close are they? 
In the late 1700s Joseph Louis Lagrange showed that 

[Ay — f'(a)Axl = 5 LF"(c)I(Ax? 
for some value of c between x and a. This equality is proven in 

Exercise 73. While we don’t know the exact value of c (if we 

did, this would no longer be just an approximation), we often 

can put an upper limit on f"(c). 

For the following three examples, find an upper bound on 

|f"(c)| and use it to bound the difference| Ay — f’(a)Ax| by a 
constant times (Ax)?. 

(a) y = sin x near x = 77/4, 

(b) y = x? near x = 1, 

(c) y = e* within 0.1 unit of x = 1. 

Writing to Learn The following steps can be used to prove 

Lagrange’s result that if y = f(x) has a continuous sec- 

ond derivative and we define g to be the difference between 

Ay = f(x) — f(a) and f’(a) Ax = f'(a)(x — a), 

a(x) = (f(x) — f(a)) — f'(a)(x — a), 
then there is some real number c between x and a such that 

g(x) = 4f"(c)(x — a). This proof assumes that a < x, but it 
is easily modified to handle the case a > x. 



(a) Show that g(a) = g'(a) = Oand g"(x) = f"(x). 

(b) Let A be the minimum value of +g"(r)and B the maxi- 

mum value of $g”(r) for ¢ in the interval [ a, x]. Use the 
Intermediate Value Theorem to show that for any real num- 

ber r between A and B, there is some value of ¢ in [ a, x] for 
Low which r = 5g"(c). 

(c) Explain why g"(t) — 2A = O and g"(t) — 2B = 0 forall t 

in the interval [ a, x]. 

(d) Using the fact that g’(a) — 2A(a — a) = 
g'(a) — 2B(a — a) = 0, together with Corollary 1 
on page 204, prove that g’(t) — 2A(t — a) = O and 

g(t) = 2B(¢ —-a)*=)0 for allitin [a,x |k 
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(e) Using the fact that g(a) — A(a — a)? = 
g(a) — B(a — a)* = 0, together with Corollary 1 
on page 204, prove that g(t) — A(t — a)* = 0 and 
g(t) — BG — a)? =\0 for'all rin | a) x). 

g(x) 
(f) Show that A = ag Saad therefore, 

(x — a) 
there is some value of c in [a,x] for which 

clo iete! 
(aa ee 2 

(f(x) — fla)) — f'(a)(a — a) = g(x) = 

and therefore 

|Ay ~ F°(a)Aa| = S1F"(c)I( Ax) 

by part (b), 

1 
= ~g"(c) = <f"(c). It follows that 

1 ” sf"(e)(x ~ a)? 
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5.6 Related Rates 
You will be able to solve problems 

involving rates of change in applied 

contexts. 

« Development of a mathematical 

model 

+ Creation of an equation that relates 

the variable whose rate of change is 

known to the variable whose rate of 

change is sought 

« Use of Chain Rule to relate the rates 

of change 

+ Identification of solution 

+ Interpretation of solution 

Related Rate Equations 
Suppose that a particle P(x, y) is moving along a curve C in the plane so that its coordi- 
nates x and y are differentiable functions of time ¢. If D is the distance from the origin to 

P, then using the Chain Rule we can find an equation that relates dD /dt, dx/dt, and dy /dt. 

D = Vx2 + y? 

dD dx dy 1 oo es = (I ele * + 92) 
eo ee (2 v dt 

Any equation involving two or more variables that are differentiable functions of time f 

can be used to find an equation that relates their corresponding rates. 

EXAMPLE 1 Finding Related Rate Equations 

(a) Assume that the radius r of a sphere is a differentiable function of t and let V be 

the volume of the sphere. Find an equation that relates dV/dt and dr /dt. 

(b) Assume that the radius r and height h of a cone are differentiable functions of t and 

let V be the volume of the cone. Find an equation that relates dV/dt, dr/dt, and dh/dt. 

SOLUTION 

(a) V==7r? Volume formula for a sphere 

dV dr 
— = Arr* — 
dt dt 

(b) V=—r*h Cone volume formula 

Now Try Exercise 3. 

Solution Strategy 
What has always distinguished calculus from algebra is its ability to deal with variables 

that change over time. Example | illustrates how easy it is to move from a formula relating 

static variables to a formula that relates their rates of change: Simply differentiate the for- 

mula implicitly with respect to t. This introduces an important category of problems called 

related rate problems that constitutes one of the most important applications of calculus. 

We introduce a strategy for solving related rate problems, similar to the strategy we 

introduced for max-min problems earlier in this chapter. 



Balloon O 

Aan 
ff | 

ie 

5 ro. Range finder 
500 ft 

Figure 5.53 The picture shows how A and 

@ are related geometrically. We seek dh/dt 

when 0 = 77/4 and d@/dt = 0.14 rad/min. 
(Example 2) 

Unit Analysis in Example 2 
ETAT 

A careful analysis of the units in Example 2 

gives 

dh/dt = (500 ft)(V2)2 (0.14 rad/min) 

140 ft * rad/min. 

Remember that radian measure is actually 

dimensionless, adaptable to whatever unit 

is applied to the “unit” circle. The linear 

units in Example 2 are measured in feet, 

so “ft * rad” is simply “ft.” 

tl 
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. Write an equation relating the variable whose rate of change you seek with 

the variable(s) whose rate of change you know. The formula is often geomet- 

ric, but it could come from a scientific application. 

. Differentiate both sides of the equation implicitly with respect to time ft. Be 

sure to follow all the differentiation rules. The Chain Rule will be especially 

critical, as you will be differentiating with respect to the parameter t. 

. Substitute values for any quantities that depend on time. Notice that it is 

only safe to do this after the differentiation step. Substituting too soon “freezes 

the picture” and makes changeable variables behave like constants, with zero 

derivatives. 

Interpret the solution. Translate your mathematical result into the problem set- 

ting (with appropriate units) and decide whether the result makes sense. 

We illustrate the strategy in Example 2. 

EXAMPLE 2 A Rising Balloon 

A hot-air balloon rising straight up from a level field is tracked by a range finder 500 

feet from the lift-off point. At the moment the range finder’s elevation angle is 7/4, 

the angle is increasing at the rate of 0.14 radians per minute. How fast is the balloon 

rising at that moment? 

SOLUTION 

We will carefully identify the six steps of the strategy in this first example. 

Step 1: 

Step 2: 

Step 3: 

Step 4: 

Step 5: 

Step 6: 

Let h be the height of the balloon and let 6 be the elevation angle. 

We seek: dh /dt. 

We know: d6/dt = 0.14 rad/min. 

We draw a picture (Figure 5.53). We label the horizontal distance “500 ft” 

because it does not change over time. We label the height “h” and the angle 

of elevation “6.” Notice that we do not label the angle “7/4,” as that would 

freeze the picture. 

h 
We need a formula that relates ) and 6. Since 500 = tan 0, we get 

h = 500 tan 6. 

Differentiate implicitly: 

d d 
Afr) = (5100) TY. FA ) FAL an @) 

dh do 
= 29—. ae 500 sec ie 

Let d0/dt = 0.14 and let 9 = 7/4. (Note that it is now safe to specify our 

moment in time.) 

. = 500 sect(7)(0.14 = 500(V2)2(0.14) = 140. 

At the moment in question, the balloon is rising at the rate of 140 ft/min. 

Now Try Exercise 11. 



Figure 5.54 A sketch showing the vari- 

ables in Example 3. We know dy/dt and 

dz/dt, and we seek dx/dt. The variables 
x, y, and z are related by the Pythagorean 

Theorem: x? + y? = z?. 

5 ft 

| 

Figure 5.55 In Example 4, the cone of 

water is increasing in volume inside the 

reservoir. We know dV/dt and we seek 

dh/ dt. Similar triangles enable us to relate 

V directly to h. 

At the moment in question, the car’s speed is 70 mph. 
eS 
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EXAMPLE 3 A Highway Chase 

A police cruiser, approaching a right-angled intersection from the north, is chasing 

a speeding car that has turned the corner and is now moving straight east. When the 

cruiser is 0.6 mi north of the intersection and the car is 0.8 mi to the east, the police 

determine with radar that the distance between them and the car is increasing at 

20 mph. If the cruiser is moving at 60 mph at the instant of measurement, what is the 

speed of the car? 

SOLUTION 

We carry out the steps of the strategy. 

Let x be the distance of the speeding car from the intersection, let y be the distance of 

the police cruiser from the intersection, and let z be the distance between the car and 

the cruiser. Distances x and z are increasing, but distance y is decreasing; so dy/dt is 

negative. 

We seek: dx /dt. 

We know: dz/dt = 20 mph and dy/dt = —60 mph. 

A sketch (Figure 5.54) shows that x, y, and z form three sides of a right triangle. We 

need to relate those three variables, so we use the Pythagorean Theorem: 

x24 y2 = 2? 

Differentiating implicitly with respect to t, we get 

d d. dx d d 
2 a ny ay = 2c, which reduces tox a0 es = a 

We now substitute the numerical values for x, y, dz/dt, dy/dt, and z (which equals 

XR" y?): 

(08) + (0.6)(-60) = V0.8)? + (0.6)2(20) 

(08) — 36 = (1)(20) 

dx = = 70 

Now Try Exercise 13. 

EXAMPLE 4 Filling a Conical Tank 

Water runs into a conical tank at the rate of 9 ft*/min. The tank stands point down and 

has a height of 10 ft and a base radius of 5 ft. How fast is the water level rising when 

the water is 6 ft deep? 

SOLUTION 1 

We carry out the steps of the strategy. Figure 5.55 shows a partially filled conical tank. 

The tank itself does not change over time; what we are interested in is the changing 

cone of water inside the tank. Let V be the volume, r the radius, and h the height of the 

cone of water. 

We seek: dh/dt. 

We know: dV/dt = 9 ft?/min. 

We need to relate V and h. The volume of the cone of water is V = Sarrth, but this for- 

mula also involves the variable r, whose rate of change is not given. We need to either 
continued 

a 
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find dr/dt (see Solution 2) or eliminate r from the equation, which we can do by using 

the similar triangles in Figure 5.55 to relate r and h: 

r a h 
aes OPS LTD => 

LaegiOceh A 

Therefore, 

Differentiate with respect to f: 

DR eo cs T h2 dh 
aise NA dt 4 dt 

Let h = 6 and dV/dt = 9; then solve for dh/dt: 

7 dh 9=—=(6)— 
4 oe dt 

fe 210 3 
CE 8 

At the moment in question, the water level is rising at 0.32 ft/min. 

SOLUTION 2 

The similar triangle relationship 

h , : Giammaludh 
r = = also implies that — = —~— 

D Ci Onat 

and that r = 3 when h = 6. So, we could have left all three variables in the formula 

V = ym7°h and proceeded as follows: 

qed (2 ‘oka 2) 
dds BEA AE Oat 

i h 
= sa( ar(3 a ree 4) 

3 2 dt dt 

dh 9 = on — 
ae 

dh 
dt 7 

This is obviously more complicated than the one-variable approach. In general, it 

is computationally easier to simplify expressions as much as possible before you 

differentiate. Now Try Exercise 17. 

Simulating Related Motion 
Parametric mode on a grapher can be used to simulate the motion of moving objects 

when the motion of each can be expressed as a function of time. In a classic related rate 

problem, the top end of a ladder slides vertically down a wall as the bottom end is pulled 

horizontally away from the wall at a steady rate. Exploration 1 shows how you can use 

your grapher to simulate the related movements of the two ends of the ladder. 
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EXPLORATION 1 | The Sliding Ladder 

A 10-foot ladder leans against a vertical wall. The base of the ladder is pulled away 

from the wall at a constant rate of 2 ft/sec. 

1. Explain why the motion of the two ends of the ladder can be represented by the 

parametric equations given below. 

X1IT = 2T 

Xl Tet) 

X2T =.0 

Y2T = V10? — (2T)? 

2. What minimum and maximum values of T make sense in this problem? 

3. Put your grapher in parametric and simultaneous modes. Enter the paramet- 

ric equations and change the graphing style to “0” (the little ball) if your 

grapher has this feature. Set Tmin=0, Tmax=5, Tstep=5/20, Xmin=—1, 

Xmax=17, Xscl=0, Ymin=—1, Ymax=11, and Yscl=0. You can speed up 

the action by making the denominator in the Tstep smaller or slow it down by 

making it larger. 

4. Press GRAPH and watch the two ends of the ladder move as time changes. Do 

both ends seem to move at a constant rate? 

5. To see the simulation again, enter “ClrDraw” from the DRAW menu. 

6. If y represents the vertical height of the top of the ladder and x the distance 

of the bottom from the wall, relate y and x and find dy/dt in terms of x and y. 

(Remember that dx/dt = 2.) 
7. Find dy/dt when t = 3 and interpret its meaning. Why is it negative? 

8. In theory, how fast is the top of the ladder moving as it hits the ground? 

Figure 5.56 shows you how to write a calculator program that animates the falling lad- 

der as a line segment. 

PROGRAM = LADDER 

: Line(2,2+~v (100- 

(2Aj2e), 2+2A, 2) 

: If A=0: Pause 

: End 

Figure 5.56 This 5-step program (with the viewing window set as shown) will animate the ladder 

in Exploration 1. Be sure any functions in the “Y=” register are turned off. Run the program and 

the ladder appears against the wall; push ENTER to start the bottom moving away from the wall. 

For an enhanced picture, you can insert the commands “:Pt-On(2,2+ Vv ( 100 — (2A)?),2)” 
and “:Pt-On(2+2A,2,2)” on either side of the middle line of the program. 



Exercise numbers with a gray background indicate problems that the 

authors have designed to be solved without a calculator. 

In Exercises 1 and 2, find the distance between the points A and B. 

1TZA( 025), BGO) 2. A(0, a), B(b, 0) 

In Exercises 3-6, find dy /dx. 

Bi2xy+y?=x+y 

4.xsiny=1-—xy 

5. x” = tany 6. In (x + y) = 2x 

Section 5.6 Exercises 

Quick Review 5.6 (for help, go to Sections 1.1, 1.4, and 4.2.) 
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In Exercises 7 and 8, find a parametrization for the line segment with 

endpoints A and B. 

7. A(—2, 1), B(4, -3) 8. A(0,—4), B(5, 0) 

In Exercises 9 and 10, let x = 2 cos t, y = 2 sin ¢. Find a parameter 

interval that produces the indicated portion of the graph. 

9. The portion in the second and third quadrants, including the 

points on the axes. 

10. The portion in the fourth quadrant, including the points on the 

axes. 

In Exercises 1—41, assume all variables are differentiable 

functions of t. 

1. Area The radius r and area A of a circle are related by the 

equation A = zr”. Write an equation that relates dA /dt to 
dr / dt. 

2. Surface Area The radius r and surface area S of a sphere are 

related by the equation § = 47rr?. Write an equation that relates 

dS /dt to dr/dt. 

3. Volume The radius r, height h, and volume V of a right circular 

cylinder are related by the equation V = mrh. 

(a) How is dV /dt related to dh/dt if r is constant? 

(b) How is dV /dt related to dr/dt if h is constant? 

(c) How is dV/dt related to dr/dt and dh/dt if neither r nor h is 
constant? 

4. Electrical Power The power P (watts) of an electric circuit 

is related to the circuit’s resistance R (ohms) and current J 

(amperes) by the equation P = RI. 

(a) How is dP/dt related to dR/dt and dI/dt? 

(b) How is dR/dt related to dI/dt if P is constant? 

5. Diagonals If x, y, and z are lengths of the edges of a rect- 

angular box, the common length of the box’s diagonals is 

s = Vx? + y? + z?. How is ds/dt related to dx/dt, dy/dt, and 

dz/dt? 

6. Area If a and b are the lengths of two sides of a triangle, and 

6 the measure of the included angle, the area A of the triangle is 

A = (1/2) ab sin 6. How is dA/dt related to da/dt, db/dt, and 
dé /dt? 

7. Changing Voltage The voltage V (volts), current / (amperes), 

and resistance R (ohms) of an electric circuit like the one shown 

here are related by the equation V = JR. Suppose that V is 

increasing at the rate of 1 volt/sec while J is decreasing at the 

rate of 1/3 amp/sec. Let t denote time in sec. 

(a) What is the value of dV/dt? 

(b) What is the value of d//dt? 

R 

(c) Write an equation that relates dR/dt to dV/dt and dI/dt. 

(d) Writing to Learn Find the rate at which R is changing 

when V = 12 volts and J = 2 amps. Is R increasing or 

decreasing? Explain. 

8. Heating a Plate When a circular plate of metal is heated in an 

oven, its radius increases at the rate of 0.01 cm/sec. At what rate 

is the plate’s area increasing when the radius is 50 cm? 

9. Changing Dimensions in a Rectangle The length / of a 

rectangle is decreasing at the rate of 2 cm/sec while the width 

w is increasing at the rate of 2 cm/sec. When / = 12 cm and 

w = 5 cm, find the rates of change of 

(a) the area, (b) the perimeter, and 

(c) the length of a diagonal of the rectangle. 

(d) Writing to Learn Which of these quantities are decreasing, 

and which are increasing? Explain. 

10. Changing Dimensions in a Rectangular Box Suppose 

that the edge lengths x, y, and z of a closed rectangular box are 

changing at the following rates: 

a = | m/sec, = = —2 m/sec, “ = | m/sec 

Find the rates at which the box’s (a) volume, (b) surface area, 

and (c) diagonal length s = Vx? + y? + z? are changing at the 
instant when x = 4, y = 3, and z = 2. 

11. Inflating Balloon A spherical balloon is inflated with helium 

at the rate of 1007 ft?/min. 

(a) How fast is the balloon’s radius increasing at the instant the 

radius is 5 ft? 

(b) How fast is the surface area increasing at that instant? 

12. Growing Raindrop Suppose that a droplet of mist is a per- 
fect sphere and that, through condensation, the droplet picks 

up moisture at a rate proportional to its surface area. Show that 
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under these circumstances the droplet’s radius increases at a con- 

stant rate. 

13. Air Traffic Control! An airplane is flying at an altitude 

of 7 mi and passes directly over a radar antenna as shown in 

the figure. When the plane is 10 mi from the antenna 

(s = 10), the radar detects that the distance s is changing at 

the rate of 300 mph. What is the speed of the airplane at that 

moment? 

14. Flying a Kite Inge flies a kite at a height of 300 ft, the wind 

carrying the kite horizontally away at a rate of 25 ft/sec. How 

fast must she let out the string when the kite is 500 ft away 

from her? 

15. Boring a Cylinder The mechanics at Lincoln Automotive are 

reboring a 6-in.-deep cylinder to fit a new piston. The machine 

they are using increases the cylinder’s radius one-thousandth of 

an inch every 3 min. How rapidly is the cylinder volume increas- 

ing when the bore (diameter) is 3.800 in.? 

16. Growing Sand Pile Sand falls from a conveyor belt at the rate 

of 10 m/min onto the top of a conical pile. The height of the pile 

is always three-eighths of the base diameter. How fast are the 

(a) height and (b) radius changing when the pile is 4 m high? Give 

your answer in cm/min. 

17. Draining Conical Reservoir Water is flowing at the rate of 

50 m?/min from a concrete conical reservoir (vertex down) of 

base radius 45 m and height 6 m. (a) How fast is the water level 

falling when the water is 5 m deep? (b) How fast is the radius of 

the water’s surface changing at that moment? Give your answer 

in cm/min. 

18. Draining Hemispherical Reservoir Water is flowing at the 

rate of 6 m/min from a reservoir shaped like a hemispherical bowl 

of radius 13 m, shown here in profile. Answer the following ques- 

tions given that the volume of water in a hemispherical bow] of 

radius R is V = (a /3)y?(3R — y) when the water is y units deep. 

Center of sphere 

Water level 

(a) At what rate is the water level changing when the water-is 

8 m deep? 

(b) What is the radius r of the water’s surface when the water is 

y m deep? 

(c) At what rate is the radius r changing when the water is 8 m 

deep? 

19. 

20. 

Zils 

Sliding Ladder A 13-ft ladder is leaning against a house 

(see figure) when its base starts to slide away. By the time the 

base is 12 ft from the house, the base is moving at the rate of 

5 ft/sec. 

13-ft ladder 

0 x(t) 

(a) How fast is the top of the ladder sliding down the wall at that 

moment? 

(b) At what rate is the area of the triangle formed by the ladder, 

wall, and ground changing at that moment? 

(c) At what rate is the angle 0 between the ladder and the ground 

changing at that moment? 

Filling a Trough A trough is 15 ft long and 4 ft across the 

top, as shown in the figure. Its ends are isosceles triangles with 

height 3 ft. Water runs into the trough at the rate of 2.5 ft?/min. 

How fast is the water level rising when it is 2 ft deep? 

2.5 ft?/min 

Hauling in a Dinghy A dinghy is pulled toward a dock by 

a rope from the bow through a ring on the dock 6 ft above the 

bow, as shown in the figure. The rope is hauled in at the rate of 

2 ft/sec. 

(a) How fast is the boat approaching the dock when 10 ft of rope 

are out? 

(b) At what rate is angle 6 changing at that moment? 

Ring at edge 

of dock 

6 | 
y 

6"; 
| 
| 

ah cir bere o | 

carte eR E OTe 
oa ‘16 feet 

. Rising Balloon A balloon is rising vertically above a level, 
straight road at a constant rate of | ft/sec. Just when the 

balloon is 65 ft above the ground, a bicycle moving at a con- 

stant rate of 17 ft/sec passes under it. How fast is the distance 



between the bicycle and balloon increasing 3 sec later 

(see figure)? 

0 ~ x(t) 

In Exercises 23 and 24, a particle is moving along the curve 

yf (x): 

23. 

24. 

25. 

26. 

27. 

28. 

29. 

30. 
high. A ball is dropped from the same height from a point 30 

10 
Let y = f(x) = ae 

If dx/dt = 3 cm/sec, find dy/dt at the point where 

(a) x = —2. (b) x = 0. (c) x = 20. 

Let y = f(x) =x? — 4x. 

If dx/dt = —2 cm/sec, find dy/dt at the point where 

(a) x = -3. (b) x = 1. (c) x = 4. 

Particle Motion A particle moves along the parabola y = x? 
in the first quadrant in such a way that its x-coordinate (in 

meters) increases at a constant rate of 10 m/sec. How fast is the 

angle of inclination 6 of the line joining the particle to the origin 

changing when x = 3? 

Particle Motion A particle moves from right to left along the 

parabolic curve y = V— x in such a way that its x-coordinate (in 

meters) decreases at the rate of 8 m/sec. How fast is the angle of 

inclination 6 of the line joining the particle to the origin chang- 

ing when x = —4? 

Melting Ice A spherical iron ball is coated with a layer of ice 

of uniform thickness. If the ice melts at the rate of 8 mL/min, 

how fast is the outer surface area of ice decreasing when the 

outer diameter (ball plus ice) is 20 cm? 

Particle Motion A particle P(x, y) is moving in the coor- 
dinate plane in such a way that dx/dt = —1 m/sec and 

dy/dt = —5 m/sec. How fast is the particle’s distance from the 

origin changing as it passes through the point (5, 12)? 

Moving Shadow A man 6 ft tall walks at the rate of 5 ft/sec 

toward a streetlight that is 16 ft above the ground. At what rate 

is the length of his shadow changing when he is 10 ft from the 

base of the light? 

Moving Shadow A light shines from the top of a pole 50 ft 

ft away from the light, as shown below. How fast is the ball’s 

shadow moving along the ground 1/2 sec later? (Assume the 

ball falls a distance s = 16f? in f sec.) 

31. 

32. 
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O Ball at time t = 0 

1/2 sec later 

Shadow 

30 ; x 

NOT TO SCALE 

Moving Race Car You are videotaping a race from a stand 

132 ft from the track, following a car that is moving at 180 mph 

(264 ft/sec), as shown in the figure. About how fast will your 

camera angle 0 be changing when the car is right in front of 

you? a half second later? 

Camera 

Race Car 

Speed Trap A highway patrol airplane flies 3*mi above a 

level, straight road at a constant rate of 120 mph. The pilot sees 

an oncoming car and with radar determines that at the instant 

the line-of-sight distance from plane to car is 5 mi the line-of- 

sight distance is decreasing at the rate of 160 mph. Find the car’s 

speed along the highway. 

Plane 

NOT TO SCALE Car 

. Building’s Shadow On a morning of a day when the sun will 

pass directly overhead, the shadow of an 80-ft building on level 

ground is 60 ft long, as shown in the figure. At the moment in 

question, the angle @ the sun makes with the ground is increas- 

ing at the rate of 0.27°/min. At what rate is the shadow length 
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decreasing? Express your answer in in./min, to the nearest tenth. 

(Remember to use radians.) 

34. Walkers A and B are walking on straight streets that meet at 

right angles. A approaches the intersection at 2 m/sec and B 

moves away from the intersection at 1 m/sec, as shown in the 

figure. At what rate is the angle 6 changing when A is 10 m from 

the intersection and B is 20 m from the intersection? Express 

your answer in degrees per second to the nearest degree. 

O B 

35. Moving Ships Two ships are steaming away from a point O 

along routes that make a 120° angle. Ship A moves at 14 knots 

(nautical miles per hour; a nautical mile is 2000 yards). Ship B 

moves at 21 knots. How fast are the ships moving apart when 

OA = 5 and OB = 3 nautical miles? 

Standardized Test Questions 
You may use a graphing calculator to solve the following problems. 

36. True or False If the radius of a circle is expanding at a con- 
stant rate, then its circumference is increasing at a constant rate. 

Justify your answer. 

37. True or False If the radius of a circle is expanding at a con- 
stant rate, then its area is increasing at a constant rate. Justify 

your answer. 

38. Multiple Choice If the volume of a cube is increasing at 

24 in3/min and each edge of the cube is increasing at 2 in./min, 

what is the length of each edge of the cube? 

(A) 2in. (B)2V2in. (C) Vi2 in. (D)4in. (E) 8 in. 
39. Multiple Choice If the volume of a cube is increasing at 

24 in’/min and the surface area of the cube is increasing a at 12. 
in?/ min, what is the length of each edge of the cube? An 

(A) 2in. (B)2V2in. (©) Wi2 in. helaianilc aici 
40, Multiple Choice A particle is moving around the unit cir 

(the circle of radius 1 centered at the origin), NAO cla r 
(0.6, 08) the particle as horizontal velocity de/dr = 3. What at 
is its vertical velocity dy/dt at that point’? = 
(A) -3.875 (B)—3.75 (C)-2.25 (D) 3.75 es 

41. Multiple Choice A cylindrical rubber cord is stretched at a 

constant rate of 2 cm per second. Assuming the radius is the 

same along the entire length and its volume does not change, 

how fast is its radius shrinking when its length is 100 cm and its 

radius is 1 cm? 

(A) 0 cm/sec (B) 0.01 cm/sec (C) 0.02 cm/sec 

(D) 2 cm/sec (E) 3.979 cm/sec 

Explorations 
42. Making Coffee Coffee is draining from a conical filter into a 

cylindrical coffeepot at the rate of 10 in?/min. 

How fast 

is this 
level falling? 

eters level rising? 
6" 

(a) How fast is the level in the pot rising when the coffee in the 

cone is 5 in. deep? 

(b) How fast is the level in the cone falling at that moment? 

43. Cost, Revenue, and Profit A company can manufacture x 
items at a cost of c(x) dollars, a sales revenue of r(x) dollars, 
and a profit of p(x) = r(x) — e(x) dollars (all amounts in 
thousands). Find dc/dt, dr/dt, and dp/dt for the following val- 
ues of x and dx/dt. 

(a) r(x) = 9x, c(x) = x3 — 6x? + 152, 
and dx/dt = 0.1 when x = 2. 

(b) r(x) = 70x, c(x) = x3 — 6x? + 45/x, 
and dx/dt = 0.05 when x = 1.5. 

44. Group Activity Cardiac Output In the late 1860s, Adolf 

Fick, a professor of physiology in the Faculty of Medicine in 

Wiirtzberg, Germany, developed one of the methods we use 

today for measuring how much blood your heart pumps in a 

minute. Your cardiac output as you read this sentence is prob- 

ably about 7 liters a minute. At rest it is likely to be a bit under 

6 L/min. If you are a trained marathon runner running a mara- 

__ thon, your cardiac outp hobo ente-eeonie wets 



in the blood pumped to the lungs and the CO, concentration in 

the blood returning from the lungs. With Q = 233 mL/min and 

D = 97 — 56 = 41 mL/L, 

_ 233 mL/min ear oni 

et pe 

fairly close to the 6 L/min that most people have at basal (rest- 

ing) conditions. (Data courtesy of J. Kenneth Herd, M.D., 

Quillan College of Medicine, East Tennessee State University.) 

Suppose that when Q = 233 and D = 41, we also know that D 

is decreasing at the rate of 2 units a minute but that Q remains 

unchanged. What is happening to the cardiac output? 

Extending the Ideas 

45. Motion Along a Circle A wheel of radius 2 ft makes 8 revo- 

lutions about its center every second. 

(a) Explain how the parametric equations 

x=2cosé, y=2sin0 

can be used to represent the motion of the wheel. 

(b) Express 6 as a function of time t. 

(c) Find the rate of horizontal movement and the rate of vertical 

movement of a point on the edge of the wheel when it is at 

the position given by 6 = 7/4, 7/2, and 7. 

46. 

47. 
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Ferris Wheel A Ferris wheel with radius 30 ft makes one revo- 

lution every 10 sec. 

(a) Assume that the center of the Ferris wheel is located at the 

point (0, 40), and write parametric equations to model its 

motion. (Hint: See Exercise 45.) 

(b) At t = 0 the point P on the Ferris wheel is located at (30, 40). 

Find the rate of horizontal movement, and the rate of vertical 

movement of the point P when t = 5 sec and t = 8 sec. 

Industrial Production (a) Economists often use the expres- 

sion “rate of growth” in relative rather than absolute terms. For 

example, let uv = f(t) be the number of people in the labor 

force at time ¢ in a given industry. (We treat this function as 

though it were differentiable even though it is an integer-valued 

step function.) 

Let v = g(t) be the average production per person in the labor 

force at time ft. The total production is then y = wv. If the labor 

force is growing at the rate of 4% per year (du/dt = 0.04u) 

and the production per worker is growing at the rate of 5% per 

year (dv/dt = 0.05v), find the rate of growth of the total pro- 
duction, y. 

(b) Suppose that the labor force in part (a) is decreasing at the rate © 

of 2% per year while the production per person is increasing at 

the rate of 3% per year. Is the total production increasing, or 

is it decreasing, and at what rate? 

You may use a graphing calculator to solve the following problems. 

1. Multiple Choice If Newton’s method is used to approximate 

the real root of x3 + 2x — 1 = 0, what would the third approxi- 
mation, x3, be if the first approximation is x; = 1? 

(A) 0.453 (B) 0.465 (C) 0.495 (D) 0.600 (E) 1.977 

. Multiple Choice The sides of a right triangle with legs x and 

y and hypotenuse z increase in such a way that dz/dt = 1 and 

dx/dt = 3 dy/dt. At the instant when x = 4 and y = 3, what is 

dx/dt? 

(D) V5 

. Multiple Choice An observer 70 meters south of a railroad 

crossing watches an eastbound train traveling at 60 meters per 

(A); ®1 ©2 (E) 5 

Key Terms 

second. At how many meters per second is the train moving 

away from the observer 4 seconds after it passes through the 

intersection? 

(A) 57.60 (B) 57.88 (C) 59.20 (D) 60.00 (E) 67.40 

. Free Response (a) Approximate V26 by using the linear- 

ization of y = Vx at the point (25, 5). Show the computation 
that leads to your conclusion. 

(b) Approximate V26 by using a first guess of 5 and one itera- 

tion of Newton’s method to approximate the zero of x? — 26. 

Show the computation that leads to your conclusion. 

(c) Approximate W26 by using an appropriate linearization. 

Show the computation that leads to your conclusion. 

arithmetic mean (p. 210) 

average cost (p. 229) 

center of linear approximation (p. 238) 

concave down (p. 213) 

concave up (p. 213) 

Concavity Test (p. 214) 

critical point (p. 196) 

decreasing function (p. 204) 

differential (p. 241) 

differential estimate of change (p. 242) 

differential of a function (p. 241) 

extrema (p. 193) 

absolute change (p. 243) 

absolute extrema (p. 193) 

absolute maximum value (p. 193) 

absolute minimum value (p. 193) 

antiderivative (p. 206) 

antidifferentiation (p. 206) 
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Extreme Value Theorem (p. 194) 

First Derivative Test (p. 211) 

First Derivative Test for Local Extrema 

(p. 211) 

geometric mean (p. 210) 

global maximum value (p. 193) 

global minimum value (p. 193) 

increasing function (p. 204) 

linear approximation (p. 238) 

linearization (p. 238) 

local linearity (p. 238) 

(e:0:N yea wom Review Exercises 

Exercise numbers with a gray background indicate problems that the 

authors have designed to be solved without a calculator. 

The collection of exercises marked in red could be used as a chapter 

test. 

In Exercises | and 2, use analytic methods to find the global extreme 

values of the function on the interval and state where they occur. 

my—= it 2%, 22 a) 

Bey = x° — 9x* — 21x — 11, —co< 4 <60 

In Exercises 3 and 4, use analytic methods. Find the intervals on 

which the function is 

(a) increasing, (b) decreasing, 

(c) concave up, (d) concave down. 

Then find any 

(e) local extreme values, (f) inflection points. 

Bpy = xV4 — x? 

In Exercises 5—16, use analytic methods to find the intervals on 

which the function is 

my = x2el/x 

(a) increasing, (b) decreasing, 

(c) concave up, (d) concave down. 

Support your answers graphically. Then find any 

(e) local extreme values, 

5B.y=1+x—x?—-— x4 6.y=e2 

(f) inflection points. 
Sa cee i 

7.y Il ad Se 
| 

9. y = cos"! x 10. y = 

11. y =In|x|,-2=x52, x #0 

12. y = sin3x + cos4x, 0S x27 
“x aks 

13. y = rf TH 
: AX X7, Xue 

7 
14. y =-x° + -* + 5x2 + 4x +2 

15. y = x4/5(2 — x) 

toy watt ato 
; x=-2 

local maximum value (p. 195) 

local minimum value (p. 195) 

marginal analysis (p. 228) 

marginal cost and revenue (p. 228) 

Mean Value Theorem (p. 202) 

monotonic function (p. 204) 

Newton’s method (p. 245) 

optimization (p. 224) 

percentage change (p. 243) 

point of inflection (p. 214) 

profit (p. 227) 

quadratic approximation (p. 250) 

related rates (p. 252) 

relative change (p. 243) 

relative extrema (p. 195) 

Rolle’s Theorem (p. 202) 

Second Derivative Test for Local Extrema 

(p. 217) 

sensitivity (p. 242) 

standard linear approximation (p. 238) 

stationary point (p. 196) 

In Exercises 17 and 18, use the derivative of the function y = f(x) 

to find the points at which f has a 

(a) local maximum, (b) local minimum, or 

(c) point of inflection. 

agey’ = 6(x + 1)(x — 2) Gey y' = 6(x + 1)(x — 2) 

In Exercises 19-22, find all possible functions with the given 

derivative. 

wap f'(x) =x? +e* 20. f'(x) = sec xtanx 

Vx 
In Exercises 23 and 24, find the function with the given derivative 

whose graph passes through the point P. 

23. f'(x) = sinx + cosx, PUm, 90) 

24. f(x) xP xe 1 OPO) 

22) f(x) = Vx + 2 
21, f'(x) = - +x7+ 1x>0 

In Exercises 25 and 26, the velocity v or acceleration a of a particle 

is given. Find the particle’s position s at time f. 

25. v = 9.8t + 5, s = 10 when t = 0 

26.4 = 32, v= 20 and s = 5 when t=0 

In Exercises 27—30, find the linearization L(x) of f(x) atx = a. 

27. f(x) = tanx, a=—7/4 28. f(x) =secx, a= 7/4 

29. f(x) = , a=0 30. f(x) = e* + sinx,a =0 
eta x 

In Exercises 31-34, use the graph to answer the questions. 

31. Identify any global extreme values of f and the values of x at 

which they occur. 

Figure for Exercise 31 Figure for Exercise 32 



32. 

33. 

34. 

35. 

36. 

At which of the five points on the graph of y = f(x) shown 
here 

(a) are y’ and y” both negative? 

(b) is y’ negative and y” positive? 

Estimate the intervals on which the function y = f(x) is 

(a) increasing; (b) decreasing. (c) Estimate any local extreme 

values of the function and where they occur. 

Here is the graph of the fruit fly population from Section 2.4, 

Example 2. On approximately what day did the population’s 

growth rate change from increasing to decreasing? 

Pp 

Number of flies 

0 10 20 30 40 50 

Time (days) 

Connecting f and f' The graph of f’ is shown in Exercise 

33. Sketch a possible graph of f given that it is continuous with 

domain [—3, 2] and f(—3) = 0. 

Connecting f, f', and f” The function f is continuous on 

[ 0, 3] and satisfies the following. 

(a) Find the absolute extrema of f and where they occur. 

(b) Find any points of inflection. 

(c) Sketch a possible graph of f. 

37. 

38. 

39. 

40. 

41. 

42. 

43. 

45. 

46. 

47. 
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Mean Value Theorem Let f(x) = xInx. 

(a) Writing to Learn Show that f satisfies the hypotheses of 

the Mean Value Theorem on the interval [a,b] = [0.5,3]. 

(b) Find the value(s) of c in (a, b) for which 

Io) = pf @ po) HORA) 
(c) Write an equation for the secant line AB where 

A = (a, f(a)) and B = (b, f(b)). 
(d) Write an equation for the tangent line that is parallel to the 

secant line AB. 

Motion Along a Line A particle is moving along a line 

with position function s(t) = 3 + 4¢ — 3¢? — 13. Find the 
(a) velocity and (b) acceleration, and (c) describe the motion of 

the particle for t = 0. 

Approximating Functions Let f be a function with 

f'(x) = sin x? and f(0) = —1. 

(a) Find the linearization of f at x = 0. 

(b) Approximate the value of f at x = 0.1. 

(c) Writing to Learn Is the actual value of f at x = 0.1 

greater than or less than the approximation in (b)? 

Differentials Let y = x7e~. Find (a) dy and (b) evaluate dy for 

x = | and dx = 0.01. 

Newton’s Method Use Newton’s method to estimate all real 

solutions to 2 cos x — V1 + x = 0. State your answers accu- 

rate to 6 decimal places. 

Rocket Launch A rocket lifts off the surface of Earth with a 

constant acceleration of 20 m/sec*. How fast will the rocket be 

going | min later? 

Launching on Mars The acceleration of gravity near the sur- 

face of Mars is 3.72 m/sec’. If a rock is blasted straight up from 

the surface with an initial velocity of 93 m/sec (about 208 mph), 

how high does it go? 

. Area of Sector If the perimeter of the circular sector shown 

here is fixed at 100 ft, what values of r and s will give the sector 

the greatest area? 

Area of Triangle An isosceles triangle has its vertex at the 

origin and its base parallel to the x-axis with the vertices above 

the axis on the curve y = 27 — x?. Find the largest area the 

triangle can have. 

Storage Bin Find the dimensions of the largest open-top 

storage bin with a square base and vertical sides that can be 

made from 108 ft? of sheet steel. (Neglect the thickness of the 

steel and assume that there is no waste.) 

Designing a Vat You are to design an open-top rectangular 

stainless-steel vat. It is to have a square base and a volume of 

32 ft?, to be welded from quarter-inch plate, and weigh no more 
than necessary. What dimensions do you recommend? 
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48. Inscribing a Cylinder Find the height and radius of the largest 

right circular cylinder that can be put into a sphere of radius V 3, 

as described in the figure. 

49. Cone in a Cone The figure shows two right circular cones, 

one upside down inside the other. The two bases are parallel, 

and the vertex of the smaller cone lies at the center of the larger 

cone’s base. What values of r and h will give the smaller cone 

the largest possible volume? 

We! = 

50. Box with Lid Repeat Exercise 18 of Section 5.4 but this time 

remove the two equal squares from the corners of a 15-in. side. 

51. Inscribing a Rectangle A rectangle is inscribed under one 

arch of y = 8 cos (0.3x) with its base on the x-axis and its upper 

two vertices on the curve symmetric about the y-axis. What is 

the largest area the rectangle can have? 

52. Oil Refinery A drilling rig 12 mi offshore is to be connected 

by a pipe to a refinery onshore, 20 mi down the coast from the 

rig, as shown in the figure. If underwater pipe costs $40,000 per 

mile and land-based pipe costs $30,000 per mile, what values of 

x and y give the least expensive connection? 

Rig 

12 mi 

Refinery 
— 7) 20 — y > 

20 ig renee 

53. 

54. 

55. 

56. 

57. 

58. 

59. 

60. 

61. 

Designing an Athletic Field An athletic field is to be built 

in the shape of a rectangle x units long capped by semicircular 

regions of radius r at the two ends. The field is to be bounded 

by a 400-m running track. What values of x and r will give the 

rectangle the largest possible area? 

Manufacturing Tires Your company can manufacture 

x hundred grade A tires and y hundred grade B tires a day, where 

0 =x = 4and 

_ 40 — 10x 

5—-x 

Your profit on a grade A tire is twice your profit on a grade B 

tire. What is the most profitable number of each kind to make? 

Particle Motion The positions of two particles on the 

s-axis are 5; = cos tand s, = cos (t + 7/4). 

(a) What is the farthest apart the particles ever get? 0.765 unit 

(b) When do the particles collide? 

Open-top Box An open-top rectangular box is constructed 

from a 10- by 16-in. piece of cardboard by cutting squares of 

equal side length from the corners and folding up the sides. Find 

analytically the dimensions of the box of largest volume and the 

maximum volume. Support your answers graphically. 

Changing Area The radius of a circle is changing at the rate 

of —2/7 m/sec. At what rate is the circle’s area changing when 

r= 10m? 

Particle Motion The coordinates of a particle moving 

in the plane are differentiable functions of time ¢ with 

dx /dt = —1 m/sec and dy/dt = —5 m/sec. How fast is the 
particle approaching the origin as it passes through the point 

(5, 1207 

Changing Cube The volume of a cube is increasing at the rate 

of 1200 cm?/min at the instant its edges are 20 cm long. At what 

rate are the edges changing at that instant? 

Particle Motion A point moves smoothly along the curve 

y = x?/? in the first quadrant in such a way that its distance from 
the origin increases at the constant rate of 11 units per second. 

Find dx/dt.when x = 3. 

Draining Water Water drains from the conical tank shown in 

the figure at the rate of 5 ft/min. 

(a) What is the relation between the variables h and r? 

(b) How fast is the water level dropping when h = 6 ft? 

Exit rate: 5 ft/min HK 



62. Stringing Telephone Cable As telephone cable is pulled 

from a large spool to be strung from the telephone poles along a 

street, it unwinds from the spool in layers of constant radius, as 

suggested in the figure. If the truck pulling the cable moves at a 

constant rate of 6 ft/sec, use the equation s = ré to find how fast 
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67. Finding Height To find the height of a lamppost (see figure), 

you stand a 6-ft pole 20 ft from the lamp and measure the length 

a of its shadow, finding it to be 15 ft, give or take an inch. 

Calculate the height of the lamppost using the value a = 15, and 

estimate the possible error in the result. 

(in rad/sec) the spool is turning when the layer of radius 1.2 ft is 

being unwound. 

68. Decreasing Function Show that the function y = sin? x — 3x 
decreases on every interval in its domain. 

63. Throwing Dirt You sling a shovelful of dirt up from the bot- 

tom of a 17-ft hole with an initial velocity of 32 ft/sec. Is that 

enough speed to get the dirt out of the hole, or had you better 

duck? 

64. Estimating Change Write a formula that estimates the 

change that occurs in the volume of a right circular cone (see 

figure) when the radius changes from a to a + Ar and the 

height does not change. 

65. Controlling Error 

(a) How accurately should you measure the edge of a cube to be 

reasonably sure of calculating the cube’s surface area with an 

error of no more than 2%? 

(b) Suppose the edge is measured with the accuracy required 

in part (a). About how accurately can the cube’s volume be 

calculated from the edge measurement? To find out, estimate 

the percentage error in the volume calculation that might 

result from using the edge measurement. 

66. Compounding Error The circumference of the equator of 

a sphere is measured as 10 cm with a possible error of 0.4 cm. 

This measurement is used to calculate the radius. The radius is 

then used to calculate the surface area and volume of the sphere. 

Estimate the percentage errors in the calculated values of (a) the 

_ radius, (b) the surface area, and (c) the volume. 



266 Chapter 5 Applications of Derivatives 



aor sleipwithot amet 

RePMA RPA Hi iirers A 11S Venere 16 Per LA sp Lis ad Sea Pune wae 
1). > =e > 7 ee; 5 — : j 2 ~ » 7 f 

bd 7905 WHF iin ws " Re, fe 9 ‘ + tee Matte E iA 

me a ae os un 

= 
uy a ny r 

of leila mbes 

; 0 ace Lay 



lecaleee e 
Lc RS 

Estimating with 
Finite Sums 

6.2, Definite Integrals 

Definite Integrals and 
Antiderivatives 

Fundamental Theorem 

of Calculus 

6.5, Trapezoidal Rule 

268 

Wind speeds usually follow a Weibull distribution that rises quickly, then 

trails off (see graph). A typical wind turbine can start producing power 
with winds of around 7 mph, and achieves peak output with wind speeds 

between 30 and 55 mph. The average wind speed is defined by 

k 100 

A=— | xke (x May. 
Ns 0 

(where k > Ois the shape parameter and A > Ois the scale parameter). 

How would changes in the values of k and A affect average wind speed? 
Section 6.4 can help you answer this question. 

This is the graph of H = settler ola 

with k = 1.667 and A = 11.5, the actual 

wind distribution for the Mount Batten 

Weather Station in Plymouth, England. 
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FNS wom Overview 

The need to calculate instantaneous rates of change led the discoverers of calculus to an 

investigation of the slopes of tangent lines and, ultimately, to the derivative—to what 

we call differential calculus. But derivatives revealed only half the story. In addition to a 

calculation method (a “calculus”) to describe how functions change at any given instant, 

they needed a method to describe how those instantaneous changes could accumulate over 

an interval to produce the function that describes the total change. 

Early in the 14th century, a group of scholars at Merton College in Oxford, England, 

began exploring how to find the accumulated distance from knowledge of the velocity. 

In 1638, Galileo Galilei used their ideas to explain the motion of falling bodies and justify 

his claim that the earth circles the sun. Later that century, Isaac Newton studied these 

accumulation functions and, in 1666, discovered a remarkable insight that connected 

accumulation functions to what he already knew about derivatives. If there was one 

moment when calculus was born, this was it. 

Today, what we call the integral calculus or integration has two distinct interpretations. 

We begin this chapter by looking at integration as accumulation. But it also can be viewed 

as reversing the process of differentiation, what we call antidifferentiation. Newton’s 

insight, that these two are connected, is what is called the Fundamental Theorem of 

Calculus (also known as the Fundamental Theorem of Integral Calculus). 

Estimating with Finite Sums 
You will be able to estimate 

distance, areas, volumes, and 

accumulations using finite sums. 

« Distance as area under the velocity 

curve 

¢ Accumulation as area under 
the curve representing rate of 

accumulation 

¢ Estimation of area using rectangular 

approximation 

« Estimation of volume using slices 

« Use of left, right, and midpoint sums 

to approximate areas 

Nicole Oresme (c. 1320-1382) 

Oresme was a medi- 

eval bishop and a phi- 

losopher who contrib- 

uted to mathematics, 

physics, astronomy, 

and economics. He 

was the first to realize 

that if we represent 

speed by a graph over 

a period of time, then the area under this 

graph is the total distance that is traveled. 

Accumulation Problems as Area 

We know why a scientist pondering motion problems might have been led to consider 

slopes of curves, but what do those same motion problems have to do with areas under 

curves? Consider the following problem from a typical elementary school textbook: 

A ship moves along an ocean at a steady rate of 7.5 nautical miles per hour 

(knots) from 7:00 A.M. to 9:00 a.M. What is the total distance traveled by the ship? 

Applying the well-known formula distance = rate X time, we find that the answer is 

15 nautical miles. Simple. Now suppose that you are Nicole Oresme trying to make a con- 

nection between this formula and the graph of the velocity function. 

You might notice that the distance traveled by the ship (15 miles) is exactly the area of 

the rectangle whose base is the time interval [7, 9] and whose height at each point is the 

value of the constant velocity function v = 7.5 (Figure 6.1). This is no accident, either, 

since the distance traveled and the area in this case are both found by multiplying the rate 

(7.5) by the change in time (2). 

This same connection between distance traveled and rectangle area could be made 

no matter how fast the ship was going or how long or short the time interval was. 

velocity (mph) 

eS) 

time (h) 

0 i 9 

Figure 6.1 The distance traveled in 2 hours by a ship moving at 7.5 nautical miles per hour, 

which corresponds to the area of the shaded rectangle. 
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velocity 
A 

> time 
O a b 

Figure 6.2 If the velocity varies over the 

time interval | a, b |, does the shaded 
region give the distance traveled? 

But what if the ship had a velocity v that varied as a function of time? The graph 

(Figure 6.2) would no longer be a horizontal line, so the region under the graph would no 

longer be rectangular. 

Would the area of this irregular region still give the total distance traveled over the 

time interval? Nicole Oresme thought that it obviously would, and the scientists who fol- 

lowed him, from Galileo through Newton and Leibniz, agreed. Because of this, there was 

tremendous interest throughout the 1600s in finding areas under curves. These scientists 

imagined the time interval being partitioned into many tiny subintervals, each one so small 

that the velocity over it would essentially be constant. Geometrically, this was equivalent 

to slicing the irregular region into narrow strips, each of which would be nearly indistin- 

guishable from a narrow rectangle (Figure 6.3). 

velocity 

time 
O a b 

Figure 6.3 The region is partitioned into vertical strips. If the strips are narrow enough, they are 

almost indistinguishable from rectangles. The sum of the areas of these “rectangles” will give 

the total area and can be interpreted as distance traveled. 

They argued that, just as the total area could be found by summing the areas of the 

(essentially rectangular) strips, the total distance traveled could be found by summing the 

small distances traveled over the tiny time intervals. 

Finding the distance traveled when one knows the velocity at each instant of time is a 

process of accumulating distances; the area of each narrow rectangle is an approximation to 

the distance traveled over that short interval of time. Other accumulation problems can be 

viewed as areas. 

EXAMPLE 1 Calculating Snowfall 

Consider a snowstorm that starts at 3 A.M. Over the first two hours, the rate of snowfall 

increases from 0 to 1.2 inches per hour. For the next three hours, it continues to fall at 

1.2 inches per hour. At 8 A.M., it begins to taper off, decreasing at a steady rate until 

the snowfall ends at 10:30 A.M. (Figure 6.4). Find the total amount of snow that falls 

during this storm. 

SOLUTION 

The amount of snow is the rate at which snow is falling times the time interval. It is 

equal to the area of the trapezoid in Figure 6.4. Over the first two hours, the average 

rate of snowfall is 0.6 inch per hour, producing 1.2 inches of snow. The rate of snowfall 

is constant at 1.2 inches per hour for the next 3 hours, producing a further 3.6 inches 

of snow. In the last 2.5 hours, the average rate is again 0.6 inch per hour, producing 
1.5 inches. Total snowfall is 

2% 0.6+3 XX 12+25 < 06 = 64 mehes: 

Now Try Exercise 3. 
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Rate of snow accumulation 

3AM. SAM. 7AM. 9AM. 11A™M. 

Figure 6.4 The total amount of snow that accumulates from 3 A.M. until 10:30 A.M. is equal to 

the area under the graph of the rate at which snow is falling. 

EXAMPLE 2 Finding Distance Traveled When Velocity Varies 

A particle starts at x = 0 and moves along the x-axis with velocity v(t) = t? for time 
t = 0. Where is the particle at t = 3? 

SOLUTION 

We graph v and partition the time interval [ 0,3] into subintervals of length Ar. 
(Figure 6.5 shows twelve subintervals of length 3/12 each.) 

Figure 6.5 The region under the parabola v = f? from t = 0 to t = 3 is partitioned into 12 thin 

strips, each with base Ar = 1/4. The strips have curved tops. (Example 2) 

Notice that the region under the curve is partitioned into thin strips with bases of length 

1/4 and curved tops that slope upward from left to right. You might not know how 

to find the area of such a strip, but you can get a good approximation of it by finding 

the area of a suitable rectangle. In Figure 6.6, we use the rectangle whose height is the 

y-coordinate of the function at the midpoint of its base. 

Figure 6.6 The area of the shaded region is approximated by the area of the rectangle whose 

height is the function value at the midpoint of the interval. (Example 2) 

continued 
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Figure 6.7 These rectangles have approxi- 

mately the same areas as the strips in 

Figure 6.5. Each rectangle has height m,7, 

where m; is the midpoint of its base. 

(Example 2) 

Approximation by Rectangles 
Ss 

Approximating irregularly shaped regions 

by regularly shaped regions for the pur- 

pose of computing areas is not new. 

Archimedes used the idea more than 

2200 years ago to find the area of a circle, 

demonstrating in the process that 77 was 

located between 3.140845 and 3.142857. 

He also used approximations to find the 

area under a parabolic arch, anticipating 

the answer to an important 17-century 

question nearly 2000 years before anyone 

thought to ask it. 

Figure 6.8 LRAM, MRAM, and RRAM 

approximations to the area under the graph 

of y = x* from x = Oto x = 3. 

Chapter 6 The Definite Integral 

The area of this narrow rectangle approximates the distance traveled over the time sub- 

interval. Adding all the areas (distances) gives an approximation of the total area under 

the curve (total distance traveled) from t = 0 to t = 3 (Figure 6.7). 

Computing this sum of areas is straightforward. Each rectangle has a base of length 

At = 1/4, while the height of each rectangle can be found by evaluating the function 

at the midpoint of the subinterval. Table 6.1 shows the computations for the first four 

rectangles. 

TABLE 6.1 

1 jie p83 3 bs ae aes =] Subinterval 0.4 2.3] 3.2] a | 

| 3 5 7 Midpoint m; Fs Q 8 8 
idpoint m; 8 8 8 8 

Height = (m;)? = 2 = 3 g mM; 64 64 64 64 

| 9 25 49 * ae as — ao Area = (1/4)(m;) 256 256 256 256 

Continuing in this manner, we derive the area (1/4)(m;)* for each of the twelve sub- 
intervals and add them: 

See err been ig ale Gey 
256 256. 256 256 2560. 256 uuesscemeaG 

289 361 , 441 , 529 _ 2300 + == += + —— + S = ~ 8:98 256 256 25bp esa aae 
Since this number approximates the area and hence the total distance traveled by the 

particle, we conclude that the particle has moved approximately 9 units in 3 seconds. If 

it starts at x = O, then it is very close to x = 9 when t = 3. Now Try Exercise 5. 

To make it easier to talk about approximations with rectangles, we now introduce some 

new terminology. 
. 

Rectangular Approximation Method (RAM) 

In Example 2 we used the Midpoint Rectangular Approximation Method (MRAM) to 

approximate the area under the curve. The name suggests the choice we made when 

determining the heights of the approximating rectangles: We evaluated the function at 

the midpoint of each subinterval. If instead we had evaluated the function at the left-hand 

endpoint we would have obtained the LRAM approximation, and if we had used the right- 

hand endpoints we would have obtained the RRAM approximation. Figure 6.8 shows what 

the three approximations look like graphically when we approximate the area under the 

curve y = x? from x = 0 to x = 3 with six subintervals. 

weal a 



[0, 3] by [-1, 5] 

Figure 6.9 The graph of y = x? sin x over 
the interval [ 0, 3 |. (Example 3) 
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No matter which RAM approximation we compute, we are adding products of the form 

f(x;) * Ax, or, in this case, (x;)? * (3/6). 

OONCONOORCIOROIORCIO nes 
DOR OROIOROICRELCRE CRs 
()G)*)G)* GG) G)+@G)+@)@) = 19 2) \2 2 DI) d2 2 DPN? DI Mex 

As we can see from Figure 6.8, LRAM is smaller than the true area and RRAM is larger. 

MRAM appears to be the closest of the three approximations. However, observe what 

happens as the number n of subintervals increases: 

n LRAM, MRAM,, RRAM, 
6 6.875 8.9375 11.375 

12 7.90625 8.984375 10.15625 

24 8.4453125 8.99609375 9.5703125 
48 8.720703125 8.999023438 9.283203125 

100 8.86545 8.999775 9.13545 
1000 8.9865045 8.99999775 9.0135045 

We computed the numbers in this table using a graphing calculator and a summing pro- 

gram called RAM. A version of this program for most graphing calculators can be found in 

the Technology Resource Manual that accompanies this textbook. All three sums approach 

the same number (in this case, 9). 

EXAMPLE 3 Estimating Area Under the Graph of a Nonnegative 

Function 

Figure 6.9 shows the graph of f(x) = x? sin x on the interval [ 0, 3 |. Estimate the area 
under the curve from x = 0 to x = 3. 

SOLUTION 

We apply our RAM program to get the numbers in this table. 

n LRAM, MRAM, RRAM,, 
5 5.15480 5.89668 5.91685 

10 5.52574 5.80685 5.90677 
25 5.69079 5.78150 5.84320 
50 5.73615 5.77788 5.81235 
100 5.75701 5.71697 5.79511 

1000 5.77476 5.71667 5.77857 

It is not necessary to compute all three sums each time just to approximate the area, but 

we wanted to show again how all three sums approach the same number. With 1000 sub- 

intervals, all three agree in the first three digits. (The exact area is —7 cos 3 + 6 sin3 — 2, 

which is 5.77666752456 to twelve digits.) Now Try Exercise 9. 



274 Chapter 6 The Definite Integral 

(c) 

Figure 6.10 (a) The semicircle 

y = V 16 — x? revolved about the 

X-axis to generate a sphere. (b) Slices 

of the solid sphere approximated with 

cylinders (drawn for n = 8). (c) The 

typical approximating cylinder has radius 

f(m,) = V16 — m2. (Example 4) 

EXPLORATION 1 | Which RAM Is the Biggest? 

You might think from the previous two RAM tables that LRAM is always a little 

low and RRAM a little high, with MRAM somewhere in between. That, however, 

depends on n and on the shape of the curve. 

| 1. Graph y = 5 — 4sin (x/2) in the window [0, 3] by [0,5]. Copy the graph on 
paper and sketch the rectangles for the LRAM, MRAM, and RRAM sums with 

n = 3. Order the three approximations from greatest to smallest. 

2. Graph y = 2 sin (5x) + 3 in the same window. Copy the graph on paper and 

sketch the rectangles for the LRAM, MRAM, and RRAM sums with n = 3. 

Order the three approximations from greatest to smallest. 

3. Ifa positive, continuous function is increasing on an interval, what can we say 

about the relative sizes of LRAM, MRAM, and RRAM? Explain. 

4. If a positive, continuous function is decreasing on an interval, what can we say 

about the relative sizes of LRAM, MRAM, and RRAM? Explain. 

Volume of a Sphere 
Although the visual representation of RAM approximation focuses on area, remember that 

our original motivation for looking at sums of this type was to find distance traveled by 

an object moving with a nonconstant velocity. The connection between Examples | and 2 

is that in each case, we have a function f defined on a closed interval and estimate what 

we want to know with a sum of function values multiplied by interval lengths. Many other 

physical quantities can be estimated this way. 

EXAMPLE 4 Estimating the Volume of a Sphere 

Estimate the volume of a solid sphere of radius 4. 

SOLUTION 

We picture the sphere as if its surface were generated by revolving the graph of the 

function f(x) = V16 — x? about the x-axis (Figure 6.10a). We partition the interval 
—4 = x = 4 into n subintervals of equal length Ax = 8/n. We then slice the sphere 

with planes perpendicular to the x-axis at the partition points, cutting it like a round 

loaf of bread into n parallel slices of width Ax. When n is large, each slice can be 

approximated by a cylinder, a familiar geometric shape of known volume, 7r7h. 

In our case, the cylinders lie on their sides and h is Ax while r varies according to 

where we are on the x-axis (Figure 6.10b). A logical radius to choose for each cylinder 

is f(m;) = V16 — m?, where m; is the midpoint of the interval where the i” slice 
intersects the x-axis (Figure 6.10c). 

We can now approximate the volume of the sphere by using MRAM to sum the cylin- 

der volumes, 

arth = 1(V16 — m?)?Ax. 

The function we use in the RAM program is 7(V16 — x?)? = w(16 — x2). The 
interval is [—4, 4]. 

Number of Slices (n) MRAM, 

: 10 269.42299 

25 268.29704 

50 268.13619 

100 268.09598 

1000 268.08271 
continued 



Keeping Track of Units 
a 

Notice in Example 4 that we are summing 

products of the form (16 — x?) (a cross- 
section area, measured in square units) 

times Ax (a length, measured in units). 

The products are therefore measured in 

cubic units, which are the correct units 

for volume. 

Dye 

Seconds Concentration 
After (adjusted for 

Injection recirculation) 
t c 

5 0 

7 3.8 

9 8.0 

11 6.1 

13 3.6 

5 23 

17 1.45 

19 0.91 

21 0.57 

25 0.36 

Pe 0.23 

ei 0.14 

BS, 0.09 

31 0 
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The value for n = 1000 compares very favorably with the true volume, 

4 4 256 
V=-9r =—7(4)3 = re ~ 268.0825731. 

Even for n = 10 the difference between the MRAM approximation and the true vol- 

ume is a small percentage of V- 

|MRAM,) — V| | MRAMjy — 2567/3 
V m 2561 /3 

= 0.005 

That is, the error percentage is about one half of one percent! Now Try Exercise 15. 

Cardiac Output 

So far we have seen applications of the RAM process to finding distance traveled and vol- 

ume. These applications hint at the usefulness of this technique. To suggest its versatility 

we will present an application from human physiology. 

The number of liters of blood your heart pumps in a fixed time interval is called your 

cardiac output. For a person at rest, the rate might be 5 or 6 liters per minute. During 

strenuous exercise the rate might be as high as 30 liters per minute. It might also be altered 

significantly by disease. How can a physician measure a patient’s cardiac output without 

interrupting the flow of blood? 

One technique is to inject a dye into a main vein near the heart. The dye is drawn into 

the right side of the heart and pumped through the lungs and out the left side of the heart 

into the aorta, where its concentration can be measured every few seconds as the blood 

flows past. The data in Table 6.2 and the plot in Figure 6.11 (obtained from the data) show 

the response of a healthy, resting patient to an injection of 5.6 mg of dye. 

> 

oo 

oO ff a 

Dye concentration (mg/L) 

Glsino1ms mS 23 27°34 
Time (sec) 

Figure 6.11 The dye concentration data from Table 6.2, plotted and fitted with a smooth curve. 

Time is measured with t = 0 at the time of injection. The dye concentration is zero at the 

beginning while the dye passes through the lungs. It then rises to a maximum at about tf = 9 sec 

and tapers to zero by t = 31 sec. 

The graph shows dye concentration (measured in milligrams of dye per liter of blood) 

as a function of time (in seconds). How can we use this graph to obtain the cardiac output 

(measured in liters of blood per second)? The trick is to divide the number of mg of dye by 

the area under the dye concentration curve. You can see why this works if you consider 

what happens to the units: 

mg of dye _ mg of dye 

units of area under curve _mg of dye 

L of blood 

ae of dye Lof blood 

a sec ; mg of dye 

_ Lof blood 

W sec 

* sec 

So you are now ready to compute like a cardiologist. 
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Charles Richard Drew EXAMPLE 5 Computing Cardiac Output from Dye Concentration 

1704-1 950) Estimate the cardiac output of the patient whose data appear in Table 6.2 and Figure 

Millions of people are 6.11. Give the estimate in liters per minute. 

alive today because SOLUTION 
of Charles Drew's 

pioneering work on We have seen that we can obtain the cardiac output by dividing the amount of dye 

blood plasma and the (5.6 mg for our patient) by the area under the curve in Figure 6.11. Now we need to 
a aha ale find the area. Our geometry formulas do not apply to this irregularly shaped region, 
Pier decimate B aa and the RAM program is useless without a formula for the function. Nonetheless, we 

Cross program that can draw the MRAM rectangles ourselves and estimate their heights from the graph. 

collected plasma for the Armed Forces in In Figure 6.12 each rectangle has a base 2 units long and a height f(m;) equal to the 

World War Il, Dr. Drew went on to become | height of the curve above the midpoint of the base. 
Head of Surgery at Howard University and 

Chief of Staff at Freedmen’s Hospital in 

Washington, D.C. 
> 

Dye concentration (mg/L) 

Ol 5.7 91d. 1509" 2a ree 
Time (sec) 

Figure 6.12 The region under the concentration curve of Figure 6.11 is approximated with rect- 

angles. We ignore the portion from t = 29 to t = 31; its concentration is negligible. (Example 5) 

The area of each rectangle, then, is f(m;) times 2, and the sum of the rectangular areas 
is the MRAM estimate for the area under the curve: 

Area ~=f(6)°'2°+97(8) 92 F110) 202 sere a 28 je 

a+ (1A + 6,3 4575 Fy eB ee eae 

+ 0.7 FOG Cee eeOely 

2 * (27.6) = 55:2 (mp/L)yetsec 

Dividing 5.6 mg by this figure gives an estimate for cardiac output in liters per second. 

Multiplying by 60 converts the estimate to liters per minute: 

5.6 mg ‘ 60 sec 

55.2mg:sec/L 1 min 
= 6.09 L/min Now Try Exercise 17. 

Quick Review 6.1 

Exercise numbers with a gray background indicate problems that the 4. In a vacuum, light travels at a speed of 300,000 kilometers per 

authors have designed to be solved without a calculator. second. How many kilometers does it travel in a year? (This 

As you answer the questions in Exercises 1-10, try to associate the distance equals one light-year.) 
answers with area, as in Figure 6.1. ___ 5. A long distance runner ran a race in 5 hours, averaging 6 mph 
1. A train travels at 80 mph for 5 hours. How far does it travel? ___ for the first 3 hours and 5 mph for the last 2 hours. How far did 

2. A truck travels at an average speed of 48 mph for 3 hours. How she Se 
far does it travel? ate 6. A pump be este ae oe pumps for an hour. oa 

3. Beginning at a standstill, a car maintains a constant acceleration meg 
of 10 ft/sec? for 10 seconds. What is its velocity after 10 seconds? 
Give your answer in ft/sec and then convert it to mi/h. 



7. At 8:00 P.M. the temperature began dropping at a rate of 1 degree 

Celsius per hour. Twelve hours later it began rising at a rate of 

1.5 degrees per hour for six hours. What was the net change in 

temperature over the 18-hour period? 

8. Water flows over a spillway at a steady rate of 300 cubic feet per 

second. How many cubic feet of water pass over the spillway in 

one day? 

Section 6.1 Exercises 

1. 

7a 

A particle starts at x = 0 and moves along the x-axis with veloc- 

ity v(t) = 5 for time t = 0. Where is the particle at t = 4? 

A particle starts at x = 0 and moves along the x-axis with velocity 

v(t) = 2t + 1 for time t = 0. Where is the particle at t = 4? 

. A beach is eroding at a rate of 3 cubic yards per day. How much 

of the beach will be lost over a year (365 days)? 

Water enters a pool at an increasing rate given by W(t) = 1 + 3t 

gallons per minute from t = 0 to tf = 5 minutes. Find the amount 

of water that has entered the pool over these five minutes. 

. A particle starts at x = 0 and moves along the x-axis with veloc- 

ity v(t) = t? + 1 for time t = 0. Where is the particle at t = 4? 

Approximate the area under the curve using four rectangles of 

equal width and heights determined by the midpoints of the 

intervals, as in Example 2. 

. A particle starts at x = 0 and moves along the x-axis with veloc- 

ity v(t) = t? + 1 for time t = 0. Where is the particle at t = 5? 
Approximate the area under the curve using five rectangles of 

equal width and heights determined by the midpoints of the 

intervals, as in Example 2. 

Exercises 7-10 refer to the region R enclosed between the graph of 

the function y = 2x — x? and the x-axis for 0 = x S 2. 

7. (a) Sketch the region R. 

(b) Partition [0,2] into 4 subintervals and show the four rectan- 
gles that LRAM uses to approximate the area of R. Compute 

the LRAM sum without a calculator. 

8. Repeat Exercise 7(b) for RRAM and MRAM. 

9. Using a calculator program, find the RAM sums that complete 

the following table. 

n LRAM, MRAM,  RRAM, 

10. Make a conjecture about the area of the region R. 

In Exercises 11-14, use RRAM with n = 100 to estimate the area 

of the region enclosed between the graph of f and the x-axis for 

ex, =D. 

01. fe) = 3. oo = 0, b= 3 

1 12. f(x) ==, a=1, b=3 

13. f(x) =e7", a= 0; b= 2 

14. f(x) = sinx, a=0, b=a7 

10. 

15. 

16. 

17. 
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. A town has a population density of 350 people per square mile 

in an area of 50 square miles. What is the population of the 

town? 

A hummingbird in flight beats its wings at a rate of 70 times per 

second. How many times does it beat its wings in an hour if it is 

in flight 70% of the time? 

(Continuation of Example 4) Use the slicing technique of 

Example 4 to find the MRAM sums that approximate the vol- 

ume of a sphere of radius 5. Use n = 10, 20, 40, 80, and 160. 

(Continuation of Exercise 15) Use a geometry formula to find 

the volume V of the sphere in Exercise 15 and find (a) the error 

and (b) the percentage error in the MRAM approximation for 

each value of n given. 

Cardiac Output The following table gives dye concentrations 

for a dye-concentration cardiac-output determination like the 

one in Example 5. The amount of dye injected in this patient 

was 5 mg instead of 5.6 mg. Use rectangles to estimate the area 

under the dye concentration curve and then go on to estimate the 

patient’s cardiac output. 

Seconds After Dye Concentration 
Injection (adjusted for recirculation) 

t c 

2) 0 

4 0.6 

6 1.4 

8 OT 

10 Shi 

12 4.1 

14 3.8 

16 29 

18 Ned 

20 1.0 

22 0.5 

24 0 

Dye concentration (mg/L) 

Va, a a) 10°12 14 16 18° 20°22 24 

Time (sec) 
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18. Distance Traveled The table below shows the velocity of a Time Velocity Time Velocity 

model train engine moving along a track for 10 sec. Estimate the ; : 
= h mi/h h mi/h 

distance traveled by the engine, using 10 subintervals of length (h) ( ) (h) ( ) 

| with (a) left-endpoint values (LRAM) and (b) right-endpoint 0.0 0 0.006 116 

values (RRAM). 0.001 40 0.007 125 

0.002 62 0.008 132 

Time Velocity Time Velocity 0.003 82 0.009 37 

(sec) (in./sec) (sec) (in./sec) 0.004 96 0.010 142 

0 0 6 a. 0.005 108 
1 72 ‘| 6 

2 22 8 2 (a) Use rectangles to estimate how far the car traveled during 

3 10 9 6 the 36 sec it took to reach 142 mi/h. 

4 5 10 0 (b) Roughly how many seconds did it take the car to reach the 

5 13 halfway point? About how fast was the car going then? 

19. Distance Traveled Upstream You are walking along the 

bank of a tidal river watching the incoming tide carry a bottle 

upstream. You record the velocity of the flow every 5 minutes 

for an hour, with the results shown in the table below. About 

how far upstream does the bottle travel during that hour? Find 

the (a) LRAM and (b) RRAM estimates using 12 subintervals 

of length 5. fy 
= 
> 

Time Velocity Time Velocity 3 

) (min) (m/sec) (min) (m/sec) 2 

0 1 35 12 

5 12 40 1.0 

) 10 Le 45 1.8 

15 2.0 50 1.5 ; 

20 1.8 55 ey 0.002 0.004 0.006 0.008 0.01 

25 1.6 60 0 — 

30 14 22. Volume of a Solid Hemisphere To estimate the volume 

of a solid hemisphere of radius 4, imagine its axis of symmetry 

20. Length of a Road You and a companion are driving along a to be the interval [0, 4] on the x-axis. Partition [0, 4} into 

twisty stretch of dirt road in a car whose speedometer works but eight subintervals of equal length 

whose odometer (mileage counter) is broken. To find out how and approximate the solid with 

long this particular stretch of road is, you record the car’s cylinders based on the circular 

velocity at 10-sec intervals, with the results shown in the table cross sections of the hemisphere 

below. (The velocity was converted from mi/h to ft/sec using perpendicular to the x-axis at the 

30 mi/h = 44 ft/sec.) Estimate the length of the road by averag- subintervals’ left endpoints. (See 

ing the LRAM and RRAM sums. the accompanying profile view.) 

Time Velocity Time Velocity 
(sec) (ft/sec) (sec) (ft/sec) 

0 0 70 15 

10 44 80 22 

20 15 90 35 

30 35 100 44 

40 30 110 30 

50 44 120 35 > 

60 35 (a) Writing to Learn Find the sum Sy of the volumes of the 
cylinders. Do you expect Sg to overestimate V? Give reasons 

21. Distance from Velocity Data The table below gives data for your answer. 
for the velocity of a vintage sports car accelerating from (b) Express | V — S,| as a percentage of V to the nearest 
0 to 142 mi/h in 36 sec (10 thousandths of an hour). percent. a 



23. Repeat Exercise 22 using cylinders based on cross sections at the 

right endpoints of the subintervals. 

24. Volume of Water in a Reservoir A reservoir shaped like a 

hemispherical bowl of radius 8 m is filled with water to a depth 

of 4 m. 

(a) Find an estimate S of the water’s volume by approximating the 

water with eight circumscribed solid cylinders. 

(b) It can be shown that the water’s volume is V = (32077) /3 m°. 
Find the error |V — S| as a percentage of V to the nearest 
percent. 

25. Volume of Water in a Swimming Pool A rectangular 

swimming pool is 30 ft wide and 50 ft long. The table below 

shows the depth h(x) of the water at 5-ft intervals from one end 
of the pool to the other. Estimate the volume of water in the pool 

using (a) left-endpoint values and (b) right-endpoint values. 

Position (ft) Depth(ft) Position (ft) Depth (ft) 

a h(x) x h(x) 

0 6.0 30 11.5 

5 8.2 35 11.9 

10 9.1 40 12.3 

15 9.9 45 TELE 

20 10.5 50 13.0 

25 11.0 

26. Volume of a Nose Cone The nose “cone” of a rocket is a 

paraboloid obtained by revolving the curve y = V x, 

0 = x = S about the x-axis, where x is measured in feet. 

Estimate the volume V of the nose cone by partitioning [0, 5] 

into five subintervals of equal length, slicing the cone with 

planes perpendicular to the x-axis at the subintervals’ left end- 

points, constructing cylinders of height 1 based on cross sections 

at these points, and finding the volumes of these cylinders. 
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because of air resistance. The acceleration is measured in ft/sec? 

and recorded every second after the drop for 5 sec, as shown in 

the table below. 

a 32:00) ADA IIT 64 BIA A433 ing 22.63 

(a) Use LRAMS to find an upper estimate for the speed when 

i= 

(b) Use RRAM; to find a lower estimate for the speed when 

f= 5. 

(c) Use upper estimates for the speed during the first second, 

second second, and third second to find an upper estimate for 

the distance fallen when t = 3. 

29. Distance Traveled by a Projectile An object is shot straight 

upward from sea level with an initial velocity of 400 ft/sec. 

(a) Assuming gravity is the only force acting on the object, give 

an upper estimate for its velocity after 5 sec have elapsed. 

Use g = 32 ft/sec? for the gravitational constant. 

(b) Use RRAM; to find a lower estimate for the height attained 

after 5 sec. 

30. Water Pollution Oil is leaking out of a tanker damaged at 

sea. The damage to the tanker is worsening, as evidenced by the 

increased leakage each hour, recorded in the table below. 

Time (h) 0 1 2 3 4 

Leakage (gaV/h)| 50 70 97 136 190 

Time (h) ey 6 , 8 

Leakage (gal/h)|} 265 369 516 #720 

(a) Give an upper and lower estimate of the total quantity of oil 

that has escaped after 5 hours. 

(b) Repeat part (a) for the quantity of oil that has escaped after 

8 hours. 

(See the accompanying figure.) (c) The tanker continues to leak 720 gal/h after the first 8 hours. 

If the tanker originally contained 25,000 gal of oil. approxi- 

mately how many more hours will elapse in the worst case 

before all of the oil has leaked? in the best case? 

31. Air Pollution A power plant generates electricity by burning 

oil. Pollutants produced by the burning process are removed 

by scrubbers in the smokestacks. Over time the scrubbers 

become less efficient and eventually must be replaced when the 

amount of pollutants released exceeds government standards. 

Measurements taken at the end of each month determine the rate 

at which pollutants are released into the atmosphere, as recorded 

in the table below. 

Month Jan Feb Mar Apr May Jun 

Pollutant 

Release Rate 0.20 0.25 0.27 034 O45 0.52 

(tons/day) 
27. Volume of a Nose Cone Repeat Exercise 26 using cylinders 

based on cross sections at the midpoints of the subintervals. Month Jul Aug Sep Oct Nov Dec 

28. Free Fall with Air Resistance An object is dropped straight Pollutant 

down from a helicopter. The object falls faster and faster but its Release Rate 0.63 0.70 0.81 0.85 0.89 0.95 
acceleration (rate of change of its velocity) decreases over time (tons/day) 
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32. 
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(a) Assuming a 30-day month and that new scrubbers allow only 

0.05 ton/day released, give an upper estimate of the total 

tonnage of pollutants released by the end of June. What is a 

lower estimate? 

(b) In the best case, approximately when will a total of 125 tons 

of pollutants have been released into the atmosphere? 

Writing to Learn The graph shows the sales record for a com- 

pany over a 10-year period. If sales are measured in millions of 

units per year, explain what information can be obtained from 

the area of the region, and why. 

sales 

20 

time 
0 10 

Standardized Test Questions 

33. 

34. 

35. 

36. 

True or False If f is a positive, continuous, increasing func- 

tion on [ a, b |, then LRAM gives an area estimate that is less 

than the true area under the curve. Justify your answer. 

True or False For a given number of rectangles, MRAM 
always gives a more accurate approximation to the true area 

under the curve than RRAM or LRAM. Justify your answer. 

Multiple Choice If an MRAM sum with four rectangles of 

equal width is used to approximate the area enclosed between 

the x-axis and the graph of y = 4x — x?, the approximation is 

(A) 10 (B)10.5 (C)10.6 (D)10.75 (&)11 

Multiple Choice If f is a positive, continuous function on an 
interval [ a, b], which of the following rectangular approxima- 

tion methods has a limit equal to the actual area under the curve 

from a to b as the number of rectangles approaches infinity? 

I. LRAM 

II. RRAM 

I. MRAM 

(A) L and II only 

(B) II only 

(C) I and III only 

(D) I, I, and I 

(E) None of these 

37. 

38. 

Multiple Choice An LRAM sum with 4 equal subdivisions is 

used to approximate the area under the sine curve from x = 0 to 

x = 7. What is the approximation? 

@t(o+r t+ 2+ 2) wt (ort eee) 
4 2 4 4 

7 V2 V2 7 1 V2 RS 
(0+ S214 2) mE(o+t+ +X) 

coy (Lae tare) 
AL NO) 2 2 

Multiple Choice A truck moves with positive velocity v(t) 
from time t = 3 to time t = 15. The area under the graph of 

y = v(t) between 3 and 15 gives 

(A) the velocity of the truck at tf = 15. 

(B) the acceleration of the truck at t = 15. 

(C) the position of the truck at t = 15. 

(D) the distance traveled by the truck from t = 3 tor = 15. 

(E) the average position of the truck in the interval from t = 3 

tot = 15. 

Exploration 
39. Group Activity Area of a Circle Inscribe a regular n-sided 

polygon inside a circle of radius 1 and compute the area of the 

polygon for the following values of n. 

(c) 16 

(d) Compare the areas in parts (a), (b), and (c) with the area of 

the circle. 

(a) 4 (square) (b) 8 (octagon) 

Extending the Ideas 

40. 

41. 

42. 

Rectangular Approximation Methods Prove or disprove 

the following statement: MRAM, is always the average of 

LRAM, and RRAM,. 

Rectangular Approximation Methods Show that if f 

is a nonnegative function on the interval [ a, b | and the line 

x = (a + b)/2 isa line of symmetry of the graph of y = f(x); 
then LRAM,, f = RRAM, f for every positive integer n. 

(Continuation of Exercise 39) 

(a) Inscribe a regular n-sided polygon inside a circle of radius 

1 and compute the area of one of the n congruent triangles 

formed by drawing radii to the vertices of the polygon. 

(b) Compute the limit of the area of the inscribed polygon as 

N00; 

(c) Repeat the computations in parts (a) and (b) for a circle of 

radius r. 
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| 6.2 | Definite Integrals a 
You will be able to interpret the 

definite integral as the limit of a 

Riemann sum and express the limit 

of a Riemann sum in integral notation 

as well as calculate definite integrals 

using areas. 

- Existence of definite integrals for 

continuous functions 

¢ Terminology and notation of definite 

integration — 
¢ Definite integral as area 

Definite integral as accumulator 

¢ Definite integrals with discontinuities 

Riemann Sums 

In the preceding section, we estimated distances, accumulations, areas, and volumes with 

finite sums. The terms in the sums were obtained by multiplying selected function values 

by the lengths of intervals. In this section we move beyond finite sums to see what hap- 

pens in the limit, as the terms become infinitely small and their number infinitely large. 

Sigma notation enables us to express a large sum in compact form: 

n 

Dae = ay tay ta; +--+ +a,14+ a 
a Il — 

The Greek capital letter > (sigma) stands for “sum.” The index k tells us where to begin 

the sum (at the number below the >’) and where to end (at the number above). If the sym- 

bol co appears above the », it indicates that the terms go on indefinitely. 

The sums in which we will be interested are called Riemann (“ree-mahn’’) sums, after ” 

Georg Friedrich Bernhard Riemann (1826-1866). LRAM, MRAM, and RRAM in the 

previous section are all examples of Riemann sums—not because they estimated area, 

but because they were constructed in a particular way. We now describe that construction 

formally, in a more general context that does not confine us to nonnegative functions. 

We begin with an arbitrary continuous function f(x) defined on a closed interval [ a, b }. 

Like the function graphed in Figure 6.13, it may have negative values as well as positive 

values. 

Figure 6.13 The graph of a typical function y = f(x) over a closed interval [ a, b |. 

We then partition the interval [ a, b | into n subintervals by choosing n — | points, say 

X1, Xo,***,X,—1, between a and b subject only to the condition that 

tee Pia SX DL 

To make the notation consistent, we denote a by xo and b by x, The set 

Pa ln hfe oe sag 

is called a partition of [ a, b ]. 
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Figure 6.16 The curve of Figure 6.13 with 

rectangles from finer partitions of [ a, b}. 
Finer partitions create more rectangles, 

with shorter bases. 

The partition P determines n closed subintervals, as shown in Figure 6.14. The kh 

subinterval is [ x,—1, x; ], which has length Ax, = x, — x4-1. 

je Ax, >} Ax, | | Ax, —| | Ax, 

Xy=a Xy tae Xyy X, cee x 

Figure 6.14 The partition P = {a = x9, X,%,°**,%, = b} divides [a, b] into 

n subintervals of lengths Ax,, Ax:,+--, Ax,. The k” subinterval has length Ax. 

In each subinterval we select some number. Denote the number chosen from the k” 

subinterval by cx. 

Then, on each subinterval we stand a vertical rectangle that reaches from the x-axis to 

touch the curve at (c;,, f(c,) ). These rectangles could lie either above or below the x-axis 

(Figure 6.15). 

(cy, Cay) 
| 

kth rectangle 

(c,,f(c,)) 

(cy, f(cp)) 

Figure 6.15 Rectangles extending from the x-axis to intersect the curve at the points (c;, f(c,) ). 

The rectangles approximate the region between the x-axis and the graph of the function. 

On each subinterval, we form the product f(c,) + Ax. This product can be positive, 

negative, or zero, depending on f(c;). 

Finally, we take the sum of these products: 

oe ae >» f(cx) 3 Ax, 

This sum, which depends on the partition P and the choice of the numbers c,, is a Riemann 

sum for f on the interval [a, b]. 
As the partitions of [a, b] become finer and finer, we would expect the rectangles 

defined by the partitions to approximate the region between the x-axis and the graph of f 

with increasing-accuracy (Figure 6.16). 
Just as LRAM, MRAM, and RRAM in our earlier examples converged to a common 

value in the limit, al/ Riemann sums for a given function on [a, b] converge to a com- 
mon value, as long as the lengths of the subintervals all tend to zero. This latter condition 

is assured by requiring the longest subinterval length (called the norm of the partition and 

denoted by ||P||) to tend to zero. 

— ar 



Georg Riemann (1826-1866) 

Two of the greatest 

mathematicians of 

the 19th century, 

Carl Friedrich Gauss 

and Gustav Lejeune- 

i} Dirichlet, were teach- 

| ers of the young 
Riemann, who went 

on to build on their 

knowledge and create our modern under- 

standings of both calculus and geometry. 

Einstein’s discoveries in physics rely on 

Riemann’s geometry. While the idea of the 

Riemann sum as an approximation to the 

definite integral can be found in the work 

of Newton and Leibniz, Riemann showed 

how to use these sums to investigate the 

question of when a discontinuous function 

can be integrated. 
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DEFINITION The Definite Integral as a Limit of Riemann Sums 

Let f be a function defined on a closed interval [ a, b |. For any partition P of [ a, b], 

let the numbers c; be chosen arbitrarily in the subintervals | x,_,, x; ]. 
If there exists a number J such that 

lim 
||P|> 
da (cp) Axe —sF 

no matter how P and the c;’s are chosen, then f is integrable on [ a, b] and / is the 
definite integral of f over [a,b]. 

Despite the potential for variety in the sums > f(c;,) Ax; as the partitions change and as 
the c,’s are chosen arbitrarily in the intervals of each partition, the sums always have the 

same limit as ||P|| — 0 as long as f is continuous on [ a, b |. This important property of 

continuous functions was first proved by Augustin-Louis Cauchy in 1821. 

THEOREM 1 

All continuous functions are integrable. That is, if a function f is continuous on an 

interval [ a, b], then its definite integral over | a, b] exists. 

The Existence of Definite Integrals 

Because of Theorem 1, we can get by with a simpler construction for definite integrals 

of continuous functions. Since we know for these functions that the Riemann sums tend 

to the same limit for all LO in which ||P|| — 0, we need only to consider the limit 
of the so-called regul: in which all the subintervals have the same length. 

The Definite Integral of a Continuous Function on [ a, 6] 

Let f be continuous on [a, b], and let [ a, b] be partitioned into n subintervals of 
equal length Ax = (b — a)/n. Then the definite integral of f over [ a, b | is given by 

lim Si f(qj) Ax, 
N~O f=] 

where each c, is chosen arbitrarily in the k” subinterval. 

Terminology and Notation of Integration 
Leibniz’s clever choice of notation for the derivative, dy /dx, had the advantage of retain- 

ing an identity as a “fraction” even though both numerator and denominator had tended to 

zero. Although not really fractions, derivatives can behave like fractions, so the notation 

makes profound results like the Chain Rule 

dy _ dy | du 

ae) du wax 

seem almost simple. 
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The notation that Leibniz introduced for the integral was equally inspired. In his deriva- 

tive notation, the Greek letters (“A” for “difference”) switch to Roman letters (“d” for 

“differential’’) in the limit, 

aoe Y 
Ar>oAx dx’ 

In his definite integral notation, the Greek letters again become Roman letters in the 

limit, : 

n b 

lim SY) f(cj)Ax = / f(x) dx 
n—co k=1 a 

Josep hy Fourier fi 1768 —1830 ) Notice that the difference Ax has again tended to zero, becoming a differential dx. The 

Co tCrC nn Greek “>” has become an elongated Roman “S,” so that the integral can retain its identity 

Ie Ocak see as a “sum.” The c;’s have become so crowded together in the limit that we no longer think 

Fourier would baconiemes 2) GC RORDY selection of x values between a and b, but rather of a continuous, unbroken 

a scientific adviser to sampling of x values from a to b. It is as if we were summing all products of the form 

Napoleon Bonaparte, f(x) dx as x goes from a to b, so we can abandon the k and the n used in the finite sum 
governor of the French —_ expression. 
Alps with its capital 

in Grenoble, and a 

famous scientist. 

He studied how heat is transferred and / f(x) dx 

created one of the most important tools 

of modern science, Fourier Series. It was : 

The symbol 

his idea to put the lower and upper limits is read as “the integral from a to b of f of x dee x,” or sometimes as “the integral from a 

of a definite integral next to the integral to b of f of x with respect to x.” The component parts also have names: 
sign, cae 

The function is the integrand. 

“sh abe onegraton 
~tiey lee | 

p Ya When you find the value 

enn the integral, you have 
epee en ; 

{ 

The value of the definite integral of a function over any particular interval depends on _ 

the function and not on the letter we choose to represent its independent variable. If we 

decide to use f or u instead of x, we simply write the integral as 

b b b 
io dt or fe du _ instead of [oa 

No matter how we represent the integral, it is the same number, defined as a limit of 

Riemann sums. Since it does not matter what letter we use to run from a to b, the veravl 

a intoapetion is ett 

au 
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SOLUTION 

Since the midpoints m, have been chosen from the subintervals of the partition, this 

expression is indeed a limit of Riemann sums. (The points chosen did not have to be 

midpoints; they could have been chosen from the subintervals in any arbitrary fashion.) 

The function being integrated is f(x) = 3x? — 2x + 5 over the interval [—1, 3]. 
Therefore, 

3 
lim > (Gn) em, 5) Ax = / (SxzaS 2x15) ae 
Bor = 1 

Now Try Exercise 5. 

r Definite Integral and Area 

If an integrable function y = f(x) is nonnegative throughout an interval [ a, b], each 
nonzero term f(c;,)Ax;, is the area of a rectangle reaching from the x-axis up to the curve 

y = f(x). (See Figure 6.17.) 

The Riemann sum 

(c,,f(c,)) 

> F(x) Axp 

* which is the sum of the areas of these rectangles, gives an estimate of the area of the region 

|e Ax, >| between the curve and the x-axis from a to b. Since the rectangles give an increasingly 

good approximation of the region as we use partitions with smaller and smaller norms, we 

call the limiting value the area under the curve. 

“Fea IGE 25% 

Figure 6.17 A term of a Riemann sum 

> f(c,) Ax, for a nonnegative function f is 

either zero or the area of a rectangle such 

as the one shown. 

DEFINITION Area Under a Curve (as a Definite Integral) 

If y = f(x) is nonnegative and integrable over a closed interval { a, b], then the 
area under the curve y = f(x) froma to b is the integral of f from a to b, 

A= | 4) dx. 

This definition works both ways: We can use integrals to calculate areas and we can 

use areas to calculate integrals. 

EXAMPLE 2 Revisiting Area Under a Curve 

Evaluate the integral ie \/ Ab dix. 

SOLUTION 

We recognize f(x) = V4 — x? as a function whose graph is a semicircle of radius 2 

centered at the origin (Figure 6.18). 

The area between the semicircle and the x-axis from —2 to 2 can be computed using 

the geometry formula 

1 
Area = ~° mr? = —+ 77(2)? = 2m. 

[-3, 3] by [-1, 3] y)} 2 

Figure 6.18 A square viewing window Because the area is also the value of the integral of f from —2 to 2, 
on y = V4 — x?. The graph is a semi- 2 
circle because y = V4 — x? is the same i V4 x? de = 27. Now Try Exercise 15. 
as y? = 4 — x2, or x? + y? = 4, with 9 
y = 0. (Example 2) 
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If an integrable function y = f(x) is nonpositive, the nonzero terms f(c;,)Ax, in the 
Riemann sums for f over an interval [ a, b] are negatives of rectangle areas. The limit of 

the sums, the integral of f from a to b, is therefore the negative of the area of the region 

between the graph of f and the x-axis (Figure 6.19). 

b 

ij f(x) dx =—(thearea) if f(x) = 0. 

Figure 6.19 Because f(x) = cos x is Or, turning this around, 

nonpositive on [ 7/2, 37/2 |, the integral 
of f is a negative number. The area of 

the shaded region is the opposite of this b 

integral, Area ==>] f(x) de when, f(x) = 0: 

3m/2 4 

Area = — ‘ cos x dx. 
1/2 

If an integrable function y = f(x) has both positive and negative values on an interval 

[a,b], then the Riemann sums for f on [ a, b] add areas of rectangles that lie above the 
x-axis to the negatives of areas of rectangles that lie below the x-axis, as in Figure 6.20. 

y The resulting cancellations mean that the limiting value is a number whose magnitude is 

If f(c,) > 0, f(c,)Ax, is an area... less than the total area between the curve and the x-axis. The value of the integral is the 

area above the x-axis minus the area below. 

For any integrable function, 

b 
/ f(x) dx = (area above the x-axis) — (area below the x-axis). 

...but if f(c,) < 0, fle, Ax, is 

the negative of an area. 

EXPLORATION 1 Finding Integrals by Signed Areas 
Figure 6.20 An integrable function f with 

negative as well as positive values. 
It is a fact (which we will revisit) that ‘} 9 sin x dx = 2 (Figure 6.21). With that 

information, what you know about integrals and areas, what you know about graph- 

Net Area ing curves, and sometimes a bit of intuition, determine the values of the following 

eee integrals. Give as convincing an argument as you can for each value, based on the 

Sometimes fit) dx is called the graph of the function. 
net area of the region determined by the y wag 

curve y = f(x) and the x-axis between 2a 2m 
x = aand x= b. 1. sin x dx : is sin x dx 

7 0 

a/2 7 

ete a if sin x dx : | (2 + sinx) dx 
0 0 

7 Tt2 

5. | 2 sin x dx ; | sin (4)— 2) dx 
0 2 

2ar 

sin u du ; / sin (x/2) dx 
0 

[-1, 77] by [-1.5, 1.5] 7 

Figure 6.21 a / Com eae 

k 
i sin x dx = 2. (Exploration 1) 10. Suppose k is any positive number. Make a conjecture about af sin x dx and 
70 support your conjecture. 
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Constant Functions 

Integrals of constant functions are easy to evaluate. Over a closed interval, they are simply 

the constant times the length of the interval (Figure 6.22). 

THEOREM 2 The Integral of a Constant 

If f(x) = c, where c is a constant, on the interval [ a, b], then 
b b 

y [ iar= f cdr= (0-0) 

A= (-c(b-a) = - fc dx Proof A constant function is continuous, so the integral exists, and we can evaluate it as 

a limit of Riemann sums with subintervals of equal length (b — a)/n. Any such sum 
looks like 

n n b —a 

(b) DS f(c) : Ax, whichis S'c- ae 
k=1 il 

Figure 6.22 (a) If c is a positive constant, 

then i °C dx is the area of the rectangle Then 

shown. (b) If c is negative, then [rc dx is ee eee nq 

the opposite of the area of the rectangle. a ce =c:-+(b-a) >. ne 

k=1 i k=" 

1 
=c(b— PA pe c( a) “(2) 

= c(b — a) 

Since the sum is always c(b — a) for any value of n, it follows that the limit of the sums, 

the integral to which they converge, is also c(b — a). a] 

EXAMPLE 3 Revisiting the Ship Problem 

A ship sails at a steady 7.5 nautical miles per hour (knots) from 7:00 A.M. to 9:00 A.M. 

Express its total distance traveled as an integral. Evaluate the integral using Theorem 2. 

SOLUTION 

(See Figure 6.23.) 

velocity (mph) 

Td 

time (h) 

7 9 

Figure 6.23 The area of the rectangle is a special case of Theorem 2. (Example 3) 

9 
Distance traveled = is Fema. (9 = 7) = 15 

7 

Since the 7.5 is measured in nautical miles/hour and the (9 — 7) is measured in hours, 

the 15 is measured in nautical miles. The ship traveled 15 nautical miles. 
Now Try Exercise 29. 
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Definite Integral as an Accumulator Function 

In Example 1 on page 270, we saw how the area under the graph of the rate of snowfall 

describes the total amount of snow that has fallen. There are times when we want to know 

not just the total snowfall, but the amount of snow that has fallen by time T, S (T), where 

3 < T < 10.5 hours after midnight. We can express S(7), the amount of snow that has 

fallen by time T, as a definite integral, 

z 

s(n) = fry, 

where r(t) is the rate at which snow is falling at time ¢. The definite integral makes it pos- 

sible to build new functions called accumulator functions. 

DEFINITION Accumulator Function 

If the function f is integrable over the closed interval [a,b], then the definite 
integral of f from a to x defines a new function fora = x = b, the accumulator 

function, 

Ax) = filed 

EXAMPLE 4 An Accumulator Function 

Let f(t) = 1 + 2tfor 1 < t S 6. Write the accumulator function A(x) as a polyno- 

mial in x where 

A(x) = i (Uist 2s) duales mx S16 
1 

SOLUTION 

The accumulation from 1 to x is the area under the graph of y = 1 + 2t over the 

interval [ 1, x] (Figure 6.24). The area of this trapezoid is the length of the base 

times the average of the heights of the left and right sides, 

+e 21 )) A ee ee 

2 
A(x) = (x =(¢—1)(2 2) =x? x= 2. 

Now Try Exercise 33. 

0 es ) oe oe 

Figure 6.24 The accumulator function A(x) is the area under the graph of y = 1 + 2 

for 1 ss fix. 
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Integrals on a Calculator 
You do not have to know much about your calculator to realize that finding the limit of a 

Riemann sum is exactly the kind of thing that it does best. We have seen how effectively 

it can approximate areas using MRAM, but most modern calculators have sophisticated 

built-in programs that converge to integrals with much greater speed and precision than 

that. We will assume that your calculator has such a numerical integration capability, 

which we will denote as NINT. In particular, we will use NINT (f(x), x, a, b) to denote 

a calculator (or computer) approximation of ip _f(x) dx. When we write 

b 

(x) dx = NINT (f(x), x, a, b), 
a 

we do so with the understanding that the right-hand side of the equation is an approxima- 

tion of the left-hand side. 

EXAMPLE 5 Using NINT 

Evaluate the following integrals numerically. 

2 1 5 
4 ; 

(a) / x sin x dx (b) i 5 dx (c) | Cmnas 
=| 0 1 Hage 0 

SOLUTION 

(a) NINT (x sin x, x,—1,2) ~ 2.04 

(b) NINT (4/(1 + x2), x,0,1) ~ 3.14 

| © NINT (e7*, x, 0,5) =*0.89 Now Try Exercise 37. 

We will eventually be able to confirm that the exact value for the integral in Example 4a 

is —2 cos 2 + sin2 — cos 1 + sin 1. You might want to conjecture for yourself what the 

exact answer to Example 4b might be. As for Example 4c, no explicit exact value has ever 

been found for this integral! The best we can do in this case (and in many like it) is to 

approximate the integral numerically. Here, technology is not only useful, it is essential. 

We also can use NINT to graph an accumulator function. Consider the function f 

defined by 

f(x) = A Cl--hicos than 

Graphing both y = 1 + xcosx and y = NINT (1 + tcost, ¢,0,x) produces the graphs 

in Figure 6.25. (See if you can decide which is which.) 

Figure 6.25 The graphs of y = 1 + xcos x and y = NINT (1 + tcost,t, 0, x). 
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y =Ixl/x 

[-1, 2] by [-2, 2] 

Figure 6.26 A discontinuous integrable 

function: 

os Bo x 
/ — dx = —(area below x-axis) + 

= aa (area above x-axis). 

(Example 6) 

Bounded Functions 
ERE 

We say a function is bounded on a given 

domain if its range is confined between 

some minimum value mand some maxi- 

mum value M. That is, given any x in the 

domain, m = f(x) <= M. Equivalently, the 

graph of y = f(x) lies between the horizon- 

tal lines y= mand y= M. 

A Nonintegrable Function 
EES 

How “bad” does a function have to be 

before it is not integrable? One way to 

defeat integrability is to be unbounded (like 

y = 1/x near x = 0), which can prevent 

the Riemann sums from tending to a finite 

limit. Another, more subtle, way is to be 

bounded but badly discontinuous, like the 

characteristic function of the rationals: 

f(x) = ‘4 

No matter what partition we take of the 

closed interval [0, 1], every subinterval 
contains both rational and irrational num- 

bers. That means that we can always form 

a Riemann sum with all rational c;’s (a 

Riemann sum of 1) or all irrational c,’s (a 

Riemann sum of 0). The sums can there- 

fore never tend toward a unique limit. 

if x is rational 

if x is irrational 

Quick Review 6.2 

Chapter 6 The Definite Integral 

This method is very slow. The problem is that for each point on the graph of the accu- 

mulator function, the calculator or computer has to go all the way back to the beginning and 

calculate the whole Riemann sum from 0 up to that value of x. Surely life would be easier 

if it used the last calculated value and just figured out how much the function changed as 

we moved from the last to the current value of x. This simple observation will be the key to 

one of the most important results in all of calculus, the Fundamental Theorem of Calculus. 

Discontinuous Integrable Functions 

Theorem 1 guarantees that all continuous functions are integrable. But some functions 

with discontinuities are also integrable. For example, a bounded function (see margin 

note) that has a finite number of points of discontinuity on an interval [ a, b] will still be 

integrable on the interval if it is continuous everywhere else. The function can even be 

undefined at a single point of discontinuity (as in Example 6). We just avoid that one value 

in the Riemann sum approximation. 

EXAMPLE 6 Integrating a Discontinuous Function 

pale 
Find a= Ue 

1 * 

SOLUTION 

This function has a discontinuity at x = 0, where the graph jumps from y = 110 

y = 1. The graph, however, determines two rectangles, one below the x-axis and one 

above (Figure 6.26). 

Using the idea of net area, we have 

pes 5 de =-1+2=1. 
1% 

Now Try Exercise 41. 

EXPLORATION 2 More Discontinuous Integrands 

1. Explain why the function 

Nei te 

is not continuous on [ 0, 3]. What kind of discontinuity occurs? 

2. Use areas to show that 

3. Use areas to show that 

Exercise numbers with a gray background indicate problems that the 

authors have designed to be solved without a calculator. 

In Exercises 1-3, evaluate the sum. 

5 ee 

a>” GD > (3k - 2) 
n=1 k=0 

=—»> 100 (j + 1)? 
J=0 

In Exercises 4-6, write the sum in sigma notation. 

4.14+24+3 +--+ 98 + 99 

5.0+2+4+---+ 48 + 50 

6. 3(1)? + 3(2)? +--+ + 3(500)? 
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In Exercises 7 and 8, write th i ingl in Si z e the expression as a single sum in sigma 9. Find > Gane ipaiodd 

k=0 notation. 

50 : 50 8 20 s 
7a > Be Ge p>, & ch Die pees: 10. Find S)(-1)' ifnis even. 

x=1 x=1 k=0 k=9 k=0 

Section 6.2 Exercises 

In Exercises 1—6, each c; is chosen from the kth subinterval of a b b 

regular partition of the indicated interval into n subintervals of length 25. / a’sds, O<a<b 26. / 3tdt, O<a<b 
Ax. Express the limit as a definite integral. e Go 

n 2a V3a 

1. lim Sy egAx;  [,0;2.] 27. ip Serobe, (ol =e 28. i soyibe fay 0) 
ae Ore a a 

n 

2. lim pe Cy ee ren | In Exercises 29-32, express the desired quantity as a definite integral 
Seo kat and evaluate the integral using Theorem 2. 

emo l 29. Find the distance traveled by a train moving at 87 mph from 
al saa ra Py 

pase >> Cx ditghing | 8:00 A.M. to 11:00 a.m. 

n 30. Find the output from a pump producing 25 gallons per minute 

4. jim Hi-g Avent 2.3 | during the first hour of its operation. 

; 31. Find the calories burned by a walker burning 300 calories per 

Sym > V4 "cp Ax f,0.1] hour between 6:00 p.m. and 7:30 p.m. 

oe eal 32. Find the amount of water lost from a bucket leaking 0.4 liter per 
n hour between 8:30 A.M. and 11:00 a.m. 

6. lim >)(sin? c,) Ax, [-7, 7] 
p= OOnk=] 

In Exercises 33-36, write the accumulator function A(x) as a 
In Exercises 7—12, evaluate the integral. polynomial in x. 

1 a x 

7. [ sax 8. | (-20) a 33.A(x) = [ 3d, 25255 
~2 3 2 
3 ee x 

9. / (—160) dt 10. fi — do 34, A(x) = | 3rdt, OS x = 3 
0 -4 2 0 

x 

a4 Vis 35. (x) = f 4-21) dt, 0<x<2 
u. [ 0.5 ds 12. | V2 dr eles het 

2.1 v2 x 

36. A(x) = / (Si 27) ats I Sots 2 
In Exercises 13-22, use the graph of the integrand and areas to 1 

evaluate the integral. 
47 3/2 In Exercises 37—40, use NINT to evaluate the expression. 

13. / (3 a 3) dx 14. | (—2« + 4) dx 5 a/3 
2 1/2 37. / 5 dx 38.3 + a tan x dx 
z . ox +4 0 

15. / IESE 16. i AVAL Ce 39. Find the area enclosed between the x-axis and the graph of 

=) -4 y=4-x% from x=-2 to x=2. 

1 1 40. Find the area enclosed between the x-axis and the graph of 

AZ. / |x| dx 18. i (1 — |x|) dx y=xe* from x=-1 to x=3. 
2 -1 

1 1 In Exercises 41—44, (a) find the points of discontinuity of the 

19. i (2 — |x|) dx 20. i (1 + Vi = 27) dx integrand on the interval of integration, and (b) use area to evaluate 
=I =! the integral. 

: 2a 5V2 es a t. 
21. 6 dé 22. r dr 41. / 7 & 42. / 2 int (x — 3) dx 

= V2 ~2 |a| 6 

: Leta ee 
In Exercises 23-28, use areas to evaluate the integral. 43. / a ax 44. / dx 

3 aac =5 se 3) b b 

23. [ xa, be 0) 24. | acar, b>0 
0 0 
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Standardized Test Questions 

45. 

46. 

47. 

48. 

49. 

50. 

True or False If LF(@) dx > 0, then f(x) is positive for all 

xin [a,b]. Justify your answer. 

True or False If f(x) is positive for all x in [ a, b], then 

| i (x) dx > 0. Justify your answer. 

Multiple Choice If JE F(x) dx = 18, then 
ie (f(x) +4) dx = 

(A) 20 (B) 22 (C) 23 (D) 25 (E) 30 

Multiple Choice [", (4 — |x|) dx = 

(A) 0 (B) 4 (C) 8 (D) 16 (E) 32 

Multiple Choice If the interval [ 0, 7] is divided into n sub- 

intervals of length a/n and c, is chosen from the kth subinterval, 

which of the following is a Riemann sum? 

(A) Ssin (cy) (B) >i sin (cy) (C) >)sin (2) 

k= =f _ 

n : 7 n ; 7 

(D) Sisin (Z\a) (E) S sin (2) 
a n = k 

Multiple Choice Which of the following quantities would not 

be represented by the definite integral (i 9 10.1? 

(A) The distance traveled by a train moving at 70 mph for 

8 minutes 

(B) The volume of ice cream produced by a machine making 

70 gallons per hour for 8 hours 

(C) The length of a track left by a snail traveling at 70 cm per 

hour for 8 hours 

(D) The total sales of a company selling $70 of merchandise per 

hour for 8 hours 

(E) The amount the tide has risen 8 minutes after low tide if it 

rises at a rate of 70 mm per minute during that period 

Explorations 

In Exercises 51-60, use graphs, your knowledge of area, and the fact 

that 

to evaluate the integral. 

oi 

53. 

55; 

1 

52. / (x3 + 3) dx [ira 
fo-we 
fo m9 bel 

0 

1 
54. | |x|? dx 

-1 

56. [wl — 1) dx 

57. 

Do: 

[@« 
fone 

8 

58. / x dx 
-8 

1 

60. | Veas 
0 

Extending the Ideas 

61. 

62. 

Writing to Learn The function 

(WR 2 1 fs pa 

f(x) = 42? 
0, x«=0 

is defined on [0, 1] and has a single point of discontinuity at 

x=0. 

(a) What happens to the graph of f as x approaches 0 from the 

right? 

(b) The function f is not integrable on [0, 1 }. Give a convincing 

argument based on Riemann sums to explain why it is not. 

It can be shown by mathematical induction (see Appendix 2) that 

Se 4 n(n + 1)(2n + an 

6 k=1 

Use this fact to give a formal proof that 

1 I 
pean; 

3 3 
by following the steps given below. 

(a) Partition [0, 1] into n subintervals of length 1 /n. Show that 

the RRAM Riemann sum for the integral is 

3 (Ge) k=1\\ n} 

(b) Show that this sum can be written as 

1 n 

phi k2. 
ne >> 

(c) Show that the sum can therefore be written as 

(n + 1)(2n + 1) 

6n? 

ee fe ed 
sim >((¢) 2) - ce 

(e) Explain why the equation in part (d) proves that 

(d) Show that 
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Integrals and Antiderivatives 
You will be able to calculate a defi- , en 

nite integral using areas and proper- Properties of Definite Integrals 

ee te ala ee a Because [ af (x) dx is accumulating the area from a to b under the graph of f, we define 
efinite integrals to problems involv- 

ing the ee ge ae EAT ee ij “f (x) dx = 0. Since we have not moved off the starting point, nothing has accumulated. 

We also want the accumulation from a to b plus the accumulation from b to c to equal the 
« Properties of definite integrals accumulation trou to. 

« Average value of a function 

¢ Mean Value Theorem for Definite [reac [soa - [iwe 

a b a 
Integrals 

What happens if we reverse the usual order so that the right-hand end of the interval is on 

the bottom and the left-hand end on top? If we want to stick with our last decision for all 

values of a, b, and c, then when we accumulate from a to b and then b back to a, we are 

just accumulating from a to a, 

[roar Proe= [ro«- 

i soee=- i “f(as) de 
Other rules for definite integrals (Table 6.3) follow from similar rules that hold for 

Riemann sums. However, the limit step required to prove that these rules hold in the limit 

(as the norms of the partitions tend to zero) places their mathematical verification beyond 

the scope of this course. They should make good sense nonetheless. 

and therefore 

TABLE 6.3 Rules for Definite Integrals 

1. Zero: / f(x) dx = 

a (© c 

2. Additivity: i fix) ae + [fever = [iowa 

3. Order of Integration: [a f(x) dx = -f f(x) dx 

4. Constant Multiple: [te ) dx = =f 1) dx Any number k 

[-10« ‘ins 

5. Sum and Difference: [ue ) + g(x)) dx = [1 acs ff g(x) dx 

6. Max-Min Inequality: If max f and min in f are the maximum and minimum 
values of f on [ a, b], then 

b 
ming *(b — a) = [ite ae = maf (p= @), 

b b 
7. Domination: f(x) = g(x) on [a,b] => [ie = [ soa 

b 
fx) = 00n [ab] =f f(x) d= 0 g=0 
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EXAMPLE 1 Using the Rules for Definite Integrals 

Suppose 
1 4 1 

/ f(x) dx = 5, / f(x) dx =—-2, and if h(x) dx = 
=4 1 =! 

Find each of the following integrals, if possible. 

1 4 1 

(a) | ia / fix)d / [2f(8) + 34(3)] 
1 2 4 

@) ik fohdell ii Haya j Ls(a) + Wa) ] 

SOLUTION 

(a) [iwo«e- - fH) = -(2) =2 

(b) or: 5 or: + [roe =5+(-2) =3 

1 1 I 

(c) / [2f(%) + 3h(x)] de= 2 | f(x) 3 | h(x) dx = 2(5) + 3(7) = 
Ai -1 J-1 

(d) Not enough information given. (We cannot assume, for example, that integrating 

over half the interval would give half the integral!) 

(e) Not enough information given. (We have no information about the function / out- 

side the interval [—1, 1 ].) 

(f) Not enough information given (same reason as in part (e)). Now Try Exercise 1. 
EES 

EXAMPLE 2 Finding Bounds for an Integral 

Show that the value of is V1 + cos x dx is less than 3/2. 

SOLUTION j 

The Max-Min Inequality for definite integrals (Rule 6) says that min f * (b — a) isa 

lower bound for the value of fe f(x) dx and that max f + (b — a) is an upper bound. 

The maximum value of V1 + cosx on [0,1] is V2, so 

[Vir cose = V2-( (1-0)= y/o 
0 

Since Fi V1 + cos x dx is bounded above by V2 (which is 1.414. . . ), it is less 

than 3/2. Now Try Exercise 7. 

Average Value of a Function 

The average of n numbers is the sum of the numbers divided by n. How would we define 

the average value of an arbitrary function f over a closed interval [a, b|? As there are 

infinitely many values to consider, adding them and then dividing by infinity is not an 

option. 



Figure 6.27 The rectangle with base 

[0, 3] and with height equal to 1 
(the average value of the function 

f(x) = (4 — x*)) has area equal to the 
net area between f and the x-axis from 

0 to 3. (Example 3) 

Figure 6.28 The value f(c) in the Mean 
Value Theorem is, in a sense, the average 

(or mean) height of f on [ a,b]. When 

f = 0, the area of the shaded rectangle 

b 

f(s) (Brain xf pe) as 

is the area under the graph of f from a 

to b. 
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Consider, then, what happens if we take a large sample of n numbers from regular 

subintervals of the interval [ a, b |. One way would be to take some number c; from each 
of the n subintervals of length 

Ax 

The average of the n sampled values is 

f(c1) ap f(c2) ia eri Ce) ale Sie 

u ae 2s 

4 Ax JX tt) Ax 
Tapeen ani! See 

1 n 

= aN ED ZF) x 

Does this last sum look familiar? It is 1/(b — a) times a Riemann sum for f on [ a, b ]. 
That means that when we consider this averaging process as n — oo, we find it has a 

limit, namely 1/(b — a) times the integral of f over [ a, b]. We are led by this remark- 
able fact to the following definition. 

DEFINITION Average (Mean) Value 

If f is integrable on { a, b |, its average (mean) value on [ a, b | is 
b 

af) = sof fa) ar 

EXAMPLE 3 Applying the Definition 

Find the average value of f(x) = 4 — x? on [0,3]. Does f actually take on this value 

at some point in the given interval? 

SOLUTION 

1 b 

=s dx of) =p f Fe) 
1 3 

= weet Sas Using NINT — S52 0) sing 

= 1 

The average value of f(x) = 4 — x? over the interval [ 0, 3] is 1. The function 

assumes this value when 4 — x2 = lorx = + 45, Since x = Ni lies in the interval 

[0, 3], the function does assume its average value in the given interval (Figure 6.27). 

Now Try Exercise 11. 

Mean Value Theorem for Definite Integrals 
It was no mere coincidence that the function in Example 3 took on its average value 

at some point in the interval. Look at the graph in Figure 6.28 and imagine rectangles 

with base (b — a) and heights ranging from the minimum of f (a rectangle too small to 
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a 

Figure 6.29 Chords perpendicular to the 

diameter [—r,r] ina circle of radius r 
centered at the origin. (Exploration 1) 

give the integral) to the maximum of f (a rectangle too large). Somewhere in between 

there is a “just right” rectangle, and its topside will intersect the graph of f if f is con- 

tinuous. The statement that a continuous function on a closed interval always assumes 

its average value at least once in the interval is known as the Mean Value Theorem for 

Definite Integrals. 

THEOREM 3. The Mean Value Theorem for Definite Integrals 

If f is continuous on [ a, b], then at some point c in [ a, b], 
b 

fle) = gas f ste) ae 

EXPLORATION 1_ How Long Is the Average Chord of a Circle? 

Suppose we have a circle of radius r centered at the origin. We want to know the 

average length of the chords perpendicular to the diameter |—r, r] on the x-axis. 

. Show that the length of the chord at x is 2Vr? — x? (Figure 6.29). 

. Set up an integral expression for the average value of 2V r? — x? over the inter- 

Vall reatate 
. Evaluate the integral by identifying its value as an area. 

. So, what is the average length of a chord of a circle of radius r? 

. Explain how we can use the Mean Value Theorem for Definite Integrals 

(Theorem 3) to show that the function assumes the value in Step 4. 

Connecting Differential and Integral Calculus 

Before we move on to the next section, let us pause for a moment of historical perspective 

that can help you to appreciate the power of the theorem that you are about to encounter. 

In Example 3 we used NINT to find the integral, and in Section 6.2, Example 2, we were 

fortunate that we could use our knowledge of the area of a circle. The area of a circle has 

been around for a long time, but NINT has not; so how did people evaluate definite inte- 

grals when they could not apply some known area formula? For example, in Exploration 

1 of the previous section we used the fact that 

T 

/ sin x dx = 2. 
0 

Would Newton and Leibniz have known this fact? How? 

They did know that quotients of infinitely small quantities, as they put it, could be used 

to get velocity functions from position functions, and that sums of infinitely thin “rectangle 

areas” could be used to get position functions from velocity functions. In some way, then, 

there had to be a connection between these two seemingly different processes. Newton and 

Leibniz were able to picture that connection, and it led them to the Fundamental Theorem 

of Calculus. Can you picture it? Try Exploration 2. “ 
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EXPLORATION 2 Finding the Derivative of an Integral 

Group Activity Suppose we are given the graph of a continuous function f, as in 

Figure 6.30. 

1. Copy the graph of f onto your own paper. Choose any x greater than a in the 

interval [ a, b] and mark it on the x-axis. 
2. Using only vertical line segments, shade in the region between the graph of f 

and the x-axis from a to x. (Some shading might be below the x-axis.) 

3. Your shaded region represents the accumulator function, which we will call F, 

Fa) gilt) dh 
4. Recall that F’(x) is the limit of AF/Ax as Ax gets smaller and smaller. 

Represent AF in your picture by drawing one more vertical shading segment 

to the right of the last one you drew in step 2. AF is the (signed) area of your 

vertical segment. 

5. Represent Ax in your picture by moving x to beneath your newly drawn seg- 

ment. That small change in Ax is the thickness of your vertical segment. 

6. What is now the height of your vertical segment? 

Can you see why Newton and Leibniz concluded that F’(x) = f(x)? 
Figure 6.30 The graph of the function in 

Exploration 2. 

If all went well in Exploration 2, you concluded that the derivative with respect to x of 

Sir Isaac Newton (1642— 1727) the integral of f from a to x is simply f. Specifically, 

Sir Isaac Newton 

achieved his greatest 

fame in 1687, when Fe dps 

» | he published the rds Be 

Mathematical Principles dx if F(t) e F(x). 

of Natural Philosophy, 

demonstrating how to 

use the tools of calculus 

ppeermiain.the pe This means that the integral is an antiderivative of f, a fact we can exploit in the follow- 
of the planets and why we perceive no ; 

motion even though we sit on a globe ing way. 
whose equator spins at over 1000 miles If F is any antiderivative of f, then 
per hour as it races around the sun at 

almost 70,000 miles per hour. 

As we know from his notebooks, se 

Newton had discovered the Fundamental i f(t) dp= F(xy -°G 
Theorem of Calculus (see Section 6.4) by i 
October of 1666. He first proved the anti- 

derivative part, then the evaluation part, 

and excitedly proclaimed that he could 

now find the area under the curve given 

by y= Vx8/a — 1/(aVax — x2). 

for some constant C. Setting x in this equation equal to a gives 

Putting it all together, 

/ f(t) at = F(x) — F(a). 
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The implications of the previous last equation were enormous for the discoverers of 

calculus. It meant that they could evaluate the definite integral of f from a to any number 

x simply by computing F(x) — F(a), where F is any antiderivative of f. 

EXAMPLE 4 Finding an Integral Using Antiderivatives 

Find Jo'sin x dx using the formula f(t) dt = F(x) — F(a). 

SOLUTION 

Since sin x is the rate of change of the quantity F(x) = —cos x, that is F’(x) = sin x, 

[sina = —cos (a) — (—cos(0)) 
0 

salam CY 
=2 

This explains how we obtained the value for Exploration 1 of the previous section. 

Quick Review 6.3 

Exercise numbers with a gray background indicate problems that the 

authors have designed to be solved without a calculator. 

In Exercises 1-10, find dy/dx. 

1) y = —cosx 2. y = sinx 

3. y = In (sec x) 4. y = In (sinx) 

Section 6.3 Exercises 

(For help, go to Sections 4.1, 4.3, and 4.4.) 

Now Try Exercise 21. 

5. y = In(secx + tanx) 6)y =xlnx-x 

xt 8 1 

by= Sj by = Ty Phi (n Ly ee a 

Spy = xe* 10. y = tan! x 

The exercises in this section are designed to reinforce your under- 

standing of the definite integral from the algebraic and geometric 

points of view. For this reason, you should not use the numerical 

integration capability of your calculator (NINT) except perhaps to 

support an answer. 

1. Suppose that f and g are continuous functions and that 

[seas [sans [
oars 

Use the rules in Table 6.3 to find each integral. 
2 1 

(a) if alelae (b) | g(x) dx 
2 5 

©) | 3(x) de a) i f(x) dx 
5 5 C 

(e) th (f(x) — g(x)] dx w | [4f(x) — g(x) dx 

2. Suppose that f and h are continuous functions and that 

[soe =-1, [ieee 5, [woa=s 

Use the rules in Table 6.3 to find each integral. 
Sn) ae 9 

(a) | -2nks) a w | [ f(x) + h(x) ] dx 

9 1 

(c) | [ 2f(x) — 3h(x)] dx @ f Har 

f | 7 

© | fey ) / Cia(x) = FU) ] 
3. Suppose that / f (x) dx = 5S. Find each integral. 

pi 2 

(a) [ soa 0) f V3 2) a 

1 2 

©@ | Ana @ [ (-fx)] 4 
2 1 

4. Suppose that Let) dt = V2. Find each integral. 
-3 0 

(a) / g(t) dt (b) / g(u) du 
0 3 
0 0 

© | (es) a @) Dees 



Section 6.3 Definite Integrals and Antiderivatives 299 

5. Suppose that f is continuous and that 17. f(t) = sint, [0, 27] 

3 4 an 

/ f(z) dz =3 and ( f(z) dz = 7. 18. f(9) = tan, [-2,2| 
0 0 

Find each integral. 

4 3 In Exercises 19-30, interpret the integrand as the rate of change of 

(a) | f(z) dz (b) / f(t) dt a quantity and evaluate the integral using the antiderivative of the 

: 4 quantity, as in Example 4. 

6. Suppose that / is continuous and that 2a m/2 
1 3 19. / sin x dx 20. / cos x dx 

Tv 0 
[ weoar=o and [woar=6 } aft 

x 2 
Find each integral. ais | a 2 if eee 

3 1 4 2 
(a) f h(r) dr (b) =| h(u) du 23. / 2x dx 24. il 3x? dx 

1 3 1 -1 

7. Show that the value of pe sin (x?) dx cannot possibly be 2. g 4 
25 Oia, 26. iy 8 dx 

8. Show that the value of f, Vx + 8 dx lies between =2 3 
2V/2 ~ 2.8 and 3. 1 1/2 

1 

9. Integrals of Nonnegative Functions Use the Max-Min 2G i 1 + x? 2 ) A) eee oe 

Inequality to show that if f is integrable then 

b “al ye 
f(x) =0on[a,b] => J ioar=o. a ne 30) | ac 

10. Integrals of Nonpositive Functions Show that if f is 
: In Exercises 31—36, find the average value of the function on the 
integrable then 

interval, using antiderivatives to compute the integral. 
b 

f(x) = 0on[a,b] => [iwaso. 31. y =sinx, [0,7] mm, =<, [e, 2e | 
a xX 

In Exercises 11-14, use NINT to find the average value of the function 2 7 l 
i = — Fe = . iS ] 

on the interval. At what point(s) in the interval does the function ap Y = sec’ x, 0, 4 oat Y 1+ x? LOM 

assume its average value? a 
“p meg y = 3x2 + 2x, [-1,2] 36. y = secxtanx, [0,2 

W.y=x2-1, [0,V3] 12y=-=, [0,3] 
2 37. Group Activity Use the Max-Min Inequality to find upper 

13. y =—3x7-1, [0,1] 14.y=(x-—1)% [0,3] and lower bounds for the value of 

1 
In Exercises 15-18, find the average value of the function on the inter- / 1 

val without integrating, by appealing to the geometry of the region quaert x? 

between the graph and the x-axis. 38. Group Activity (Continuation of Exercise 37) Use the Max- 
aay —4=x=-1, : : 

45) f(x) = x x on [—4, 2] Min Inequality to find upper and lower bounds for the values of 

=o See, sh ayes we 05 4 1p ag 

it a ay ene | <x 
9. Lex Hisiletey 

Add these to arrive at an improved estimate for 

a 

hiss loan 85 

ae! 0 2 39. Writing to Learn If av(f) really is a typical value of the 
integrable function f(x) on [a,b], then the number av(f) 

16) f(t) =1-Vi-7, [-1,1] should have the same integral over [ a, b] that f does. Does it? 
That is, does 

i ore / “fle) de 
Give reasons for your answer. 
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40. 

41. 

42. 

Chapter 6 The Definite Integral 

Writing to Learn A driver averaged 30 mph on a 150-mile 

trip and then returned over the same 150 miles at the rate of 

50 mph. He figured that his average speed was 40 mph for the 

entire trip. 

(a) What was his total distance traveled? 

(b) What was his total time spent for the trip? 

(c) What was his average speed for the trip? 

(d) Explain the error in the driver’s reasoning. 

Writing to Learn A dam released 1000 m3 of water at 

10 m3/min and then released another 1000 m? at 20 m?/min. 
What was the average rate at which the water was released? 

Give reasons for your answer. 

Use the inequality sin x = x, which holds for x = 0, to find an 

upper bound for the value of ie o Sin x dx. 

. The inequality sec x = 1 + (x?/2) holds on (—7/2, 77/2). 

Use it to find a lower bound for the value of J, 9 Sec X dx. 

. Show that the average value of a linear function L(x) on 

[a, b] is 

L(a) + L(b) 
peat a 

(Caution: This simple formula for average value does not work 

for functions in general!) 

Standardized Test Questions 

You may use a graphing calculator to solve the following problems. 

45. 

46. 

47. 

True or False The average value of a function f on [a, b] 
always lies between f(a) and f(b). Justify your answer. 

True or False If ie f(x) dx = 0, then f(a) = f(b). Justify 
your answer. 

Multiple Choice If f(x) dx = 5 and [,9(x 
all of the following must ie oe sepia 

a) f senate 

wf (90) + ele 

©) | "2 flx) de = 

©) fru 

©) f tel) - 9) ) ae 

= 3, then 

)dx = 15 

xjo> g(x) ] dy = 2 

48. Multiple Choice If > f(x) dx = 12 and [2 f(x) dx = 4, 
then all of the following must be true except 

a) | Heayacets 

w [oa- [a10)a- 

© | Fee 

w | Ec dx = - 

w [soar [ toar= 16 
49. Multiple Choice What is the average value of the cosine func- 

tion on the interval [1,5]? 

(A) —0.990 (B) —0.450 (C) —0.128 

(D) 0.412 (E) 0.998 

50. Multiple Choice If the average value of the function f on the 

interval [a,b] is 10, then [.” f(x) dx = 

10 MSE wae 
(Ain (B) ACE ce? (C) 10b — 10a 

[oy = (0) 10 

b-a f(b) + fla) 
D | ie (D) (E) 0 

Exploration 

51. Comparing Area Formulas Consider the region in the first 

quadrant under the curve y = (h/b)x from x = Oto x = b 

(see figure). 

(a) Use a geometry formula to calculate the area of the region. 

(b) Find all antiderivatives of y. 

(c) Use an antiderivative of y to evaluate Hf ‘ y(x) dx. 
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Extending the Ideas 53. Show that if F’(x) = G'(x) on [a,b], then 

52. Graphing Calculator Challenge If k > 1, and if the average F(b) — F(a) = G(b) — G(a). 
value of x* on [ 0, k] is k, what is k? Check your result with a 
CAS if you have one available. 

Quick Quiz for AP* Preparation: Sections 6.1-6.3 

4) Multiple Choice If SP F(x) eae y BN 5E then 3. aid ag What are all values of k for which 

b x = 07 
INGO eee ees ae a 
(A)a- 2b. 3 (B) 3b — 3a 

(D) —2 and 2 (E) —2, 0, and 2 

4. Free Response Let f be a function such that 
(E) 5b ws 3a fete = 6x ce 1D. 

2. Multiple Choice The expression 

(C) 4a — b (D) 5b — 2a 

301 

(a) Find f(x) if the graph of f is tangent to the line 4x — y = 5 

1 ( 1 2 3 20) at the point (0, —5). 
ja t.fot.fate t+ .f/e 

20\ V 20 20 20 20 (b) Find the average value of f(x) on the closed interval [—1, 1 ]. 

is a Riemann sum approximation for 
1 & 1 

ay f [eax @) | Via 

That ies tees ge 
Bal) ae o> / Vx dx 

1 shy 

1B) se dx (©) 50 d x 
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6.4 Fundamental Theorem of Calculus 
You will be able to analyze functions : , ‘ 

defined by an integral and evaluate Fundamental Theorem, Antiderivative Part 

definite integrals. In the last section, we saw how to compute areas and accumulations by reversing differen- 
« The Antiderivative Part of the tiation, what we call antidifferentiation. This was first discovered by Newton in 1666. A 

Fundamental Theorem of Calculus few years later and totally independently, Gottfried Leibniz rediscovered the same connec- 
- Use of definite integrals to define tion. But while Newton kept his discovery to himself, Leibniz proclaimed it to the world, 
new functions (accumulator drawing other scientists into the work of exploring its consequences. 

functions) This relationship between areas or accumulations and antidifferentiation is often 

- The Evaluation Part of the referred to as the Fundamental Theorem of Calculus. That is a contraction of its original 
Fundamental Theorem of Calculus name: the Fundamental Theorem of Integral Calculus. While we will use “Fundamental 

+ Evaluation of definite integrals using = Theorem of Calculus” to refer to this result, it is important to remember that this is really 
antiderivatives a theorem about integration. It says that the definite integral can be understood as accu- 

mulation (a limit of Riemann sums) or as antidifferentiation (the change in the value of an 

antiderivative). As long as we are working with continuous functions, these two ways of 

thinking about the definite integral are equally valid. 

This connection provides powerful insight in both directions. It says that if we have an 

accumulation problem, there is an easy way to evaluate it if we can find an antiderivative 

(the Evaluation Part). It also says that if we need an antiderivative, we can always build 

one using the accumulation given by the limit of a Riemann sum (the Antiderivative Part). 

THEOREM 4 The Fundamental Theorem of Calculus, Antiderivative Part 

If f is continuous on [ a, b |, then the function 

F(x) = [roa 

has a derivative at every point x in [ a, b], and 

ik f(t) dt = F(x). 

Proof The geometric exploration at the end of the previous section contained the idea of 

the proof, but it glossed over the necessary limit arguments. Here we will be more precise. 

Apply the definition of the derivative directly to the function F. That is, 

| as Aaa = F(x) 
a = jim 
dx 

_f toa foe fa) ar zits 

bos 

x+h 

f(t) dt 
Rules for integrals, 

Section 6.3 
Il 5 

i 
ra =e 

. LF 
TTY 

el “— ~ a 2 
ET 

The expression in brackets in the last line is ne average value of f from x to x + h. We 

know from the Mean Value Theorem for Definite Integrals (Theorem 3, Section 6.3) that 

f, being continuous, takes on its average value at least once in the interval; that is, 

h 

if f(t) dt = f(c) for some c between x and x + A. 
x 



Augustin-Louis Cauchy 
(1789-1857) 

In a series of text- 

books written for his 

students at the Ecole 
Polytechnique in Paris, 

Cauchy demonstrated 

the importance of 

continuity and created 

our modern definitions 

of limit, derivative, 

and definite integral. He also gave the first 

complete proofs of both the Antiderivative 

and Evaluation Parts of the Fundamental 

Theorem of Calculus for any continuous 

function. Cauchy was largely responsible 

for the creation of complex analysis, 

played an important role in the early 

development of linear algebra, and made 

significant contributions to understanding 

light propagation, mechanics, and elasticity. 
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We can therefore continue our proof, letting (1/h) ae f(t) dt = fic), 

What happens to c as h goes to zero? As x + h gets closer to x, it carries c along with it 

like a bead on a wire, forcing c to approach x. Since f is continuous, this means that f(c) 
approaches f(x): 

lim f(c) = f(x). 
h>0 

Putting it all together, 

dF ea) -( ®. 
ee een aa | DeTMiOMmonderVvatives 
dx  h-0 

xth 

f(t) dt 
= lim ——___ Rules for integrals 

h—>0 h 

aa jim f(c) for some c between x andx + h. 
{ioe 

= f(x) Because fis continuous 

This concludes the proof. a 

It is difficult to overestimate the power of the equation 

ne dt = f(x). (1) 

It says that every continuous function f is the derivative of some other function, namely, 

edi (t) dt. It says that every continuous function has an antiderivative. And it says that 
the processes of integration and differentiation are inverses of one another. If any equation 

deserves to be called the Fundamental Theorem of Calculus, this equation is surely the one. 

EXAMPLE 1 Applying the Fundamental Theorem 

Find 

Gale Tike. 1 
= eS ivole ieintal == dt 
ra dX Jo 1 + t? 

by using the Fundamental Theorem. 

SOLUTION 

Eq. 1 with f(t) = cost 

Eq. 1 with f(t) =———; 

Now Try Exercise 3. 
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EXAMPLE 2 The Fundamental Theorem with the Chain Rule 

Find dy/dx if y = [cos tdt. 

SOLUTION 

The upper limit of integration is not x but x2, This makes y a composite of 

u 

2 
y= | costa and u=x. 

1 

We must therefore apply the Chain Rule when finding dy/dx. 

dy _ dy du 
abe (ey) Gh 

(< [cs rar) . oe 
du J, dx 

II ° ie) ~n — tad 
i) 
a" 

2 Now Try Exercise 9. II tO $e ° fo) 72) & 

EXAMPLE 3 Variable Lower Limits of Integration 

Find dy/dx. 

5 x 1 

= 3t sin ¢t dt b = dt (a) ) / sin (b) y il 

SOLUTION 

The rules for integrals set these up for the Fundamental Theorem. 

le d tte DH 
(a) isp srsinsat = &(— [arsine de) 

d x 

cara 3t sin t dt 

= —3x sin x 

x x? 2x 
d 1 d 1 1 

b) — a= — dt — d oi eae cles hue) 

Meade es 
4. de (x2) = pa ied as (2x) Chain Rule 

Pees! Nag ee 
2+ e 2+ e% 

2x 2 
=i Now Try Exercise 19. 
2+e 2+e* a 
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EXAMPLE 4 Constructing a Function with a Given Derivative 

and Value 

Find a function y = f(x) with derivative 

y 
— = tanx 
dx 

that satisfies the condition f(3) = 5. 

SOLUTION 

The Fundamental Theorem makes it easy to construct a function with derivative tan x: 

x 

y= [tentat 
3 

Since y(3) = 0, we have only to add 5 to this function to construct one with derivative 
tan x whose value at x = 3 is 5: 

x 

f(x) = ji tantdt + 5 Now Try Exercise 25. 
3 ' 

Although the solution to the problem in Example 4 satisfies the two required condi- 

tions, you might question whether it is in a useful form. Not many years ago, this form 

might have posed a computation problem. Indeed, for such problems much effort has been 

expended over the centuries trying to find solutions that do not involve integrals. We will 

see some in Chapter 7, where we will learn (for example) how to write the solution in 

Example 4 as 

cos 3 
y=In aS) 

COs x 

However, now that computers and calculators are capable of evaluating integrals, the form 

given in Example 4 is not only useful, but in some ways preferable. It is certainly easier 

to find and is always available. 

Graphing the Function /*f(t) dt 
Consider for a moment the two forms of the function we have just been discussing, 

cos 3 
x 

F(x) = [tanta +5 and F(x) =I1n 
cos x 

With which expression is it easier to evaluate, say, F(4)? From the time of Newton 

almost to the present, there has been no contest: the expression on the right. At least it 

provides something to compute, and there have always been tables or slide rules or calcu- 

lators to facilitate that computation. The expression on the left involved at best a tedious 

summing process and almost certainly an increased opportunity for error. 

Today we can find F(4) from either expression on the same machine. The choice is 

between NINT (tan x, x, 3,4) + 5 and In (abs(cos (3)/cos (4))) + 5. Both calcula- 
tions give 5.415135083 in approximately the same amount of time. 

We can even use NINT to graph the function. This modest technology feat would have 

absolutely dazzled the mathematicians of the 18th and 19th centuries, who knew how the 
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Graphing NINT f 
Dee 

Some graphers can graph the numerical 

integral y = NINT (f(x), x, a, X) directly 

as a function of x. Others will require a 

toolbox program such as the one called 

NINTGRAF provided in the Technology 

Resource Manual. 

solutions of differential equations, such as dy/dx = tan x, could be written as integrals, 

but for whom integrals were of no practical use computationally unless they could be writ- 

ten in exact form. Since so few integrals could, in fact, be written in exact form, NINT 

would have spared generations of scientists much frustration. 

Nevertheless, one must not proceed blindly into the world of calculator computation. 

Exploration 1 will demonstrate the need for caution. 

EXPLORATION 1 Graphing NINT f 

Let us use NINT to attempt to graph the function we just discussed, 

x 

F(x) = | tantdt + 5. 
3 

1. Graph the function y = F(x) in the window [—10, 10] by [—10, 10]. You 
will probably wait a long time and see no graph. Break out of the graphing pro- 

gram if necessary. 

2. Recall that the graph of the function y = tan x has vertical asymptotes. Where 

do they occur on the interval [—10, 10]? 
3. When attempting to graph the function F(x) = of : tan t dt + 5 on the interval 

[—10, 10], your grapher begins by trying to find F(—10). Explain why this 
might cause a problem for your calculator. 

4. Set your viewing window so that your calculator graphs only over the domain of 

the continuous branch of the tangent function that contains the point (3, tan 3). 

5. What is the domain in step 4? Is it an open interval or a closed interval? 

6. What is the domain of F(x)? Is it an open interval or a closed interval? 
7. Your calculator graphs over the closed interval [| Xin, Xmax |. Find a viewing 

window that will give you a good look at the graph of F and produce the graph 

on your calculator. 

. Describe the graph of F. 

You have probably noticed that your grapher moves slowly when graphing NINT. This 

is because it must compute each value as a limit of sums—comparatively slow work even 

for a microprocessor. Here are some ways to speed up the process: 

1. Change the tolerance on your grapher. The smaller the tolerance, the more accu- 

rate the calculator will try to be when finding the limiting value of each sum (and 

the longer it will take to do so). The default value is usually quite small (like 

0.00001), but a value as large as 1 can be used for graphing in a typical viewing 

window. 

2. Change the x-resolution.The default resolution is 1, which means that the grapher 

will compute a function value for every vertical column of pixels. At resolution 

2 it computes only every second value, and so on. With higher resolutions, some 

graph smoothness is sacrificed for speed. 

3. Switch to parametric mode. To graph y = NINT (f(x), x, a,x) in parametric 
mode, let x(t) = t and let y(t) = NINT (f(t), t, a, t). You can then control the 
speed of the grapher by changing the t-step. (Choosing a bigger t-step has the 

same effect as choosing a larger x-resolution.) 
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EXPLORATION 2. The Effect of Changing ain /*f(t) dt 

The first part of Fundamental Theorem of Calculus asserts that the derivative of 

iil f(t) dt is f(x), regardless of the value of a. 

. Graph NDER (NINT (72, t, 0, x), x). 
Graph NDER (NINT (12, t, 5, x), x). 
Without graphing, tell what the x-intercept of (NINT (t?, t, 0, x), x) is. Explain. 

Without graphing, tell what the x-intercept of NDER (NINT (7?, t, 5, x), x) is. 
Explain. 

5. How does changing a affect the graph of y = (d/dx) F(t) dt? 

. How does changing a affect the graph of y = [ if (t) dt? 

RwON > 

Fundamental Theorem, Evaluation Part 

The second part of the Fundamental Theorem of Calculus shows how to evaluate definite 

integrals directly from antiderivatives. 

THEOREM 4 (continued) The Fundamental Theorem of Calculus, 
Evaluation Part 

If f is continuous at every point of [a,b], and if F is any antiderivative of f on 

[a,b], then 

b 

i f(x) dx = F(b) — F(a). 
a 

This part of the Fundamental Theorem is also called the Integral Evaluation 

Theorem. 

Proof The Antiderivative Part of the Fundamental Theorem tells us that an antideriva- 

tive of f exists, namely, 

a(x) = f fa 

Thus, if F is any antiderivative of f, then F(x) = G(x) + C for some constant C (by 
Corollary 3 of the Mean Value Theorem for Derivatives, Section 5.2). 

Evaluating F(b) — F(a), we have 

Fb). 3F (a) =| GB) Cus ebGa) +.C | 

= G(b) — G(a) 
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Integral Evaluation Notation 
eee 

The usual notation for F(b) — F(a) is 

b b 
Fx | or [Fv | ; 

a 

depending on whether F has one or more 

terms. This notation provides a compact 

“recipe” for the evaluation, allowing us to 

show the antiderivative in an intermediate 

step. 

a 

Figure 6.31 The function f(x) = 4 — x? 
changes sign only at x = 2 on the interval 

[0,3 |. (Example 6) 

Chapter 6 The Definite Integral 

At the risk of repeating ourselves: It is difficult to overestimate the power of the simple 

equation 

[ te ar= FG) - Fla) 

It says that any definite integral of any continuous function f can be calculated without 

taking limits, without calculating Riemann sums, and often without effort—so long as an 

antiderivative of f can be found. If you can imagine what it was like before this theorem 

(and before computing machines), when approximations by tedious sums were the only 

alternative for solving many real-world problems, then you can imagine what a miracle 

calculus was thought to be. If any equation deserves to be called the Fundamental Theorem 

of Calculus, this equation is surely the (second) one. 

EXAMPLE 5 Evaluating an Integral 

Evaluate linia: + 1) dx using an antiderivative. 

SOLUTION 

A simple antiderivative of x? + 1 is (x4+/4) + x. Therefore, 

3 x4 3 
foerva-|F+x 
= 4 an 

Now Try Exercise 29. 

Area Connection 

In Section 6.2 we saw that the definite integral could be interpreted as the net area between 

the graph of a function and the x-axis. We can therefore compute areas using antideriva- 

tives, but we must again be careful to distinguish net area (in which area below the x-axis 

is counted as negative) from total area. The unmodified word “area” will be taken to mean 

total area. 

EXAMPLE 6 Finding Area Using Antiderivatives 

Find the area of the region between the curve y = 4 — x7, 0 < x S 3, and the x-axis. 

SOLUTION 

The curve crosses the x-axis at x = 2, partitioning the interval [ 0, 3] into two subin- 

tervals, on each of which f(x) = 4 — x? will not change sign. 

We can see from the graph (Figure 6.31) that f(x) > 0 on [0, 2) and f(x) < 0 

on (2, 3]. 

2 3 |2 1 

Over (0,2: f (4x2) ar = [ar - 3] 6 

0 

Over [2,3]: [io — x?) dx = ax ~ =| mats 

bed el aes The area of the region is Now Try Exercise 41. 



[-3, 3] by [-3, 3] 

(a) 

[-3, 3] by [-3, 3] 

(b) 

Figure 6.32 The graphs of (a) y = x cos 2x 

and (b) y = |x cos 2x| over [—3, 3]. The 
shaded regions have the same area. 

Figure 6.33 The graph of f in Example 8, 

in which questions are asked about the 

function h(x) = iG) dt. 

Section 6.4 Fundamental Theorem of Calculus 309 

How to Find Total Area Analytically 

To find the area between the graph of y = f(x) and the x-axis over the interval 

[a, b] analytically, 

1. partition [a,b] with the zeros of f, 
2. integrate f over each subinterval, 

3. add the absolute values of the integrals. 

We can find area numerically by using NINT to integrate the absolute value of the 

function over the given interval. There is no need to partition. By taking absolute values, 

we automatically reflect the negative portions of the graph across the x-axis to count all 

area as positive (Figure 6.32). 

EXAMPLE 7 Finding Area Using NINT 

Find the area of the region between the curve y = x cos 2x and the x-axis over the 

interval 3) = x7 = 3 (Figure 6.32). 

SOLUTION 

Rounded to two decimal places, we have 

NINT (|x cos 2x|, x, -3,3) = 5.43. | Now Try Exercise 51. 

How to Find Total Area Numerically 

To find the area between the graph of y = f(x) and the x-axis over the interval 

[a, b] numerically, evaluate 

NINT (|f(x)|, x, a, b). 

Analyzing Antiderivatives Graphically 
A good way to put several calculus concepts together at this point is to start with the 

graph of a function f and consider a new function h defined as a definite integral of f. If 

h(x) = i Af (t) dt, for example, the Fundamental Theorem guarantees that h'(x) = f(x), 
so the graph of f is also the graph of h’. We can therefore make conclusions about the 

behavior of h by considering the graphical behavior of its derivative f, just as we did in 

Section 5.3. 

EXAMPLE 8 Using the Graph of f to Analyze h(x) = / x f(t) dt 

The graph of a continuous function f with domain [ 0, 8] is shown in Figure 6.33. Let 

h be the function defined by h(x) = J f(t) dt. 

(a) Find h(1). — 

(b) Is h(0) positive or negative? Justify your answer. 

(c) Find the value of x for which h(x) is a maximum. 

(d) Find the value of x for which h(x) is a minimum. 

(e) Find the x-coordinates of all points of inflection of the graph of y = h(x). 
continued 
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SOLUTION 

First, we note that h'(x) = f(x), so the graph of f is also the graph of the derivative 

of h. Also, h is continuous because it is differentiable. 

(a) i = [rayde 

(b) h(0 = fF , f(t) dt < 0, because we are integrating from right to left under a posi- 

tive ee 

(c) The derivative of h is positive on (0, 1), positive on (1, 4), and negative on 

(4, 8), so the continuous function h is increasing on [0, 4] and decreasing on [ 4, 8]. 

Thus h(4) is a maximum. 

(d) The sign analysis of the derivative above shows that the minimum value 

ae at an endpoint of the interval i 8 | ee see by comparing areas that 

= fF f(t) dt ~ —0.5, while h(8 = , f(t) dt is a negative number consider- 

ae less than —1. Thus h(8) is a Bn a 

(e) The points of inflection occur where h’ = f changes direction, that is, at x = l, 

x = 3,and x = 6. Now Try Exercise 57. 

Quick Review 6.4 (for help, go to Sections 4.1, 4.2, and 4.4.) 

Exercise numbers with a gray background indicate problems that the 7 cos x 

authors have designed to be solved without a calculator. seh at eS 

In Exercises 1-10, find dy/dx. Sa tx=y? 10. dx/dy = 3x 

1. y = sin (x?) Z)y = (sinx)? 

my = sec*x — tan?x 4) y = In (3x) — In (7x) 

Bly = 2 Gly = Vx 

Section 6.4 Exercises 

In Exercises 1-20, find dy/dx. ~, - “f cost i, 46 yi = es hs 

x x . = Dae . y a TF Lye vias e 

Ry = Jf sin? 1) a By = [ (r+ cos) here See 
v0 2 me 5x 

x x = ‘ 2 2S 2 
By= [e-nea ay- | pret 17. y [since ar 18. y if In (2 + p*) dp 

: a ba cos x 
x x = 2 

y= ‘i (tan? u) du 6.y = i e“ sec u du aa; Hk Gon (eae ay ie eis 

sc OS et In Exercises 21-26, construct a function of the form Ps, Lott 2 "sit t . 
my a a dt 8. y Pa cae y= p. f(t) dt + C that satisfies the given conditions. 

wir 

dy x oe A 
21. — = sin? x, and y = 0 when x = 5. 

Sy = | e dt 10) y = / cot 3¢ dt dx 4 
0 6 dy 
Sx 7x : 22. — = e* tan x, and y = 0 when x = 8. 1+ 1 + sin? coated 

y= aA aS 12. y = r —_ dx 
: u pen Wii cas (0 ay d 

aie = In(sinx + 5), and y = 3 when x = 2. 6 7 

By - fini + Aya By = [| Var rea F 

; 5 24. aa V3 — cos x, and y = 4 when x = —3. 



dy ‘ 
25. es = cos* 5x, and y = —2 when x = 7. 

bs 

dy 
AD eV*, and y = 1 when x = 0. 

In Exercises 27—40, evaluate each integral using the Evaluation Part 

of the Fundamental Theorem. 

=I 

28, | 3% dx 
2 

5 

30. [ete 
0 

33. i sin x dx 
0 

1/3 51/6 

35. i 2 sec? 6 dé 36. i csc? 6 dé 
0 7/6 

3ar/4 1/3 

37. i csc x cot x dx 38. i; 4 sec x tan x dx 
a7 /4 0 

1 4 

39. / (r+ 1)? dr 40. fi Sea, 
-1 0 Vu 

In Exercises 41-44, find the total area of the region between the 

curve and the x-axis. 

4li.y=2-x, 05x53 

Bepy = 3x7- 3, —2=x=2 

may =x? — 3x7 + 2x, OS x=2 

AAjy=x-— 4%, —-2=x=2 

In Exercises 45-48, find the area of the shaded region. 

45. 
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27 
6 aI 

In Exercises 49-54, use NINT to solve the problem. 

10 
1 

49. Evaluate | = Ge 
9 3+ 2sinx 

0.8 
2x4 — 1 

50. Evaluate i - dx. 
~93 + — 1 

51. Find the area of the semielliptical region between the x-axis and 

the graph of y = V8 — 2x?. 

52. Find the average value of \V cos x on the interval [—1, 1 ]. 

53. For what value of x does deck dt = 0.6? 

54. Find the area of the region in the first quadrant enclosed by the 

coordinate axes and the graph of x? + y? = 1. 

In Exercises 55 and 56, find K so that 

[10 a KS [50 dt. 

55 f(x) =x? 3x41; a@=—le b=2 

56. f(x) = sin’x, a=0; b=2 

57. Let 

He [to dt, 

where f is the continuous function with domain [ 0, 12] graphed 

here. 

(a) Find H(0). 

(b) On what interval is H increasing? Explain. 

(c) On what interval is the graph of H concave up? Explain. 

(d) Is H(12) positive or negative? Explain. 

(e) Where does H achieve its maximum value? Explain. 

(f) Where does H achieve its minimum value? Explain. 
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In Exercises 58 and 59, f is the differentiable function whose graph 

is shown in the given figure. The position at time ft (sec) of a particle 

moving along a coordinate axis is 

25 [ioe 
meters. Use the graph to answer the questions. Give reasons for your 

answers. 

58. 

(a) What is the particle’s velocity at time t = 5? 

(b) Is the acceleration of the particle at time tf = 5 positive or 

negative? 

(c) What is the particle’s position at time tf = 3? 

(d) At what time during the first 9 sec does s have its largest 

value? 

(e) Approximately when is the acceleration zero? 

(f) When is the particle moving toward the origin? away from 

the origin? 

(g) On which side of the origin does the particle lie at time 

t= 9? 

(a) What is the particle’s velocity at time t = 3? 

(b) Is the acceleration of the particle at time t = 3 positive or 

negative? 

(c) What is the particle’s position at time t = 3? 

(d) When does the particle pass through the origin? 

(e) Approximately when is the acceleration zero? 

(f) When is the particle moving toward the origin? away from 

the origin? 

(g) On which side of the origin does the particle lie at time 

t= 9? 

60. Suppose STF (t) dt = x* — 2x + 1. Find f(x). 

61. Linearization Find the linearization of 

Pei 
=2+ dt at = 0. f(x) eae x 

62. Find f(4) if Je f(t) dt = x cos 7x. 

63. Finding Area Show that if k is a positive constant, then the 

area between the x-axis and one arch of the curve y = sin kx is 

always 2/k. 

64. Archimedes’ Area Formula for Parabolas Archimedes 
(287-212 B.c.), inventor, military engineer, physicist, and the 

greatest mathematician of classical times, discovered that the 

area under a parabolic arch like the one shown here is always 

two-thirds the base times the height. 

Height 

Base 

(a) Find the area under the parabolic arch 

y.=6 =e, 35S 2 

(b) Find the height of the arch. 

(c) Show that the area is two-thirds the base times the height. 

Standardized Test Questions 
You may use a graphing calculator to solve the following problems. 

65. True or False If f is continuous on an open interval J contain- 

ing a, then F defined by F(x) = LF) dt is continuous on /. 

Justify your answer. 

d 
66. True or False If > > a, then J? e* dx is positive. Justify 

your answer. 3 

67. Multiple Choice Let f(x) = In (2 + sint) dr. If 
f(3) = 4, then f(5) = 

(A) 0.040 (B) 0.272 (C)0.961 (D) 4.555 (E) 6.667 

L ps 68. Multiple Choice What is lim — J*""f(t) ar? 

(A)O (B)1 (C)f'(x) (D) f(x) (E) nonexistent 

69. Multiple Choice At x = 7, the linearization of 

f(x) = J% cos%t dt is 

(Ap y = =) (Gy >—x 

(D)y=x- 7 (E) y=a7-x 

(()y=a7 

70. Multiple Choice The area of the region enclosed between the 

graph of y = V1 — x* and the x-axis is 

(A) 0.886 (B) 1.253 (C) 1.414 

(D) 1.571 (E) 1.748 



Explorations 

71. The Sine Integral Function The sine integral function 

Si(x) = a dt 

72. 

73. 

74. 

0 

is one of the many useful functions in engineering that are 

defined as integrals. Although the notation does not show it, the 

function being integrated is 

fl) = 4 f 

the continuous extension of (sin f) /t to the origin. 

(a) Show that Si(x) is an odd function of x. 

(b) What is the value of Si(0)? 

(c) Find the values of x at which Si(x) has a local extreme 

value. 

(d) Use NINT to graph Si(x). 

Cost from Marginal Cost The marginal cost of printing a 

poster when x posters have been printed is 

domp rt 

de a N/,, 
dollars. Find 

(a) c(100) — c(1), the cost of printing posters 2 to 100. 

(b) c(400) — c(100), the cost of printing posters 101 to 400. 

Revenue from Marginal Revenue Suppose that a 

company’s marginal revenue from the manufacture and sale 

of eggbeaters is 

dr 2 a) . 
dx ter 102 

where r is measured in thousands of dollars and x in thousands 

of units. How much money should the company expect from a 

production run of x = 3 thousand eggbeaters? To find out, inte- 

grate the marginal revenue from x = 0 to x = 3. 

Average Daily Holding Cost Solon Container receives 450 

drums of plastic pellets every 30 days. The inventory function 

(drums on hand as a function of days) is I(x) = 450 — x?/2. 

(a) Find the average daily inventory (that is, the average value 

of I(x) for the 30-day period). 
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(b) If the holding cost for one drum is $0.02 per day, find the 

average daily holding cost (that is, the per-drum holding cost 

times the average daily inventory). 

75. Suppose that f has a negative derivative for all values of x and 

that f(1) = 0. Which of the following statements must be true 
of the function 

Noire [ # dt? 

Give reasons for your answers. 

(a) his a twice-differentiable function of x. 

(b) A and dh/dx are both continuous. 

(c) The graph of h has a horizontal tangent at x = 1. 

(d) h has a local maximum at x = 1. 

(e) hhas a local minimum at x = 1. 

(f) The graph of h/ has an inflection point at x = 1. 

(g) The graph of dh/dx crosses the x-axis at x = 1. 

Extending the Ideas 
76. Writing to Learn If f is an odd continuous function, give a 

graphical argument to explain why ap ok (t) dt is even. 

77. Writing to Learn If f is an even continuous function, give a 

graphical argument to explain why ik af (t) dt is odd. 

78. Writing to Learn Explain why we can conclude from 

Exercises 76 and 77 that every even continuous function is the 

derivative of an odd continuous function and vice versa. 

79. Give a convincing argument that the equation 

Xs 

sin f 
hi =| 

0 f 

has exactly one solution. Give its approximate value. 
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6.5 Trapezoidal Rule 
You will be able to approximate 

definite integrals using the 

Trapezoidal Rule. 

- Trapezoidal approximations 

« Comparison to other numerical 

approximations 

- Bounding the error in the 

Trapezoidal Rule 

Trapezoidal Approximations 

You probably noticed in Section 6.1 that MRAM was generally more efficient in approxi- 

mating integrals than either LRAM or RRAM, even though all three RAM approximations 

approached the same limit. All three RAM approximations, however, depend on the areas 

of rectangles. Are there other geometric shapes with known areas that can do the job more 

efficiently? The answer is yes, and the most obvious one is the trapezoid. 

As shown in Figure 6.34, if [ a, b] is partitioned into n subintervals of equal length 

h = (b — a)/n, the graph of f on [a, b] can be approximated by a straight line segment 

over each subinterval. 

y Pre ret Sed) 

Pi P (x,,y,) 

Po (Xo; Yo) 
4s 

P,(x1, Y) 

Figure 6.34 The trapezoidal rule approximates short stretches of the curve y = f(x) with line 

segments. To approximate the integral of f from a to b, we add the “signed” areas of the trap- 

ezoids made by joining the ends of the segments to the x-axis. 

; 

The region between the curve and the x-axis is then approximated by the trapezoids, 

the area of each trapezoid being the length of its horizontal “altitude” times the average of 

its two vertical “bases.” That is, 

b + + Boy ey, [seam ne 

Yo 34 
=n(B +9 ty to toe +%) 

h 
“ 5 (90 te Dye Qyy oh ee hock 2p en ick Ya) 

where 

yo = f(a), yn afl) Yyn-1 = f(%n-1)> Yn = f(b) 

This is algebraically equivalent to finding the numerical average of LRAM and RRAM; 

indeed, that is how some texts define the Trapezoidal Rule. 



Figure 6.35 The trapezoidal approxima- 

tion of the area under the graph of y = x 

from x = | to x = 2 is a slight overesti- 

mate. (Example 1) 

2 

x 

1 
5 
4 
6 36 
4 
7 
4 
2 
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The Trapezoidal Rule 

To approximate oe a (x) dx, use 

h 
les 5 (0 “8 2y1 ae 2y2 ake ear 2Yn=3 = Yn)s 

where | a, b | is partitioned into n subintervals of equal length h = (b — a)/n. 
Equivalently, 

tal LRAM,, + RRAM,, 
= 5 : 

where LRAM, and RRAM, are the Riemann sums using the left and right endpoints, 

respectively, for f for the partition. 

EXAMPLE 1 Applying the Trapezoidal Rule 

Use the Trapezoidal Rule with n = 4 to estimate i ex? dx. Compare the estimate with ¢ 

the value of NINT (x, x, 1, 2) and with the exact value. 

SOLUTION 

Partition | 1,2] into four subintervals of equal length (Figure 6.35). Then evaluate 
y = x? at each partition point (Table 6.4). 

Using these y values, n = 4, and h = (2 — 1)/4 = 1/4 in the Trapezoidal Rule, we 
have 

F =—(y9 + 2yy + 2y, + 2y5 + ya) 

(i+ 2(73) +a(5) 
= 2.34375 

N| > 

CO[ rR 

ro lee NN] Nn 

The value oz NINT (x, x, 1,2) is 2.333333333. 

The exact value of the integral is 

ae at 
Si Meas 

The 7 approximation overestimates the integral by about half a percent of its true value 

of 7/3. The percentage error is (2.34375 — 7/3)/(7/3) ~ 0.446%. 
Now Try Exercise 3. 

We could have predicted that the Trapezoidal Rule would overestimate the integral in 

Example 1 by considering the geometry of the graph in Figure 6.35. Since the parabola is 

concave up, the approximating segments lie above the curve, giving each trapezoid slightly 

more area than the corresponding strip under the curve. In Figure 6.34 we see that the 

straight segments lie under the curve on those intervals where the curve is concave down, 
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causing the Trapezoidal Rule to underestimate the integral on those intervals. The inter- 

pretation of “area” changes where the curve lies below the x-axis but it is still the case that 

the higher y values give the greater signed area. So we can always say that T overestimates 

the integral where the graph is concave up and underestimates the integral where the graph 

is concave down. 

EXAMPLE 2 Averaging Temperatures 

An observer measures the outside temperature every hour from noon until midnight, 

recording the temperatures in the following table. 

Times ANA lee Big eae 6 ais fee S10 e LM 

Temp'''63"' 65 (66 “68 *709"69> G3) G8" 63. eG) 62.8 sano 

What was the average temperature for the 12-hour period? 

SOLUTION 

We are looking for the average value of a continuous function (temperature) for which 

we know values at discrete times that are one unit apart. We need to find 

b 

af) = sof sla)ar 
without having a formula for f(x). The integral, however, can be approximated by the 
Trapezoidal Rule, using the temperatures in the table as function values at the points of 

a 12-subinterval partition of the 12-hour interval (making h = 1). 

h 

P= 5 (¥o + 291 + yy + +°* + 2yu + Ya) 

1 
= jp (63, 42.65 + 2+ 66 tase + 2° 58.4 55) 

= 782 

Using T to approximate a si (x) dx, we have 

1 1 
Fi —— +782 2 Gas 

TAS ie 1) Soe 12; 

Rounding to be consistent with the data given, we estimate the average temperature as 

65 degrees. Now Try Exercise 7. 

Other Algorithms 
LRAM, MRAM, RRAM, and the Trapezoidal Rule all give reasonable approximations 

to the integral of a continuous function over a closed interval. The Trapezoidal Rule is 

more efficient, giving a better approximation for small values of n, which makes it a faster 

algorithm for numerical integration. 

Indeed, the only shortcoming of the Trapezoidal Rule seems to be that it depends on 
approximating curved arcs with straight segments. You might think that an algorithm that 

approximates the curve with curved pieces would be even more efficient (and hence faster 

for machines), and you would be right. All we need to do is find a geometric figure with a 

straight base, straight sides, and a curved top that has a known area. You might not know 

one, but the ancient Greeks did; it is one of the things they knew about parabolas. 



Parabolic arc 

i 

L M R 

Figure 6.36 The area under the parabolic 

arc can be computed from the length of 

the base LR and the lengths of the alti- 

tudes constructed at L, R, and midpoint M. 

(Exploration 1) 

Parabola 

y= Ax? + Bx+C 

Giz Yo) 

Figure 6.37 A convenient coordinatization 

of Figure 6.36. The parabola has equation 

y = Ax? + Bx + C, and the midpoint of 
the base is at the origin. (Exploration 1) 

What’s in a Name? 

The formula that underlies Simpson’s Rule 

(see Exploration 1) was discovered long 

before Thomas Simpson (1720-1761) was 

born. Just as Pythagoras did not discover 

the Pythagorean Theorem, Simpson did 

not discover Simpson's Rule. It is another 

of history's beautiful quirks that one of 

the ablest mathematicians of 18th-century 

England is remembered not for his suc- 

cessful textbooks and his contributions to 

mathematical analysis, but for a rule that 

was never his, that he never laid claim to, 

and that bears his name only because he 

happened to mention it in one of his 

books. 
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EXPLORATION 1 | Area Under a Parabolic Arc 

The area Ap of a figure having a horizontal base, vertical sides, and a parabolic top 

(Figure 6.36) can be computed by the formula 

h 
Ap = (1+ 4m + 1), 

where h is half the length of the base, / and r are the lengths of the left and right 

sides, and m is the altitude at the midpoint of the base. This formula, once a pro- 

found discovery of ancient geometers, is readily verified today with calculus. 

1. Coordinatize Figure 6.36 by centering the base at the origin, as shown in 

Figure 6.37. Let y = Ax? + Bx + C be the equation of the parabola. Using this 

equation, show that yy) = Ah? — Bh + C, y, = C, and y, = Ah? + Bh+ C. 
2. Show that yy + 4y, + y, = 2Ah? + 6C. 
3. Integrate to show that the area Ap is 

h 
3 (2Ah? + 6C). 

4. Combine these results to derive the formula 

h 
Ap = 3 + 4y, + yp). 

This last formula leads to an efficient rule for approximating integrals numerically. 

Partition the interval of integration into an even number of subintervals, apply the for- 

mula for Ap to successive interval pairs, and add the results. This algorithm is known as 

Simpson’s Rule. 

Simpson's Rule 

To approximate [ if f(x) dx, use 

h 
SS 3 (Yo Ay 2yo + dy, + + 0% 4 Dy, Soe Aye ye 

where [a,b] is partitioned into an even number n of subintervals of equal length 

h=(b-—a)/n. 

EXAMPLE 3 Applying Simpson’s Rule 

Use Simpson’s Rule with n = 4 to approximate ri ee tx, 

SOLUTION 

Partition [ 0, 2] into four subintervals and evaluate y = 5x‘ at the partition points. 

(See Table 6.5 on the next page.) 
continued 
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ad 

TABLE 6.5 

NYO NIWe NIK © 

Then apply Simpson’s Rule with n = 4 and h = 1/2: 

h 
ere. ine. + 2y) + 4y3 + ys) 

= +(0 fe (2) ci Pe N)) (22) + 30) 

_ 385 
12 

This estimate differs from the exact value (32) by only 1/12, a percentage error of 
less than three-tenths of one percent—and this was with just 4 subintervals. 

Now Try Exercise 17. 

There are still other algorithms for approximating definite integrals, most of them 

involving fancy numerical analysis designed to make the calculations more efficient for 

high-speed computers. Some are kept secret by the companies that design the machines. 

In any case, we will not deal with them here. 

Error Analysis 
After finding that the trapezoidal approximation in Example | overestimated the integral, 

we pointed out that this could have been predicted from the concavity of the curve we 

were approximating. 

Knowing something about the error in an approximation is more than just an interesting 

sidelight. Despite what your years of classroom experience might have suggested, exact 

answers are not always easy to find in mathematics. It is fortunate that for all practical 

purposes exact answers are also rarely necessary. (For example, a carpenter who computes 

the need for a board of length V34 feet will happily settle for an approximation when 

cutting the board.) 

Suppose that an exact answer really cannot be found, but that we know that an approxi- 

mation within 0.001 unit is good enough. How can we tell that our approximation is within 

0.001 if we do not know the exact answer? This is where knowing something about the 

error is critical. 

In Exercise 72 on page 250, we saw that if we approximate a function by the tangent 

line at (a, f(a)), then the difference between the true value of f at x and the value given 
by the linear approximation is equal to 5 f”(c)(Ax)*, where Ax is the distance from x to 

a and c is some value between a and x. While we do not know the value of c, we can put 

a bound on this difference if we know that for c between a and x, |f”(c)| is always less 
than or equal to some maximum value, My». We get a similar bound for E7, the error in 

the trapezoidal approximation, 

b— a 
|Er| = ——hMy», 

where [ a, b | is the interval of integration, h is the length of each subinterval, and My is 

the maximum value of |f”(c)| for c in [a,b]. 
It can also be shown that the error Es in Simpson’s Rule depends on h and the fourth 

derivative. It satisfies the inequality 

tp) mel 

180 
|Es| < h4My), 

where [ a, b | is the interval of integration, h is the length of each subinterval, and Ma) is 
the maximum value of | f(4)| on [ a, b], provided that f‘4) is continuous. 

For comparison’s sake, if all the assumptions hold, we have the following error bounds. 
—————— 



Method 

LRAM 

RRAM 

MRAM 

TRAP 

SIMP 

NINT 

Exercise numbers with a gray background indicate problems that the 

authors have designed to be solved without a calculator. 

In Exercises 1-10, tell whether the curve is concave up or concave — 

down on the given interval. 

Gp,» = cose on othe hy 

Subintervals 

50 

50 

50 

50 

50 

Tol = 0.00001 

Value 

0.6453898 

0.5627293 

0.6037425 

0.6040595 

0.6038481 

0.6038482 

Quick Review 6.5 _ (for help, go to Sections 4.4 and 5.3.) 

@ay =x*- 12-5 on [8,17] 

aay = 4x3'— 3x7 +.6 on [-8,0] 

(ay = sin(x/2) on [487,507] 
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Error Bounds 

If T and S represent the approximations to i i f(x) dx given by the Trapezoidal Rule 

and Simpson’s Rule, respectively, then the errors E; and Eg satisfy 

Da [a Sa 
a h’Mp and |E;| < h*Myus). 

If we disregard possible differences in magnitude between My and My), we notice 

immediately that (b — a) /180 is one-fifteenth the size of (b — a)/12, giving S an obvi- 
ous advantage over T as an approximation. That, however, is almost insignificant when 

compared to the fact that the trapezoid error varies as the square of h, while Simpson’s 

error varies as the fourth power of h. (Remember that h is already a small number in most 

partitions.) 

Table 6.6 shows T and S values for approximations of he x 1 /x) dx using various values 

of n. Notice how Simpson’s Rule dramatically improves over the Trapezoidal Rule. In 

particular, notice that when we double the value of n (thereby halving the value of h), the T 

error is divided by 2 squared, while the S error is divided by 2 to the fourth. 

n Ti, |Error| less than... Sn |Error| less than... 

10 0.6937714032 0.0006242227 0.693 1502307 0.0000030502 

20 0.6933033818 0.0001562013 0.6931473747 0.0000001942 

30 0.6932166154 0.0000694349 0.6931472190 0.0000000385 

40 0.693 1862400 0.0000390595 0.6931471927 0.0000000122 

50 0.6931721793 0.0000249988 0.6931471856 0.0000000050 

100 0.6931534305 0.0000062500 0.6931471809 0.0000000004 

This has a dramatic effect as h gets very small. The Simpson approximation for n = 50 

rounds accurately to seven places, and for n = 100 agrees to nine decimal places 

(billionths)! 
We close by showing you the values (Table 6.7) we found for te (sin x) /x dx by six 

different calculator methods. The exact value of this integral to six decimal places is 

0.603848, so both Simpson’s method with 50 subintervals and NINT give results accurate 

to at least six places (millionths). 

@B)y =e on [-5,5] 

@6)y =inx on [100,200] 
1 

@y == o [3,6] 
Gay = cscx on [0,7] 

@S)y = 10 - 10x on (10, 10'°] 
@0)y = sinx-— cosx on [1,2] 
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Section 6.5 Exercises 

In Exercises 1—6, (a) use the Trapezoidal Rule with n = 4 to 

approximate the value of the integral. (b) Use the concavity of the 

function to predict whether the approximation is an overestimate or 

an underestimate. Finally, (c) find the integral’s exact value to check 

your answer. 
2 2 

fe ie 2. [xe 
0 0 
2 2 

eh / x3 dx 4. — dx 
0 1 * 
4 7 

5. Hf Vx dx 6. / sin x dx 
0 0 

7. Use the function values in the following table and the 

Trapezoidal Rule with n = 6 to approximate I eee 

% 0 i 2 3 4 5 6 

felilZaa 1O8 of UE he oye NS 

8. Use the function values in the following table and the 

Trapezoidal Rule with n = 6 to approximate [. mh ena. 

| 2° 48 ee yh) Soe oe Ce as 
Fix) le 19" iy tat eo) 

9. Volume of Water in a Swimming Pool A rectangular 

swimming pool is 30 ft wide and 50 ft long. The table below 

shows the depth h(x) of the water at 5-ft intervals from one end 

of the pool to the other. Estimate the volume of water in the pool 

using the Trapezoidal Rule with n = 10, applied to the integral 

50 

Vie / 30 + A(x) dx. 
0 

Position (ft) Depth (ft) Position (ft) | Depth (ft) 

x h(x) x h(x) 

0 6.0 30 Les 

5 8.2 35 11.9 

10 9.1 40 12.3 

15 9.9 45 12y7 

20 10.5 50 13.0 

25 11.0 

10. Stocking a Fish Pond As the fish and game warden of your 
township, you are responsible for stocking the town pond with 

fish before the fishing season. The average depth of the pond is 

20 feet. Using a scaled map, you measure distances across the 

pond at 200-foot intervals, as shown in the diagram. 

(a) Use the Trapezoidal Rule to estimate the volume of the pond. 

(b) You plan to start the season with one fish per 1000 cubic 

feet. You intend to have at least 25% of the opening day’s 

fish population left at the end of the season. What is the 

maximum number of licenses the town can sell if the 

average seasonal catch is 20 fish per license? 

11. 

12. 

0 ft 

800 ft 

1140 ft 

1160 ft 

1110 ft 

860 ft 

Vertical spacing = 200 ft 

Scarpellone Panther | The accompanying table shows time- 

to-speed data for a 2011 Scarpellone Panther I accelerating from 

rest to 130 mph. How far had the Panther I traveled by the time 

it reached this speed? (Use trapezoids to estimate the area under 

the velocity curve, but be careful: the time intervals vary in 

length.) 

Speed Change: Time 

Zero to (sec) 

30 mph 1.8 

40 mph yl 

50 mph 4.2 

60 mph RED) 

70 mph TA 

80 mph 92 

90 mph lsd 

100 mph 14.6 

* 120 mph 20.9 

130 mph Zoe 

The table below records the velocity of a bobsled at 1-second 

intervals for the first eight seconds of its run. Use the 

Trapezoidal Rule to approximate the distance the bobsled 

travels during that 8-second interval. (Give your final answer 

in feet.) 

Time (seconds) Speed (miles/hr) 

So i=) 

onan fWN 

i) Nn 



In Exercises 13-18, (a) use Simpson’s Rule with n = 4 to approxi- 

mate the value of the integral and (b) find the exact value of the inte- 

gral to check your answer. (Note that these are the same integrals as 

Exercises 1-6, so you can also compare it with the Trapezoidal Rule 

approximation.) 
2 

14. / RUAN 
0 

2 

13, f ras 
0 

D 24 

15, fa a es 
0 1% 

18. | sin x dx 
0 

4 

7: | Vx dx 
0 

19. Consider the integral Wes: == PD ee 

(a) Use Simpson’s Rule with n = 4 to approximate its value. 

E,|? 

(c) Explain how you could have predicted what you found in (b) 

from knowing the error-bound formula. 

(b) Find the exact value of the integral. What is the error, 

(d) Writing to Learn Is it possible to make a general state- 

ment about using Simpson’s Rule to approximate integrals 

of cubic polynomials? Explain. 

20. Writing to Learn In Example 2 (before rounding) we found 
the average temperature to be 65.17 degrees when we used the 

integral approximation, yet the average of the 13 discrete tem- 

peratures is only 64.69 degrees. Considering the shape of the 

temperature curve, explain why you would expect the average of 

the 13 discrete temperatures to be less than the average value of 

the temperature function on the entire interval. 

21. (Continuation of Exercise 20) 

(a) In the Trapezoidal Rule, every function value in the sum is 

doubled except for the two endpoint values. Show that if you 

double the endpoint values, you get 70.08 for the average 

temperature. 

(b) Explain why it makes more sense to not double the endpoint 

values if we are interested in the average temperature over 

the entire 12-hour period. 

22. Group Activity For most functions, Simpson’s Rule gives a 

better approximation to an integral than the Trapezoidal Rule for 

a given value of n. Sketch the graph of a function on a closed 

interval for which the Trapezoidal Rule obviously gives a better 

approximation than Simpson’s Rule for n = 4. 

In Exercises 23-26, use a calculator program to find the Simpson’s Rule 

approximations with n = 50 and n = 100. 
1 

23. [ >i Bax 
=i 

1 

2. | V1+x*dx 
0 

ie sin x 25, a} e 
0 x 

a /2 

26. sh sin (x2) dx 
0 

Section 6.5 Trapezoidal Rule 321 

27. Consider the integral if 5 sin x dx. 

(a) Use a calculator program to find the Trapezoidal Rule 

approximations for n = 10, 100, and 1000. 

(b) Record the errors with as many decimal places of accuracy 

as you can. 

(c) What pattern do you see? 

(d) Writing to Learn Explain how the error bound for E; 

accounts for the pattern. 

28. (Continuation of Exercise 27) Repeat Exercise 27 with 

Simpson’s Rule and Es. 

29. Aerodynamic Drag A vehicle’s aerodynamic drag is deter- 

mined in part by its cross-section area, so, all other things being 

equal, engineers try to make this area as small as possible. Use 

Simpson’s Rule to estimate the cross-section area of the body of 

James Worden’s solar-powered Solectria® automobile at M.I.T. 

from the diagram below. 

30. Wing Design The design of a new airplane requires a gasoline 

tank of constant cross-section area in each wing. A scale draw- 

ing of a cross section is shown here. The tank must hold 5000 Ib 

of gasoline, which has a density of 42 Ib/ft*. Estimate the length 

of the tank. 

a 

yo= lS ft, y,=1.6ft, y,=1.8 ft, y3=1.9 ft, 

y4 =2.0 ft, ys=y— =2.1 ft Horizontal spacing = | ft 
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Standardized Test Questions 

31. True or False The Trapezoidal Rule will underestimate 

LF (x) dx if the graph of f is concave up on [a, b ]. Justify 

your answer. 

32. True or False For a given value of n, the Trapezoidal Rule 
with n subdivisions will always give a more accurate estimate of 

i, f(x) dx than a right Riemann sum with n subdivisions. 

Justify your answer. 

33. Multiple Choice Using 8 equal subdivisions of the interval 

[2, 12], the LRAM approximation of f, f(x) dx is 16.6 and 
the trapezoidal approximation is 16.4. What is the RRAM 

approximation? 

(A) 16.2 (B) 16.5 

(C) 16.6 (D) 16.8 

(E) It cannot be determined from the given information. 

34. Multiple Choice If three equal subdivisions of [—2, 4] are 

: : “tebe, Lae 
used, what is the trapezoidal approximation of if. a. dx? 

(A) e+ + e2 + & +e? 

(B) e4 + 2e? + 2e9 + e~? 

1 
(C) Ss + e? + e® +e?) 

1 
(D) 5 (et + 2e? + 2e° + e~?) 

1 
(E) gies + 2e? + 2e9 + e? 

35. Multiple Choice The trapezoidal approximation of 

M te sin x dx using 4 equal subdivisions of the interval of integra- 

tion is 

(A) = 
2 

(B) 7 

(C)F (1+ V2) 

(D) (1 + V2) 

(E) 7 (2 + V2) 

36. Multiple Choice Suppose f, f’, and f” are all positive on the 

interval [ a, b], and suppose we compute LRAM, RRAM, and 

trapezoidal approximations of J = ) y (x) dx using the same 

number of equal subdivisions of [ a, b |. If we denote the three 

approximations of J as L, R, and T respectively, which of the fol- 

lowing is true? 

(AVR eS PEE 

(Cy L oP eter 

(BE). <i] Rar 

(BYR Se 

(D) i at = Ta 

Explorations 
37. Consider the integral it sin (x?) dx. 

(a) Find f" for f(x) = sin (x?). 
(b) Graph y = f”(x) in the viewing window [—1, 1] by 

[ge 
(c) Explain why the graph in part (b) suggests that |f’(x)| = 3 

for lp=—a alr 

(d) Show that the error estimate for the Trapezoidal Rule in this 

case becomes 

=>, lz| <4 
(e) Show that the Trapezoidal Rule error will be less than or 

equal to 0.01 ifh = 0.1. 

(f) How large must n be for h = 0.1? 

38. Consider the integral if sin (x?) dx. 

(a) Find f() for f(x) = sin (x?). (You may want to check your 
work with a CAS if you have one available.) 

(b) Graph y = f4)(x) in the viewing window [—1, 1] by 
[-30, 10]. 

(c) Explain why the graph in part (b) suggests that | f(4)(x)| = 30 

for lease 

(d) Show that the error estimate for Simpson’s Rule in this case 

becomes 

iB S| Se la <4 
(e) Show that the Simpson’s Rule error will be less than or equal 

to 0.01 if h = 0.4. 

(f) How large must n be for h = 0.4? 

Extending the Ideas 
39. Using the definitions, prove that, in general, 

_ LRAM,, + RRAM,, 
n 2 

40. Using the definitions, prove that, in general, 

MRAM, + 27, 

5 cn eum OF 

a en 
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You may use a graphing calculator to solve the following problems. 

1. Multiple Choice The function f is continuous on the closed 

interval [1,7] and has values that are given in the table below. 

f) 10 30 

Using the subintervals [1,4], [4,6], and [6, 7], what is the 

trapezoidal approximation of : f(x) dx? 

(A) 110 (B) 130 (C)160 (D) 190 (E) 210 

2. Multiple Choice Let F(x) be an antiderivative of sin? x. 
If F(1) = 0, then F(8) = 

7 

3. Multiple Choice Let f(x) = tee dt. At what value of x 
is f(x) a minimum? 

(A) For no value of x (B) ; (C) : (D)2 (E)3 

20 4. Free Response Let F(x) = Je sin (12's for'0' Six = 3. 

(a) Use the Trapezoidal Rule with four equal subdivisions of the 

closed interval [0,2] to approximate F(2). 

(b) On what interval or intervals is F increasing? Justify your 

answer. 

(c) If the average rate of change of F on the closed interval 

[0,3] is k, find Jo sin (rt) dt in terms of k. 
(A) 0.00 (B) 0.021 (C) 0.373 (D) 0.632 (E) 0.968 

| Key Terms 

accumulator function (p. 288) 

area under a curve (p. 285) 

average value (p. 295) 

bounded function (p. 289) 

cardiac output (p. 275) 

characteristic function of the rationals 

(p. 290) 

definite integral (p. 283) 

differential calculus (p. 269) 

dummy variable (p. 284) 

error bounds (p. 319) 

Fundamental Theorem of Calculus, 

Antiderivative Part (p. 302) 

Fundamental Theorem of Calculus, 

- Evaluation Part (p. 307) 

integrable function (p. 283) 

Review Exercises 

integral calculus (p. 269) 

Integral Evaluation Theorem (p. 307) 

integral of f from a to b (p. 284) 

integral sign (p. 284) 

integrand (p. 284) 

lower bound (p. 294) 

lower limit of integration (p. 284) 

LRAM (p. 272) 

mean value (p. 295) 

Mean Value Theorem for Definite Integrals 

(p. 296) 

MRAM (p. 272) 

net area (p. 286) 

NINT (p. 289) 

norm of a partition (p. 282) 

partition (p. 281) 

Rectangular Approximation Method 

(RAM) (p. 272) 

regular partition (p. 283) 

Riemann sum (p. 281) 

Riemann sum for f on the interval | a, b | 

(p. 282) 

RRAM (p. 272) 

sigma notation (p. 281) 

Simpson’s Rule (p. 317) 

subinterval (p. 282) 

total area (p. 308) 

Trapezoidal Rule (p. 315) 

upper bound (p. 294) 

upper limit of integration (p. 284) 

variable of integration (p. 284) 

Exercise numbers with a gray background indicate problems that the 

authors have designed to be solved without a calculator. 

The collection of exercises marked in red could be used as a chapter 

test. 

Exercises 1-6 refer to the region R in the first quadrant enclosed by 

the x-axis and the graph of the function y = 4x — x?. 

1. Sketch R and partition it into four subregions, each with a base 

of length Ax = 1/2. 

approximation. 

Calculus. 

n 
2. Sketch the rectangles and compute (by hand) the area for the 10 

LRAM, approximation. 20 

3. Sketch the rectangles and compute (by hand) the area for the 30 

‘MRAM, approximation. 50 

4. Sketch the rectangles and compute (by hand) the area for the 100 

RRAM, approximation. 1000 

5. Sketch the trapezoids and compute (by hand) the area for the Ty 

6. Find the exact area of R by using the Fundamental Theorem of 

7. Use a calculator program to compute the RAM approximations 

in the following table for the area under the graph of y = 1/x 

from x = 1 tox = 5. 

LRAM, MRAM,  RRAM, 
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8. (Continuation of Exercise 7) Use the Fundamental Theorem of 

Calculus to determine the value to which the sums in the table 

are converging. 

9. Suppose 

[x as [5 dx = 3, [se dx = 2. 

Which of the following statements are true, and which, if any, 

are false? 

(a) ‘f f(x) de = -3 
5 

(b) ie [PoWnea 2 
(c) f(x) = g(x) ontheinterval —2 =x=5 

10. The region under one arch of the curve y = sin x is revolved 

around the x-axis to form a solid. (a) Use the method of 

Example 4, Section 6.1, to set up a Riemann sum that approxi- 

mates the volume of the solid. (b) Write the limit of the 

Riemann sum as a definite integral and then find the volume 

using NINT. 

11. The accompanying graph shows the velocity (m/sec) of a body 

moving along the s-axis during the time interval from t = 0 to 

t = 10 sec. (a) About how far did the body travel during those 

10 seconds? 

Velocity (m/sec) 

Time (sec) 

(b) Sketch a graph of position (s) as a function of time (t) for 

0 <tr < 10, assuming s(0) = 0. 

12. The interval [0, 10] is partitioned into n subintervals of length 

Ax = 10/n. We form the following Riemann sums, choosing 

each c, in the k” subinterval. Write the limit as n — oo of each 

Riemann sum as a definite integral. 

(a) S (c,)2Ax (b) Sq,(sin cy) Ax 
k=1 k=l 

(c) Sc See — 2)*Ax (d) Ss + ch) Ax 
k=1 k1 

(e) Sx(9 — sin?(ae,/10))Ax 
iI 

In Exercises 13 and 14, find the total area between the curve and the 

X-axis. 

Wiy=4--x 0=x=6 

14.y =cosx, 0OSx=s7 

In Exercises 15-24, evaluate the integral analytically by using the 

Integral Evaluation Theorem (Evaluation Part of the Fundamental 

Theorem, Theorem 4). 
2 5 

15. / 5 dx 16. | 4x dx 
£5) 2 

a/4 1 

17. / cos x dx 18. fi (3x% — 45 +7) ax 
0 = 

1 24 

19. / (8521125 85) ds 20. | 5d 
0 1 * 

27 4 

21. / y~4 dy 22. / GEE 
1 rtVi 

1/3 e 

23) | sec? 6 dO 24. / (1/x) dx 
0 1 

In Exercises 25-29, evaluate the integral. 

rae . 1 
Sse 26) [ (x+5)a 

oa oactaten. li) 1 x 

0 1 
27. / sec x tan x dx 28. / 2x sin (1 — x?) dx 

—1/3 at 

2 
2 

. | ——d 
Bla a 

In Exercises 30-32, evaluate the integral by interpreting it as area 

and using formulas from geometry. 
2 8 

a0 [ Vi— Fas a [ |s|ax 
0 -4 

8 
32. i 2V 64 — x? dx 

-8 

33. Oil Consumption on Pathfinder Island A diesel genera- 
tor runs continuously, consuming oil at a gradually increasing 

rate until it must be temporarily shut down to have the filters 

replaced. 

Oil Consumption Rate 
Day (liters/hour) 

Sun 0.019 

Mon 0.020 

Tue 0.021 

Wed 0.023 

Thu 0.025 

Fri 0.028 

Sat 0.031 

Sun 0.035 

(a) Give an upper estimate and a lower estimate for the amount 

of oil consumed by the generator during that week. 

(b) Use the Trapezoidal Rule to estimate the amount of oil con- 

sumed by the generator during that week. mae 



34. 

35. 

36. 

37. 

38. 

Rubber-Band-Powered Sled A sled powered by a wound 

rubber band moves along a track until friction and the unwinding 

of the rubber band gradually slow it to a stop. A speedometer in 

the sled monitors its speed, which is recorded at 3-second intervals 

during the 27-second run. 

Time (sec) Speed (ft/sec) 

0) 5.30 

5 5) 

6 5.04 

9 4.71 

12 4.25 

15 3.66 

18 2.94 

21 2.09 

24 LaLa 

2] 0 

(a) Give an upper estimate and a lower estimate for the distance 

traveled by the sled. 

(b) Use the Trapezoidal Rule to estimate the distance traveled by 

the sled. 

Writing to Learn Your friend knows how to compute integrals 

but never could understand what difference the “dx” makes, claim- 

ing that it is irrelevant. How would you explain to your friend why 

it is necessary? 

The function 

ee x=0 

RH D, Fz 
C2 

is discontinuous at 0, but integrable on [—4, 4]. Find Es f(x) dx. 

Show that 0 = i V1 + sin? xdx < V2. 

Find the average value of 

(a) y= Vx over the interval [0,4]. 

(b) y = a\/x over the interval [0, a]. 

In Exercises 39-42, find dy/dx. 

39. 

41. 

43. 

x IPE 

y= f V2+costdt 40.y= V2 + cos? tdt 
2 2 

sty oa 
i> | gaat a y— fad 
Printing Costs Including start-up costs, it costs a printer $50 

to print 25 copies of a newsletter, after which the marginal cost 

at x copies is 

2 
NE Pe dollars per copy. 
dx Vx 

Find the total cost of printing 2500 newsletters. 

. Average Daily Inventory Rich Wholesale Foods, a manufac- 

turer of cookies, stores its cases of cookies in an air-conditioned 

warehouse for shipment every 14 days. Rich tries to keep 600 

cases on reserve to meet occasional peaks in demand, so a typical 

14-day inventory function is /(t) = 600 + 6007,0 = 1 = 14. 
The holding cost for each case is 4¢ per day. Find Rich’s aver- 

age daily inventory and average daily holding cost (that is, the 

average of J(x) for the 14-day period, and this average multi- 
plied by the holding cost). 

45. Solve for x: 5 (t? — 2t + 3)dt = 4. 

46. 

47. 

48. 

49. 

50. 

51. 
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Suppose f(x) has a positive derivative for all values of x and that 

f(1) = 0. Which of the following statements must be true of 

Rox i; f(t) an 
(a) gis a differentiable function of x. 

(b) gis a continuous function of x. 

(c) The graph of g has a horizontal tangent line at x = 1. 

(d) g has a local maximum at x = 1. 

(e) g has a local minimum at x = 1. 

it. 

(g) The graph of dg /dx crosses the x-axis at x = 1. 

Suppose F(x) is an antiderivative of f(x) = V1 + x*. Express 

1k V1 + x* dx in terms of F. 

(f) The graph of g has an inflection point at x 

Express the function y(x) with 

dy sinx 
—=-— and y(5) =3 al 

as a definite integral. 

Show that y = x? + [ '(1/t) dt + 1 satisfies both of the fol- 
lowing conditions: 

. ” 2 1 iy ea yy a 

iii y= 2 and y’=3 when x=1. 

Writing to Learn Which of the following is the graph of the 

function whose derivative is dy/dx = 2x and whose value at 

x = 1 is 4? Explain your answer. 

y y y 

Sta pdm [40 eedanels Oly a daa 

(a) (b) (c) 

Fuel Efficiency An automobile computer gives a digital read- 

out of fuel consumption in gallons per hour. During a trip, a pas- 

senger recorded the fuel consumption every 5 minutes for a full 

hour of travel. 

time gal/h time gal/h 

0 DES 35 2.5 

5 2.4 40 2.4 

10 2.3 45 2.3 

15 2.4 50 2.4 

20 2.4 55 2.4 

25 2.5 60 D3 

30 2.6 

(a) Use the Trapezoidal Rule to approximate the total fuel 

consumption during the hour. 
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52. 

53. 
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(b) If the automobile covered 60 miles in the hour, what was its 

fuel efficiency (in miles per gallon) for that portion of the trip? 

Skydiving Skydivers A and B are in a helicopter hovering 

at 6400 feet. Skydiver A jumps and descends for 4 sec before 

opening her parachute. The helicopter then climbs to 7000 feet 

and hovers there. Forty-five seconds after A leaves the aircraft, 

B jumps and descends for 13 sec before opening her parachute. 

Both skydivers descend at 16 ft/sec with parachutes open. 

Assume that the skydivers fall freely (with acceleration 

—32 ft/sec?) before their parachutes open. 

(a). At what altitude does A’s parachute open? 

(b) At what altitude does B’s parachute open? 

(c) Which skydiver lands first? 

Relating Simpson’s Rule, MRAM, and T The figure below 

shows an interval of length 2h with a trapezoid, a midpoint rect- 

angle, and a parabolic region on it. 

y 

(a) Show that the area of the trapezoid plus twice the area of the 

rectangle equals 

h(y, + 4y2 + ys). 

(b) Use the result in part (a) to prove that 

2+ MRAM, + T, 
Soe wevicrea © 

. The graph of a function f consists of a semicircle and two line 

segments as shown below. 

Let g(x) = fi f(t) dt. 
(a) Find g(1). : 
(b) Find g(3). By - 

(c) Find g(-1). 

(d) Find all values of x on the open interval (—3, 4) at which g 
has a relative maximum. 

(e) Write an equation for the line tangent to the graph of g at 
b Po heed 

ts ed C= 

(f) Find the x-coordinate of each point of inflection of the graph 

of g on the open interval (—3, 4). 

(g) Find the range of g. 

55. What is the total area under the curve y = e~*/?? 

The graph approaches the x-axis as an asymptote both to the left 

and the right, but quickly enough so that the total area is a finite 

number. In fact, 

NINT (e7*/2, x, —10, 10) 

computes all but a negligible amount of the area. 

(a) Find this number on your calculator. Verify that NINT 

(e~*/?, x, -20, 20) does not increase the number enough 
for the calculator to distinguish the difference. 

(b) This area has an interesting relationship to 7. Perform 

various (simple) algebraic operations on the number to 

discover what it is. 

56. Filling a Swamp A town wants to drain and fill the small 

polluted swamp shown below. The swamp averages 5 ft deep. 

About how many cubic yards of dirt will it take to fill the area 

after the swamp is drained? 

146 ft 

Horizontal spacing = 20 ft 

57. Household Electricity We model the voltage V in our homes 

with the sine function 

‘ V = Voax Sin (120 rt), 

which expresses V in volts as a function of time f in seconds. 

The function runs through 60 cycles each second. The number 

Vmax 1s the peak voltage. 

To measure the voltage effectively, we use an instrument that 

measures the square root of the average value of the square of 

the voltage over a 1-second interval: 

Vims aN tor 

The subscript “rms” stands for “root mean square.” It turns out that 

15 volts ac” means that the rms volt- 

Vinax 

trv il NARAC Ss 



AP* Examination Preparation 
You may use a graphing calculator to solve the following problems. 

58. The rate at which water flows out of a pipe is given by a differ- 

entiable function R of time t. The table below records the rate at 

4-hour intervals for a 24-hour period. 

t R(t) 

(hours) (gallons per hour) 

0 9.6 

4 10.3 

8 10.9 

12 11.1 

16 10.9 

20 10.5 

24 9.6 

(a) Use the Trapezoidal Rule with 6 subdivisions of equal length 
: 24 ; : 

to approximate fi 9 R(t) dt. Explain the meaning of your 

answer in terms of water flow, using correct units. 

(b) Is there some time ft between 0 and 24 such that R’(t) = 0? 
Justify your answer. 

(c) Suppose the rate of water flow is approximated by 

Q(t) = 0.01(950 + 25x — x”). Use Q(t) to approximate 
the average rate of water flow during the 24-hour period. 

Indicate units of measure. 

59. 

60. 
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Let f be a differentiable function with the following properties. 

f(x) = Gxt be 2 We fC) = S6iand f"(x) = 6 

iii, [7 f(x) dx = 14 
Find f(x). Show your work. 

The graph of the function f, consisting of three line segments, 

is shown below. 

Let g(x) = J; f(t) dt. 

(a) Compute g(4) and g(—2). 

(b) Find the instantaneous rate of change of g, with respect to 

Micat Kim oe : 

(c) Find the absolute minimum value of g on the closed 

interval | —2, 4]. Justify your answer. 

(d) The second derivative of g is not defined at x = 1 and 

x = 2, Which of these values are x-coordinates of points 

of inflection of the graph of g? Justify your answer. 
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CHAPTER 7 [fe 

One of the early accomplishments of calculus was predicting the future position of a planet 

from its present position and velocity. Today this is just one of many situations in which 

we deduce everything we need to know about a function from one of its known values 

and its rate of change. From this kind of information, we can tell how long a sample of 

radioactive polonium will last; whether, given current trends, a population will grow or 

become extinct; and how large major league baseball salaries are likely to be in the year 

2020. In this chapter, we examine the analytic, graphical, and numerical techniques on 

which such predictions are based. 

Slope Fields and Euler’s Method 
You will be able to use slope fields 

to analyze solution curves to differ- 

ential equations, and you will be able 

to use Euler’s method to construct 

solutions numerically. 

¢ Differential equations 

¢ General and particular solutions 

of differential equations 

* Solving exact differential equations 
¢ Slope fields 

¢ Euler's Method 

Differential Equations 

We have already seen how the discovery of calculus enabled mathematicians to solve 

problems that had befuddled them for centuries because the problems involved moving 

objects. Leibniz and Newton were able to model these problems of motion by using equa- 

tions involving derivatives—what we call differential equations today, after the notation © 

of Leibniz. Much energy and creativity has been spent over the years on techniques for 

solving such equations, which continue to arise in all areas of applied mathematics. 

DEFINITION Differential ave 

ation. The bpleboba 

EXAMPLE 1 Solving a Differential Equation 

Find all functions y that satisfy dy/dx = sec?x + 2x + 5. 

SOLUTION 

We first encountered this sort of differential equation (called exact because it aa the 
derivative exactly) in Chapter 5. The solution can be any antiderivative of sec? x + 

2x + 5, which can be anyck eUBCHOD of the form y = tanx + x? + 5x + C. That family 

of functions is the general solution to the differential equation. 

Now Try Exercise 1. 

Notice that we cannot find a unique solution to a differential equation unless we are 

given further information. If the general solution to a first-order differential equation is 

continuous, the only oe information needed is the value of the function at a single 

perme se an in ondition. A differential equation with an BE condition is called 

al value n. It has a unique solution, called the particular solution to the 
differential siiihttiea 

EXAMPLE 2 Solving an Initial Value Problem 

Find the particular solution to the equation dy/dx = e* — 6x? whose graph passes 

through the point (1, 0). 

SOLUTION 

The general solution is y = e* — 2x? + C. Applying the initial condition that y = 0 
when x = 1, we have 0 = e — 2 + C, from which we conclude that C = 2 — e. 

Therefore, the particular solution is y = e* — 2x3 + 2—e. Now Try Exercise 13. 
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An initial condition determines a particular solution by requiring that a solution curve 

pass through a given point. If the curve is continuous, this pins down the solution on the 

entire domain. If the curve is discontinuous, the initial condition pins down only the con- 

tinuous piece of the curve that passes through the given point. In this case, the domain of 

the solution must be specified. 

EXAMPLE 3 Handling Discontinuity in an Initial Value Problem | 

Find the particular solution to the differential equation dy /dx = x — sec*x with the 

initial condition that y = 3 when x = 0. 
aee: | 

| 

<1 SOLUTION 

: The general solution is y = x7/2 — tanx + C. Applying the initial condition, we 
F TE d WES: 
I aM age Ree a have 3 = 0 — 0 + C. Therefore, the particular solution is y = yf 2 tanitiete oO: 

function y = x?/2 — tanx + 3, which 
satisfies the conditions of the initial value 

problem in Example 3. Note that the initial 

condition y = 3 when x = 0 “pins down” 

only the blue section of the curve. The red 

sections could move up and down, and the 

function would still solve the initial value 

problem. (Example 3) 

Since the function is discontinuous, the initial condition guarantees a unique solu- 

tion only over the interval (—77/2, 7/2). (See Figure 7.1.) We must therefore add the 

domain stipulation that the particular solution is valid for —7 NPE RR yh 9 

Now Try Exercise 15. — 

Sometimes we are unable to find an antiderivative to solve an initial value problem, but 

we can still find a solution using the Fundamental Theorem of Calculus. 

EXAMPLE 4 Using the Fundamental Theorem to Solve 

an Initial Value Problem 

Find the solution to the differential equation f'(x) = e~* for which f(7) = 3. 

SOLUTION 

This almost seems too simple, but f(x) =f. . e dt + 3 has both of the neces- 

sary properties! Clearly, f(7) = fe dt +3=0+ 3 +3, and f'(x) =e~ 

by the Fundamental Theorem. The integral form of the solution in Example 4 might 

seem less desirable than the explicit form of the solutions in Examples 2 and 3, but 

(thanks to modern technology) it does enable us to find f(x) for any x. For example, 

f(-2) = fr?e* dt + 3 = NINT (e"(-1?), #,7,—-2) + 3 = 1.2317. 
Now Try Exercise 21. 

, { 

EXAMPLE 5 Graphing a General Solution 

Graph the family of functions that solve the differential equation dy /dx = cos x. 

SOLUTION 

Any function of the form y = sinx + C solves the differential equation. We cannot 

graph them all, but we can graph enough of them to see what a family of solutions 

would look like. The command {—3,—2,—1, 0, 1, 2, 3, } — L, stores seven values of 

C in the list Ly. Figure 7.2 shows the result of graphing the function ¥, = sin(x); + Ly. 

- Tai) ual alam hte gash a lan wip st WARK » Now Try Exercises 25-28. 
*2,eR8 

Figure 7.2 A graph of the family of 
functions ¥, = sin(x) + Ly, where 
Ly = {-3,> =1,0,1,2,3}. This. raph 
shows some of the functions that satisfy _ 

the differential equation dy/dx = cos x. _ 
(Example 5) ~ af 



[-2n, 21] by [-4, 4] 

(a) 
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[—21, 27] by [—4, 4] 

[—21, 21] by [—4, 4] 

(d) 

Figure 7.3 The steps in constructing a 

1 slope field for the differential equation 

dy /dx = cos x. (Example 6) 
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_EXPLORATION 1 | Seeing the Slopes 

Figure 7.2 shows the general solution to the exact differential equation dy/dx = cos x. 

1. Since cos x = 0 at odd multiples of 7/2, we should “see” that dy/dx = 0 at the 
odd multiples of 77/2 in Figure 7.2. Is that true? How can you tell? 

2. Algebraically, the y-coordinate does not affect the value of dy/dx = cos x. 

Why not? 

3. Does the graph show that the y-coordinate does not affect the value of dy/dx? 

How can you tell? 

4. According to the differential equation dy/dx = cos x, what should be the slope 

of the solution curves when x = 0? Can you see this in the graph? 

5. According to the differential equation dy/dx = cos x, what should be the slope 

of the solution curves when x = 7? Can you see this in the graph? 

6. Since cos x is an even function, the slope at any point should be the same as the 

slope at its reflection across the y-axis. Is this true? How can you tell? 

Slope Fields 

Suppose we want to produce Figure 7.2 without actually solving the differential equa- 

tion dy/dx = cos x. Since the differential equation gives the slope at any point (x, y), 

we can use that information to draw a small piece of the linearization at that point, which 

(thanks to local linearity) approximates the solution curve that passes through that point. 

Repeating that process at many points yields an approximation of Figure 7.2 called a slope 

field. Example 6 shows how this is done. 

EXAMPLE 6 Constructing a Slope Field 

Construct a slope field for the differential equation dy/dx = cos x. 

SOLUTION | 
We know that the slope at any point (0, y) will be cos 0 = 1, so we can‘start by draw- 
ing tiny segments with slope | at several points along the y-axis (Figure 7.3a). Then, 

since the slope at any point (7, y) or (—77, y) will be —1, we can draw tiny segments 
with slope —1 at several points along the vertical lines x = a and x = —7 (Figure 7.3b). 

The slope at all odd multiples of 77/2 will be zero, so we draw tiny horizontal seg- 

ments along the lines x = +7/2 and x = +37/2 (Figure 7.3c). Finally, we add tiny 

segments of slope | along the lines x = +27 (Figure 7.3d). 

Now Try Exercise 29. 

To illustrate how a family of solution curves conforms to a slope field, we superimpose 

the solutions in Figure 7.2 on the slope field in Figure 7.3d. The result is shown in Figure 7.4 

on the next page. 

We could get a smoother-looking slope field by drawing shorter line segments at more 

points, but that can get tedious. Happily, the algorithm is simple enough to be programmed 

into a graphing calculator. One such program, using a lattice of 150 sample points, pro- 

duced in a matter of seconds the graph in Figure 7.5 on the next page. 

It is also possible to produce slope fields for differential equations that are not of the 

form dy/dx = f(x). We will study analytic techniques for solving certain types of 
these nonexact differential equations later in this chapter, but you should keep in mind 

that you can graph the general solution with a slope field even if you cannot find it 

analytically. 
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Differential Equation Mode 
EERE 

lf your calculator has a differential equation 

mode for graphing, it is intended for graph- 

ing slope fields. The usual “Y=” turns into 

a “dy/dx = " screen, and you can enter a 

function of x and/or y. The grapher draws 

a slope field for the differential equation 

when you press the GRAPH button. 

Can We Solve the Differential 

Equation in Example 7 
EE ere 

Although it looks harmless enough, the 

differential equation dy/dx = x + y is not 

easy to solve until you have seen how it is 

done. It is an example of a first-order 

linear differential equation, and its general 

solution is 

y= CHS Xi 

(which you can easily check by verifying 

that dy/dx = x + y). We will defer the 

analytic solution of such equations to a 

later course. 

[-27r, 27] by [-4, 4] [-2n, 27] by [-4, 4] 

Figure 7.4 The graph of the general solution Figure 7.5 A slope field produced by a graphing 

in Figure 7.2 conforms nicely to the slope calculator program. 

field of the differential equation. (Example 6) 

EXAMPLE 7 Constructing a Slope Field for a Nonexact 

Differential Equation 

Use a calculator to construct a slope field for the differential equation dy/dx = x + y 

and sketch a graph of the particular solution that passes through the point (QO %r 

SOLUTION 

The calculator produces a graph like the one in Figure 7.6a. Notice the following prop- 

erties of the graph, all of them easily predictable from the differential equation: 

1. The slopes are zero along the line x + y = 0 (The horizontal segments do not 

exactly appear in this calculator window, but you can see where they would be.) 

2. The slopes are —1 along the line x + y = —1. 

3. The slopes get steeper as x increases. 

4. The slopes get steeper as y increases. 

The particular solution can be found by drawing a smooth curve through the point 

(2, 0) that follows the slopes in the slope field, as shown in Figure 7.6b. 

[—4.7, 4.7] by [-3:1, 3.1] [-4.7,4.7] by [-3.1, 3.1] 

(a) (b) 

Figure 7.6 (a) A slope field for the differential equation dy/dx = x + y, and (b) the same slope 

field with the graph of the particular solution through (2, 0) superimposed. (Example 7) 

Now Try Exercise 35. 

EXAMPLE 8 Matching Slope Fields with Differential Equations 

Use slope analysis to match each of the following differential equations with one of the 

slope fields (a) through (d). (Do not use your graphing calculator.) 

continued 



Slope dy/dx 
(x + Ax, y + Ay) 

Ay = (dy/dx) Ax 

Figure 7.7 How Euler’s Method moves 

along the linearization at the point (x, y) 
to define a new point (x + Ax, y + Ay). 
The process is then repeated, starting with 

the new point. 

N WwW £f 

@) 
2t92.2-2:4' ZO 28% 3 

Figure 7.8 Euler’s Method is used to 

construct an approximate solution to an 

initial value problem between x = 2 and 

x = 3. (Example 9) 
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(a) (b) (c) (d) 

To match Equation 1, we look for a graph that has zero slope along the line x — y = 0. 

That is graph (b). 

To match Equation 2, we look for a graph that has zero slope along both axes. That is 

graph (d). 

To match Equation 3, we look for a graph that has horizontal segments when x = 0 

and vertical segments when y = 0. That is graph (a). 

To match Equation 4, we look for a graph that has vertical segments when x = 0 and 

horizontal segments when y = 0. That is graph (c). 

Now Try Exercise 39. 

Euler’s Method 

In Example 7 we graphed the particular solution to an initial value problem by first pro- 

ducing a slope field and then finding a smooth curve through the slope field that passed 

through the given point. In fact, we could have graphed the particular solution directly, by 

starting at the given point and piecing together little line segments to build a continuous 

approximation of the curve. This clever application of local linearity to graph a solution 

without knowing its equation is called Eu hod. 

Euler's Method for Graphing a Solution to an Initial Value Problem 

1. Begin at the point (x, y) specified by the initial condition. This point will be on 

the graph, as required. 

2. Use the differential equation to find the slope dy/dx at the point. 

3. Increase x by a small amount, Ax. Increase y by a small amount, Ay, where 

Ay = (dy/dx)Ax. This defines a new point (x + Ax, y + Ay) that lies along 
the linearization (Figure 7.7). 

4. Using this new point, return to step 2. Repeating the process constructs the graph 

to the right of the initial point. 

5. Toconstruct the graph moving to the left from the initial point, repeat the process 

using negative values for Ax. 

We illustrate the method in Example 9. 

EXAMPLE 9 Applying Euler’s Method 

Let f be the function that satisfies the initial value problem in Example 7 (that is, 

dy/dx = x + yand f(2) = 0). Use Euler’s Method and increments of Ax = 0.2 
to approximate f(3). 

SOLUTION 

We use Euler’s Method to construct an approximation of the curve from x = 2 to 

x = 3, pasting together five small linearization segments (Figure 7.8). Each segment 
continued 
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will extend from a point (x, y) to a point (x + Ax,y + Ay), where Ax = 0.2 and 

Ay = (dy/dx) Ax. The following table shows how we construct each new point from 

the previous one. 

(x, y) dy/dx =x +y Ax Ay = (dy/dx)Ax (x Ax y trAy) 

(2,0) 2 0.2 0.4 (2.2, 0.4) 

(2.2, 0.4) 2.6 02 0.52 (2.4, 0.92) 

(2.4, 0.92) macy) 0.2 0.664 (2.6, 1.584) 

(2.6, 1.584) 4.184 0.2 0.8368 (2.8, 2.4208 ) 

(2.8, 2.4208) 5.2208 0.2 1.04416 (3, 3.46496) 

Euler’s Method leads us to an approximation f(3) ~ 3.46496, which we would more 

reasonably report as f(3) ~ 3.465. Now Try Exercise 51. 

You can see from Figure 7.8 that Euler’s Method leads to an underestimate when the 

curve is concave up, just as it will lead to an overestimate when the curve is concave down. 

You can also see that the error increases as the distance from the original point increases. 

In fact, the true value of f(3) is about 4.155, so the approximation error is about 16.6%. 

We could increase the accuracy by taking smaller increments—a reasonable option if we 

have a calculator program to do the work. For example, 100 increments of 0.01 give an 

estimate of 4.1144, cutting the error to about 1%. 

EXAMPLE 10 Moving Backward with Euler’s Method 

If dy/dx = 2x — y and if y = 3 when x = 2, use Euler’s Method with five equal steps 

to approximate y when x = 1.5. 

SOLUTION 

Starting at x = 2, we need five equal steps of Ax = —0.1. 

(x,y) dy/dx = 2x — y Ax Ay = (dy/dx)Ax (x  Axy a Ay) 

C23) 1 =0. 1 s= (i 61,9;2.9) 

(1.9, 2.9) 0.9 01 —0.09 (1.8, 2.81) 

(1.8, 2.81) 0.79 0.1 —0.079 (1.7, 2.731) 

(1.7, 2.731) 0.669 0.1 ~0.0669 (1.6, 2.6641) 

(1.6, 2.6641) re O89) —0.1 —0.05359 (1.5, 2.61051) 

The value at x = 1.5 is approximately 2.61. (The actual value is about 2.649, so the 

percentage error in this case is about 1.4%.) Now Try Exercise 55. © 
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Exercise numbers with a gray background indicate problems that the 

authors have designed to be solved without a calculator. 

In Exercises 1-8, determine whether or not the function y satisfies 

the differential equation. 

Section 7.1 Exercises 

dy 1 
6.— = —- SW? i es y V2x 

eee = ay) tan y = secx 

d 
8) =» en 

In Exercises 9-12, find the constant C. 

By = 3x2 + 4x + Cand y = 2 whenx = 1 

10. y = 2sinx — 3cosx + C and y = 4 when x = 0 

ay = e* + secx + Cand y = 5 whenx = 0 

12. y = tan! x + In(2x — 1) + Cand y = w whenx = 1 

In Exercises 1-10, find the general solution to the exact differential 

equation. 

é dy 

ey — = 5x* — sec? x 
a aX 

& 2 B = secxtanx — e* 
oo dx 

sm, LY 
Gay — = sinx — e* + 8&3 sin x é€ X 

om yo 1 
@e-—---sS> 
ee oso ee) 

gare, LY 1 
Be. — = x =. g5 - 5* In 5 = ie 

(Ore, 
1 — x? Vx 

ah 
- = 3t? cos(t?) 

oem, LY 
6.— = 
GE dx 

ma 2) = sint €s. ab (cos t) e 

3 = yee Nee 

‘10. > = 4 (sin u)*(cos u) 

In Exercises 11-20, solve the initial value problem explicitly. 

dy 
aD- = 3 sinx and y = 2 when x = 0 

d 
G2- - 2e* — cos x and y = 3 when x = 0 

G3) = 705 - 3x2 + 5 anu = 1 when x = 1 

dA r 
_ 10x? + 5x+ — 2x + 4 and A = 6 when x = 1 

dy _ 1 3) i e 
i. 2 at Wandy = 3 whenx = 1 

d 3 
ee) and yi ho 

dx 2 

peg apa ith Pople cy biel) aly oy 2G -— = n2 andy = 3 whent = 
dt 1+? o 

ake Il 
a. tO ands — 0 when? = 

dt t t 

d 
19) = 4secrtant + e' + 6r and v = 5 when 1 = 0 

d. 
BD = t(3t — 2) and s = 0 whent = 1 

In Exercises 21—24, solve the initial value problem using the Funda- 

mental Theorem. (Your answer will contain a definite integral.) 

dy. 
a sin (x?) and y = 5 when x = 1 

me CL 
B— = V2 + cosxandu = —3 when x = 0 

Ba F(x) = e°°** and F(2) = 9 

(24)G'(s) = Wtan s and G(0) = 4 

In Exercises 25—28, match the differential equation with the graph of 

a family of functions (a)—(d) at the top of the next page that solve it. 

Use slope analysis, not your graphing calculator. 

gy” = (cin x? ga? TaN 2B. = (sin x) 26.7 = (sin x) 

(27) = = (cos x)? 28. “ = (cos x)? 
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priate slope field. Then use the slope field to sketch the graph of the 

particular solution through the highlighted point (0, 2). (All slope 

In Exercises 41-46, match the differential equation with the appro- 

fields are shown in the window [—6, 6] by [—4, 4].) 
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raph. Use slope analysis, not your 

graphing calculator. 

priate slope field. Then use the slope field to sketch the graph of the 

In Exercises 35-40, match the differential equation with the appro- 

particular solution through the highlighted point 

fields are shown in the window [—6, 6] by [—4, 4].) 

each case, copy the graph at the right 

and draw tiny segments through the 

In Exercises 29-34, construct a slope 

twelve lattice points shown in the 

field for the differential equation. In 
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correct answer to part (a)? 
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48. (a) Sketch a graph of the solution to the initial value problem 

dy 
dx 

(b) Writing to Learn A student solved part (a) and used a 

graphing calculator to produce the following graph: 

= 
[—4.7, 4.7] by [-3.1, 3.1] 

= —x 2and y = 1 whenx = 1. 

How would you explain to this student why this graph is not the 

correct answer to part (a)? 

d 
49. Left Field Line A single line from the slope field for = =2y+x 

is shown in the second quadrant of one of the following three 

graphs. Choose the only possible graph and draw a line for the 

same slope field through the reflected point in the first quadrant. 

All graphs are shown in the window [—4.7, 4.7] by [—-3.1, 3.1]. 

50. Right Field Line A single line from the slope field for 

dy 
ae y? — x is shown in the first quadrant of one of the follow- 

ing three graphs. Choose the only possible graph and draw a line 

for the same slope field through the reflected point in the second 

quadrant. All graphs are shown in the window [—4.7, 4.7] by 

Pe oal etal 

(a) (b) (c) 

In Exercises 51-54, use Euler’s Method with increments of Ax = 0.1 

to approximate the value of y when x = 1.3. 

| ER ere ich uae and y = when x 

dy 
ee) Bandas J when 

See ak aide heey 
dx 

dy 
Bee, 7 oY and y 0 whens i) 
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In Exercises 55—58, use Euler’s Method with increments of 

Ax = —0.1 to approximate the value of y when x = 1.7. 

dy 
55. — = 2 — xand y = 1 whenx = 2 

dx 

dy 
56. — = 1 + yand y = 0 when x = 2 

dx 

dy 
57. — = x — yand y = 2 when x = 2 

dx 

dy 
Sh Saaec a — 2y and y = 1 when x = 2 

by 

In Exercises 59 and 60, (a) determine which graph shows the solu- 

tion of the initial value problem without actually solving the problem. 

(b) Writing to Learn Explain how you eliminated two of the pos- 

sibilities. 

(-1, 1) 

61. Writing to Learn Explain why y = x? could not be a solution 
to the differential equation with slope field shown below. 

ee fA WN Ne 7 Lh Se ser fii Noss Pe I ANG NS ie a ee TN, Nae eA A NNN Se 

/ 
/ 
ZL 
we 

S 
\ 
\ 
\ 

[—4.7, 4.7] by [-3.1, 3.1] 
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62. 

63. 

64. 

65. 

66. 

67. 

Writing to Learn Explain why y = sin x could not be a 

solution to the differential equation with slope field shown 

below. 

4S NOS 

ASSES 
LAN NNN 

A NN 
AZ NSS 

fe 
FP P= OS 
7A N YS 
P= SS 
ZS NINES 
= 

Eat de mm 
Ed Ae se Sips 
OS | ieee 
OSL fa 
LOL LES 
et a 

LET Pn 

OL LEN 
Maa a 
Oa ee 

[—4.7, 4.7] by [-3.1, 3.1] 

Percentage Error Let y = f(x) be the solution to the initial 

value problem dy/dx = 2x + 1 such that f(1) = 3. Find the 

percentage error if Euler’s Method with Ax = 0.1 is used to 

approximate f(1.4). 

Percentage Error Let y = f(x) be the solution to the initial 

value problem dy/dx = 2x — 1 such that f(2) = 3. Find the 

percentage error if Euler’s Method with Ax = —0.1 is used to 

approximate f(1.6). 

Perpendicular Slope Fields The figure below Bee the 

slope fields for the differential equations dy/dx = e)/? and 
dy/dx = —e(y~)/2 superimposed on the same grid. It appears 

that the slope lines are perpendicular wherever they intersect. 

Prove algebraically that this must be so. 

Puerta paso pods Glan Kae KKK KKK 
bettetteeet AK KKK KKK 
bette te eee rt XXX KKKKAFE 
Fetter reer er KXKKKKKE FT 
Fetter ererrxre XxX KKKEEH 
Kettrxrerxrxra* XXXAKKKEHHF 
Ree terre xx XKKEHKAEHEH 

% 
Yee eee xxx FREE EE t+ + 
Ss din ie Ee Se I Se Se Ed EST GaP Gs 
Yee KKK KKK Die alo oly ite Ge Sia 
Kae XXX KX KKK tEEEEEtT HTH 

YX KKKK a gio eal LG 
YX XX KKK KKK RoR ek ob pb 
rex XK KK KHRKN t+etettetetett 

Perpendicular Slope Fields If the slope fields for the dif- 

ferential equations dy/dx = sec x and dy/dx = g(x) are perpen- 

dicular (as in Exercise 65), find g(x). 

Plowing Through a Slope Field The slope field for the 

differential equation dy/dx = csc x is shown below. Find a 

function that will be perpendicular to every line it crosses in the 

slope field. [Hint: First find a differential equation that will pro- 

duce a perpendicular slope field.] 

[-4.7, 4.7] by [-3.1, 3.1] 

68. 

Chapter 7 Differential Equations and Mathematical Modeling 

Plowing Through a Slope Field The slope field for the dif- 

ferential equation dy/dx = 1/x is shown below. Find a function 

that will be perpendicular to every line it crosses in the slope 

field. [Hint: First find a differential equation that will produce a 

perpendicular slope field.] 

[—4.7, 4.7] by [-3.1, 3.1] 

Standardized Test Questions 

69. 

70. 

71, 

72. 

735 

True or False Any two solutions to the differential equation 

dy /dx = 5 are parallel lines. Justify your answer. 

True or False If f(x) is a solution to dy/dx = 2x, then f-'(x) 

is a solution to dy/dx = 2y. Justify your answer. 

Multiple Choice A slope field for the differential equation 

dy/dx = 42 — y will show 

(A) a line with slope —1 and y-intercept 42. 

(B) a vertical asymptote at x = 42. 

(C) a horizontal asymptote at y = 42. 

(D) a family of parabolas opening downward. 

(E) a family of parabolas opening to the left. 

Multiple Choice For which of the following differential equa- 

tions will a slope field show nothing but negative slopes in the 

fourth quadrant? 

dy a dy dy 
eee Se Se B) — = ok pees jee (A). . B) xy + 5 © 7. xy’ — 2 

dy’ Nie dy y 
D=es ae ee O) 5 ao ig Boat 

Multiple Choice If dy/dx = 2xy and y = 1 when x = 0, 
then y = 

- 2 

W>* Be Or Oxy+1 O41 

f 4. Multiple Choice Which of the following differential equa- 

tions would produce the slope field shown below? 

ae Dycnpe ibe Lo iraes, |x] a= 2 

Eee a dy _ (C= ly x| O75 = tel 

eee ©) = = lvl - Ia! 



Explorations 

75. 

76. 

F F é : d 1 
Solving Differential Equations Let a = X= 

be xe 

(a) Find a solution to the differential equation in the interval 

(0, co) that satisfies y(1) = 2. 

(b) Find a solution to the differential equation in the interval 

(—oo, 0) that satisfies y(—1) = 

(c) Show that the following piecewise function is a solution to 

the differential equation for any values of C; and C). 

2 1 iG 
Sian Sear ey x = 0 

36 D 
ye 

7 1 x 
Steet Co ro 

x 2 

(d) Choose values for C, and C) so that the solution in part (c) 

agrees with the solutions in parts (a) and (b). 

(e) Choose values for C,; and C) so that the solution in part (c) 

satisfies y(2) = —1 and y(—2) = 2. 

ay at 
Solving Differential Equations Let a =-, 

x 

(a) Show that y = Inx + Cis a solution to the differential equa- 

tion in the interval (0, co). 

(b) Show that y = In (—x) + C is a solution to the differential 
equation in the interval (—oo, 0). 

(c) Writing to Learn Explain why y = In |x| + C is 
a solution to the differential equation in the domain 

(00,0), (0.00). 

(d) Show that the function 

) BRIG}, Int (x 
y = 

line? = C), 

is a solution to the differential equation for any values of C; 

and C). 

eas (0) 

es) 
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Extending the Ideas 
77. 

78. 

7K} 

80. 

Second-Order Differential Equations Find the general 

solution to each of the following second-order differential equa- 

tions by first finding dy/dx and then finding y. The general solu- 

tion will have two unknown constants. 

d*y dy 

2) gigi 24 tt () = e+ sins 

d*y 

Oat ae 

Second-Order Differential Equations Find the specific 

solution to each of the following second-order initial value prob- 

lems by first finding dy/dx and then finding y. 

dy dy 
(a) 5 = 24x? - 10. When x = 1, == Band y = 5. 

dy dy 
(b) 5 = cos x — sinx. When x = 0, yp ee 

dy dy 
(5 =e ~ x, When x = 0,5" = Oand y = it 

Differential Equation Potpourri For each of the following 

differential equations, find at least one particular solution. You 

will need to call on past experience with functions you have dif- 

ferentiated. For a greater challenge, find the general solution. 

(a) y' =x (Dy ete a (Clay aeary 

(d= ye eel). yo ty 
Second-Order Potpourri For each of the following second- 

order differential equations, find at least one particular solution. 

You will need to call on past experience with functions you have 

differentiated. For a significantly greater challenge, find the gen- 

eral solution (which will involve two unknown constants). 

(a)y"=x (b)y’=-x ()y’ 

@y=y (ey =-y 

= —sin x 
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You will be able to find antideriva- 

| tives of functions using the technique 

| of substitution to reverse the effect 

of the chain rule in differentiation. 

- Indefinite integrals 

- Properties of indefinite integrals 

- Antiderivative formulas arising from 

known derivatives 

- Leibniz notation (differentials) in 

integrals 

- Using substitution to evaluate 

indefinite integrals 

- Using substitution to evaluate 

definite integrals 

Antidifferentiation by Substitution 

Indefinite Integrals 

If y = f(x) we can denote the derivative of f by either dy/dx or f’(x). What can we 

use to denote the antiderivative of f? We have seen that the general solution to the dif- 

ferential equation dy/dx = f(x) actually consists of an infinite family of functions of the 

form F(x) + C, where F’(x) = f(x). Both the name for this family of functions and 

the symbol we use to denote it are closely related to the definite integral because of the 

Fundamental Theorem of Calculus. 

DEFINITION Indefinite Integral 

phe ae of all antiderivatives of a function f(x) is the indefinite integral of f 

with re o x and is denoted by 3 f(x)dx. 

If F is any function such that F’(x) = fa then A ae F(x) + C, where C 

is an arbitrary constant, called the constant of integ¢ 

As in Chapter 6, the oar | sign, the function f is the integrand of 

the integral, and x is the variable of integratic 

Notice that an indefinite aE is ; not at all like a definite integral, despite the simi- 

larities in notation and name. A definite integral is a number, the limit of a sequence of 

Riemann sums. An indefinite integral is a family of functions having a common derivative. 

If the Fundamental Theorem of Calculus had not provided such a dramatic link between 

antiderivatives and integration, we would surely be using a different name and symbol for 

the general antiderivative today. 

EXAMPLE 1 Evaluating an Indefinite Integral 

Evaluate [ (x? — sin x) dx. : 

SOLUTION 

Bvalpatiog this indefinite integral is just like solving the differential equation 

dy/dx = x? — sin x. Our past experience with derivatives leads us to conclude that 

3 
[2 sinay dv =F + cost c 

(as you can check by differentiating). Now Try Exercise 3. 



A Note on Absolute Value 
SE 

Since the indefinite integral does not 

specify a domain, you should always use 

the absolute value when finding /1/u du. 
The function In u + C is defined only on 

positive u-intervals, while the function 

In |u| + C is defined on both the positive 
and negative intervals in the domain of 1/u 

(see Example 2). 
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Properties of Indefinite Integrals 

fe f(x) dx = kf Hx) dx for any constant k 

fu@se@a- finae [ona 
Power Formulas 

yrtl 1 

urdu= + Cwhenn #4 —1 utdu= [edu =n |ul +c 
ie al! Uu 

(see Example 2) 

Trigonometric Formulas 

feosudu = sinu + ¢ [sinudu = -cosu + ¢ 

[sectudu = tanu + ¢ Jose udu = —cotu+ C 

secutanudu = seou + ¢ [esewcot udu = -cseu + 

Exponential and Logarithmic Formulas 

erdu=er +c ped 

[irwdi =ulnu—u+C _ (See Example 2) 

Se ae 

I Ini“ 
log, udu = ee Se le G 

Ina Ina 

EXAMPLE 2 Verifying Antiderivative Formulas 

Verify the antiderivative formulas: 

@ fu tau= ft du =In|u| + C 

SOLUTION 

We can verify antiderivative formulas by differentiating. 

(b) [irwdu=uinu =u +c 

d d 1 I 
(a) For u > 0, we have > (In |u| + €) ae, a C) eee 

u) + C)= 
d d For u < 0, we have — iG (1 or u < 0, we ave 7, (in |u| G) 7, vin (—u 

1 1 
ca ot) ee e 

= AL ee: : Stee 
Since zy (In |u| + C) = 7 in either case, In |u| + C is the general antiderivative 

u 
eee te : : 

of the function 7 on its entire domain. 

d 1 
0) Suinu ut c)= ten te(t)—1+0=Inw 1-1 = Ine 

Now Try Exercise 11. 
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Leibniz Notation and Antiderivatives 

The appearance of the differential “dx” in the definite integral i) ‘ f(x) dxis easily explained 

by the fact that it is the limit of a Riemann sum of the form > f(x) + Ax (see Section 6.2). 
i=l 

The same “dx” almost seems unnecessary when we use the indefinite integral [ f(x)dx to 

represent the general antiderivative of f, but in fact it is quite useful for dealing with the 

effects of the Chain Rule when function composition is involved. Exploration | will show 

you why this is an important consideration. 

EXPLORATION 1 Are | f(u) duand | f(u) dx the Same Thing? 

Let u = x? and let f(u) = wv’. 

Find [ f(w) du as a function of wu. 

Use your answer to question | to write jh f(u) du as a function of x. 

Show that f(u) = x° and find i f(u) dx as a function of x. 

Are the answers to questions 2 and 3 the same? ae OO ae 

Exploration 1 shows that the notation i). f(u) is not sufficient to describe an antideriva- 

| tive when uw is a function of another variable. Just as du/du is different from du/dx when 

differentiating, i f(u) du is different from gf f(u) dx when antidifferentiating. We will 

| use this fact to our advantage in the next section, where the importance of “dx” or “du” in 

| the integral expression will become even more apparent. 

| EXAMPLE 3 Paying Attention to the Differential 

| Let f(x) = x3 + 1 and let u = x?. Find each of the following antiderivatives in terms 

| of x: 
| 

. 

(a) [rea (b) [rau ©) [rea 

SOLUTION 

(a) fies [+ na=Faxre 

x2)4 8 

Sect tithe CS its ¥ xtra (b) [iam [oes nara Frute= 

(c) [roa foes nae [(er+ naa [oor an Frere 

Now Try Exercise 15. 

Substitution in Indefinite Integrals 

A change of variables can often turn an unfamiliar integral into one that we can evaluate. 

The important point to remember is that it is not sufficient to change an integral of the form 

i f(x) dx into an integral of the form J g(u) dx. The differential matters. A complete 

substitution changes the integral / f(x) dx into an integral of the form : g(u) du. 

EXAMPLE 4 Using Substitution 

Evaluate bs sin. x.e°" dx. 
continued i 
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SOLUTION 

Let u = cos x. Then du/dx = —sin x, from which we conclude that du = —sin x dx. 

We rewrite the integral and proceed as follows: 

[oinxesa = — [sin pe 

= = fe (sina) ae 

=f é du Substitute u for cos x and du for —sin x dx 

Resubstitute cos x for u after antidifferentiating. 

Now Try Exercise 19. 

If you differentiate —e°°S* + C, you will find that a factor of —sin x appears when you 

apply the Chain Rule. The technique of antidifferentiation by substitution reverses that 

effect by absorbing the —sin x into the differential du when you change if SID Wie. 7 ax 

into — [ e” du. That is why a “‘u-substitution” always involves a “‘du-substitution” to con- 

vert the integral into a form ready for antidifferentiation. 

EXAMPLE 5 Using Substitution 

Evaluate i x2V5 + 2x3 dx. 

SOLUTION 

This integral invites the substitution u = 5 + 2x3, du = 6x? dx. 

ile V5 + 2x3 dx = ic Oa ED Oa ea ba 

1 
= AG + 2x3)!/2 - 6x2 dx Set up the substitution with a factor of 6. 

l 1/2 : 3 ) = 6/¥ /2 du Substitute u for 5 + 2x*and du for 6x* dx 

defen oe | ese WECHES Ea mk OF 
6 (3) 

9 (5 2x")? + C Resubstitute after antidifferentiating. 

Now Try Exercise 27. 

EXAMPLE 6 Using Substitution 

Evaluate [ cot 7x dx. 

SOLUTION 

We do not recall a function whose derivative is cot 7x, but a basic trigonometric 

identity changes the integrand into a form that invites the substitution u = sin 7x, 

du = 7 cos 7x dx. We rewrite the integrand as shown below. 

cos 7x 
cot 7x dx = : dx Trigonometric identity 

sin 7x 

1 {7 cos 7x dx Note that du = 7 cos 7x dx when u = sin 7x. 
== | ——_ 1 

a sin 7x We multiply by “ie 720h 1 

continued 
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1 [du 
= 7 oF Substitute u for sin 7x and du for 7 cos 7x ax. 

1 
= 7 in Folge ake Notice the absolute value! 

1 
= 7 in |sin 7x| + C  Resubstitute sin 7x for u after antidifferentiating. 

Now Try Exercise 29. 

EXAMPLE 7 Setting Up a Substitution with a Trigonometric Identity 

Find the indefinite integrals. In each case you can use a trigonometric identity to set up 

a substitution. 

(a) / = (b) i cot? 3x dx (c) FA cos? x dx 
cos* 2x 

SOLUTION 

dx 1 
(a) i 3 = sect rede = 5 | sec? 2x» 2a 

COSS2X 2 

l 2 = 5 sec u du Let u = 2x and du = 2ax. 

: tanu+C => u 
2 

1 rr 
f--Aani2xate Resubstitute after antidifferentiating. 

(b) oot 3x ax = [too =) Ie) ax 

! 2 ates (csc7 ms Lads Let u = 3x and du = 3ax. 

] ; 
= q (en i = Uler G 

! . 
= 3 (=cotaxiroae) ac Resubstitute after antidifferentiation. 

1 
Se Coton e eC 

3 

(c) [cos xa = [toes cos x dx 

= fo — sin? x) cos x dx 

= fo-eyau Let u= sin xand du = cos x dx. 

3 u 
== —+C 

3 

; sin? x ig? yh 
sine 3 ica Resubstitute after antidifferentiating. 

Now Try Exercise 47. 
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Substitution in Definite Integrals 
Antiderivatives play an important role when we evaluate a definite integral by the 

Fundamental Theorem of Calculus, and so, consequently, does substitution. In fact, if 

we make full use of our substitution of variables and change the interval of integration 

to match the u-substitution in the integrand, we can avoid the “resubstitution” step in the 

previous four examples. 

EXAMPLE 8 Evaluating a Definite Integral by Substitution 

1/3 

Evaluate | tan x sec? x dx. 
0 

SOLUTION 

Let u = tan x and du = sec? x dx. 

Note also that u(0) = tan 0 = 0 and u(7/3) = tan(7/3) = V3. 

So 

1/3 V3 

/ tan x sec? x dx = / udu Substitute u-interval for xinterval. 
0 0 

w\V3 3 3 

ue FH 2 VAG 
Now Try Exercise 55. 

EXAMPLE 9 That Absolute Value Again 
| 

ae 
Evaluate dx 

| x? > 4 

SOLUTION 

Let u = x? — 4 and du = 2x dx. Then u(0) = 0? — 4 = —4 and u(1) = 17 — 4 = -3. 

So 

[z waif Be 

3} 
du 

=r ar Substitute uinterval for xinterval. 
ey 

3 
= =In |u| 

1 1 3 
= 5 (In 3 = In 4) = +n (2) 

Notice that In u would not have existed over the interval of integration | —4, —3 ]. The 

absolute value in the antiderivative is important. Now Try Exercise 63. 

Finally, consider this historical note. The technique of u-substitution derived its impor- 

tance from the fact that it was a powerful tool for antidifferentiation. Antidifferentiation 

derived its importance from the Fundamental Theorem, which established it as the way 

to evaluate definite integrals. Definite integrals derived their importance from real-world 

applications. While the applications are no less important today, the fact that the definite 
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integrals can be easily evaluated by technology has made the world less reliant on antidif- 

ferentiation, and hence less reliant on u-substitution. Consequently, you have seen in this 

book only a sampling of the substitution tricks calculus students would have routinely 

studied in the past. You may see more of them in a differential equations course. 

Quick Review 7.2 (for help, go to Sections 4.1 and 4.4.) 

Exercise numbers with a gray background indicate problems that the 

authors have designed to be solved without a calculator. 

Bey = (x° — 2x? 43)* 

ayy = sin? (4x — 5) 

In Exercises 1 and 2, evaluate the definite integral. 7. y = Incos x 

2 5 

B / Vx = lax 
| 

a | x ax 
0 

In Exercises 3-10, find dy/dx. 

By = [va y= [vat 
2 0 

8. y = Insinx 

9. y = In (secx + tan x) 

10.) y = In(cscx + cotx) 

Section 7.2 Exercises 

In Exercises 1-6, find the indefinite integral. 

Bp | (cos x ~ 38°) 2. [ra 

1 dt b/(e2-s)d a {(: a =. 

5. ox — 2x73 + sec* x) dx 

dx Ey 

hee: 

6. [ee + secxtanx — Vx) dx 

In Exercises 7-12, use differentiation to verify the antiderivative 

formula. 25. Ape 

27. / \/ tan x sec? x dx 
 [ csc? udu = ~cotu + C 8. [scucotu =-eseu + C 

9. [erac=ter+c non | 5* dx = : 
2, In 5 

1 1 
At, |reauerurtute 12. [your wwure 

In Exercises 13-16, verify that f f(u) du # | f(u) ax 

13, f(u) = Vu and u = x2 (x > 0) 

14, f(u) = wv andu = x° 

15. f(u) = e“andu = 16. f(u) = sinuandu = 

In Exercises 17—24, use the indicated substitution to evaluate the 

integral. Confirm your answer by differentiation. 

ert 

29. [rants +2) dx 

31. [oo (3z + 4) dz 

33. [ea ee 

35. [sr cos (s4/3 — 8) ds 

@ |= (25 'T) r 

cos? (2¢ + 1) 

@ |<. 

17. [sn 3x dx, u= 3x 

18. [x00 (2x?) dx, u = 2x? 

19. sec 2x tan 2 a, u = 2x 

20. [esos = 2) dx a= Ine 

2d. me [2 ee 
a 

23 i ear =] = bee 5 cos 5 in5dt, u cos 5 

24. [0 + 4y? + 1)?(y3 + 2y) dy, w= yt + 4y? +1 

In Exercises 25-46, use substitution to evaluate the integral. 

26. [se (x + 2) dx 

T 7 

: += += 28 [sc (0 =) an (0 =) ao 

30. / 3(sin x) 

32. / V cot x csc? x dx 

GO) f tan? x sec? ds 



41. (=> 
so ae 

43, | dx 

cot 3x 

40 dx 
42. 
4 Jas 

dx 

Vea 

45. i sec x dx (Hint: Multiply the integrand by 

See Xx stata x 

SCGe + tan & 

and then use a substitution to integrate the result.) 

46. / csc x dx (Hint: Multiply the integrand by 

CSCHG ty COtL 

CSC2E aim GOLY 

and then use a substitution to integrate the result.) 

In Exercises 47-52, use the given trigonometric identity to set up a 

u-substitution and then evaluate the indefinite integral. 

47. / sin? 2x dx, sin? 2x = 1 — cos? 2x 

48. [sect xa, sec? x = 1 + tan?x 

49. [rsintxax, cos 2x = 1 — 2sin?x 

50. iE cos? x dx, cos 2x = 2cos?x — 1 

51. [os xdx, tan?x = sec?x —-1 

52. [eoss — sin*x) dx, cos 2x = cos*x — sin? x 

In Exercises 53-66, make a u-substitution and integrate from u(a) 
to u(b). 

3 

53 / Vy + ldy 
0 
0 

55. “ tan x sec? x dx 
7/4 

| 10V@ 
57. stra waa OO 

0 (1 35 ee 

1 

5S. if NW tpaer eet +2) ae 
0 
4 

61. es 
0 Sg Z 

2 
d 

63) | : 
pics 

65 ih * xe taal ue x27 +1 

1 

5a) | vi — Pdr 
0 

: 5r 
56. i TRE 7 eee 

58 o COS x 

—-17V4+ 3sinx 

7/6 

60. i cos > 26 sin 26 dé 
0 

dx 

5 
dx 

62. diceees 
37/4 

64. cot x dx 
1/4 

2 
et dx 

@ | = 

Two Routes to the Integral In Exercises 67 and 68, make a 

substitution vu = --+ (an expression in x), du = ---. Then 

(a) integrate with respect to u from u(a) to u(b). 

(b) find an antiderivative with respect to u, replace u by the 

expression in x, then evaluate from a to b. 
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l 3 x 
@ | 7 —« 

0 Vxt+9 

1/3 

68. yf (1 — cos 3x) sin 3x dx 
77/6 

69. Show that 

cos 3 
y=In 

COS X 

is the solution to the initial value problem 

dy 
re =tanx, f(3) =5S. 

(See the discussion following Example 4, Section 6.4.) 

70. Show that 

sin x 
y=I1n 

sin 2 

is the solution to the initial value problem 

oS 2) = 6 7 Oot f(2) = 6. 

Standardized Test Questions 
apis 4 

71, True or False By u-substitution, it tan? x sec*xdx = 

J fe “0 du. Justify your answer. 

72. True or False If f is positive and differentiable on [ a, b ], 
by 

x )dx b 
then / Ja) = In (=). Justify your answer. 

a f(x) f(a) 

73. Multiple Choice / tan x dx = 

tan? x 
(A) +C  (B)In|cotx]|+C  (©)in|cosx| +C 

2 

(D)=In |cosx| + C  (E)=In'|cotz] + C 

74, Multiple Choice /; e** dx = 
e*— 1 4 

(AS (B)e*—1 (Che*—2 (D)2e*-2 ® 

75. Multiple Choice If fa — a) dx = 7 where a is a constant, 

then et) dx = 

(A)7+¢@ @8)7 (OJ -a @MOa- 1, @ 7 

76. Multiple Choice If the differential equation dy/dx = f(x) 
leads to the slope field shown below, which of the following 

could be [ f(x) dx? 

(Ajisinia 1G 1B) cosea 423G. (©) sin C 

sin? x 
(D)-cosx + C (E) +C 

2 
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Explorations 
77. Constant of Integration Consider the integral 

[Vie 

2 
(a) Show that | +1dx= 3 +1)3?2+C. 

(b) Writing to Learn Explain why 
x x 

n= [ Viti and n= f virial 
0 3 

are antiderivatives of Vx + 1. 

(c) Use a table of values for y, — y2 to find the value of C for 

which Vip 2 TG: 

(d) Writing to Learn Give a convincing argument that 
3 Fi 

C= / Vx + 1 dx. 
0 

78. Group Activity Making Connections Suppose that 

[roe = F(x) + C. 

(a) Explain how you can use the derivative of F(x) + C to con- 

firm the integration is correct. 

(b) Explain how you can use a slope field for dy/dx = f(x) 
and the graph of y = F(x) to support your evaluation of the 

integral. 

(c) Explain how you can use the graphs of y; = F(x) and 

y= i * f(t) dt to support your evaluation of the integral. 

(d) Explain how you can use a table of values for y; — y2, yj and y» 

defined as in part (c), to support your evaluation of the integral. 

(e) Explain how you can use graphs of f and NDER of F(x) to 

support your evaluation of the integral. 

(f) Illustrate parts (a)-(e) for f(x) = Amat 
Vine oe I 

79, Different Solutions? Consider the integral [2 sin x cos x dx. 

(a) Evaluate the integral using the substitution vu = sin x. 

(b) Evaluate the integral using the substitution vu = cos x. 

(c) Writing to Learn Explain why the different-looking 

answers in parts (a) and (b) are actually equivalent. 

80. Different Solutions? Consider the integral [2 sec? x tan x dx. 

(a) Evaluate the integral using the substitution u = tan x. 

(b) Evaluate the integral using the substitution u = sec x. | 

(c) Writing to Learn Explain why the different-looking 

answers in parts (a) and (b) are actually equivalent. 

Extending the Ideas 

81. Trigonometric Substitution Suppose u = sin! x. Then 

cos u > 0. 

(a) Use the substitution x = sin u, dx = cos u du to show that 

Iya i 1 du. 
1 — x? 

dx poe 
(b) Evaluate / 1 du to show that wai = sin! x + C. 

lee 

82. Trigonometric Substitution Suppose u = tan"! x. 

(a) Use the substitution x = tan u, dx = sec? u du to show that 

Hi ay = [tau 
1+ x? 

dx 
(b) Evaluate / 1 du to show that | ——; = tan! x + C. 

1 + x? 

83. Trigonometric Substitution Suppose Vx = sin y. 

(a) Use the substitution x = sin? y, dx = 2 sin y cos y dy to 

show that 

fe Ay side a /4 

0 ene 0 

(b) Use the identity given in Exercise 49 to evaluate the definite 

integral without a calculator. 

2 sin’ y dy. 

84. Trigonometric Substitution Suppose u = tan”! x. 

(a) Use the substitution x = tan u, dx = sec? u du to show that 

ie aa iP y 

—- = sec u du. 
0 V1i+ x? 0 

(b) Use the hint in Exercise 45 to evaluate the definite integral 

without a calculator. 
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Antidifferentiation by Parts 
You will be able to find antideriva- 

tives of functions using the technique 

of parts, as summarized in the for- 

mula fudv = uw — fvdu. 
¢ Deriving the parts formula from the 

Product Rule 

¢ Repeated application of the parts 

formula 

« Solving for the unknown integral 

« Tabular integration (for repeated 

application of the parts formula) 

- Antiderivatives of logarithmic and 

inverse trigonometric functions 

LIPET 
am 

Some teachers recommend the acronym 

LIPET for choosing u when integrating by 

parts. Look first for a natural logarithm (L). 

lf there is none, look for an inverse trigo- 

nometric function (I). If there is not one of 

those either, look for a polynomial (P). If 

none of those pan out, look for an expo- 

nential (E) or trigonometric (T) function. In 

general, you want u to be something that 

simplifies when differentiated, while you 

want dv to be something that remains 

manageable when antidifferentiated. 

Product Rule in Integral Form 
When u and v are differentiable functions of x, the Product Rule for differentiation tells 

us that 

Integrating both sides with respect to x and rearranging leads to the integral equation 

f(Bla- f(Zm)e- f(2)e 
lI = = | 

— ge 

< 
S| = Se 

> 

When this equation is written in the simpler differential notation we obtain the following 

formula. 

Integration by Parts Formula 

udm — frau 

This formula expresses one integral, ; u dv, in terms of a second integral, i v du. With 

a proper choice of u and v, the second integral may be easier to evaluate than the first. This 

is the reason for the importance of the formula. When faced with an integral that we can- 

not handle analytically, we can replace it by one with which we might have more success. 

EXAMPLE 1 Using Integration by Parts 

Evaluate yh xX cos x dx. 

SOLUTION 

We use the formula i “way = uy — ai v du with 

Ua Xe dV =" COS aa 

To complete the formula, we take the differential of u and find the simplest antideriva- 

tive of cos x. 

du=dx v=sinx 

Then, 
u_ dv uv vy du 
———_eoOCOCOC i é 3 

[rcosxdi = xsinx— sind =x sive + cos x + C. 

Now Try Exercise 1. 

The goal of integration by parts is to go from an integral 1 u dv that we don’t see how to 

evaluate to an integral ili v du that we can evaluate. Keep in mind that integration by parts 

does not always work. 

Let’s examine the choices available for u and dv in Example 1. 
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EXPLORATION 1 | Choosing the Right u and dv 

Not every choice of u and dy leads to success in antidifferentiation by parts. There 

is always a trade-off when we replace Nh u dy with if v du, and we gain nothing if 

if v du is no easier to find than the integral we started with. Let us look at the other 
choices we might have made in Example | to find ‘ps x cos x dx. 

. Apply the parts formula to iy x cos x dx, letting u = 1 and dv = x cos x dx. 

Analyze the result to explain why the choice of u = 1 is never a good one. 

. Apply the parts formula to HE x cos x dx, letting u = x cos x and dv = dx. Analyze 

the result to explain why this is not a good choice for this integral. 

. Apply the parts formula to ri x cos x dx, letting vu = cosxand dv = x dx. Analyze 

the result to explain why this is not a good choice for this integral. 

. What makes x a good choice for u and cos x dx a good choice for dv? 

Sometimes we have to use integration by parts more than once to evaluate an integral. 

EXAMPLE 2 Repeated Use of Integration by Parts 

Evaluate if xe" dx. 

SOLUTION 

With u = x2, dv = e* dx, du = 2x dx, and v = e*, we have 

Lie AV, UV. v du 

[eeac=re- ervax 

arte 2 fixed 

The new integral is less complicated than the original because the exponent of x is 

reduced by one. To evaluate the integral on the right, we integrate by parts again, with 

u = x, dv = e* dx. Then du = dx, v = e*, and 
uv Vv du u dv pas Ey 

[reac-xe- feac=xe- e+ 

[reaca te —2 rear 

= x*e% — 2xeX + 2e* + C 

Hence, 

The technique of Example 2 can be applied repeatedly for any integral of the form 

[ x" e* dx in which n is a positive integer, because differentiating x” will eventually 

reduce the exponent to zero and lead to a final integral involving only e*. Repeated 

integration by parts can be done most easily by the method of tabular integration, 

covered later in this section. 
Now Try Exercise 5. 

EXAMPLE 3 Solving an Initial Value Problem 

Solve the differential equation dy/dx = x In (x) subject to the initial condition y = —1 j 

when x = 1. Confirm the solution graphically by showing that it conforms to the slope __ 

field. | 
continued 
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SOLUTION 

We find the antiderivative of x In (x) by using parts. It is usually a better idea to differ- 

entiate In (x) than to antidifferentiate it. (Do you see why?) So we let u = In (x) and 
dv = x dx. 

u dv 

y= [om (x) dx = Jo (x) x dx 

Using the initial condition, 

—_ ~~ Ee LY / 2} 

CO 

La nats: 
ad, 4 

a: 

LE 
7 / Thus 

Soe 4) inet ae ee 
[0, 3] by [-1.5, 1.5] 2 4 4 

Figure 7.10 The solution to the initial 

value problem in Example 3 conforms 

nicely to a slope field of the differential 

equation. (Example 3) a 

Figure 7.10 shows a graph of this function superimposed on a slope field for 

dy /dx = x \n(x), to which it conforms nicely. 
Now Try Exercise 11. 

Solving for the Unknown Integral 
Integrals like the one in the next example occur in electrical engineering. Their evaluation 

requires two integrations by parts, followed by solving for the unknown integral. 

EXAMPLE 4 Solving for the Unknown Integral 

Evaluate ai "COS 6 ae 

SOLUTION 

Let u = e*, dv = cos x dx. Then du 

U dv Lb Vv V du aa 
ercosxds = e*sinx — [sinxerax 

er sin.x Jersinxas 

e* dx, v = sin x, and 

The second integral is like the first, except it has sin x in place of cos x. To evaluate it, 

we use integration by parts again, with 

u =e, dv=sinxdx, v=-—cosx, du = e* dx. 

continued 
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Tic-Tac-Toe Method 

A scene in the 1988 movie Stand and 

Deliver showed calculus teacher Jaime 

Escalante (played by Edward James 

Olmos) referring to this tabular method 

as the “Tic-Tac-Toe” method. Although 

the connection to the classic X-and-O grid 

game is not readily apparent, the name has 

endured in many classrooms ever since. 

Then 
dv u 

[ercosxas = e*sinx — fersinxas 

U V Vv du 

e* Sin yi ((-cos eRe [es x)e* ax) 

e* sin x + 2* COS 1 — [evcos xa II 

The unknown integral now appears on both sides of the equation. Adding the integral 

to both sides gives 

2 fer cos.xds a Sbnlss ee COM ae ae (Es 

Dividing by 2 and renaming the constant of integration gives 

e* sinx + e* cosx 
e* cos x dx = 5 ar (Ce 

Now Try Exercise 17. 

When making repeated use of integration by parts in circumstances like Example 4, once a 

choice for u and dy is made, it is usually not a good idea to switch choices in the second stage 

of the problem. Doing so will result in undoing the work. For example, if we had switched 

to the substitution uv = sin x, dv = e* dx in the second integration, we would have obtained 

u dv 

[ercosxds = e*sinx — | sinxeras 

u Vv V du 

ZS (sin see = Je cos x a) 

Je cos x dx, 

undoing the first integration by parts. 

I 

Tabular Integration ae 
We have seen that integrals of the form I f( f(x)g(x)dx, in which f can be differentiated 

repeatedly to become zero and g can be juste repeatedly without difficulty, are natural 

candidates for integration by parts. However, if many repetitions are required, the calcula- 

tions can be cumbersome. In situations like this, there is a way to organize the calculations 

that saves a great deal of work. It is tabular integration, as shown in Examples 5 and 6. 

EXAMPLE 5 Using Tabular Integration 

Evaluate [ x2e* dx. 

SOLUTION 

With f(x) = x? and g(x) = e*, we list: 

f(x) and its derivatives g(x) and its integrals 

To ranirapret eae OS 
2 ‘Ge eB 

e 
ee ——  ——— ——— -eeovwO OO ————V 

, 

__ 
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We combine the products of the functions connected by the arrows according to the 

operation signs above the arrows to obtain 

[ve dx = x7e* — 2xe* + 2e* + C. 

Compare this with the result in Example 2. Now Try Exercise 21. 

EXAMPLE 6 Using Tabular Integration 

Evaluate i x? sin x dx. 

SOLUTION 

With f(x) = x3 and g(x) = sin x, we list: 

f(x) and its derivatives g(x) and its integrals 

ao ie ee sin x 

3x2 (=) = COSE: 

Again we combine the products of the functions connected by the arrows according to 

the operation signs above the arrows to obtain 

fe sin x dx = —x> cos x + 3x2 sinx + 6xcosx — 6sinx + C. 

Now Try Exercise 23. 

Inverse Trigonometric and Logarithmic Functions 

The method of parts is useful only when the integrand can be written as a product of two 

functions (u and dy). In fact, any integrand f(x) dx satisfies that requirement, since we 

can let u = f(x) and dv = dx. There are not many antiderivatives of the form if f(x) dx 
that you would want to find by parts, but there are some, most notably the antiderivatives 

of logarithmic and inverse trigonometric functions. 

EXAMPLE 7 Antidifferentiating In x 

Find / In x dx. 

SOLUTION 

If we want to use parts, we have little choice but to let u = In x and dv = dx. 

[inxas pele ee fra()a 

el a pra 

=i seliniay = Fe (6 

Now Try Exercise 9. 
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EXAMPLE 8 Antidifferentiating sin-' x 

Find the solution to the differential equation dy/dx = sin“! x if the graph of the solu- 

tion passes through the point (0, 0). 

SOLUTION 

We find / sin! x dx, letting u = sin”! x, dv = dx. 

du 

Ube GV, u Vv v 1 

[ota = (sin | ne)- f(s dx 
WAl = x? 

vey x dx 
= ysin!) a> 

V1 x" 

in! ie et Set bstituti — TS Len = ————— et up Substitution. 
2) Af) Se 

acl Lat ia =xsin'x+—]w/? du Let u= 1 — x¢, du = —2x ax. 
Stet) byil-050-5) 2 

Figure 7.11 The solution to the initial =xsin’xtwuwi/2#+C 

value problem in Example 8 conforms ere sofa linia? ) 
nicely to the slope field of the differential =, sit ON ee Resubstitute. 

equation. (Example 8) Applying the initial condition y = 0 when x = 0, we conclude that the particular solu- 

tion is y=ixsin ox he, V Pex lk 

A graph of y = xsin'! x + V1 — x? — 1 conforms nicely to the slope field for 

dy/dx = sin! x, as shown in Figure 7.11. Now Try Exercise 10. 
EEE 

Quick Review 7.3 (for help, go to Sections 4.3 and 4.4.) 

Exercise numbers with a gray background indicate problems that the 7. Find the area under the arch of the curve y = sin wx from x = 0 

authors have designed to be solved without a calculator. tox = 1. 

In Exercises 1—4, find dy/dx. 8. Solve the differential equation dy/dx = e**. 

1. y = x? sin 2x may = e* In (3x + 1) 9. Solve the initial value problem dy/dx = x + sin x, y(0) = 2. 

Bey = tan ! 2x apy = sin! (x + 3) 10. Use differentiation to confirm the integration formula 

In Exercises 5 and 6, solve for x in terms of y. 1 
Je sin x dx = <e* (sinx — cos x). 

5) y = tan! 3x fey = cos! (x + 1) 2 

Section 7.3 Exercises 

In Exercises 1-10, find the indefinite integral. In Exercises 11—16, solve the initial value problem. (Then you can 

1 f 2 confirm your answer by checking that it conforms to the slope field 

pj xsin x dx p [xed of the differential equation.) 

dy 
3. [ovetar [2105 (31) a 14, =~ = (x + 2) ainz and y= 2 when t= 0 

dy . 
8) | :*cosxd 6) [veras Ie, 5. = ane? fad 9.9 a wen eS 0 

du > 
af fymyas ® frinra we x and u = 1 when x = 0 

d: 
9. [ tos, a 40) f tan-!xdx 14, = x8 Inx and z = 5 when x = 1 



d 
18, = xVx— Land y = 2 when x = 1 

16. @ = 2x Ve + 2 and y = 

In Exercises 17—20, use parts and solve for the unknown integral. 

7; Jersinxas 18. ercosxas 

19. Je cos 2x dx 20. Je sin 2x dx 

O when x = —1 

In Exercises 21—24, use tabular integration to find the antiderivative. 

21. [teva 2m | (2 ax etude 

23. [rere 

In Exercises 25-28, evaluate the integral analytically. Support your 

answer using NINT. 

24, je cos 2x dx 

a/2 a/2 

25. if x? sin 2x dx 26. | x3 cos 2x dx 
0 0 

2 

28. / e ~ sin 2x dx 

3 

27. ih e* cos 3x dx 
= 3 2 

In Exercises 29-32, solve the differential equation. 

d d 29) = 26% 30, — 
dx 

= x7 Inx 

dy 
a = a) ee »— = t 31 7 Ose e a GC 1 32 76 6 sec 6 tan 0 

33. Finding Area Find the area of the region enclosed by the 

x-axis and the curve y = x sin x for 

(a)0O Sx =7, (b) 7 = x S 27, ()0 Sx S 27. 

34. Finding Area Find the area of the region enclosed by the 

y-axis and the curves y = x? and y = (x? + x + 1)e™ 

35. Average Value A retarding force, symbolized by the dashpot 

in the figure, slows the motion of the weighted spring so that the 

mass’s position at time f is 

y= 2e' cost, t20. 

Find the average value of y over the interval 0 S ¢t S 277. 

y 

BM ee] Mass 

Dashpot 
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Standardized Test Questions 
36. True or False If f'(x) = g(x), then [x g(x) dx = 

Hi (a)e I f(x) dx. Justify your answer. 

37. True or False If f’(x) = g(x), then / x? g(x) dx = 

cag (oy = Dx % f(x) dx. Justify your answer. 

38. Multiple Choice If / x? cos x dx = h(x) — 
then h(x) = 

(ANY 2. Sis He Pecans sHG 

(B) x? sinx + C 

(C) 2x cosx — x*sinx +C 

(D) 4cosx — 2xsinx + C 

(E) (2= x?) cosx — 4 sinx + CG 

39. Multiple Choice / x sin (5x) dx = 

(A) =x cos.(5x))4-Fisin.(.5x,), 4.C. 

iP: sinx dx, 

1 
(B) ~ = cos (Ge ae 55 sin Cts ea 

1 
(C) = c0s Sas \nets 5 sin (Shae 

| 
(D) = cos (Sa sasin (Se) C 

(E) 5x.cos (S5x)' ="sin (Sx) FC 

40. Multiple Choice [x csc? x dx = 

x? csc? x 
(A) eqoeinn we (e 

(B) x cot x — In |sinx| + C 

(C) =xcotx + In |sinx| + C 

(D) —x cot x — In |sinx| + C 

(E) —x sec? x — tanx + C 

41. Multiple Choice The graph of y = f(x) conforms to the slope 
field for the differential equation dy/dx = 4x In x, as shown in 

the graph below. Which of the following could be f(x)? 

(A) 2x2 (Inx)? + 3 
(B) x2 Inx + 3 

(C) 2x? Inx — x2 +3 

(D) (2x2 + 3)Inx-1 

(E) 2x(In x)? — 5 (In x) + 3 

~~ ee wee cw 

~~ e e ecw 

[0, 2] by [0, 5] 
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Explorations 
42. Consider the integral rs x"e* dx. Use integration by parts to 

evaluate the integral if 

(a)n = 1. 

(b) n = 2. 

(c) n = 3. 

(d) Conjecture the value of the integral for any positive integer n. 

(e) Writing to Learn Give a convincing argument that your 

conjecture in part (d) is true. 

In Exercises 43—46, evaluate the integral by using a substitution prior 

to integration by parts. 

43. [oo Vx dx 

45. [ve dx 

In Exercises 47-50, use integration by parts to establish the 

reduction formula. 

44. (peeks 

46. [oo (In r) dr 

47. [» cos x dx = x" sinx — n fam sin x dx 

48. ike sin x dx = —x" cosx + n fam cos x dx 

xr ax n 

49. [ve eae ae zee dx,a~ 0 
a a 

50. onsrac = x(Inx)" — n[ (In x)" dx 

Extending the Ideas 
51. Integrating Inverse Functions Assume that the function f 

has an inverse. 

(a) Show that [£-(x) dx = I yf'(y) dy. |Hint: Use the sub- 

stitution y = f~!(x).] 

(b) Use integration by parts on the second integral in part (a) to 

show that 

[rea= proe= - fire. 
52. Integrating Inverse Functions Assume that the function f 

has an inverse. Use integration by parts directly to show that 

[rea - [(Erw)a 
In Exercises 53-56, evaluate the integral using 

(a) the technique of Exercise 51. 

(b) the technique of Exercise 52. 

(c) Show that the expressions (with C = 0) obtained in parts (a) 

and (b) are the same. 

54. i tan! x dx 53. / sin! x dx 

55. Joos! x dx 56. pee. x dx 

57. A Challenging Antiderivative Use integration by parts to find 

fsec3 x dx. (Hint: Start with | sec3 x dx = |secx + sec?x dx. 

Eventually you might want to look at Exercise 45 in the previous 

section.) 

58. An Equally Challenging Antiderivative Use integration by 

parts to find fcsc3 x dx. (Hint: Start with f ese} x dx = 

Wi csc x * csc?.x dx. Eventually you might want to look at 

Exercise 46 in the previous section.) 
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Quick Quiz for AP* Preparation: Sections 7.1-7.3 

1. Multiple Choice Which of the following differential equations 
would produce the slope field shown below? 

dy dy G 
(A) See Vee x CB) Sy ania 

dx dx 3 

dy x dy y 
(Os ee Wee 

dx 3 dx 3 

oy y Os -2-, 
dx 3 

NON ONEN ANN OR Si tr Ee 
WAV SNS WAN MONS S Scares 7? 
NEAT AT ANSE Noa ape erent ah 
AWAY AN ANE NSESSSSG ita Tey h 
Nea NNU ENGNG ota fn, 
We Wey Ne SSG rele Tf 
i Sew See i a a a) 
We oN SON SSS ele Ei 
NE A OSS ST i ete ee eee 
NENGNG Nowsigeist tae 7 aia 
S OS SUSSISSS Sica Ze He IE fi 
eS ENS SS Sic ae A Win EM ai 

2) Multiple Choice If the substitution Vx = 
VANE 

integrand ot | ————— 
6 1) 6% 

1/2 
(A) 1 sin? y dy 

0 
1/4 

(C) 2 if sin’ y dy 
0 
7/6 

(E) 2 f sin? y dy 
0 

3. Multiple Choice [xe dx = 

sin y is made in the 

dx, the resulting integral is 

1/2 sin? y 
(B) 2 = 

cos y 0 
7/4 

(D) i sin? y dy 
0 

dy 

xex ee xex e& aaa ere BR) = eG 
“) 2) 4 G (B) 2 2, 

x ex ex x ex ex 

+— + D +—+C 
(C 2 4 G ) 9) 2) 

22k 

(bE) +c 
4 

4. Free Response Consider the differential equation 

dy/dx = 2y — 4x. 

(a) The slope field for the differential equation is shown below. 

Sketch the solution curve that passes through the point (0, 1) 

and sketch the solution curve that goes through the point 

CONSE 

/ PIED ALT AEA A= NNN 
/ ITIVE ALA CH——SSNNNN 
/ TIELIIV RUA AL AHSAN 
/ VEEN TL EAL ASSIS SSS 
/ TITTIES SS AR—AASNNNNNG 
/ TIT IASSA@7SA7H—A—A~NNNNNNANANA 
/ PITIVSASSRARMHRANANNANNNNNGN 
/ VIM RRR—AANNNNNNNNNY 
/ CALA SPF ON NI NINES NON NN 

x 
REIL AA LA, SSNNANNA WAV VV NY 
Ted ad Aa7e7, Sy VT NS ai y 
LVAD Ce) Cae Ae peter SS BEAST WV AAA ATA A 
TISAS SS ARMA SSONANNANNANANANANAVAAAA 
ETEL MLE fe fo tn NON NN NANO NY A ONE AN 
WM AES AAA ns NEN NN WOVEN VAY SON 
PAPE AS Cea N NN NESS WV DS 
CFP AH A——A~NNNNNSENVVNNNAAVAAAAN 
FAA Bae NINN NENG BENG NTA NNUAL 

(b) There is a value of b for which y = 2x + b is a solution to 

the differential equation. Find this value of b. Justify your 

answer. 

(c) Let g be the function that satisfies the given differential 

equation with the initial condition g(0) = 0. It appears 
from the slope field that g has a local maximum at the point 

(0, 0). Using the differential equation, prove analytically that 

this is so. 
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Exponential Growth and Decay 
You will be able to solve separable 

differential equations, including 

those arising in problems of 

exponential growth, exponential 

decay, and logistic growth. 

The differential equation 

dy/dt = ky and the law of 

exponential change 

« Continuously compounded interest 

« Radioactive decay 

« Modeling growth in convenient 

bases 

« Newton's Law of Cooling 

Separable Differential Equations 
Before we revisit the topic of exponential growth (last seen as a precalculus topic in 

Chapter 1), we need to introduce the concept of separable differential equations. 

DEFINITION Separable Differential Equation 

A differential equation of the form dy/dx = f(y)g(x) is called separable. We 

separate the variables by writing it in the form 

1 
—— dy = g(x) dx. 
f(y) @) 

The solution is found by antidifferentiating each side with respect to its thusly iso- 

lated variable. 

EXAMPLE 1 Solving by Separation of Variables 

Solve for y if dy/dx = (xy)? and y = 1 when x = 1. 

SOLUTION 

The equation is separable because it can be written in the form dy/dx = y*x?, where 
f(y) = y? and g(x) = x*. We separate the variables and antidifferentiate as follows. 

y* dy = x* dx Separate the variables. 

[> dy = Je dx Prepare to antidifferentiate. 

x3 

-yl= a + C Note that only one constant is needed. 

We then apply the initial condition to find C. 

1 = Z + C=>C= i 
3am 3 

ee ee -ylisi-- 
ce | 

att 

‘ 3 
a ee 

ae at 

This solution is valid for the continuous section of the function that goes through the 

point (1, 1), that is, on the domain (—o0, W4). 

It is apparent that y = 1 when x = 1, but it is worth checking that dy/dx = (xy)?. 

SZ 
- ¥ 4 = x3 

d | = = o8(4 = a 

dy 9x? 344 
he (hee (35) ty? a apy 

Now Try Exercise 1. 



What if A = 0? 
BPEREEI 

lf A = 0, then the solution to dy/dt = ky is 

the constant function y = 0. This function 

is technically of the form y = Ae*t, but we 
do not consider it to be an exponential 

function. The initial condition in this case 

leads to a “trivial” solution. 
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Law of Exponential Change 
You have probably solved enough exponential growth problems by now to recognize that 

they involve growth in which the rate of change is proportional to the amount present. The 

more bacteria in the dish, the faster they multiply. The more radioactive material present, 

the faster it decays. The greater your bank account (assuming it earns compounded 

interest), the faster it grows. 

The differential equation that describes this growth is dy/dt = ky, where k is the 

exponential growth constant (if positive) or the exponential decay constant (if negative). 

We can solve this equation by separating the variables. 

dy 
dt ky 

1 
yo = KALE Separate the variables. 

In|y| =kt+C  Antidifferentiate both sides 

ly| = ete Exponentiate both sides. 

ly]. = e& e* Property of exponents. 

y = tee Definition of absolute value 

y = Ae” Let A= +e° 

This solution shows that the only growth function that results in a growth rate propor- 

tional to the amount present is, in fact, exponential. Note that the constant A is the amount 

present when ¢ = 0, so it is usually denoted yp. 

The Law of Exponential Change 

If y changes at a rate proportional to the amount present (that is, if dy/dt = ky), and 

if y = yo when t = 0, then 

ae ae 
The constant k is the exponential growth constant if k > 0 or the exponential decay 

constant if k < 0. 

Now Try Exercise 11. 

Continuously Compounded Interest 
Suppose that P dollars are invested at a fixed annual interest rate r (expressed as a decimal). 

If interest is added to the account n times a year, the amount of money present after 

t years is 

r nt 

A(t) = a +2) : 

The interest might be added (“compounded,” bankers say) monthly (n = 12), weekly 

(n = 52), daily (n = 365), or even more frequently, by the hour or by the minute. 
If, instead of being added at discrete intervals, the interest is added continuously at a rate 

proportional to the amount in the account, we can model the growth of the account with 

the following initial value problem. 

: ; f dA 
Differential equation: a = TrA 

Initial condition: A(0) =P 
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It can be shown that 

r nt 

lim P(: + r) = 
Noo n 

We will see how this limit is evaluated in 

Section 9.2, Exercise 57. 

For radium-226, which used to be painted 

on watch dials to make them glow at night 

(a dangerous practice for the painters, who 

licked their brush-tips), t is measured in 

years and k = 4.3 x 10-4. For radon-222 

gas, t is measured in days and k = 0.18. 

The decay of radium in the earth's crust is 

the source of the radon we sometimes find 

in our basements. 

Convention 
EEE” 

It is conventional to use —k(k > 0) here 

instead of k(k < 0) to emphasize that yis 

decreasing. 

; 
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The amount of money in the account after f years is then 

A(t) = Pe”. 

Interest paid according to this formula is said to be compounded continuously. The num- 

ber r is the continuous interest rate. 

EXAMPLE 2 Compounding Interest Continuously 

Suppose you deposit $800 in an account that pays 6.3% annual interest. How much 

will you have 8 years later if the interest is (a) compounded continuously? (b) com- 

pounded quarterly? 

SOLUTION 

Here P = 800 and r = 0.063. The amount in the account to the nearest cent after 

8 years is 

(a) A(8) = 800e(963)(8) = 1324.26. 

0.063 \ (4)(8) 
(b) A(8) = 800 (: a es) = 1319.07. 

You might have expected to generate more than an additional $5.19 with interest com- 

pounded continuously. 

Now Try Exercise 19. 

Radioactivity 
When an atom emits some of its mass as radiation, the remainder of the atom re-forms to 

make an atom of some new element. This process of radiation and change is radioactive 

decay, and an element whose atoms go spontaneously through this process is radioactive. 

Radioactive carbon-14 decays into nitrogen. Radium, through a number of intervening 

radioactive steps, decays into lead. 

Experiments have shown that at any given time the rate at which a radioactive element 

decays (as measured by the number of nuclei that change per unit of time) is approxi- 

mately proportional to the number of radioactive nuclei present. Thus, the decay of a 

radioactive element is described by the equation dy/dt = —ky, k > 0. If yo is the number 

of radioactive nuclei present at time zero, the number still present at any later time ¢ will be 

y=ye", k> 0. 

The half-life of a radioactive element is the time required for half of the radioactive 

nuclei present in a sample to decay. Example 3 shows the surprising fact that the half-life 

is a constant that depends only on the radioactive substance and not on the number of 

radioactive nuclei present in the sample. 

EXAMPLE 3 Finding Half-Life 

Find the half-life of a radioactive substance with decay equation y = yge“ and show 

that the half-life depends only on k. 

SOLUTION 

Model The half-life is the solution to the equation 

1 Neer ed 

continued 
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Solve Algebraically 

] 
Khe 

é == Divide by yo. 2 Y Yo 

1 
—kt = In 5 Take In of both sides. 

: all In 2 : 1 : 
Say ee Ln ee ae tote} 

Kana k 

Interpret This value of t is the half-life of the element. It depends only on the value 

of k. Note that the number yo does not appear. Now Try Exercise 21. 

DEFINITION Half-life 

The half-life of a radioactive substance with rate constant k (k > 0) is 

half-life = a*. 

Modeling Growth with Other Bases 
As we have seen, the differential equation dy/dt = ky leads to the exponential solution 

y= roe 
where yo is the value of y at tf = 0. We can also write this solution in the form 

y =yob", 

where b is any positive number not equal to 1, and / is another rate constant, related to 

k by the equation k = h In b. This means that exponential growth can be modeled in any 

positive base not equal to 1, enabling us to choose a convenient base to fit a given growth 

pattern, as the following exploration shows. 

EXPLORATION 1 | Choosing a Convenient Base 

A certain population y is growing at a continuous rate so that the population doubles 

every 5 years. 

1. Let y = yo 2”. Since y = 2 yo when t = 5, what is h? What is the relationship 

of h to the doubling period? 

2. How long does it take for the population to triple? 

A certain population y is growing at a continuous rate so that the population triples 

every 10 years. 

3. Let y = yo 3”. Since y = 3 yo when t = 10, what is h? What is the relationship 

of / to the tripling period? 

4. How long does it take for the population to double? 

A certain isotope of sodium (Na-24) has a half-life of 15 hours. That is, half the 

atoms of Na-24 disintegrate into another nuclear form in fifteen hours. 

5. Let A = Ap(1/2)™. Since y = (1/2) yo when t = 15, what is h? What is the 
relationship of h to the half-life? 

6. How long does it take for the amount of radioactive material to decay to 10% of 

the original amount? 
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Homets Aplenty 

Carbon-14 Dating 

Qa 

no” oO 

o 
' 

cy 

aw 
4 a ih) oO 

) 

ving 
adioactive carbon, 

y carbon stays fairly 

ifetime of the organ- 

tely equal to the ratio 

rroundings at the time 
death, however, no 

the proportion 

decays. !t is possible to estimate the ages 
of fairly old organic remains by comparing 

the proportion of carbon-14 they contain 

with the proportion assumed to have been 

in the organism's environment at the time 

it ved. Archeologists have dated shells 

(wehich contain CaCO.), seeds, and wooden 
artifacts this way. The estimate of 15,500 

years for the age of the cave paintings at 

Lasceux, France, is based on carbon-14 

dating. After generations of controversy, 

the Shroud of Turin, long believed by many 

to be the burial cloth of Christ, was shown 

by carbon-14 dating in 1988 to have been 
made after 1200 ce 

It is important to note that while the exponential growth model y = yp b” satisfies the 

differential equation dy/dt = ky for any positive base b, it is only when b = e that the 

growth constant & appears in the exponent as the coefficient of rt. In general, the coefficient 

of ¢ is the reciprocal of the time period required for the population to grow (or decay) by 

a factor of b. 

EXAMPLE 4 Choosing a Base 

At the beginning of the summer, the population of a hive of bald-faced hornets (which 

are actually wasps) is growing at a rate proportional to the population. From a popula- 

tion of 10 on May 1, the number of hornets grows to 50 in thirty days. If the growth 

continues to follow the same model, how many days after May | will the population 

reach 100? 

SOLUTION 

Since dy/dt = ky, the growth is exponential. Noting that the population grows by a 

factor of 5 in 30 days, we model the growth in base 5: y = 10 X 5{!/3°)!, Now we 
need only solve the equation 100 = 10 X 5(!/3)' for r: 

100 = 10 x 5(1/30) 
10 = 50 30)r 

In 10 = (1/30)rIn5 
In 10 

= 30{ 2) = 42.920 
: (22) 

Approximately 43 days will pass after May | before the population reaches 100. 

Now Try Exercise 23. 

EXAMPLE 5 Using Carbon-14 Dating 

Scientists who use carbon-14 dating use 5700 years for its half-life. Find the age of a 

sample in which 10% of the radioactive nuclei originally present have decayed. 

_ SOLUTION 
We model the exponential decay in base 1/2: A = Ap(1/2)*/>”. We seek the value of 
t for which 0.9Ag = Ao( 1/2)/°™, or (1/2)/°™™ = 0.9. 

Solving algebraically with logarithms, 

GE PA vsgaang = 09 

(t/5700)In (1/2) = In (0.9) 

mm (= ) 

bis In (0.5) 
t ~ 866 

Interpreting the answer, we conclude that the sample is about 866 years old. 

Now Try Exercise 25. 

Newton's Law of Cooling 
Soup left in a cup cools to the temperature of the surrounding air. A hot silver ingot immersed 

in water cools to the temperature of the surrounding water. In situations like these, the rate 
at which an object’s temperature is changing at any given time is roughly proportional to 

~ 
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Figure 7.12 The egg will reach 20°C about 

13.3 mim after being placed in the pan to 
cool. (Example 6) 
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the difference between its temperature and the temperature of the surrounding medium. 

This observation is Newton’s Law of Cooling, although it applies to warming as well. and 

there is an equation for it. 

If T is the temperature of the object at time 1, and T, is the surrounding temperature. then 

dT 
—-he — 1). (1) 

dt s) 

Since dT = d(T — T,), equation (1) can be written as 

d 
—(T — T.) 
dt 3} 

—Kk(T — T,). 

Its solution, by the law of exponential change, is 

T -— T, = (Th — T,e*, 
where Tj is the temperature at time t = 0. This equation also bears the name Newton’s 

Law of Cooling. 

EXAMPLE 6 Using Newton’s Law of Cooling 

A hard-boiled egg at 98°C is put in a pan under running 18°C water to cool. After 

5 minutes, the egg’s temperature is found to be 38°C. How much longer will i take the 

egg to reach 20°C? 

SOLUTION 

Model Using Newton's Law of Cooling with T, = 18 and I, = 98. we have 

T— 18 =(98 —18)e" or T= 18 + 80e*. 

To find k we use the information that T = 38 when ¢ = 5. 

38 = 18 + 80e™* 

Se ae 4 

7 1 
—Sk — la— — —imnA4 

4 

1 
k=—iIn4 

> 

The egg’s temperature at time t is T = 18 + 80e (°° #7" 

Solve Graphically We can now use a grapher to find the time when the egg’s 

temperature is 20°C. Figure 7.12 shows that the graphs of 

y=20: and y=T= 18 + S06 (2™*F 

intersect at about tf = 13.3. 

Interpret The egg’s temperature will reach 20°C in about 13.3 min after it is put m 

the pan under running water to cool. Because it took 5 min to reach 38°C, it will take 

slightly more than 8 additional minutes to reach 20°C. 
Now Try Exercise 31. 
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Quick Review 7.4 

Exercise numbers with a gray background indicate problems that the Bigs 6. 2k+1 = 3k 

authors have designed to be solved without a calculator. , 

In Exercises 1 and 2, rewrite the equation in exponential form or 7. 1.1’ = 10 8. e2 = G 

logarithmic form. ; 
ea oc = In Exercises 9 and 10, solve for y. 

' 9In(y +1) =2x-3 
In Exercises 3-8, solve the equation. ‘ 

fain |y + 2| = 34-1 B)in (x + 3) =2 4. 100e2* = 600 

Section 7.4 Exercises 

In Exercises 1-10, use separation of variables to solve the initial In Exercises 19 and 20, find the amount of time required for 

value problem. Indicate the domain over which the solution is valid. a $2000 investment to double if the annual interest rate r is 

dy x compounded (a) annually, (b) monthly, (¢c) quarterly, and 

1. a a y and y= 2whenx = 1 (d) continuously. 

dy . 19. r = 4.75% 20. r = 8.25% 

2. rn -y and y = 3 when x = 4 21. Half-Life The radioactive decay of Sm-151 (an isotope of 
samarium) can be modeled by the differential equation dy/dt = 

3. _ ee and y = 2whenx = 2 —0.0077y, where ¢ is measured in years. Find the half-life of 

dx x Sm-151. 
4. dy =2xy and y= 3whenx =0 22. Half-Life An isotope of neptunium (Np-240) has a half-life of 

dx 65 minutes. If the decay of Np-240 is modeled by the differential 

ay equation dy/dt = —ky, where t is measured in minutes, what is 

5. x (y+5)(x+2) and y=1whenx=0 the decay constant k? 

23. Growth of Cholera Bacteria Suppose that the cholera 

6. dy =cost*y and y =0whenx =0 bacteria in a colony grow unchecked according to the Law of 

dx Exponential Change. The colony starts with | bacterium and 

dy _ ie ef x doubles in number every half hour. 

dx SR Oe aa eee (a) How many bacteria will the colony contain at the end of 

ome, LY = 24 h? 

8 ve EEE ganda yt whens, 0 (b) Writing to Learn Use part (a) to explain why a person 

_ dy who feels well in the morning may be dangerously ill by eve- 

"9)— =-—2xy? and y = 0.25 whenx = 1 ning eventhough, in an infected person, many bacteria are 

dx destroyed. 

a0)” Be 4Vy Inx and y = 1whenx =e 24. Bacterial Growth A colony of bacteria is grown under ideal 

dx x conditions in a laboratory so that the population increases expo- 

In Exercises 11-14, find the solution of the differential equation nentially with time. At the end of 3 h there are 10,000 bacteria. 
dy / dt = ky, k a constant, that satisfies the given conditions. At the end of 5 h there are 40,000 bacteria. How many bacteria 

Ak = 1.5, y(0) = 100 42k =-0.5, y(0) = 200 were present initially? 

25. Radon-222 The decay equation for radon-222 gas is known to 

(13) y(0) = 50, (5) = 100 (44) (0) = 60, y(10) = 30 be y = ye ®!8', with ¢ in days. About how long will it take the 

In Exercises 15—18, complete the table for an investment if interest is amount of radon in a sealed sample of air to decay to 90% of its 
compounded continuously. original value? 

~Intal Annual Doubling Amount in eid — Deobling. cAnaustin 26. Polonium-210 The number of radioactive atoms remain- 

Deposit S)_ Rate (%), Time 0) 309" cm a si aclanae days i ina sample pater ger aghes that starts with yo 

15. 1000 8.6 ss logs ye 

16. 2000 15 si 
17. | 2898.44 
18. 1200 10,405.37 



In Exercises 27 and 28, find the exponential function y = ye 

whose graph passes through the two points. 

27. 

28. 

29 

30 

31 

32 

SSNS 

(2, 5) 

>< 

(3, 3) 

. Mean Life of Radioactive Nuclei Physicists using the 

radioactive decay equation y = yge ™ call the number 1/k the 

mean life of a radioactive nucleus. The mean life of a radon-222 

nucleus is about 1/0.18 ~ 5.6 days. The mean life of a carbon-14 

nucleus is more than 8000 years. Show that 95% of the radioac- 

tive nuclei originally present in any sample will disintegrate 

within three mean lifetimes, that is, by time t = 3/k. Thus, the 

mean life of a nucleus gives a quick way to estimate how long 

the radioactivity of a sample will last. 

. Finding the Original Temperature of a Beam An alu- 

minum beam was brought from the outside cold into a machine 

shop where the temperature was held at 65°F. After 10 min, the 

beam warmed to 35°F and after another 10 min its temperature 

was 50°F. Use Newton’s Law of Cooling to estimate the beam’s 

initial temperature. 

. Cooling Soup Suppose that a cup of soup cooled from 

90°C to 60°C in 10 min in a room whose temperature was 

20°C. Use Newton’s Law of Cooling to answer the following 

questions. 

(a) How much longer would it take the soup to cool to 35°C? 

(b) Instead of being left to stand in the room, the cup of 90°C 

soup is put into a freezer whose temperature is —15°C. How 

long will it take the soup to cool from 90°C to 35°C? 

. Cooling Silver The temperature of an ingot of silver is 60°C 

above room temperature right now. Twenty minutes ago, it was 

70°C above room temperature. How far above room temperature 

will the silver be 

(a) 15 minutes from now? 

(b) 2 hours from now? 

(c) When will the silver be 10°C above room temperature? 

(33. Avian Development The rate at which a baby bird gains 
weight is proportional to the difference between its adult weight 

and its current weight. At time t = 0, when the bird is first 

34. 

35. 

36. 

37. 

38. 
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weighed, its weight is 20 grams. If B(t) is the weight of the bird, 

in grams, t days after it is first weighed, then dB/dt = 

0.2(100 — B). 

(a) Is the bird gaining weight faster when it weighs 40 grams or 

when it weighs 70 grams? Explain your reasoning. 
2 @) ee be d°B 

(b) Find a in terms of t. Use ae to explain why the graph of 

B cannot resemble the following graph: 

Weight (grams) 

S i=) 

N i=) 

Time (days) 

(c) Use separation of variables to find y = B(t), the particular 

solution to the differential equation with initial condition 

B(O) = 20. 

Solid Waste Accumulation A landfill at time t = 0 years 

contains 1200 tons of solid waste. The increasing function W 

models the total amount of solid waste stored at the landfill. 

Planners estimate that W will satisfy the differential equation 

dW/dt = 0.04(W — 300) for the years 0 = t < 20, where W is 
measured in tons. 

(a) Use the line tangent to the graph of W at t = 0 to approxi- 

mate the amount of solid waste in the landfill 3 months later. 

2 
dw 

(b) Find as in terms of W. Use Sas to determine whether your 

answer in part (a) is an underestimate or an overestimate of 

the amount of solid waste that the landfill contains at time 

t= 1/4. 

(c) Find the particular solution W = W(t) to the differential 

equation dW/dt = 0.04(W — 300) with initial condition 
W(0) = 1200. 

Dating Crater Lake The charcoal from a tree killed in the 

volcanic eruption that formed Crater Lake in Oregon contained 

44.5% of the carbon-14 found in living matter. About how old is 

Crater Lake? 

Carbon-14 Dating Measurement Sensitivity To see the 

effect of a relatively small error in the estimate of the amount of 

carbon-14 in a sample being dated, answer the following ques- 

tions about this hypothetical situation. 

(a) A fossilized bone found in central Illinois in the year 2000 

C.E. contains 17% of its original carbon-14 content. Estimate 

the year the animal died. 

(b) Repeat part (a) assuming 18% instead of 17%. 

(c) Repeat part (a) assuming 16% instead of 17%. 

What is the half-life of a substance that decays to 1/3 of its 

original radioactive amount in 5 years? 

A savings account earning compound interest triples in value 

in 10 years. How long will it take for the original investment to 

quadruple? 
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39. The Inversion of Sugar The processing of raw sugar has an 

“inversion” step that changes the sugar’s molecular structure. 

Once the process has begun, the rate of change of the amount of 

raw sugar is proportional to the amount of raw sugar remaining. 

If 1000 kg of raw sugar reduces to 800 kg of raw sugar during the 

first 10 h, how much raw sugar will remain after another 14 h? 

40. Oil Depletion Suppose the amount of oil pumped from one of 

the canyon wells in Whittier, California, decreases at the con- 

tinuous rate of 10% per year. When will the well’s output fall to 

one-fifth of its present level? 

41. Atmospheric Pressure Earth’s atmospheric pressure p is 

often modeled by assuming that the rate dp/dh at which p 

changes with the altitude h above sea level is proportional to p. 

Suppose that the pressure at sea level is 1013 millibars (about 

14.7 lb/in?) and that the pressure at an altitude of 20 km is 

90 millibars. 

(a) Solve the initial value problem 

dp 
— = k q 

Femi 
P = Po When h = 0, 

Differential equation: 

Initial condition: 

to express p in terms of h. Determine the values of po and k 

from the given altitude-pressure data. 

(b) What is the atmospheric pressure at h = 50 km? 

(c) At what altitude does the pressure equal 900 millibars? 

42. First-Order Chemical Reactions In some chemical reactions 

the rate at which the amount of a substance changes with time is 

proportional to the amount present. For the change of 6-glucono 

lactone into gluconic acid, for example, 

dy 
= (0 
dt y 

when y is measured in grams and f is measured in hours. If there 

are 100 grams of a 6-glucono lactone present when t = 0, how 

many grams will be left after the first hour? 

43. Discharging Capacitor Voltage Suppose that electricity is 

draining from a capacitor at a rate proportional to the voltage V 

across its terminals and that, if t is measured in seconds, 

(a) Solve this differential equation for V, using Vo to denote the 

value of V when t = 0. 

(b) How long will it take the voltage to drop to 10% of its original 

value? 

44. John Napier’s Answer John Napier (1550-1617), the 

Scottish laird who inyented logarithms, was the first person to 

answer the question, “What happens if you invest an amount of 

money at 100% yearly interest, compounded continuously?” 

(a) Writing to Learn What does happen? Explain. 

(b) How long does it take to triple your money? 

(c) Writing to Learn How much can you earn in a year? 

45. Benjamin Franklin’s Will The Franklin Technical Institute of 
Boston owes its existence to a provision in a codicil to 

Benjamin Franklin’s will. In part the codicil reads: 

46. 
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I wish to be useful even after my Death, if possible, 

in forming and advancing other young men that 

may be serviceable to their Country in both Boston 

and Philadelphia. To this end I devote Two thou- 

sand Pounds Sterling, which I give, one thousand 

thereof to the Inhabitants of the Town of Boston in 

Massachusetts, and the other thousand to the inhabit- 

ants of the City of Philadelphia, in Trust and for the 

Uses, Interests and Purposes hereinafter mentioned and 

declared. 

Franklin’s plan was to lend money to young apprentices at 5% 

interest with the provision that each borrower should pay each 

year along 

... with the yearly Interest, one tenth part of the 

Principal, which sums of Principal and Interest shall be 

again let to fresh Borrowers. ... If this plan is executed 

and succeeds as projected without interruption for one 

hundred Years, the Sum will then be one hundred and 

thirty-one thousand Pounds of which I would have 

the Managers of the Donation to the Inhabitants of the 

Town of Boston, then lay out at their discretion one 

hundred thousand Pounds in Public Works. ... The 

remaining thirty-one thousand Pounds, I would have 

continued to be let out on Interest in the manner above 

directed for another hundred Years. ... At the end of 

this second term if no unfortunate accident has pre- 

vented the operation the sum will be Four Millions and 

Sixty-one Thousand Pounds. 

It was not always possible to find as many borrowers as Franklin 

had planned, but the managers of the trust did the best they 

could. At the end of 100 years from the receipt of the Franklin 

gift, in January 1894, the fund had grown from 1000 pounds 

to almost 90,000 pounds. In 100 years the original capital had 

multiplied about 90 times instead of the 131 times Franklin had 

imagined. 

(a) What annual rate of interest, compounded continuously for 

100 years, would have multiplied Benjamin Franklin’s origi- 

nal capital by 90? 

(b) In Benjamin Franklin’s estimate that the original 1000 

pounds would grow to 131,000 in 100 years, he was using 

an annual rate of 5% and compounding once each year. 

What rate of interest per year when compounded continu- 

ously for 100 years would multiply the original amount 

by 131? 

Rules of 70 and 72 The rules state that it takes about 70/i or 
72/i years for money to double at 7 percent, compounded con- 

tinuously, using whichever of 70 or 72 is easier to divide by i. 

(a) Show that it takes t = (In 2)/r years for money to double if 
it is invested at annual interest rate r (in decimal form) com- 

pounded continuously. 

(b) Graph the functions 

_ n2 ele d ey 

4 lee your" 3 100r 

in the [0,0.1] by [0, 100] viewing window. — 

(c) Writing to Learn Explain why these two rules of thumb — 
for mental computation are reasonable. 



(d) Use the rules to estimate how long it takes to double money 

at 5% compounded continuously. 

(e) Invent a rule for estimating the number of years needed to 

triple your money. 

Standardized Test Questions 

You may use a graphing calculator to solve the following problems. 

47. 

48. 

49. 

50. 

51. 

52. 

True or False If dy/dx = ky, then y = e + C. Justify your 
answer. 

True or False The general solution to dy/dt = 2y can be writ- 

ten in the form y = C(3“) for some constants C and k. Justify 
your answer. 

Multiple Choice A bank account earning continuously com- 

pounded interest doubles in value in 7.0 years. At the same 

interest rate, how long would it take the value of the account to 

triple? 

(A) 4.4 years (B) 9.8 years 

(D) 11.1 years (E) 21.0 years 

Multiple Choice A sample of Ce-143 (an isotope of cerium) 

loses 99% of its radioactive matter in 199 hours. What is the 

half-life of Ce-143? 

(A) 4 hours (B) 6 hours 

(D) 100.5 hours (EF) 143 hours 

Multiple Choice In which of the following models is dy/dt 

directly proportional to y? 

(C) 10.5 years 

(C) 30 hours 

Ly=e"+C 

hey = Cee 

Il. y = 28" 

(A) I only (B) I only (C) I and I only 

(D) and Wl only (EK) I, Il, and Il 

Multiple Choice An apple pie comes out of the oven at 425°F 

and is placed on a counter in a 68°F room to cool. In 30 minutes 

it has cooled to 195°F. According to Newton’s Law of Cooling, 

how many additional minutes must pass before it cools to 

100°F? 

(A) 12.4 (B)15.4 (C) 25.0 (D) 35.0 (E) 40.0 

Explorations 

53. Resistance Proportional to Velocity It is reasonable to 

assume that the air resistance encountered by a moving object, 

such as a car coasting to a stop, is proportional to the object’s 

velocity. The resisting force on an object of mass m moving with 

velocity v is thus —kv for some positive constant k. 

(a) Use the law Force = Mass X Acceleration to show that the 

velocity of an object slowed by air resistance (and no other 

forces) satisfies the differential equation 
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(b) Solve the differential equation to show that v = vg e~(4/™)#, 
where vo is the velocity of the object at time t = 0. 

(c) If k is the same for two objects of different masses, which 

one will slow to half its starting velocity in the shortest 

time? Justify your answer. 

54. Coasting to a Stop Assume that the resistance encountered 

by a moving object is proportional to the object’s velocity so 

that its velocity is v = voe(#/™)t, 

(a) Integrate the velocity function with respect to ft to obtain the 

distance function s. Assume that s(0) = 0 and show that 

Vom 
s(t) = “on (1 = e-tiny), 

(b) Show that the total coasting distance traveled by the object 

as it coasts to a complete stop is vgm/k. 

55. Coasting to a Stop Table 7.1 shows the distance s (meters) 

coasted in t seconds by Kelly Schmitzer on her in-line 

skates. Her initial velocity was v9 = 1 m/sec, her mass was 

m = 49,90 kg (110 lb), and her total coasting distance was 
1.32 m. Find a model for her position function using the form 

in Exercise 54(a), and superimpose the graph of the function on 

a scatter plot of the data. (Note: You should use your calculator 

to find the value of k in the formula, but do not use your calcu- 

lator to fit a regression curve to the data.) 

0.1 Oo ale Sioa ale Seeley, t(sec) 0 re a 
s (m) ORO: O7 02275 OS GR OAS MOCO MOIR IO SIO 890.97, 

ig(SCC) uml ay onl eS. eco) al 2 OE See Ome Lea 

(7) EOS 1 TE 225 2S) 2S SOS eles Zee 

Source: Valerie Sharritts, St. Francis de Sales H.S., Columbus, OH. 

Extending the Ideas 
56. Continuously Compounded Interest 

(a) Use tables to give a numerical argument that 

1\* 

lim (1 a 1) =e, 
X= 00 x 

Support your argument graphically. 

(b) For several different values of r, give numerical and graphi- 

cal evidence that 

r Bo 

lim (1 Si “) =e’. 
x00 oF 

(c) Writing to Learn Explain why compounding interest over 

smaller and smaller periods of time leads to the concept of 

interest compounded continuously. 
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57. Skydiving If a body of mass m falling from rest under the 

action of gravity encounters an air resistance proportional to the 

square of the velocity, then the body’s velocity v(t) is modeled 

by the initial value problem 

‘ : 5 dy 
Differential equation: m i = mg — kv’, 

Initial condition: v(0) = 0, 

where f represents time in seconds, g is the acceleration due to 

gravity, and k is a constant that depends on the body’s aerody- 

namic properties and the density of the air. (We assume that the 

fall is short enough so that variation in the air’s density will not 

affect the outcome.) 

(a) Show that the function 

zh mg ett = ew 

Wa k et + en? 

where a = V gk/m, is a solution of the initial value problem. 

(b) Find the body’s limiting velocity, lim v(t). 
too 

(c) For a 160-Ib skydiver (mg = 160), and with time in seconds 
and distance in feet, a typical value for k is 0.005. What is 

the diver’s limiting velocity in feet per second? in miles per 

hour? 

Skydivers can vary their limiting velocities by changing the 

amount of body area opposing the fall. Their velocities can vary 

from 94 to 321 miles per hour. 
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Logistic Growth | 
You will be able to solve the logistic 

differential equation using the 

technique of partial fractions and 

then by the general formula. 

¢ Logistic growth as a reasonable 

model for population growth 

« The technique of partial fractions 

¢ Solving a logistic differential 

equation by partial fractions 

« Real-world applications of logistic 

growth 

« The general logistic formula 

How Populations Grow 

In Section 7.4 we showed that when the rate of change of a population is directly propor- 

tional to the size of the population, the population grows exponentially. This seems like a 

reasonable model for population growth in the short term, but populations in nature cannot 

sustain exponential growth for very long. Available food, habitat, and living space are just 

a few of the constraints that will eventually impose limits on the growth of any real-world 

population. 

EXPLORATION 1 | Exponential Growth Revisited 

Almost any algebra book will include a problem like this: A culture of bacteria in a 

Petri dish is doubling every hour. If there are 100 bacteria at time t = 0, how many 

bacteria will there be in 12 hours? 

1. Answer the algebra question. 

Suppose a textbook editor, seeking to add a little unit conversion to the problem 

to satisfy a reviewer, changes “12 hours” to “12 days” in the second edition of 

the textbook. What is the answer to the revised question? 

. Is the new answer reasonable? (Hint: It has been estimated that there are about 

10’? atoms in the entire universe.) 

. Suppose the maximal sustainable population of bacteria in this Petri dish is 

500,000 bacteria. How many hours will it take the bacteria to reach this popula- 

tion if the exponential model continues to hold? 

. The graph below shows what the graph of the population would look like if it 

were to remain exponential until hitting 500,000. Draw a more reasonable graph 

that shows how the population might approach 500,000 after growing exponen- 

tially up to the marked point. 

y 

500,000 

Logistic growth, which starts off exponentially and then changes concavity to approach 

a maximal sustainable population, is a better model for real-world populations, for all the 

reasons mentioned above. 

Partial Fractions 

Before we introduce the differential equation that describes logistic growth, we need to 

review a bit of algebra that is needed to solve it. 
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A Question of Degree 
Bis 

Note that the technique of partial fractions 

applies only to rational functions of the 

form 

P(x) 

Q(x) 

where P and O are polynomials with the 

degree of Pless than the degree of Q. 

Such a fraction is called proper. Example 2 

will show you how to handle an improper 

fraction. 

A Little on the Heaviside 
De 

The substitution technique used to 

find A and B in Example 1 (and in 

subsequent examples) is often called 

the Heaviside Method after English 

engineer Oliver Heaviside (1850-1925). 

Chapter 7 Differential Equations and Mathematical Modeling 

Partial Fraction Decomposition with Distinct Linear Denominators 

P(x 
If f(x) = — where P and Q are polynomials with the degree of P less than the 

degree of Q, and if Q(x) can be written as a product of distinct linear factors, then 

f(x) can be written as a sum of rational functions with distinct linear denominators. 

We will illustrate this principle with examples. 

EXAMPLE 1 Finding a Partial Fraction Decomposition 

ag 
Write the function f(x) = oe as a sum of rational functions with linear 

denominators. 

SOLUTION 

mite 
Since f(x) = ee we will find numbers A and B so that 

(2% =) (oh) 
A B 

= - 
Fx) OD Ban Smite Ne 

A B.A 3) bl 
Note that ae ee eee SORT OUCKYSHAl 

Axe sre) iirReS (2xe= 21) Ger= 3) 

Al =" 3) BCs ol) pao. (1) 

Setting x = 3 in equation (1), we get 

A(0) + B(5) = —10, so B = —2. 

1 
Setting x = 5 in equation (1), we get 

5 
a(-3) + B(0) =—-—,s0A = 5. 

5B == 1S) 5 2, 
Therefore f(x) = (z= 1 amas = om Wr oe 

Now Try Exercise 3. 
oe Eee ee were SoC, 

You might already have guessed that partial fraction decomposition can be of great 

value when antidifferentiating rational functions. 

EXAMPLE 2 Antidifferentiating with Partial Fractions 

. 3x4 +1 
Find ee ax. 

SOLUTION 

First we note that the degree of the numerator is not less than the degree of the denomi- 

nator. We use the division algorithm to find the quotient and remainder: 

3x2 + 3 

x? — 1)3x4 +1 
3x4 — 3x2 

3x2 + 1 
3x2 — 3 

4 

continued 
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Og eaie ete : 4 
ios pe iad jean Serra 

4 
at fo 

GS Cen) 

A B 
-xtart [{ + ax 

ye Il ge sp 

We know that A(x + 1) + B(x — 1) = 4. 

Setting x = 1, 

Thus 

A(2) + B(O) = 4, soA = 2. 

Setting x = —1, 

Thus 

2 =2 
awartae [(2 7+ ax 

incre l bae tect | 

Sox lye Ci Dcln eee al | eR 

Be eee In| ee 
BG 5 me | 

Now Try Exercise 7. 

EXAMPLE 3 Finding Three Partial Fractions 

This example will be our most laborious problem. 
a 2 Ma ape: 

Find the general solution to > = Aoi Sa Eee 
eee last CONE ony 

SOLUTION 

6x? = 8%. = 4 A B C 

lylpear eae 

We know that A(t 2 (ay 1) 4 B(x 2) ed Ce ee 
OX aS Caen: 

Setting x = 2: 

A(4)(1) + B(O) + C(0) = 4, soA = 1. 

Setting x = —2: 

A(0) + B(—4)(—3) + C(0) = 36, soB = 3. 

Setting x = 1, 

A(0) + B(0) + C(-1)(3) =—6, soc =2. 

fettetnt ae (Apr tyes 
Sings 492) + 3in |x +2) + 210 |x— 1) +C 

= in (f(x S!2||x + 2/3 |x — 1/2) +¢. 
Now Try Exercise 17. 
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se 

0 

Figure 7.13 A logistic curve. 

The technique of partial fractions can actually be extended to apply to all rational func- 

tions, but the method has to be adapted slightly if there are repeated linear factors or irre- 

ducible quadratic factors in the denominator. Both of these cases lead to partial fractions 

with quadratic denominators, and we will not deal with them in this book. 

The Logistic Differential Equation 
Now consider the case of a population P with a growth curve as a function of time that 

begins increasing and concave up (as in exponential growth), then turns increasing and 

concave down as it approaches the carrying capacity of its habitat. A logistic curve, like 

the one shown in Figure 7.13, has the shape to model this growth. 

We have seen that the exponential growth at the beginning can be modeled by the dif- 

ferential equation 

ge = kP forsome k > 0. 
dt 

If we want the growth rate to approach zero as P approaches a maximal carrying capacity 

M, we can introduce a limiting factor of M — P: 

gE = kP(M — P . ( ) 

This is the logistic differential equation. Before we find its general solution, let us see how 

much we can learn about logistic growth just by studying the differential equation itself. 

EXPLORATION 2. Learning from the Differential Equation 

Consider a (positive) population P that satisfies dP/dt = kP(M — P), where k and 

M are positive constants. 

1. For what values of P will the growth rate dP/dt be close to zero? 
2. Asa function of P, y = kP(M — P) has a graph that is an upside-down parabola. 

What is the value of P at the vertex of that parabola? 

3. Use the answer to part (2) to explain why the growth rate is maximized when 

the population reaches half the carrying capacity. 

4. If the initial population is less than M, is the initial growth rate positive or 

negative? 
5. If the initial population is greater than M, is the initial growth rate positive or 

negative? 

. If the initial population equals M, what is the initial growth rate? 

. What is iim P(t)? Does it depend on the initial population? 

You can use the results of Exploration 2 in the following example. 

EXAMPLE 4 

The growth rate of a population P of bears in a newly established wildlife preserve is 

modeled by the differential equation dP/dt = 0.008P(100 — P), where t is measured 
in years. 

(a) What is the carrying capacity for bears in this wildlife preserve? 

(b) What is the bear population when the population is growing the fastest? 

(c) What is the rate of change of the population when it is growing the fastest? 
continued 
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[0, 25] by [0, 1000] 

Figure 7.14 The slope field for the moose 

differential equation in Example 5. 
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SOLUTION 

(a) The carrying capacity is 100 bears. 

(b) The bear population is growing the fastest when it is half the carrying capacity, 

50 bears. 

(c) When P = 50, dP/dt = 0.008(50)(100 — 50) = 20 bears per year. Although 
the derivative represents the instantaneous growth rate, it is reasonable to say that the 

population grows by about 20 bears that year. 

Now Try Exercise 25. 

In this next example we will find the solution to a logistic differential equation with an 

initial condition. 

EXAMPLE 5 Tracking a Moose Population 

In 1985 and 1987, the Michigan Department of Natural Resources airlifted 61 moose 

from Algonquin Park, Ontario, to Marquette County in the Upper Peninsula. It was 

originally hoped that the population P would reach carrying capacity in about 25 years 

with a growth rate of 

dP 
aes 0.0003P( 1000 — P). 

(a) According to the model, what is the carrying capacity? 

(b) With a calculator, generate a slope field for the differential equation. 

(c) Solve the differential equation with the initial condition P(0) = 61 and show that 
it conforms to the slope field. 

SOLUTION 

(a) The carrying capacity is 1000 moose. 

(b) The slope field is shown in Figure 7.14. Since the population approaches a hori- 

zontal asymptote at 1000 in about 25 years, we use the window [| 0, 25] by [ 0, 1000]. 

(c) After separating the variables, we encounter an antiderivative to be found using 

partial fractions. 

ae eee 
P(1000 — P) 

1 
SP =f 0.0003-a 
i P(1000 — P) J 

A B 
< + ——__] ap = [0.0003 at 

{G aap) J 0.00 

We know that A(1000 — P) + B(P) = 1. 

= 0.0003 dt 

Setting P= 0:  A(1000) + B(O) = 1,s0 A = 0.001. 

Setting P = 1000: A(0) + B(1000) = 1, so B = 0.001. 

continued 
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0.001 0.001 OE ee ee /( P ae) J 0.0003 at 
l 1 

IG ap aa dP = [0.3 dt Multiplied both integrals by 1000 

In P — In(1000 — P) = 0.3t + C 

In(1000 — P) — InP = -0.3t — C 

inca 1000}? 
ee Da — In (=F) = 031 - 

PE we PES ne P 

fe hE PG eT LOR, Be 

VD e Me at Ne re 20 1000, aeawienee 
VOU rte fed A pie P 
daed sheatale, (ahd ue 
EP? a vee OE eee 
ee Ba vb FeO Na! Ae fe is P 

Aa Fo = PE i AE 

SO a Setting P = 61 and t = 0, we find that e-© ~ 15.393. Thus 

[0, 25] by [0, 1000] 
1000 

Figure 7.15 The particular solution BPS 1 ¥°15.393e 9" 

1000 1000 
~ 1 + 15,3930 f edinctad 5.395202 

conforms nicely to the slope field for 

dP/dt = 0.0003P(1000 — P). The graph conforms nicely to the slope field, as shown in Figure 7.15. 

(Example 5) Now Try Exercise 29. 

Logistic Growth Models 
We could solve many more logistic differential equations and the algebra would look the 

same every time. In fact, it is almost as simple to solve the equation using letters for all the 

constants, thereby arriving at a general formula. In Exercise 35 we will ask you to verify 

the result in the box below. 

The General Logistic Formula 

The solution of the general logistic differential equation 

dP 
— = kP(M — P -" ( ) 

is 

Nate sc! 
1 + Ae (Mit 

where A is a constant determined by an appropriate initial condition. The carrying 

capacity M and the logistic growth constant k are positive constants. 

EXAMPLE 6 Finding a Logistic Model Formulaically 

The growth of the population of Aurora, CO, for the years between 1950 and 2003 was 

dP 
roughly logistic, satisfying the differential equation ety P(0.1 — 3.125 X 10°’P). 

Model the growth with a logistic function, using the initial condition P(0) = 12,800. 

continued 
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SOLUTION 

dP 
First write the differential equation in the form Pip kP(M — P) by factoring 

ug dP 
out 3.125 X 10-7. Thus, ais (3.125 X 10~’)P(320,000 — P), and we see that 

k = 3.125 X 10-7 and M = 320,000. By knowing the general solution to the differen- 

tial equation, we can directly write 

[-5, 60] by [-3600, 337000] 320,000 
, ae a 0.1%" 

Figure 7.16 The logistic curve fits the lichens 
data for population growth in Aurora, CO, Finally, we use the initial condition to find A: 
from 1950 to 2003. (Example 6) 

320,000 320,000 
12.800 = = LASS : =A = 24 

L=yAe 12,800 

: aS : 320,000 
Baler meets. Feehan The model that satisfies the initial value problem is P(t) = (aoe 
NE Aico eA Ae 4 
AAA A LOA ee Se Figure 7.16 shows that this model fits a scatter plot of actual population data for 

3 p cf e a és f é, g 3 i ie y Aurora in those years quite nicely. Figure 7.17 shows that the curve fits a slope field of _ 

ee II Lf MOE AS ff the differential equation, as expected. 
FOr ce Gin iae gia LE AED Palas aid ot - 
SEE AOE SSDS Now Try Exercise 33. 

(coil (ead NO A A : 

[-5, 60] by [-3600, 337000] We caution readers once again not to assume that logistic models work perfectly in 

Figure 7.17 The slope field for the differ- real-world problems involving population growth. For example, the curve in Example 6 

ential equation fits the data and the logistic that fits the Aurora data so well from 1950 to 2003 predicts a maximal population of 

curve nicely. (Example 6) 320,000, whereas the actual population of Aurora surpassed that number by 2010—and 

is still growing. 

Quick Review 7.5 _ (For help, go to Sections 2.2 and 2.3.) 

Exercise numbers with a gray background indicate problems that the : ie 60 

authors have designed to be solved without a calculator. In Exercises 5-10, let f(x) 1 + 5e0-1x° 

In Exercises 1-4, use the polynomial division algorithm (as in 5. Find where f is continuous. 

aba le section) to write the rational function in the form rind lim f (x). 

x x00 
Q(x) + D(x)’ where the degree of R is less than the degree of D. “7)Find lim f(x). 

cu? —OO 

‘ 5 _ 8. Find the y-intercept of the graph of f. 

en — i ee = A © 9. Find all horizontal asymptotes of the graph of f. 
ca = pd 

10. Draw the graph of y = f(x). 
a ee Mes 10. grap y= Fx} 

galt ieee ted? Pas ool 

Section 7.5 Exercises 

In Exercises 1—4, find the values of A and B that complete the partial as BO a See A - B 

| fraction decomposition. ae Ay — ety Oetig aay Cilgy dels 

Xs LS A B 3 A B 
= — + — = 

x? — 4x x ad eo; ox 5 

ox 1G A by B 

etx —-6 xt+3 x-2 
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In Exercises 5-14, evaluate the integral. 

5 / eo — 12 d 
. xX 

x? Sx 

ph ez x = 16 Diz dx JE dx 
xe — 4 aD) 

2 dx 3 dx 
Sh 10. 
/ a / +9 

7 dx le —93% 
| ox | 
ox tee igs 

okt. =e 5x + 14 i | ——« 14. ea 
gh ties x? + 7x 

In Exercises 15—18, solve the differential equation. 

ay 216 du 2 
155— = 16. — = 

dx xe 2x 1S ee 

2 Ee 
V7. F'(x) = 1G3G'(t) = (irom se! ices ai 

In Exercises 19-22, find the integral without using the technique of 

partial fractions. 

19. / basta 20. (ae 
Ye ee Dye ea Bye ce | 

oc | Dye 
a |* ae Tay B/= dx 

} i iG en I 

In Exercises 23-26, the logistic equation describes the growth of a 

population P, where f is measured in years. In each case, find (a) the 

carrying capacity of the population, (b) the size of the population 

when it is growing the fastest, and (c) the rate at which the popula- 

tion is growing when it is growing the fastest. 

IP dP 
23. = = 0,006P(200 — P) a 0.0008P(700 — P) 

iP dP 
25. o = 0,0002P(1200 — P) 26. —- = 10°5P(5000 — P) 

In Exercises 27-30, solve the initial value problem using partial frac- 

tions. Use a graphing utility to generate a slope field for the differen- 

tial equation and verify that the solution conforms to the slope field. 

dP 
27. — = 0.006P(200 — P) and P = 8 when t = 0. 

dt 
dP 

28. ae 0.0008P(700 — P) and P = 10 when t = 0. 

dP 
29. ae 0.0002P(1200 — P) and P = 20 when t = 0. 

dP 2 30. —- = 10-$P(S000 — P) and P = 50 when t = 0. 

In Exercises 31 and 32, a population function is given. 

(a) Show that the function is a solution of a logistic differential 

equation. Identify & and the carrying capacity. 

(b) Writing to Learn Estimate P(0). Explain its meaning in 
the context of the problem. 

31. Rabbit Population A population of rabbits is given by the 

formula 

SS 1000 

P(t) 5% 1 + e48-0.7t? 

where f¢ is the number of months after a few rabbits are released. 

32. Spread of Measles The number of students infected by mea- 

sles in a certain school is given by the formula 

200 
be 1+ e3-0? 

where ft is the number of days after students are first exposed to 

an infected student. 

33. Guppy Population A 2000-gallon tank can support no more 

than 150 guppies. Six guppies are introduced into the tank. 

Assume that the rate of growth of the population is 

dP 
Seer 0.0015P(150 — P), 

where time ¢ is in weeks. 

(a) Find a formula for the guppy population in terms of ¢. 

(b) How long will it take for the guppy population to be 

100? 125? 

34. Gorilla Population A certain wild animal preserve can sup- 

port no more than 250 lowland gorillas. Twenty-eight gorillas 

were known to be in the preserve in 1970. Assume that the rate 

of growth of the population is 

dP 
— = 0.0004P(250 — P), 
dt 

where time f is in years. 

(a) Find a formula for the gorilla population in terms of t. 

(b) How long will it take for the gorilla population to reach the 

carrying capacity of the preserve? 

35. Logistic Differential Equation Show that the solution of the 

differential equation 

dP M 
a= iPM PY 2 ee 
dt ( Linde 1 + Ae-Met 

where A is a constant determined by an appropriate initial condition. 

36. Limited Growth Equation Another differential equation that 

models limited growth of a population P in an environment with 

carrying capacity M is dP/dt = k(M — P) (where k > 0 and 

M > 0). 

(a) Show that P = M — Ae“, where A is a constant determined 

by an appropriate initial condition. 

(b) What is lim P(t)? 
too 

(c) For what time t = 0 is the population growing the fastest? 

(d) Writing to Learn How does the growth curve in this 

model differ from the growth curve in the logistic model? 

37. Growing Boys Between the ages of 2 and 20, the weight W 
of an American boy is a logistic function of his age. For boys 

at the 50th percentile, the differential equation for W can be 

approximated by dW/dt = 0.0008W(216 — W), where Wis — 
measured in pounds and f is measured in years beyond the age 

of 2. Express W as a function of t subject to the initial conditio 

w(0) = 24. * 

f 



38. Growing Girls Between the ages of 2 and 20, the weight W 

of an American girl is a logistic function of her age. For girls 

at the 50th percentile, the differential equation for W can be 

approximated by dW/dt = 0.0015W(147 — W), where W is 
measured in pounds and f is measured in years beyond the age 

of 2. Express W as a function of t subject to the initial condition 

W(0) = 24.5. 

Standardized Test Questions 

39. 

40. 

41. 

42. 

True or False For small values of t, the solution to the 
logistic differential equation dP/dt = kP(100 — P) that passes 

through the point (0, 10) resembles the solution to the differential 

equation dP/dt = kP that passes through the point (0, 10). Justify 
your answer. 

True or False If 0 < P(0) < M, then the graph of the solu- 
tion to the differential equation dP/dt = kP(100 — P) has 

asymptotes y = 0 and y = 100. Justify your answer. 

Multiple Choice The spread of a disease through a community 

can be modeled with the logistic equation 

& 600 

1, +.59e70l"’ 

where y is the number of people infected after t days. How many 

people are infected when the disease is spreading the fastest? 

(A) 10 (B)59 (C)60 (D)300 (E) 600 

Multiple Choice The spread of a disease through a community 

can be modeled with the logistic equation 

“ 0.9 

1 + 45¢e70.15" 

where y is the proportion of people infected after ¢ days. 

According to the model, what percentage of the people in the 

community will not become infected? 

y 

yy 

(A) 2% (B)10% (C)15% (D)45% (E) 90% 
3 

y ; 3 ns 
Multiple Choice | atic aye = 

33 9 5 8 2 
(A)—35 B-55 (Om (3) (D) In (=) (E) In (2) 

. Multiple Choice Which of the following differential equations 

would produce the slope field shown below? 

dy dy 
Le or 4 — = 0.01y(120 — (A) — 0.01x(120-x) @)> y( y) 

dy dy * 120 
(Sas DOTy O02) oD) a a eae: en 

dy 120 

(E) dx 1+ 60e7!2 

[-3, 8] by [-S0, 150] 
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Explorations 
45. 

46. 

Extinct Populations One theory states that if the size of 

a population falls below a minimum m, the population will 

become extinct. This condition leads to the extended logistic 

differential equation 

with k > 0 the proportionality constant and M the population 

maximum. 

(a) Show that dP/dt is positive form < P < M and negative if 

Pion or PM. 

(b) Let m = 100, M = 1200, and assume that m < P < M. 

Show that the differential equation can be rewritten in the form 

1 on 1 ar il 

WACO IP 100) i a 

Use a procedure similar to that used in Example 5 in Section 7.5 

to solve this differential equation. : 

(c) Find the solution to part (b) that satisfies P(0) = 300. 

(d) Superimpose the graph of the solution in part (c) with 

k = 0.1 ona slope field of the differential equation. 

(e) Solve the general extended differential equation with the 

restriction m < P < M, 

Integral Tables Antiderivatives of various generic functions 

can be found as formulas in integral tables. See if you can 

derive the formulas that would appear in an integral table for the 

following functions. (Here, a is an arbitrary constant.) 

dx dx dx 

@ fata © fata © fate 

Extending the Ideas 

47. Partial Fractions with Repeated Linear Factors 

If 

P(x) 
f(x) = (x iat rym 

is a rational function with the degree of P less than m, then the 

partial fraction decomposition of f is 

For example, 

4x 4 8 —_ = ——_ + ——_... 
(eee Dyer =. 20 he a ie 

Use partial fractions to find the following integrals: 

Sx 
Sees (a) / (x +3) 

5x es 
(b) Jace” [Hint: Use part (a).] 
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48. More on Repeated Linear Factors The Heaviside Method 

is not very effective at finding the unknown numerators for par- 

tial fraction decompositions with repeated linear factors, but here 

is another way to find them. 

Ae Be oe SS A B 

(b) Expand and equate coefficients of like terms to show that 

A = 1,-2A + B = 3,andA — B + C = 5. Then find A, 

B, and C. 

x? + 3x +5 

(x — 1)° 
(c) Use partial fractions to evaluate 

(a) If 
G 

Gi ned Cee, 
, show 

that A(x — 1)? + B(x — 1) HC = x? + 3x + S. 

You may use a graphing calculator to solve the following problems. 

1. Multiple Choice The rate at which acreage is being consumed 

by a plot of kudzu is proportional to the number of acres already ay We le 

consumed at time ¢. If there are 2 acres consumed when t = 1 ire 5: ( ¥, 

and 3 acres consumed when t = 5, how many acres will be con- 

sumed when t = 8? 

(A) 3.750 (B) 4.000 (C) 4.066 

F(1) = 0, then F(5) = 

(A) —0.099 (B)—0.153 (C)—0.293 (D) —0.992 (E) —1.833 

(D) 4.132 (E) 4.600 

2. Multiple Choice Let F(x) be an antiderivative of cos (x7). If 

4. Free Response A population is modeled by a function P that 

satisfies the logistic differential equation 

(a) If P(O) = 3, what is jim P(t)? 

(b) If P(O) = 20, what i is im P(t)? 

(c) A different population i is Piodclet by a function Y that satis- 

fies the separable differential equation 

#2 - +) 
ZN oe coe 10/° 

: 3 dx ai : ; 
3. Multiple Choice a = Find Y(t) if Y(0) = 3. 

(d) For the function Y found in part (c), what is lim Y(t)? 

(ayaa eee sats (B) sin ee ina 
4 aes 4 1 

; 

1 1 Paes) . 
=In |(x — 1)(x + 3)| + =I (C) >In | (x 1)(x I C (D)>In 1)( = Cc | 

(E) In |(x — 1)(x +3)| + 

Key Terms 

antidifferentiation by parts (p. 349) 

antidifferentiation by substitution (p. 343) 

carbon-14 dating (p. 362) 

carrying capacity (p. 374) 

compounded continuously (p. 360) 

constant of integration (p. 340) 

continuous interest rate (p. 360) 

differential equation (p. 329) 

Euler’s Method (p. 333) 

evaluate an integral (p. 340) 

exact differential equation (p. 329) 

exponential decay constant (p. 359) 

exponential growth constant (p. 359) 

first-order differential equation (p. 329) 

first-order linear differential 
equation (p. 332) 

general solution to a differential - 
equation (p. 329) 

logistic curve (p. 372). oe 

numerical solution of a differential 

equation (p. 334) 

order of a differential equation (p. 329) 

partial fraction decomposition (p. 370) 

particular solution (p. 329) 

proper rational function (p. 370) 

properties of indefinite integrals (p. 341) 

radioactive (p. 360) 

radioactive decay (p. 360) 

resistance proportional to velocity (p. 367) 

second-order differential equation (p. 339) 

ae acesraual equations (p. 358) 

graphical solution of a differential 

equation (p. 330) 

half-life (p. 360) 

Heaviside Method (p. 370) 

indefinite integral (p. 340) 

initial condition (p. 329) 

initial value problem (p. 329) 

integral sign (p. 340) 

integrand (p. 340) 

integration by parts (p. 349) 

Law of Exponential Change (p. 359) 
Leibniz notation for integrals (p. 342) 

logistic differential equation (p. ‘on _ ~ 
logistic growth constant (p. 374) 
logistic growth model (p. 374), ead 

Newton’s Law of Cooling, (p. 36 

numerical method (p. 334) _ 
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Exercise numbers with a gray background indicate problems that the 

authors have designed to be solved without a calculator. 

The collection of exercises marked in red could be used as a 

chapter test. 

In Exercises 1-10, evaluate the integral analytically. You may use 

NINT to support your result. 
7/3 2 1 

1. ‘ sec? 6 dO 2. i (« a 5) dx 
0 1 oe 

' 36 dx 
Do as tae 4. if Ox sini (Wee) dx 

9 (2x + 1) = 
a /2 4 2 ae 3 

5, | 5 sin?/2 x cos x dx 6. / Hata, 
0 Way ks 

7/4 e 
V1 

p / el sec? x dx B / = Gr 
0 ile a9 

1 2 
XG PEG ae 6) 

9. thi 10. d 
(ee (x2 = 3x 

In Exercises 1 1—24, evaluate the integral 

cos x dx 

t dt 1 1 1 
13. We awe 14. ike secs, tan 5 dd 

tan (In 
Ge [Re 16. Je sec (e*) dx 

d 
m |< 18. i 

xInx Vt 

19. [cosxas 20. [since 

21. fe sin x dx 22. i dx 

25) Spe ae 
: ; SS HG 

28 a a8 ae 

In Exercises 25—34, solve the initial value problem analytically. 

Support your solution by overlaying its graph on a slope field of the 

differential equation. 

2 dy a 
= 14x #90) = 25. 1x 5 y(0) 

dy 1\2 
26.—=(x+-), y(1)=1 6 2=(x+4), 91) 

dy 1 
27. Saree) Se 

Ge bite (-3) 

dy 
28. 716 O° 26 cot 20, y(7/4) = 1 

d’y 1 ; 
29. 5 tT x>0, y(1)=1, y(1) =0 
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d*r 
30.73 =-cost, r’(0) = 7r'(0) = 7r(0) =-1 

dy 
ol ema Wurce y(0) = 2 

dy 
32.7 = (Qe TG sees (St) 1 

dy 
33.7 =y(1—-y), y(0) =0.1 

dy 
34. ae = 0.001y(100 — y), »(0) =5 

35. Find an integral equation y = nt 2 f(t) dt + b such that 

dy/dx = sin? x and y = 5 when x = 4. 

36. Find an integral equation y = ies f(t) dt + b such that 

dy/dx = V1 + x4 and y = 2 when x = 1. 

In Exercises 37 and 38, construct a slope field for the differential 

equation. In each case, copy the graph shown and draw tiny seg- 

ments through the twelve lattice points shown in the graph. Use 

slope analysis, not your graphing calculator. ; 

d y 
. ——_ 

dx © 2 e 

dy 
38. a il = iy 5 i . 

Bh - >X 

af 0 1 

e —l @ 

In Exercises 39-42, match the differential equation with the appro- 

priate slope field. (All slope fields are shown in the window [—6, 6 | 

by [—4, 4].) 

Ase Vall C1, 2 
Sonvan reel 77 Z 
No Nal atid 2 
NUNN Wa al 7 
Sn NAN NaN: a a 

SNe NN Ni hs 
SNS NG NEN, BN 7 

~ 2 Sas SUNN MA 
Ni ba pee ee ie ee Na Nd Sle Net ENN ve 
A ING os ae at ed SoS SONNE N / 

NE Nias Ss en Ce SS SS OS IN vA 
NGNUNG NGS ES Sitesi See et eS ON / 

(a) (b) 

\ Wer mele ae" 
N a Vey Lia ae Ae 
x Ve tak ss 
\ et ey Aa Pe 
\ ik teatear ea 

\ PY SEA 
\ (te Ae dea ae 
\ PU ac Aaa 
\ AES Es Ok Vere 
| V AW Ber AN da ae od 
i PREP AE 8 
/ PIA Ae 

d 5) dy 5 
39 oe = 

ee Ty iy, 

d dy Xx 
am -= mo --2 
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43. Suppose dy/dx = x + y — 1 and y = 1 when x = 1. Use 

Euler’s Method with increments of Ax = 0.1 to approximate the 

value of y when x = 1.3. 

44. Suppose dy/dx = x — y and y = 2 when x = 1. Use Euler’s 

Method with increments of Ax = —0.1 to approximate the value 

of y when x = 0.7. 

In Exercises 45 and 46, match the indefinite integral with the graph 

of one of the antiderivatives of the integrand. 

45. | mshi dx 46. | e* dx 
ana 

[-3, 10] by [-3, 3] [-10, 10] A Boao! 

3, 4] by [-2, 10] [-5, 5] by [- 

(c) (d) 

47. Writing to Learn The figure shows the graph of the function 

y = f(x) that is the solution of one of the following initial value 

problems. Which one? How do you know? 

i. dy/dx = 2x, y(1) =0 

ii. dy/dx = x7, y(1) =1 

iii. dy/dx = 2x + 2, y(1) = 

iv. dy/dx = 2x, y(1) =1 

48. Writing to Learn Does the following initial value problem 

have a solution? Explain. 

d’y 

dx? 

49. Moving Particle The acceleration of a particle moving along a 

coordinate line is 

d*s 

=2+6t : rr m/sec’. 

At t = 0 the velocity is 4 m/sec. 

(a) Find the velocity as a function of time f. 

(b) How far does the particle move during the first second of its 

trip, from tf = 0 tot = 1? 

50. Sketching Solutions Draw a possible graph for the function 

y = f(x) with slope field given in the figure that satisfies the 

initial condition y(0) = 0. 

POT A Lea Cal Ul 

i 
\ 
\ 
\ 
\ 
\ 
\ 
\ 
\ 
\ 
\ 
\ 

[-10, 10] by [—10, 10] 

51. Californium-252 What costs $27 million per gram and can be 

used to treat brain cancer, analyze coal for its sulfur content, and 

detect explosives in luggage? The answer is californium-252, a 

radioactive isotope so rare that only about 8 g of it have been 

made in the Western world since its discovery by Glenn Seaborg 

in 1950. The half-life of the isotope is 2.645 years—long enough 

for a useful service life and short enough to have a high radioac- 

tivity per unit mass. One microgram of the isotope releases 

170 million neutrons per second. 

(a) What is the value of k in the decay equation for this isotope? 

(b) What is the isotope’s mean life? (See Exercise 29, 

Section 7.4.) 

52. Cooling a Pie A deep-dish apple pie, whose internal tempera- 
ture was 220°F when removed from the oven, was set out on a 

40°F breezy porch to cool. Fifteen minutes later, the pie’s inter- 

nal temperature was 180°F. How long did it take the pie to cool 

from there to 70°F? 

53. Finding Temperature A pan of warm water (46°C) was put 
into a refrigerator. Ten minutes later, the water’s temperature 

was 39°C; 10 minutes after that, it was 33°C. Use Newton’s 

Law of Cooling to estimate how cold the refrigerator was. 

54. Art Forgery A painting attributed to Vermeer (1632-1675), which 

should contain no more than 96.2% of its original carbon-14, con- 

tains 99.5% instead. About how old is the forgery? 



55. 

56. 

57. 

58. 

59. 

60. 

Carbon-14 What is the age of a sample of charcoal in 

which 90% of the carbon-14 that was originally present has 

decayed? 

Appreciation A violin made in 1785 by John Betts, one of 

England’s finest violin makers, cost $250 in 1924 and sold for 

$7500 in 1988. Assuming a constant relative rate of apprecia- 

tion, what was that rate? 

Working Underwater The intensity L(x) of light x feet 
beneath the surface of the ocean satisfies the differential equation 

dL 
Idk, 

dx 

where k is a constant. As a diver you know from experience that 

diving to 18 ft in the Caribbean Sea cuts the intensity in half. 

You cannot work without artificial light when the intensity falls 

below a tenth of the surface value. About how deep can you 

expect to work without artificial light? 

Transport Through a Cell Membrane Under certain condi- 

tions, the result of the movement of a dissolved substance across 

a cell’s membrane is described by the equation 

dy A 
a Ve 

where y is the concentration of the substance inside the cell, 

and dy/dt is the rate with which y changes over time. The let- 

ters k, A, V, and ¢ stand for constants, k being the permeability 

coefficient (a property of the membrane), A the surface area of 

the membrane, V the cell’s volume, and c the concentration of 

the substance outside the cell. The equation says that the rate at 

which the concentration changes within the cell is proportional 

to the difference between it and the outside concentration. 

(a) Solve the equation for y(t), using yo = y(0). 

(b) Find the steady-state concentration, lim,—,, y(t). 

Logistic Equation The spread of flu in a certain school is 

given by the formula 

Bees0 
PMO = Ty aa 

where f is the number of days after students are first exposed to 

infected students. 

(a) Show that the function is a solution of a logistic differential 

equation. Identify k and the carrying capacity. 

(b) Writing to Learn Estimate P(0). Explain its meaning in the 

context of the problem. 

(c) Estimate the number of days it will take for a total of 125 

students to become infected. 

Confirming a Solution Show that 

y= [sn@are +. tee 
0 

is the solution of the initial value problem. 

Differential equation: y” = 2x cos (x?) + 6x 

-Tnitial conditions: y'(0) = 1, y(0) =2 

61 

62. 

63. 

64. 

65. 
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. Finding an Exact Solution Use analytic methods to find the 
exact solution to 

dP P 
= = (OMIA TB = 50. 
dt ( ~) (OS 

Supporting a Solution Give two ways to provide graphical 
support for the integral formula 

x3 x3 
2Inxdx =—Inx -—+C. pe nx 3 nx 9 CG 

Doubling Time Find the amount of time required for $10,000 

to double if the 6.3% annual interest is compounded (a) annually, 

[ow dt. 

(a) Show that f and g are antiderivatives of u(x). 

(b) Find a constant C so that f(x) = g(x) + C. 

Putting a Solution Through a Slope Field Consider the 

differential equation dy/dx = (3 — y) cos x. Let y = f(x) be 
the particular solution to the differential equation with initial 

condition f (0) = 1. The function f is defined for all real 

numbers. 

_(b) continuously. 

Constant of Integration Let 

Ho\ = fi HeNee gett aay = 

(a) A portion of the slope field of the differential equation is 

shown below. Use the slope field to sketch the solution curve 

through the point (0, 1). 

(b) Write an equation for the line tangent to the solution given in 

part (a) at the point (0, 1). Use the equation to approximate 

f(0.2). 

(c) Find the particular solution to the differential equation with 

initial condition f(0) = 1. 

‘66. One Last Differential Equation Consider the differential 

equation dy/dx = e?(3x? — 6x). Let y = f(x) be the particular 
solution to the differential equation that passes through 

(1,0). 

(a) Write an equation for the line tangent to the graph of f at the 

point (1, 0). Use the tangent line to approximate f(1.2). 

(b) Find the particular solution to the differential equation that 

passes through (1, 0). 
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AP* Examination Preparation 
You may use a graphing calculator to solve the following problems. 

67. 

68. 

The spread of a rumor through a small town is modeled by 

dy/dt = 1.2y(1 — y), where y is the proportion of the towns- 

people who have heard the rumor at time ¢ in days. At time 

t = 0, ten percent of the townspeople have heard the rumor. 

(a) What proportion of the townspeople have heard the rumor 

when it is spreading the fastest? 

(b) Find y explicitly as a function of t. 

(c) At what time ¢ is the rumor spreading the fastest? 

A population P of wolves at time t years (t = 0) is increasing 

at a rate directly proportional to 600 — P, where the constant of 

proportionality is k. 

(a) If P(O0) = 200, find P(t) in terms of ¢ and k. 

(b) If P(2) = 500, find k. 

(c) Find lim P(t). 
too 

69. Let v(t) be the velocity, in feet per second, of a skydiver at time 

t seconds, t = 0. After her parachute opens, her velocity satis- 

fies the differential equation dv/dt = —2(v + 17), with initial 

condition v(0) = —47. 

(a) Use separation of variables to find an expression for y in 

terms of t, where ¢ is measured in seconds. 

(b) Terminal velocity is defined as lim v(t). Find the terminal 
too 

velocity of the skydiver to the nearest foot per second. 

(c) It is safe to land when her speed is 20 feet per second. At 

what time ft does she reach this speed? 
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eaten ae Ever since antiquity, scientists, architects, and engineers have searched . 
for a simple way to calculate the volume of solids that have rotational sym- 

ia.2. Areas in the Plane metry, such as the cylinder and cone. Around 250 B.c.£., Archimedes discov- 

ry Weiceiae ered the formula for the volume of a sphere and considered it his proudest . 

accomplishment. One of the greatest advances in our ability to find these : 

8.4 Lengths of Curves volumes occurred over a thousand years ago when Abu Ali al-Hasan ibn ; 

er al-Haytham (c. 965-1040) discovered how to compute the volume of the 

gel a shape obtained by rotating the curve y = b\V x/a,0 = x = a, around the 
Science and Statistics : ; : 

line x = a, a shape that can be found today in the dome of many Islamic 

mosques. In Section 8.3, we will see how to calculate the volume of this 

and other solids. 

384 { 
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(O15 7-V-ae em Overview 

By this point it should be apparent that finding the limits of Riemann sums is not just an 

intellectual exercise; it is a natural way to calculate mathematical or physical quantities 

that appear to be irregular when viewed as a whole, but which can be fragmented into 

regular pieces. We calculate values for the regular pieces using known formulas, then sum 

them to find a value for the irregular whole. This approach to problem solving was around 

for thousands of years before calculus came along, but it was tedious work and the more 

accurate you wanted to be the more tedious it became. 

With calculus it became possible to get exact answers for these problems with almost no 

effort, because in the limit these sums became definite integrals and definite integrals could be 

evaluated with antiderivatives. With calculus, the challenge became one of fitting an integrable 

function to the situation at hand (the “modeling” step) and then finding an antiderivative for it. 

Today we can finesse the antidifferentiation step (occasionally an insurmountable 

hurdle for our predecessors) with programs like NINT, but the modeling step is no less 

crucial. Ironically, it is the modeling step that is thousands of years old. Before either 

calculus or technology can be of assistance, we must still break down the irregular whole 

into regular parts and set up a function to be integrated. We have already seen how the 

process works with area, volume, and average value, for example. Now we will focus 

more closely on the underlying modeling step: how to set up the function to be integrated. ~ 

Accumulation and Net Change 
You will be able to apply the definite , : ia 
integral to problems involving motion Linear Motion Revisited 

and use the definite integral to solve In many applications, the integral is viewed as net change over time. The classic example 
problems involving accumulation. of this kind is distance traveled, a problem we discussed in Chapter 6. 

¢ Displacement as integral of velocity 
+ Total distance as integral of EXAMPLE 1 Interpreting a Velocity Function 

absolute value of velocity Figure 8.1 shows the velocity 
* Modeling accumulation using 
Riemann sum approximations ds =v(t)=2?- 8 cm 

+ Interpretation of limits of Riemann dt (t +.1)* sec 

sums as definite integrals 
« Finding net change given graphical 

and/or tabular representations of SOLUTION 

rate of change 

of a particle moving along a horizontal s-axis for 0 = tf = 5. Describe the motion. 

The graph of v (Figure 8.1) starts with v(0) = —8, which we interpret as saying that 
the particle has an initial velocity of 8 cm/sec to the left. It slows to a halt at about 

t = 1.25 sec, after which it moves to the right (v > 0) with increasing speed, reaching 

a velocity of v(5) ~ 24.8 cm/sec at the end. Now Try Exercise 1(a). 

At a constant velocity, displacement—the distance an object has moved from its start- 

ing position—is simply velocity times time. If the velocity is not constant and we want to 

find s(a) — s(0), the displacement over the time interval t = 0 to t = a, we can partition 
the time interval into small increments, At, evaluate the velocity at some point on each 

interval, v(t), and approximate the displacement over each time interval by v(1) At. 
Adding these up, we get a Riemann sum approximation to the displacement 

which becomes the definite integral representing the exact value of the displacement 

(0, 5] by [-10, 30] a 

Figure 8.1 The velocity function in s(a) — s(0) = ‘i v(t)dt 
Example 1. ; aay : 

in the limit as At approaches 0. 
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Reminder from Section 3.4 
(Se 

A change in position is a displacement. 

lf s(t) is a body’s position at time t, the 

displacement over the time interval from 

tto t+ Atis s(t + At) — s(t). The dis- 

placement may be positive, negative, or 

zero, depending on the motion. 

1 Jez 

AA SC EREEE) N(R 

[-10, 50] by [-2, 6] 

(a) 

[-10, 50] by [-2, 6] 

(b) 

Figure 8.2 Using TRACE and the para- 

metrization in Exploration 1 you can “see” 

the left and right motion of the particle. 

Chapter 8 Applications of Definite Integrals 

EXAMPLE 2 Finding Position from Displacement 

Suppose the initial position of the particle in Example | is s(0) = 9. What is the 

particle’s position at (a) t = 1 sec? (b) t = 5 sec? 

SOLUTION 

(a) Displacement from time t = 0 to t = 1 is the definite integral of velocity, 

1 
Displacement = Hi v(t) dt 

0 

During the first second of motion, the particle moves 11/3 cm to the left. It starts at 

s(0) = 9, so its position at t = 1 is 

4 mut ie ; 1b els 
New position = initial position + displacement = 9 — i ae 

(b) If we model the displacement from t = 0 to ¢ = 5 in the same way, we arrive at 

3 

v(t) dt = E + ail = 35. Displ t= isplacemen i) REET 

The motion has the net effect of displacing the particle 35 cm to the right of its starting 

point. The particle’s final position is 

Final position = initial position + displacement 

s(0) 335 = 9 3 Soria 
Now Try Exercise 1(b). 

II 

EXPLORATION 1 | Revisiting Example 2 

7 

The position of the particle in Example | at time ¢ is its initial position plus its 

displacement, 
( : 8 \ 

=9+ So s(t) =9 / u ae 7p) u 

Bie tae 8s 

FE ae ee 

Using a parametric plot, we can watch the position move horizontally as the time 

variable moves vertically by setting 

xf) = 1 + /3 > 8/1) a) 2 

(See Figure 8.2). 

Use both the function s(t) and the TRACE feature to determine the position of 

the particle at times t = 1 and t = 5. Compare your answers with the answers to 

Example 2. 
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We know now that the particle in Example | was at s(0) = 9 at the beginning of the 

motion and at s(5) = 44 at the end. But it did not travel from 9 to 44 directly—it began 

its trip by moving to the left (Figure 8.2). How much distance did the particle actually 
travel? We find out in Example 3. 

EXAMPLE 3 Calculating Total Distance Traveled 

Find the total distance traveled by the particle in Example 1. 

SOLUTION 

We approximate the total distance with a Riemann sum in which each position shift is 

positive, so we use the absolute value of the velocity. The Riemann sum is 

Ns [y(t) | At, 

and we are led to the integral 

5 5 

Total distance traveled = | |v(t)| dt = if (a (41) dt. 

We can evaluate this numerically, 

NERC eer ih OR earn 159) 
( (tat oli? ) 

We also can evaluate this by integrating —v(t), where v is negative, and v(t), where v 

is positive: 

1.25 5 

if var + | v(t)dt 
0 1.25 

Soi alloo dy Jani 0) ) PCs 5) tat 1e25,)) 24259 

Now Try Exercise 1(c). 

Total distance traveled 

What we learn from Examples 2 and 3 is this: Integrating velocity gives displacement (net 

area between the velocity curve and the time axis). Integrating the absolute value of velocity 

gives total distance traveled (total area between the velocity curve and the time axis). 

General Strategy 
The idea of fragmenting net effects into finite sums of easily estimated small changes is 

not new. We used it in Section 6.1 to estimate snowfall, distance, volume, and cardiac 

output. What is new is that we can now identify many of these sums as Riemann sums 

and express their limits as integrals. The advantages of doing so are twofold. First, we can 

evaluate one of these integrals to get an accurate result in less time than it takes to crank 

out even the crudest estimate from a finite sum. Second, the integral itself becomes a for- 

mula that enables us to solve similar problems without having to repeat the modeling step. 

The strategy that we began in Section 6.1 and have continued here is the following: 

Strategy for Modeling with Integrals 

1. Approximate what you want to find as a Riemann sum of values of a continuous 

function multiplied by interval lengths. If f(x) is the function and [ a, b | the inter- 
val, and you partition the interval into subintervals of length Ax, the approximating 

sums will have the form > f(c;,)Ax with c;, a point in the kth subinterval. 

2. Write a definite integral, here is ar (x) dx, to express the limit of these sums as 
the norms of the partitions go to zero. 

3. Evaluate the integral numerically or with an antiderivative. 
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EXAMPLE 4 Modeling the Effects of Acceleration 

A car moving with initial velocity of 5 mph accelerates at the rate of a(t) = 2.4t mph 

per second for 8 seconds. 

(a) How fast is the car going when the 8 seconds are up? 

(b) How far did the car travel during those 8 seconds? 

SOLUTION 

(a) We first model the effect of the acceleration on the car’s velocity. 

Step 1: 

Approximate the net change in velocity as a Riemann sum. When acceleration is 

constant, 

velocity change = acceleration X time applied. Rate of change x time 

To apply this formula, we partition [ 0, 8 | into short subintervals of length At. On each 

subinterval the acceleration is nearly constant, so if t, is any point in the kth subinterval, 

the change in velocity imparted by the acceleration in the subinterval is approximately 

mph 
i h. ~ a(t,) At mp seo * 88° 

The net change in velocity for 0 = t = 8 is approximately 

S\a(t,) At mph. 

Step 2: 

Write a definite integral. The limit of these sums as the norms of the partitions go to 

zero iS 
8 

ih a(t) dt. 
0 

Step 3: 

Evaluate the integral. Using an antiderivative, we have 

8 8 
2.4tdt = 120] = 76.8 mph. Net velocity change = “ 

0 0 

So, how fast is the car going when the 8 seconds are up? Its initial velocity is 5 mph 

and the acceleration adds another 76.8 mph for a total of 81.8 mph. 

(b) There is nothing special about the upper limit 8 in the preceding calculation. 

Applying the acceleration for any length of time r adds 

[os dumph_ uis just a dummy variable here. 

0 

to the car’s velocity, giving 

v(t) =5 + [sua = 5 + 1.2? mph. 
0 

The distance traveled from t = 0 to t = 8 sec is 

8 8 

| |v(t)| dt = uf (5 + 1.2t7) dt Extension of Example 3 
0 0 

8 

= is + 048 | : 
0 

= 244.8 mph X seconds continued 
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Figure 8.3 The graph of y = E(t), witht 
measuring hours after noon and y measur- 

ing the rate at which people are entering 

the park in people per hour. 
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Miles-per-hour second is not a distance unit that we normally work with! To convert to 

miles we multiply by hours/second = 1/3600, obtaining 

mi h 1 : 
244.8 X 3600 = 0.068 mile. See X = = mi 

The car traveled 0.068 mi ~ 359 ft during the 8 seconds of acceleration. 

Now Try Exercise 9. 

Consumption over Time 
The integral is a natural tool to calculate net change and total accumulation of more quanti- 

ties than just distance and velocity. Integrals can be used to calculate growth, decay, and, 

as in the next example, consumption. Whenever you want to find the cumulative effect of 

a varying rate of change, integrate it. 

EXAMPLE 5 Potato Consumption 

From 1970 to 1980, the rate of potato consumption in a particular country was C(t) = 

2.2 + 1.1‘ millions of bushels per year, with t being years since the beginning of 1970. 

How many bushels were consumed from the beginning of 1972 to the end of 1973? 

SOLUTION 

We seek the cumulative effect of the consumption rate for2 = t = 4. - 

Step 1: 

Riemann sum. We partition [ 2, 4] into subintervals of length At and let 4 be a time 

in the kth subinterval. The amount consumed during this interval is approximately 

C(t,)At million bushels. 

The consumption for 2 = t = 4 is approximately 

Ss C(t,)At million bushels. 

Step 2: 

Definite integral. The amount consumed from t = 2 to t = 4 is the limit of these 

sums as the norms of the partitions go to zero. 

4 4 
| C(t) dt = | (2.2 + 1.1‘) dt million bushels 

2 2 

Step 3: 

Evaluate. Evaluating numerically, we obtain 

NINT (2.2 + 1.14,4,2,4) ~ 7.066 million bushels. Now Try Exercise 21. 

Coming and Going 
Many problems involve simultaneous flows in and out. To find the net change, we need to 

consider both how much is added and how much is removed. The following example also 

shows how to work with rates that are given graphically. 

EXAMPLE 6 At the Amusement Park 

From noon until 6 P.M., the rate at which people enter an amusement park at time f is 

given by E(t), for which the graph is shown in Figure 8.3, where t = 0 corresponds to 

noon and t = 6 is 6 P.M. People are also leaving at the rate L(t) = 50(2 + t?e~">). If 
3000 people are in the park at noon, how many people are in the park at 6 P.M., rounded 

to the nearest multiple of 100? continued 
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TABLE 8.1 Pumping Rates 

Time (min) Rate (gal/min) 

0 58 

5 60 

10 65 

15 64 

20 58 

D5 57 

30 ee) 

35 55 

40 59 

45 60 

50 60 

55 63 

60 63 

Chapter 8 Applications of Definite Integrals 

SOLUTION 

The number of people who enter the park between noon and 6 P.M. is the integral of 

E(t) from t = 0 to t = 6, which is the area under the graph of y = E(t), 

6 

Number of people who enter the park = / E(t) dt. 
0 

From noon to 3 P.M., the area of the trapezoid is 1500, from 3 to 4 P.M. the area is 600, 

and from 4 to 6 P.M. the area is 1100, totaling 3200. The units are people/hours x 

hours = people. A total of 3200 people enter the park from noon until 6 P.M. 

To the nearest person, the number of people who leave the park is 

6 
/ 50(2 + 12e~‘/>) dt = 2106 people. 

0 

The number of people in the park at 6 p.m. is the number we started with plus the num- 

ber who entered minus the number who left, 

3000 + 3200 — 2106 = 4094 people. 

To the nearest multiple of 100, there are 4100 people in the park at 6 P.M. 

Now Try Exercise 23. 

Net Change from Data 

Many real applications begin with data, not a fully modeled function. In the next example, 

we are given data on the rate at which a pump operates in consecutive 5-minute intervals 

and asked to find the total amount pumped. 

EXAMPLE 7 Finding Gallons Pumped from Rate Data 

A pump connected to a generator operates at a varying rate, depending on how much 

power is being drawn from the generator to operate other machinery. The rate (gallons 

per minute) at which the pump operates is recorded at 5-minute intervals for one hour 

as shown in Table 8.1. How many gallons were pumped during that hour? 

SOLUTION 

Let R(t), 0 < t = 60, be the pumping rate as a continuous function of time for the 

hour. We can partition the hour into short subintervals of length At on which the rate 

is nearly constant and form the sum >R(t,) At as an approximation to the amount 

pumped during the hour. This reveals the integral formula for the number of gallons 

pumped to be 
60 

Gallons pumped = i R(t) dt. 
0 

We have no formula for R in this instance, but the 13 equally spaced values in Table 

8.1 enable us to estimate the integral with the Trapezoidal Rule: 

60 60 
/ R(t) dt ~ 5S | 58 + 2(60) + 2(65) + +++ + 2(63) + 03| 

0 

= 3582.5 : 

The total amount pumped during the hour is about 3580 gal. Now Try Exercise 27. 



Joules 
I 

The joule, abbreviated J and pronounced 

“jewel,” is named after the English physicist 

James Prescott Joule (1818-1889). The 

defining equation is 

1 joule = (1 newton)(1 meter). 

In symbols, 1 J = 1N=+™m. 

It takes a force of about 1 N to lift an 

apple from a table. If you lift it 1 m you 

have done about 1 J of work on the apple. 

If you eat the apple, you will have con- 

sumed about 80 food calories, the heat 

equivalent of nearly 335,000 joules. If this 

energy were directly useful for mechanical 

work (it’s not), it would enable you to lift 
335,000 more apples up 1 m. 
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Density 

EXAMPLE 8 A Gopher Problem 

A ten-mile stretch of rural Minnesota road is bounded on the north by colonies of pocket 

gophers. Along the road, the density of the gopher population is 500 per square mile. 

The density increases linearly until it reaches 2000 per square mile three miles from the 

road. Find the total population of gophers in this stretch of land that is ten miles long 

and three miles wide. 

SOLUTION 

Step 1: 

Riemann Sum. Let y be the distance from the road. We divide the land into narrow 

strips, each 10 miles long and Ay miles wide (Figure 8.4). Let y, be the distance from 

the road in the kth strip. Let P(y) be the population density at distance y from the 

road. Because population density is a linear function of y that is 500 when y = 0 and 

2000 when y = 3, we know that 

P(y) = 500 + 500y. 

Now we can construct our Riemann sum. The total number of gophers in the kth strip 

is the population density times the area of the strip, 

(500 + 500y,) x 10 Ay, 

and the Riemann sum is 

>; (5000 + 5000y,) Ay. 

Steps 2 and 3: 

Integrate. The limit of these sums as Ay approaches 0 is 

3 

| (5000 + 5000y)dy = [5000y + 2500y? |; = 37,500 gophers. 
0 

Figure 8.4 The ten-mile stretch of land with pocket gophers, showing the long, narrow strip in 

which the gopher population density is close to P(,). Now Try Exercise 31. 

Work 

In everyday life, work means an activity that requires muscular or mental effort. In science, 

the term refers specifically to a force acting on a body and the body’s subsequent displace- 

ment. When a body moves a distance d along a straight line as a result of the action of a 

force of constant magnitude F in the direction of motion, the work done by the force is 

W = Fd. 

The equation W = Fd is the constant-forc mula for work. 

The units of work are force X distance. In the metric system, the unit is the newton- 

meter, which, for historical reasons, is called a joule (see margin note). In the U.S. cus- 

tomary system, the most common unit of work is the 

for springs says that the force it takes to stretch or compress a spring x 

units from its natural (unstressed) length is a constant times x. In symbols, 

F = kx, 

where k, measured in force units per unit length, is a characteristic of the spring called the 
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EXAMPLE 9 A Bit of Work 

It takes a force of 10 N to stretch a spring 2 m beyond its natural length. How much 

work is done in stretching the spring 4 m from its natural length? 

SOLUTION 

We let F(x) represent the force in newtons required to stretch the spring x meters from 

its natural length. By Hooke’s Law, F(x) = kx for some constant k. We are told that 

The force required to stretch the 

spring 2 m is 10 newtons. F(2) = 10 =k > 2, 

so k = 5 N/mand F(x) = 5x for this particular spring. 

We construct an integral for the work done in applying F over the interval from x = 0 

tox = 4. 

Step 1: 

Riemann sum. We partition the interval into subintervals on each of which F is so 

nearly constant that we can apply the constant-force formula for work. If x; is any 

point in the kth subinterval, the value of F throughout the interval is approximately 

F(x,) = 5x, The work done by F across the interval is approximately 5.x; Ax, where 

Ax is the length of the interval. The sum 

SF (x) Ax 

approximates the work done by F from x 

Diaz, Ax 

0 to x = 4. Il 

Steps 2 and 3: 

Integrate. The limit of these sums as the norms of the partitions go to zero is 

4 4 274 

‘ F(x) dx = i 5x dx = 5% | =40N-:m. Now Try Exercise 35. 
0 0 0 Numerically, work is the area under the 

force graph. 

We will revisit work in Section 8.5. 

Quick Review 8.1 (For help, go to Section 1.2.) 

Exercise numbers with a gray background indicate problems that the Cyay x2—2x+3 on [-4,2] 

authors have designed to be solved without a calculator. M3 — 3x2 +1 on eye) 

In Exercises 1-10, find all values of x (if any) at which the function BP cos 2x dnt [0,4] 

changes sign on the given interval. Sketch a number line graph of the 4 ; 
dxe* on [0,.0o) 

interval, and indicate the sign of the function on each subinterval. id 

Example: f(x) =x2-—1 on [-2,3] | eo... ; on [5,30] 

f(x) me eid | 

ee ca : pe G7," 133] | 

Tae 9. sec (1 + V1 — sin?x) on (—o0,00) 

Changes sign atx = +1. 10. sin(1/x) on [0.1,0.2] 

MAsin2x on [-3,2] 
@Qx-3x+2 on [-2,4] 

following: 

(a) Determine when the particle is moving to the right, to the 
left, and stopped. sf 



3. v(t) = 49-987, O=r= 10 

A) v(t) = 612 — 18 +12, O<1r<2 
5.v(t) = Ssin*tcost, Ot 27 

6.v(t)=V4—-4 057154 

7. v(t) =e" cost, OS tS 27 

t 
8.9 = Ort = 3 
ne scat ae 

9. An automobile accelerates from rest at 1 + 31 mph/sec for 

9 seconds. 

(a) What is its velocity after 9 seconds? 

(b) How far does it travel in those 9 seconds? 

10. A particle travels with velocity 

v(t) = (t — 2) sint m/sec 

for O'=7 = 4sec: 

(a) What is the particle’s displacement? 

(b) What is the total distance traveled? 

11. Projectile Recall that the acceleration due to Earth’s gravity 

is 32 ft/sec”. From ground level, a projectile is fired straight 

upward with velocity 90 feet per second. 

(a) What is its velocity after 3 seconds? 

(b) When does it hit the ground? 

(c) When it hits the ground, what is the net distance it has 

traveled? 

(d) When it hits the ground, what is the total distance it has 

traveled? 

In Exercises 12—16, a particle moves along the x-axis (units in cm). 

Its initial position at t = 0 sec is x(0) = 15. The figure shows the 
graph of the particle’s velocity v(t). The numbers are the areas of 
the enclosed regions. 

12. What is the particle’s displacement between tf = 0 and t = c? 

13. What is the total distance traveled by the particle in the same 

time period? 

14. Give the positions of the particle at times a, b, and c. 

15. Approximately where does the particle achieve its greatest posi- 

tive acceleration on the interval [ 0, b]? 

16. Approximately where does the particle achieve its greatest posi- 

tive acceleration on the interval [ 0, c ]? 

In Exercises 17—20, the graph of the velocity of a particle moving on 

the x-axis is given. The particle starts at x = 2 when t = 0. 

(a) Find where the particle is at the end of the trip. 

(b) Find the total distance traveled by the particle. 

17. 

18. 

19. 

20. 

21. 

22. 

23. 

24. 
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v (m/sec) 

0 1 2 3 4 

v (m/sec) 

t (sec) 

v (m/sec) 

2 

0 DOS) A a 

—2 

U.S. Oil Consumption The rate of consumption of oil in the 
United States during the 1980s (in billions of barrels per year) is 

modeled by the function C = 27.08 - e/?5, where is the num- 
ber of years after January 1, 1980. Find the total consumption 

of oil in the United States from January 1, 1980, to January 1, 

1990. 

Home Electricity Use The rate at which your home consumes 

electricity is measured in kilowatts. If your home consumes 

electricity at the rate of 1 kilowatt for 1 hour, you will be 

charged for 1 “kilowatt-hour” of electricity. Suppose that the 

average consumption rate for a certain home is modeled by the 

function C(t) = 3.9 — 2.4 sin (wt/12), where C(t) is mea- 
sured in kilowatts and f is the number of hours past midnight. 

Find the average daily consumption for this home, measured in 

kilowatt-hours. 

Light Bulbs A thousand compact fluorescent light bulbs from 

a certain company burn out at a rate of fe~°-"!75' bulbs per day 
if they are left burning continually, where f is measured in days 

from when they are first turned on. To the nearest whole light 

bulb, how many will have burned out after 100 days of continu- 

ous use? 

Traffic Flow Midday traffic through an intersection can be 

modeled by the function 74 + 6 cos(t/3) cars per minute, 
where t is measured in minutes after noon. Find the number of 

cars that pass through this intersection between noon and 

12:30 P.M. 
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25. Getting onto the Ride People join the line for a particular 

amusement park ride at a rate R, measured in people per hour, 

given by the graph shown below. 

2000 

1500; == 

1000 + 

500 

t 
noon 1 P.M. 2PM. 3P.M. 4P.M. 5 P.M. 

There are 500 people waiting in line at noon. If the ride can take 

1500 people per hour, how many are waiting in line at 5 P.M.? 

26. Water In, Water Out At 6 a.o., a tank holds 2500 gallons of 

water. Over the next 18 hours, it is being filled at a constant rate 

of 100 gallons per hour while water is taken out at a rate given 

by W(t) = 120 + 60 sin(4V1) gallons per hour, where f is 

measured in hours after 6 A.M. How much water is in the tank at 

midnight, when t = 18? 

27. Filling Milk Cartons A machine fills milk cartons with milk 

at an approximately constant rate, but backups along the assem- 

bly line cause some variation. The rates (in cases per hour) are 

recorded at hourly intervals during a 10-hour period, from 

8:00 A.M. to 6:00 P.M. 

Time Rate (cases/h) 

8 120 

9 110 

10 115 

11 115 

12 119 

1 120 

2 120 

3 115 

4 112 

5 110 

6 121 

Use the Trapezoidal Rule with n = 10 to determine approx- 

imately how many cases of milk were filled by the machine over 

the 10-hour period. 

28. Fuel Consumption The table shows the rate of fuel consump- 
tion in a small plane at different times during a 90-minute flight, 

where f is measured in minutes since the start of the flight. Use a 

trapezoidal approximation to estimate the total fuel consumption 

during the flight. (Watch your units.) 

Time Fuel Consumption 
(minutes) (gallons per hour) 
ar ; — wae 

10 16 ca 

30 — 2 es a6 

45 6 

60 5 

80 5 1) 

90 4 

29. 

30. 

31. 

32. 

33. 

Hot Dogs A popular hot dog stand opens at noon. At different 

times between noon and 3 P.M., the manager stops by to measure 

how fast the hot dogs are selling, with the results given in the 

table. Use a trapezoidal approximation to estimate the total num- 

ber of hot dogs sold during the first three hours. 

Time (minutes Rate of Hot Dog Sales 
after noon) (hot dogs per minute) 

0 3 

10 6 

30 18 

45 16 

60 12 

90 8 

120 10 

180 6 

Writing to Learn As a school project, Anna accompanies 
her mother on a trip to the grocery store and keeps a log of the 

car’s speed at 10-second intervals. Explain how she can use 

the data to estimate the distance from her home to the store. 

What is the connection between this process and the definite 

integral? 

Finding Mass A two-meter-long rod of uniform diameter 6 cm 

has density 3/(5 + x) grams per cubic centimeter at distance x, 
measured in meters, from the left-hand endpoint. Find the total 

mass of the rod. 

Weight of Air Within the troposphere (up to about 17 km 
above sea level), the density of air at h meters above sea level is 

given by 

density of air = 4.17 X 107!!(288.15 — 0.0065h)*?%° kg/m?. 

Find the mass of a cylindrical column of air one meter in diam- 

eter from sea level up to 10 km. 

Population Density Population density measures the num- 

ber of people per square mile inhabiting a given living area. 

Washerton’s population density, which decreases as you move 

away from the city center, can be approximated by the function 

10,000(2 — r) at a distance r miles from the city center. 

(a) If the population density approaches zero at the edge of the 

city, what is the city’s radius? 

(b) A thin ring around the center of the city has thickness Ar 

and radius r. If you straighten it out, it suggests a rectangular 

strip. Approximately what is its area? 

(c) Writing to Learn Explain why the population of the ring 

in part (b) is approximately 

10,000(2 — r)(2ar)Ar. 

(d) Estimate the total population of Washerton by setting up and 

evaluating a definite integral. 

34. Oil Flow Oil flows through a cylindrical pipe of radius 3 inches, 
but friction from the pipe slows the flow ASS outer edge, 
The speed at which th il fl > 



35. 

36. 

(b) Explain why we know that oil passes through this ring at 

approximately 8(10 — r?)(2ar)Ar cubic inches per second. 

(c) Set up and evaluate a definite integral that will give the rate 

(in cubic inches per second) at which oil is flowing through 

the pipe. 

Hooke’s Law A certain spring requires a force of 6 N to 

stretch it 3 cm beyond its natural length. 

(a) What force would be required to stretch the spring 9 cm 

beyond its natural length? 

(b) What would be the work done in stretching the spring 9 cm 

beyond its natural length? 

Hooke’s Law Hooke’s Law also applies to compressing 

springs; that is, it requires a force of kx to compress a spring a 

distance x from its natural length. Suppose a 10,000-Ib force 

compressed a spring from its natural length of 12 inches to a 

length of 11 inches. How much work was done in compressing 

the spring 

(a) the first half-inch? (b) the second half-inch? 

Standardized Test Questions 

You may use a graphing calculator to solve the following problems. 

37. 

38. 

39. 

True or False The figure below shows the velocity for a par- 

ticle moving along the x-axis. The displacement for this particle 

is negative. Justify your answer. 

v(m/sec) 

True or False If the velocity of a particle moving along the 

x-axis is always positive, then the displacement is equal to the 

total distance traveled. Justify your answer. 

Multiple Choice The graph below shows the rate at which 

water is pumped from a storage tank. Approximate the total 

gallons of water pumped from the tank in 24 hours. 

(A) 600 (B) 2400 (C) 3600 (D) 4200 (EK) 4800 

r (gal/hr) 

t (hr) 

40. 

41. 

42. 

Section 8.1 Accumulation and Net Change 395 

Multiple Choice The data for the acceleration a(t) of a car 
from 0 to 15 seconds are given in the table below. If the velocity 

at t = 0 is 5 ft/sec, which of the following gives the approximate 

velocity at t = 15 using the Trapezoidal Rule? 

(A) 47 ft/sec (B) 52 ft/sec (C) 120 ft/sec 

(D) 125 ft/sec (E) 141 ft/sec 

t (sec) Om, 3) (Os Bane? 815 

a(t) (ft/sec?) 4 8 6 9 10 +10 

Multiple Choice The rate at which customers arrive at a 

counter to be served is modeled by the function F defined by 

t 
F(t) = 12 + 6cos (£) for 0 = t = 60, where F(t) is mea- 

Lie 

sured in customers per minute and f is measured in minutes. To 

the nearest whole number, how many customers arrive at the 

counter over the 60-minute period? 

(A) 720 (B) 725 (C) 732 

(D) 744 (E) 756 

Multiple Choice Pollution is being removed from a lake at 

a rate modeled by the function y = 20e~° tons/yr, where tf is 

the number of years since 2005. Estimate the amount of pollu- 

tion removed from the lake between 2005 and 2015. Round your 

answer to the nearest ton. 

(A) 40 (B) 47 (C) 56 

(D) 61 (E) 71 

Extending the Ideas 

43. Inflation Although the economy is continuously changing, 

we analyze it with discrete measurements. The following table 

records the annual inflation rate as measured each month for 

13 consecutive months. Use the Trapezoidal Rule with n = 12 

to find the overall inflation rate for the year. 

Month Annual Rate 

January 0.04 

February 0.04 

March 0.05 

April 0.06 

May 0.05 

June 0.04 

July 0.04 

August 0.05 

September 0.04 

October 0.06 

November 0.06 

December 0.05 

January 0.05 
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44. 

45. 

46. 

47. 

Inflation Rate The table below shows the monthly inflation 

rate (in thousandths) for energy prices for thirteen consecutive 

months. Use the Trapezoidal Rule with n = 12 to approximate 

the annual inflation rate for the 12-month period running 

from the middle of the first month to the middle of the last 

month. 

Monthly Rate 
Month (in thousandths) 

January 3.6 

February 4.0 

March 3h. 

April 2.8 

May 2.8 

June Sey) 

July 3S 

August Sel 

September sy 

October 3.4 

November 3.4 

December 3.9 

January 4.0 

In Exercise 25, the rate at which people join the line from noon 

(t = 0) until 5 p.m. (t = 5) can be described by the piecewise 

defined function 

2000 — 250t, O=t52 

500 + 500t, DS 3 

5000 = 1000 3s" = <4 

—1000 + 500k 4 =r SS, 

R(t) = 

Given that 500 people are waiting in line at noon, find the piece- 

wise defined function L(7) that describes the total number of 

people waiting in line at time 7,0 = TS 5. 

Continuing Exercises 25 and 45: 

(a) Since the ride can accommodate 1500 people per hour, find 

the piecewise defined function that describes the wait time in 

minutes for a person who arrives at time 7. 

(b) Find the average wait time between noon and 5 P.M. 

Center of Mass Suppose we have a finite collection of masses 
in the coordinate plane, the mass m, located at the point (x, y,) 

as shown in the figure. 

Each mass m, has moment m;,y, with respect to the x-axis 

and moment m;,.x;, about the y-axis. The moments of the entire 

system with respect to the two axes are 

Moment about x-axis: M, = yim kN 

Moment about y-axis: M, = Das MX. 

The center of mass is (x, y) where 

_ MW mx wane My LM yy 
A 2S) = SS = iS ss a 

M > My y M be. My 

Suppose we have a thin, flat plate occupying a region in the 

plane. 

(a) Imagine the region cut into thin strips parallel to the y-axis. 

Show that 

[xdm 

[dm’ 

where dm = 6 dA, 6 = density (mass per unit area), and 

A = area of the region. 

Te 

(b) Imagine the region cut into thin strips parallel to the x-axis. 

Show that 

x Jydm 

va ’ 
[adm 

where dm = 6 dA, 6 = density, and A = area of the region. 

In Exercises 48 and 49, use Exercise 47 to find the center of mass of 

the region with given density. 

48. the region bounded by the parabola y = x? and the line y = 4 

with constant density 6 

49. the region bounded by the lines y = x, y = —x,x = 2 with con- 

stant density 6 



You will be able to apply the definite 

integral to solve problems involving 

areas. 

« Areas as limits of Riemann sums 

e Areas between curves 

¢ Areas for which integration is with 

respect to y 

Upper curve 

y = f(x) 

x 
Se [al i 

pe Lower curve 

y = g(x) 

Figure 8.5 The region between y = f(x) 
and y = g(x) and the lines x = a and 
6D. 
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Areas in the Plane 

Area Between Curves 

We know how to find the area of a region between a curve and the x-axis but many times 

we want to know the area of a region that is bounded above by one curve, y = f(x), and 

below by another, y = g(x) (Figure 8.5). 
We find the area as an integral by applying the first two steps of the modeling strategy 

developed in Section 8.1. 

1. We partition the region into vertical strips of equal width Ax and approximate 

each strip with a rectangle with base parallel to [a,b] (Figure 8.6). Each rect- 

angle has area 

Lice) —2( ce) Ax 

for some c; in its respective subinterval (Figure 8.7). This expression will be non- 

negative even if the region lies below the x-axis. We approximate the area of the 

region with the Riemann sum 

SS ei Cee anol ce) AN: 

SS 

(Cs f(G,)) 

¥ 

F(c,) = B(C,) 

Figure 8.6 We approximate the region with 

rectangles perpendicular to the x-axis. 

Figure 8.7 The area of a typical rectangle 

is [ f(c.) — g(ce) ]Ax. 

2. The limit of these sums as Ax — O is 

vf Pee ene 
This approach to finding area captures the properties of area, so it can serve as a definition. 

DEFINITION Area Between Curves 

If f and g are continuous with f(x) = g(x) throughout [a,b], then the area 
between the curves y = f(x) and y = g(x) from a to 5 is the integral of 
_[f — g] from a to b, 

b 

A= f [#) - e)] ae 
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Figure 8.8 The region in Example 1. 

y, = 2k—k sin kx 

Y> =k sin kx 

 \. 
[0, a] by [0, 4] 

Figure 8.9 Two members of the family 

of butterfly-shaped regions described in 

Exploration 1. 

\\ 
{[—6, 6] by [+4, 4] 

Figure 8.10 The region in Example 2. 

EXAMPLE 1 Applying the Definition 

Find the area of the region between y = sec? x and y = sinx from x = 0 tox = 7/4. 

SOLUTION 

We graph the curves (Figure 8.8) to find their relative positions in the plane, and see 

that y = sec?x lies above y = sin x on [ 0, 7/4]. The area is therefore 

7/4 

A= / [see*x — sin )de 
0 

7/4 

= [tans te cos | 
0 

z 
= Sel units squared Now Try Exercise 1. 

EXPLORATION 1. A Family of Butterflies 

For each positive integer k, let A, denote the area of the butterfly-shaped region 

enclosed between the graphs of y = k sin kx and y = 2k — ksin kx on the interval 

(0, w/k]. The regions for k = 1 and k = 2 are shown in Figure 8.9. 

1. Find the areas of the two regions in Figure 8.9. 

2. Make a conjecture about the areas A, for k = 3. 

3. Set up a definite integral that gives the area A, Can you make a simple u- 

substitution that will transform this integral into the definite integral that gives 

the area A,? 

. What is limy—.,, Ay? 

. If P, denotes the perimeter of the Ath butterfly-shaped region, what is limy—.., P,? 

(You can answer this question without an explicit formula for P;.) 

Area Enclosed by Intersecting Curves 
When a region is enclosed by intersecting curves, the intersection points give the limits 

of integration. 

EXAMPLE 2 Area of an Enclosed Region 

Find the area of the region enclosed by the parabola y = 2 — x? and the line y = —x. 

SOLUTION 

We graph the curves to view the region (Figure 8.10). 

The limits of integration are found by solving the equation 

2-x?=-x 

either algebraically or by calculator. The solutions are x = —1 and x = 2. 
continued 
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Since the parabola lies above the line on [—1, 2], the area integrand is 2 — x? — (—x). 

“he fo-2- (—x)] dx 
1 

9 
= units squared Now Try Exercise 5. 

EXAMPLE 3 Using a Calculator 

Find the area of the region enclosed by the graphs of y = 2 cos x and y = x? — 1. 

y, =2 cos x SOLUTION 

Jo =x? -1 
The region is shown in Figure 8.11. 

Using a calculator, we solve the equation 

2coseiaia — I 

to find the x-coordinates of the points where the curves intersect. These are the limits 

of integration. The solutions are x = + 1.265423706. We store the negative value as A 

and the positive value as B. The area is 

NINT (2 cosx — (x? — 1),x, A,B) ~ 4.994907788. 

[-3, 3] by [-2, 3] This is the final calculation, so we are now free to round. The area is about 4.99. 

Now Try Exercise 7. 
Figure 8.11 The region in Example 3. 

Finding Intersections by Calculator Boundaries with Changing Functions 

a are — ra ge If a boundary of a region is defined by more than one function, we can partition the region 

The coordinates of the points of intersec- —_—_into subregions that correspond to the function changes and proceed as usual. 
tion of two curves are sometimes needed 

for other calculations. To take advantage of 

the accuracy provided by calculators, use| EXAMPLE 4 Finding Area Using Subregions 
them to solve for the values and store the 

ones you want. Find the area of the region R in the first quadrant that is bounded above by y = Vx 

and below by the x-axis and the line y = x — 2. 

SOLUTION 

The region is shown in Figure 8.12. 

Figure 8.12 Region R split into subregions A and B. (Example 4) continued 
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While it appears that no single integral can give the area of R (the bottom boundary is 

defined by two different curves), we can split the region at x = 2 into two regions A 

and B. The area of R can be found as the sum of the areas of A and B. 

2 4 

Area of R = / Vx dx + i [Vx — (x - 2)] dx 
0 2 

area of A area of B 

2 2 4 
s [2.2] ve Er pea 2 

3 0 3 2 2 

10: F 
= a units squared Now Try Exercise 9. 

Integrating with Respect to y 
Sometimes the boundaries of a region are more easily described by functions of y than by 

functions of x. We can use approximating rectangles that are horizontal rather than vertical 

and the resulting basic formula has y in place of x. 

For regions like these 

use this formula 

d 

A= |" f0) 580)14y. 

EXAMPLE 5 Integrating with Respect to y 

Find the area of the region in Example 4 by integrating with respect to y. 

SOLUTION 

We remarked in solving Example 4 that “it appears that no single integral can give the 

area of R,” but notice how appearances change when we think of our rectangles being 

summed over y. The interval of integration is [0, 2], and the rectangles run between 

the same two curves on the entire interval. There is no need to split the region 

(Figure 8.13). 

We need to solve for x in terms of y in both equations: 

Figure 8.13 It takes two integrations to y=x—2 becomes x= y+ 2, 
find the area of this region if we integrate 

with respect to x. It takes only one if we 

integrate with respect to y. (Example 5) continued 

y= Vx becomes x=y2, y=0 
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forming the integrand. In this case, the higher numbers are the higher x values, which 

are on the line x = y + 2 because the line lies to the right of the parabola. So, 

: y? Sails 3810 
Area of R = | (yee 22) dys Ee ii | = 3 units squared. 

0 2 3 

y, =23, y,=Ve +2, y,=-Ve +2 We must still be careful to subtract the lower number from the higher number when 

0 
Now Try Exercise 11. 

a EXAMPLE 6 Making the Choice 

[53,3] by.fe3,31 Find the area of the region enclosed by the graphs of y = x? and x = y? — 2. 

Figure 8.14 The region in Example 6. g g P | SOLUTION 

We can produce a graph of the region on a calculator by graphing the three curves 

y=xy— Vx +2, andy =—Vx + 2 (Figure 8.14). 

This conveniently gives us all of our bounding curves as functions of x. If we integrate 

in terms of x, however, we need to split the region at x = a (Figure 8.15). 

On the other hand, we can integrate from y = b to y = d and handle the entire region 

at once. We solve the cubic for x in terms of y: 

3 y =x? becomes x = y!/3 

To find the limits of integration, we solve y!/3 = y* — 2. It is easy to see that the 

lower limit is b = —1, but a calculator is needed to find that the upper limit 

Figure 8.15 If we integrate with respect to d = 1.793003715. We store this value as D. 
x in Example 6, we must split the region 

ALE Se oy 

[-3, 3] by [-3, 3] 

The cubic lies to the right of the parabola, so 

Area = NINT (y!? — (y? — 2), y,—1, D) = 4.214939673. 

The area is about 4.21. Now Try Exercise 27. 

Saving Time with Geometry Formulas 
Here is yet another way to handle Example 4. 

EXAMPLE 7 Using Geometry 

Find the area of the region in Example 4 by subtracting the area of the triangular region 

from the area under the square root curve. 

SOLUTION 

Figure 8.16 illustrates the strategy, which enables us to integrate with respect to x with- 

out splitting the region. 

: 1 ges 10 
Figure 8.16 The area of the blue region Area = i Vx dx — 5 (2)(2) = Sed -2= 3 Units squared 

is the area under the parabola y = Vx u e 
minus the area of the triangle. Now Try Exercise 35. 
(Example 7) 

The moral behind Examples 4, 5, and 7 is that you often have options for finding the 

area of a region, some of which may be easier than others. You can integrate with respect 
to x or with respect to y, you can partition the region into subregions, and sometimes you 

can even use traditional geometry formulas. Sketch the region first and take a moment to 

determine the best way to proceed. 
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Exercise numbers with a gray background indicate problems that the 

authors have designed to be solved without a calculator. 

In Exercises 1—5, find the area between the x-axis and the graph of 

the given function over the given interval. 

1.y =sinx over [0,7] 

y=e* over [0,1] 

y =sec?x over [—7/4, 7/4] 

y = 4x\— x? » over. h/:0,2)] 

By = V9 —x? over ap wN 
< 

[-3, 3] 

Section 8.2 Exercises 

Quick Review 8.2 (for help, go to Sections 1.2 and 6.1.) 

In Exercises 6—10, find the x- and y-coordinates of all points where 

the graphs of the given functions intersect. If the curves never inter- 

sect, write “NI.” 

Gy=x?—4x and y=x+6 

Foy=e* and y=x+1 

Sey = x?-— mx and y= sinx 

bs 
9.) = and y= x? 
OER: ? 

10. y =sinx and y=x? 

In Exercises 1-6, find the area of the shaded region analytically. 

1 x Dy = 1 2y" 

ad 2 



In Exercises 7 and 8, use a calculator to find the area of the region 

enclosed by the graphs of the two functions. 

7. y = sinx, y = 1 — x? 8. y = cos (2x),y = x? — 2 

In Exercises 9 and 10, find the area of the shaded region analytically. 

In Exercises 11 and 12, find the area enclosed by the graphs of the 

two curves by integrating with respect to y. 

ley eet lays 83 12 yee ay ey 

In Exercises 13 and 14, find the total shaded area. 

13. 
rer = —x7 + 3x 

(2, 2) 

y= 2x7 — x? = 5x 

F210) 

In Exercises 15-34, find the area of the regions enclosed by the lines 

and curves. 

@S)y =x?-2 and y=2 

(16)y =2x-x? and y=-3 
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yor 904s and Mey. 

ya nT Axe 4 and” yy =” 

y =xVa2 — x2, a>Q0Q, and y=0 

y= Vix| and 5y=x+6 

(How many intersection points are there?) 

-y =|x7=—4| and y= (x?/2) +4 

.x=y* and x=y+2 

.y>—4x=4 and 4% —y = 16 

.x— y°=0 and x + Qy7=3 

x+y*=0 and x+3y? =2 

4x? + y = 40-ande-x1t-— y= 1 

oxy? = 3 and 445+" = 0 

-y=2sinx and y=sin2x, 0Sxs7 

.y =8cosx and y= sec?x,-7/3 SxS 7/3 

.y = cos(mx/2) and y=1— x? 

-y =sin(ax/2) and y=x 

.y =sec?x, y=tan?x, x=-—7/4, x=7/4 

x=tan’y and x=-tan?y, —7/4<y< 7/4 

x = 3siny Veos y and x=0, OSys7/2 

In Exercises 35 and 36, find the area of the region by subtracting the 

area of a triangular region from the area of a larger region. 

35. 

36. 

37. 

38. 

39. 

40. 

41. 

42. 

The region on or above the x-axis bounded by the curves 

y? =x+3 andy = 2x 

The region on or above the x-axis bounded by the curves 

y = 4 — x? and y = 3x 

Find the area of the propeller-shaped region enclosed by the 

curve x — y? = O and the line x — y = 0. 

Find the area of the region in the first quadrant bounded by the 

line y = x, the line x = 2, the curve y = yee and the x-axis. 

Find the area of the “triangular” region in the first quadrant 

bounded on the left by the y-axis and on the right by the curves 

y = sinx and y = cosx. 

Find the area of the region between the curve y = 3 — x? and 

the line y = —1 by integrating with respect to (a) x, (b) y. 

The region bounded below by the parabola y = x? and above by 

the line y = 4 is to be partitioned into two subsections of equal 

area by cutting across it with the horizontal line y = c. 

(a) Sketch the region and draw a line y = c¢ across it that looks 

about right. In terms of c, what are the coordinates of the 

points where the line and parabola intersect? Add them to 

your figure. 

(b) Find c by integrating with respect to y. (This puts c in the 

limits of integration.) 

(c) Find c by integrating with respect to x. (This puts c into the 

integrand as well.) 

Find the area of the region in the first quadrant bounded on the left 

by the y-axis, below by the line y = x/4, above left by the curve 

y=1+ Vx, and above right by the curve y = 2/V x. 
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43. 

45. 

46. 

47. 

48. 

49. 

Chapter 8 Applications of Definite Integrals 

The figure here shows triangle AOC inscribed in the region cut 

from the parabola y = x? by the line y = a?. Find the limit of 
the ratio of the area of the triangle to the area of the parabolic 

region as a approaches zero. 

. Suppose the area of the region between the graph of a positive 

continuous function f and the x-axis from x = ato x = bis 

4 square units. Find the area between the curves y = f(x) and 

y = 2f(x) from x = atox = b. 

Writing to Learn Which of the following integrals, if either, 

calculates the area of the shaded region shown here? Give rea- 

sons for your answer. 

Writing to Learn Is the following statement true, sometimes 

true, or never true? The area of the region between the graphs of 

the continuous functions y = f(x) and y = g(x) and the verti- 

cal lines x = a and x = b(a < b)is 

/ ORR eee 

Give reasons for your answer. 

Find the area of the propeller-shaped region enclosed between 

the graphs of 

= sir ty es om a and y =x’. 

Find the area of the propeller-shaped region enclosed between 

the graphs of y = sinx and y = x?, 

Find the positive value of k such that the area of the region 

enclosed between the graph of y = k cos x and the graph of 

y = kx? is 2. 

Standardized Test Questions 

50. 

51. 

52. 

53. 

54. 

55. 

True or False The area of the region enclosed by the graph of 

y = x* + 1 and the line y = 10 is 36. Justify your answer. 

True or False The area of the region in the first quadrant 

enclosed by the graphs of y = cos x, y = x, and the y-axis is 

given by the definite integral fe ang — cos x) dx. Justify your 

answer. 

Multiple Choice Let R be the region in the first quadrant 
bounded by the x-axis, the graph of x = y* + 2, and the line 

x = 4. Which of the following integrals gives the area of R? 

v2 Vi 
w | Pe es w | Gee aie 

V2 V2 

© f [4-Gr+a16 wm | [2 +2)-4]y 
4 

© | eee ee 

Multiple Choice Which of the following gives the area of the 

region between the graphs of y = x? and y = —x from x = 0 to 

x = 3? 

(A) 2 (B) 9/2 (C) 13/2 (D) 13 (E) 27/2 

Multiple Choice Let R be the shaded region enclosed by the 
graphs of y = e~*, y = — sin (3x), and the y-axis as shown in 
the figure below. Which of the following gives the approximate 

area of the region R? 

(A) 1.139 (B) 1.445 (C) 1.869 (D) 2.114 (E) 2.340 

Multiple Choice Let f and g be the functions given by 

f(x) = e* and g(x) = 1/x. Which of the following gives the 
area of the region enclosed by the graphs of f and g between 

x = land x = 2? 

(A) e2 —e —In2 

(B) In2 — e? +e 

1 ee (C) e °) 

D)e-e-5 

(E) + — n2 
e 

eee 
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Exploration Extending the Ideas 

56. Group Activity Area of Ellipse 57. Cavalieri’s Theorem Bonaventura Cavalieri (1598-1647) 

discovered that if two plane regions can be arranged to lie over 

the same interval of the x-axis in such a way that they have 

identical vertical cross sections at every point (see figure), then 

the regions have the same area. Show that this theorem is true. 

An ellipse with major axis of length 2a and minor axis of length 

2b can be coordinatized with its center at the origin and its major 

axis horizontal, in which case it is defined by the equation 

(a) Find the equations that define the upper and lower semi- 

ellipses as functions of x. Cross sections have 

(b) Write an integral expression that gives the area of the ellipse. the same length at 
; , | every point in [a, Db]. 

(c) With your group, use NINT to find the areas of ellipses for e 

various lengths of a and b. 

(d) There is a simple formula for the area of an ellipse with 

major axis of length 2a and minor axis of length 2b. Can you 

tell what it is from the areas you and your group have found? | 

(e) Work with your group to write a proof of this area formula a a b 

by showing that it is the exact value of the integral expres- 

rs 58. Find the area of the region enclosed by the curves 

and y=mx, 0<m<l. 
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5.3 
You will be able to apply the definite 

integral to solve problems involving 

volumes. 

+ Volumes as limits of Riemann sums 

« Volumes with circular, square, or 

other cross sections 

« Volumes of solids of revolution using 

washers or cylindrical shells 

with area A(x) 

Figure 8.17 The cross section of an arbi- 

trary solid at point x. 

Volume as an Integral 
In Section 6.1, Example 4, we estimated the volume of a sphere by partitioning it into thin 

slices that were nearly cylindrical and summing the cylinders’ volumes using MRAM. 

MRAM sums are Riemann sums, and had we known how at the time, we could have con- 

tinued on to express the volume of the sphere as a definite integral. 

Starting the same way, we can now find the volumes of a great many solids by integra- 

tion. Suppose we want to find the volume of a solid like the one in Figure 8.17. The cross 

section of the solid at each point x in the interval [a,b] is a region S(x) of area A(x). 
If A is a continuous function of x, we can use it to define and calculate the volume of the 

solid as an integral in the following way. 

We partition [ a, b | into subintervals of length Ax and slice the solid, as we would a 
loaf of bread, by planes perpendicular to the x-axis at the partition points. If the surface 

of our solid is continuous, we can expect that the cross sections between the plane at x,—, 

and the plane at x, are almost identical. If we replace the solid between these planes by the 

cylinder whose base is S(x,) and whose height is Ax = x, — x,—, (Figure 8.18), we will 
get a good approximation to the volume of this slice of the solid. 

Cross-section S(x) y, 
Approximating 

Plane at x,_, .4 ylinder based 

te y | on S(x,) has height 

Ax, SESS Xr-1A 
ii 

_” Plane at x, 

; eae ‘ 

The cylinder’s base, 

is the region SQx,) — 

with area A(x,) 

NOT TO SCALE 

Figure 8.18 Enlarged view of the slice of the solid between the planes at x,—, and x,. 

The volume of the cylinder is 

V, = base area X height = A(x,) X Ax. 

The sum 

: DV = DAC) x Ax 

approximates the volume of the solid. 

This is a Riemann sum for A(x) on [ a, b]. We expect the approximations to improve 
as the norms of the partitions go to zero, so we define their limiting integral to be the 

volume of the solid. : 

es 

— 
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DEFINITION Volume of a Solid 

The volume of a solid of known integrable cross-section area A(x) from x = a to 
x = bis the integral of A from a to b, 

Vi [4 dx. 

To apply the formula in the previous definition, we proceed as follows. 

How to Find Volume by the Method of Slicing 

Sketch the solid and a typical cross section. 

Find a formula for A(x). 
Find the limits of integration. 

Integrate A(x) to find the volume. Pst a 

Square Cross Sections 
Let us apply the volume formula to a solid with square cross sections. 

EXAMPLE 1 A Square-Based Pyramid 

A pyramid 3 m high has congruent triangular sides and a square base that is 3 m on 

each side. Each cross section of the pyramid parallel to the base is a square. Find the 

Typical cross-section 7 volume of the pyramid. 

3 SOLUTION 
We follow the steps for the method of slicing. 

y (m) 

1. Sketch. We draw the pyramid with its vertex at the origin and its altitude along the 

interval 0 = x S 3. We sketch a typical cross section at a point x between 0 and 3 

(Figure 8.19). 

2. Find a formula for A(x). The cross section at x is a square x meters on a side, so 

A(x) = x?. 

Figure 8.19 A cross section of the pyramid | 3. Find the limits of integration. The squares go from x = 0 to x = 3. 

ease |e 4. Integrate to find the volume. 

3 3 373 
‘! A(x) dx = i x? dx = =] = 9m Now Try Exercise 3. 

0 0 0 

Circular Cross Sections 

The only thing that changes when the cross sections of a solid are circular is the formula 

for A(x). Many such solids are solids of revolution, as in the next example. 

EXAMPLE 2 A Solid of Revolution 

The region between the graph of f(x) = 2 + xcos x and the x-axis over the interval 
[—2, 2] is revolved about the x-axis to generate a solid. Find the volume of the solid. 

continued 
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SOLUTION 

Revolving the region (Figure 8.20) about the x-axis generates the vase-shaped solid in 

Figure 8.21. The cross section at a typical point x is circular, with radius equal to f(x). 

Its area is 

The volume of the solid is 

2 

[-3, 3] by [-4, 4] y= [ac dx 

tase LL Bae det ~ NINT ((2 + xcos x), x,-2,2) ~ 52.43 units cubed 
Now Try Exercise 7. 

EXAMPLE 3 Washer Cross Sections 

The region in the first quadrant enclosed by the y-axis and the graphs of y = cos x and 

y = sin x is revolved about the x-axis to form a solid. Find its volume. 

SOLUTION 

The region is shown in Figure 8.22. 

F wv ae a We revolve it about the x-axis to generate a solid with a cone-shaped cavity in its cen- 
igure 8.21 The region in Figure 8.20 is ter (Figure 8.23). 

revolved about the x-axis to generate a 

solid. A typical cross section is circular, 

with radius f(x) = 2 + xcosx. 
(Example 2) 

[—7/4, a/2] by [-1.5, 1.5] 

Figure 8.22 The region in Example 3. ——_, Figure 8.23 The solid generated by revolving the 
region in Figure 8.22 about the x-axis. A typical 

& cross section is a washer: a circular region with a 

circular region cut out of its center. (Example 3) 

This time each cross section perpendicular to the axis of revolution is a washer, a 

circular region with a circular region cut from its center. The area of a washer can be 

Figure 8.24 The area of a washer is found by subtracting the inner area from the outer area (Figure 8.24). 
2= 2 

TRS ae eS In our region the cosine curve defines the outer radius, and the curves intersect at 

x = 1/4. The volume is 

a /4 

v= | m(cos?x — sin?x) dx | 
0 

Caution! 
SERRE 

The area of a washer is 7 R2 — mr, which 

you can simplify to 7(R* — r2), but not to 
a(R —r)*. No matter how tempting it is 
to make the latter simplification, it’s wrong. 

Don't do it. 

in 2x 7/4 

af | = 5 units cubed Now Try Exercise 17. 
0 

a /4 

a cos 2x dx identity: cos? x — sin? x = cos 2x 
0 
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We could have done the integration in Example 3 with NINT, but we wanted to dem- 

onstrate how a trigonometric identity can be useful under unexpected circumstances in cal- 

culus. The double-angle identity turned a difficult integrand into an easy one and enabled 

us to get an exact answer by antidifferentiation. 

The solid of revolution found by al-Haytham around the year 1000 (see page 384) 

requires revolving a region around the vertical line x = a, but the idea is exactly the 

same. We approximate our volume using thin discs. Because we can use the Fundamental 

Theorem of Calculus, once we have found the cross-section area we can write the vol- 

ume as an integral, and the rest is easy. For al-Haytham, finding what today we call the 

Riemann sum was just the start. To determine its limit was the hard part. 

EXAMPLE 4 Rotation Around Another Axis 

The region bounded by the graph of y = a4 the x-axis, and the line x = 4 

(Figure 8.25) is revolved about the line x = 4 to generate a solid (Figure 8.26). Find 

the volume of the solid. 

Figure 8.25 The region in Example 4 
showing the distance from the axis of 

rotation to the graph. 

Figure 8.26 The solid obtained by revolving the region in Figure 8.25 about the line x = 4. 

(Example 4) 

SOLUTION 

We take horizontal slices of our solid. The cross section at height y is circular with 

be 
radius 4 — x, where x is the x-coordinate of the point on the graph of y = 3, 

2 
y A 

(Figure 8.25). Solving for x as a function of y, we get x = Pais The radius of the cross 

2 
section at height y is 4 — =, and the area of this cross section is 

Ay?\2 16 
~) = —7(9:= 2/2, rarrecape Abu Ali al-Hasan rite 

The volume of the solid is 

Ibn al-Haytham, also *16 lon f° 
known as al-Basri V= | (9 ES y)? dy = es (81 = 18y? A y*) dy 

because he was from 0 Oe 81 Jo 
Basra in what is now Ces 

ed) Was ie yan) = LOR 8ly — 6y? + a es as units cubed Now Try Exercise 21. 
Egyptian caliph to engi- Qa Sule 

neer control of the Nile. 

Although that project 

was beyond the capabilities of the time, 
al-Haytham remained in Cairo, where he Cylindrical Shells 

made major advances in pei he phys" There is another way to find volumes of solids of rotation that can be useful when the axis 
parang maiemalics. He's best aN of revolution is perpendicular to the axis containing the natural interval of integration. 
for his study of curved mirrors that concen- : ° i ; ae 
trate light a and is considered one of the ‘Instead of summing volumes of thin slices, we sum volumes of thin cylindrical shells that 

fathers of solar technology. grow outward from the axis of revolution like tree rings. 
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a 
[-6, 4] by [-3, 3] 

EXPLORATION 1 | Volume by Cylindrical Shells 

The region enclosed by the x-axis and the parabola y = f(x) = 3x — x? is revolved 
about the line x = —1 to generate the shape of a cake (Figures 8.27, 8.28). (Such a 

cake is often called a bundt cake.) What is the volume of the cake? 

Integrating with respect to y would be awkward here, as it is not easy to get the 

original parabola in terms of y. (Try finding the volume by washers and you will 

soon see what we mean.) To integrate with respect to x, you can do the problem 

‘ ae by cylindrical shells, which requires that you cut the cake in a rather unusual way. 
Figure 8.27 The graph of the region in 

Exploration 1, before revolution. 1. Instead of cutting the usual wedge shape, cut a cylindrical slice by cutting 

straight down all the way around close to the inside hole. Then cut another cylin- 

drical slice around the enlarged hole, then another, and so on. The radii of the 

cylinders gradually increase, and the heights of the cylinders follow the contour 

of the parabola: smaller to larger, then back to smaller (Figure 8.29). Each slice 

is sitting over a subinterval of the x-axis of length Ax. Its radius is approximately 

(1 + x,). What is its height? 
2. If you unroll the cylinder at x, and flatten it out, it becomes (essentially) a 

rectangular slab with thickness Ax. Show that the volume of the slab is approxi- 

mately 2ar(x, + 1)(3x, — x7) Ax. 

revolution 3. > 2(x, + 1)(3x, — x,7)Ax is a Riemann sum. What is the limit of these 
teat Riemann sums as Ax — 0? 

4. Evaluate the integral you found in step 3 to find the volume of the cake! 
Figure 8.28 The region in Figure 8.27 is 

revolved about the line x = —1 to forma 

solid cake. The natural interval of integra- 

tion is along the x-axis, perpendicular to 

the axis of revolution. (Exploration 1) 

EXAMPLE 5 Finding Volumes Using Cylindrical Shells 

The region bounded by the curve y = Vx, the x-axis, and the line x = 4 is revolved 

about the x-axis to generate a solid. Find the volume of the solid. 

SOLUTION 

1. Sketch the region and draw a line segment across it parallel to the axis of revolution 

(Figure 8.30). Label the segment’s length (shell height) and distance from the axis 

of revolution (shell radius). The width of the segment is the shell thickness dy. (We 

drew the shell in Figure 8.31, but you need not do that.) 

¢ 

Figure 8.29 Cutting the cake into thin 

cylindrical slices, working from the 

inside out. Each slice occurs at some x, 
between 0 and 3 and has thickness Ax. 
(Exploration 1) 

Shell height 

4-¥ 
yevz | 

4-y* 

Shell height 

Bs ? 
HC. < 

hy utoete 

— 
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Figure 8.32 The region and the height of a 

typical shell in Example 6. 
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>| _( shell \( shell 
277 ; } dy 

0 radius / \height 

2 

= f amoy(4- 94) 
0 

V 

Now Try Exercise 35(a). 

EXAMPLE 6 Finding Volumes Using Cylindrical Shells 

The region bounded by the curves y = 4 — x*, y = x, and x = 0 is revolved about the 

y-axis to form a solid. Use cylindrical shells to find the volume of the solid. 

SOLUTION 

1. Sketch the region and draw a line segment across it parallel to the y-axis (Figure 8.32). 

The segment’s length (shell height) is 4 — x? — x. The distance of the segment from 

the axis of revolution (shell radius) is x. 

2. Identify the limits of integration: The x-coordinate of the point of intersection of the 

curves y = 4 — x* and y = x in the first quadrant is about 1.562. So x runs from 0 

to 1.562. 

3. Integrate to find the volume. 

190 (shell \( shell 
21 ; : dx 

0 radius / \height 

1.562 
i OT Ki Aue. ae 

V= 

1.562 

=n | (CER renee 
0 

x4 7 1,562 
= 2g 2 n| x i 3 |, 

ZB By Si Now Try Exercise 37. 

EXAMPLE 7 Comparing Different Methods for Finding a Volume 

We found the volume of the solid in Example 5 by using cylindrical shells. Use circu- 

lar cross sections (or disks) to find the volume of the same solid. 

SOLUTION 

The following sketch shows drawing a line segment across the region bounded by 

y = Vx, the x-axis, and the line x = 4 perpendicular to the axis of revolution. 

radius of 

cross section = f(x) 

A(x) = m(flx))? 
= a(Vx ? =a% continued Interval of integration 
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The volume of the solid is 

Gs a x2]4 

V= [A@a- [ ma=a15| = 87. 
0 0 2 Jo 

Either method gives the same volume, 877. Now Try Exercise 39. 

Xk 4 

Other Cross Sections 

The method of cross-section slicing can be used to find volumes of a wide variety of 

unusually shaped solids, so long as the cross sections have areas that we can describe with 

some formula. Admittedly, it does take a special artistic talent to draw some of these solids, 

but a crude picture is usually enough to suggest how to set up the integral. 

[-1, 3.5] by [—0.8, 2.2] 

Figure 8.33 The base of the paperweight in 

Example 8. The segment perpendicular to 

the x-axis at x, is the diameter of a semi- 

circle that is perpendicular to the base. 

EXAMPLE 8 A Mathematician’s Paperweight 

A mathematician has a paperweight made so that its base is the shape of the region 

between the x-axis and one arch of the curve y = 2 sin x (linear units in inches). Each 

cross section cut perpendicular to the x-axis (and hence to the xy-plane) is a semicircle 

whose diameter runs from the x-axis to the curve. (Think of the cross section as a semi- 

circular fin sticking up out of the plane.) Find the volume of the paperweight. | 

SOLUTION 

_y=2sinx 

x 

Figure 8.34 Cross sections perpendicular 

to the region in Figure 8.33 are semicircu- 

lar. (Example 8) 

The paperweight is not easily drawn, but we know what it looks like. Its base is the : 

region in Figure 8.33, and the cross sections perpendicular to the base are semicircular 

fins like those in Figure 8.34. : 

. 
ears The semicircle at each point x has ‘ 

Bonaventura Cavalieri Kg! 
js ; sin x : ; 

(1598 1647) radius = =sinx andarea A(x) = 5 7 (sin xy . 

Cavalieri, a student of ; : 
Galileo, discovered that The volume of the paperweight is 

if two plane regions can Cy 
be arranged to lie over V= A(x) dx 

the same interval of the 0 

x-axis in such a way ‘a 

that they have identical Deere : 2 
vertical cross sections a at _ dx 
at every point, then the 

regions have the same area. This theo- neds NINT ((sin x)? x.0 T) 

rem and a letter of recommendation from 2 ae 
Galileo were enough to win Cavalieri a 

chair at the University of Bologna in 1629. 

The solid geometry version in Example 9, 

which Cavalieri never proved, was named 

after him by later geometers. 

~ 5 (1-570796327) 

The number in parentheses looks like half of 77, an observation that can be confirmed 

analytically, and which we support numerically by dividing by 7 to get 0.5. The vol- 

ume of the paperweight is 

| 2 
- . . = ae = 2.47 in’. Now Try Exercise 41(a). 
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b ae Same volume 
~~ 

Same cross-section 
area at every level 

Figure 8.35 Cavalieri’s volume theorem: These solids have the same volume. You can illustrate 

this yourself with stacks of coins. (Example 9) 

Now Try Exercise 45. 

EXPLORATION 2 | Surface Area 

We know how to find the volume of a solid of revolution, but how would we find 

the surface area? As before, we partition the solid into thin slices, but now we wish 

to form a Riemann sum of approximations to surface areas of slices (rather than of 

volumes of slices). 

A typical slice has a surface area that can be approximated by 27 + f(x) - As, 

where As is the tiny slant height of the slice. We will see in Section 8.4, when 

we study arc length, that As = V/ Ax? + Ay?, and that this can be written as 

As = V1 + (f'(x,))? Ax. 

Thus, the surface area is approximated by the Riemann sum 

dn f(s) DF (een) a Ox 

Write the limit of the Riemann sums as a definite integral from a to b. When will 

the limit exist? 

Use the formula from part 1 to find the surface area of the solid generated by 

revolving a single arch of the curve y = sin x about the x-axis. 

The region enclosed by the graphs of y? = x and x = 4 is revolved about the 

x-axis to form a solid. Find the surface area of the solid. 
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Quick Review 8.3 (For help, go to Section 1.2.) 

Exercise numbers with a gray background indicate problems that the 

authors have designed to be solved without a calculator. 
. an equilateral triangle with sides of length x 

In Exercises 1-10, give a formula for the area of the plane region in 

terms of the single variable x. 

5 

6. an isosceles right triangle with legs of length x 

7. an isosceles right triangle with hypotenuse x 

8 . an isosceles triangle with two sides of length 2x and one side of 
1. a square with sides of length x lengtll 

a square with Ciabpnals ome 9. a triangle with sides 3x, 4x, and 5x 
2: 

3. a semicircle of radius x 

4. 
10. a regular hexagon with sides of length x 

a semicircle of diameter x 

Section 8.3 Exercises 

In Exercises | and 2, find a formula for the area A(x) of the cross (d) The cross sections are equilateral triangles with bases in the 

sections of the solid that are perpendicular to the x-axis. xy-plane. 

1. The solid lies between planes perpendicular to the x-axis 

at x = —1 and x = 1. The cross sections perpendicular to 

the x-axis between these planes run from the semicircle 

y = —V 1 — x? to the semicircle y = V1 — x?. 

(a) The cross sections are circular disks with diameters in the 

xy-plane. 

2. The solid lies between planes perpendicular to the x-axis at 

x = O and x = 4. The cross sections perpendicular to the x-axis 

between these planes run from y = -~Vx to y= Vx. 

(a) The cross sections are circular disks with diameters in the 

xy-plane. 

(c) The cross sections are squares with diagonals in the xy-plane. 

(The length of a square’s diagonal is V2 times the length of 

its sides.) 
; 

(c) The cross sections are squares with diagonals in the 

xy-plane. 

(d) The cross sections are equilateral triangles with bases in the 

xy-plane. 



In Exercises 3-6, find the volume of the solid analytically. 

3. The solid lies between planes perpendicular to the x-axis at 

x = 0 and x = 4. The cross sections perpendicular to the axis on 

the interval 0 = x = 4 are squares whose diagonals run from 

= —~V*x to y = Vx. 

4. The solid lies between planes perpendicular to the x-axis at 

x = —1 and x = 1. The cross sections perpendicular to the 

X-axis are circular disks whose diameters run from the parabola 

y = x? to the parabola y = 2 — x?. 

5. The solid lies between planes perpendicular to the x-axis at 

x = —1 and x = 1. The cross sections perpendicular to the x-axis 

between these planes are squares whose bases run from the semi- 

circle y = —V1 — x? to the semicircle y = V1 — x?. 

6. The solid lies between planes perpendicular to the x-axis at 

x = —1 and x = 1. The cross sections perpendicular to the 

x-axis between these planes are squares whose diagonals run 

from the semicircle y = —V1 — x? to the semicircle 

y= V1 — x2. 

In Exercises 7-10, find the volume of the solid generated by revoly- 

ing the shaded region about the given axis. 

8. about the y-axis 7. about the x-axis 

10. about the x-axis 

y = sinx cosx 

In Exercises 11—20, find the volume of the solid generated by 

revolving the region bounded by the lines and curves about the 

X-axis. ; 

12.y=x7, y=0, x=2 

14.y=x-x7, y=0 

11. y=x7, y=0, x=2 

13.y= V9 - x*4, y=0 
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15.y=x, y=1, x=0 16. y = 2x, y=x, x=1 

Weyaxer ly =x +3 18 y= 434 = 2 =X 

19. y = secx, y= V2, —7/4=x5 7/4 

20. y Aa y=-2, x=0 

ll 

In Exercises 21-24, find the volume of the solid generated by 

revolving the region about the given line. 

21. the region bounded by y = x”, y = 0, and x = 2 about the line 

x=2 

22. the region bounded by y = sin x, y = 0, and x = 7/2 about the 

line x = 77/2 

23. the region in the first quadrant bounded above by the line 

v= V2, below by the curve y = sec x tan x, and on the left by 

the y-axis, about the line y = V2 

24. the region in the first quadrant bounded above by the line y = 2, 

below by the curve y = 2sinx,0 = x = 7/2, and on the left 

by the y-axis, about the line y = 2 

In Exercises 25-30, find the volume of the solid generated by 

revolving the region about the y-axis. 

25. the region enclosed by x = V5y2, x=0, y=-l, y=1 

26. the region enclosed by x = y3/*, x=0, y=2 

27. the region enclosed by the triangle with vertices (1, 0), (2, 1), 
and (1, 1) 

28. the region enclosed by the triangle with vertices (0, 1), (1,0), 

and (1, 1) 

29. the region in the first quadrant bounded above by the parabola 

y = x’, below by the x-axis, and on the right by the line x = 2 

30. the region bounded above by the curve y = Vx and below by 

the line y = x 

Group Activity In Exercises 31—34, find the volume of the solid 

described. 

31. Find the volume of the solid generated by revolving the region 

bounded by y = Vx and the lines y = 2 and x = 0 about 

(a) the x-axis. (b) the y-axis. 

(c) the line y = 2. (d) the line x = 4. 

32. Find the volume of the solid generated by revolving the triangu- 

lar region bounded by the lines y = 2x, y = 0, and x = 1 about 

(b) the line x = 2. 

33. Find the volume of the solid generated by revolving the region 

bounded by the parabola y = x? and the line y = 1 about 

(b) the line y = 2. 

(a) the line x = 1. 

(a) the line y = 1. 

(c) the line y = —1. 

34. By integration, find the volume of the solid generated by revolv- 

ing the triangular region with vertices (0, 0), (b, 0), (0, /) 

about 

(a) the x-axis. (b) the y-axis. 
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In Exercises 35 and 36, use the cylindrical shell method to find the 

volume of the solid generated by revolving the shaded region about 

the indicated axis. 

35. (a) the x-axis 

(c) the line y = 8/5 

(b) the line y = 1 

(d) the line y = —2/5 

y 

36. (a) the x-axis 

(c) the line y = 5 

(b) the line y = 2 

(d) the line y = —5/8 

In Exercises 37—40, use the cylindrical shell method to find the vol- 

ume of the solid generated by revolving the region bounded by the 

curves about the y-axis. 

37.y=x, y=-—x/2, 

38) y= x4) y=2= x, 

39. y = Vx, y=0, x=4 

40.y=2x-1, y= Vx, x=0 

x=2 

x=0, for x=0O 

In Exercises 41-44, find the volume of the solid analytically. 

41. The base of a solid is the region between the curve y = 2V sin x 

and the interval [0, 7] on the x-axis. The cross sections perpen- 

dicular to the x-axis are 

(a) equilateral triangles with bases running from the x-axis to the 

curve as shown in the figure. 

y = 2Vsin x a 

(b) squares with bases running from the x-axis to the curve. 

42. The solid lies between planes perpendicular to the x-axis at 

45. 

46. 

47. 

x = —7/3 and x = 7/3. The cross sections perpendicular to 
the x-axis are 

(a) circular disks with diameters running from the curve 

y = tan x to the curve y = sec x. 

(b) squares whose bases run from the curve y = tan x to the 

curve y = sec x. 

. The solid lies between planes perpendicular to the y-axis at 

y = Oand y = 2. The cross sections perpendicular to the y-axis 

are circular disks with diameters running from the y-axis to the 

parabola x = V5y2. 

. The base of the solid is the disk x? + y? < 1. The cross sections 

by planes perpendicular to the y-axis between y = —1 and y = 1 

are isosceles right triangles with one leg in the disk. 

Writing to Learn A solid lies between planes perpendicular 

to the x-axis at x = 0 and x = 12. The cross sections by planes 

perpendicular to the x-axis are circular disks whose diameters 

run from the line y = x/2 to the line y = x as shown in the 

figure. Explain why the solid has the same volume as a right 

circular cone with base radius 3 and height 12. 

y 

A Twisted Solid A square of side length s lies in a plane per- 
pendicular to a line L. One vertex of the square lies on L. As this 

square moves a distance h along L, the square turns one revolu- 

tion about L to generate a corkscrew-like column with square 

cross sections. 

(a) Find the volume of the column. 

(b) Writing to Learn What will the volume be if the square j 

turns twice instead of once? Give reasons for your answer. 

Find the volume of the solid generated by revolving the region 

in the first quadrant bounded by y = x3 and y = 4x about 

(a) the x-axis, 

(b) the line y = 8. 



48. Find the volume of the solid generated by revolving the region 

bounded by y = 2x — x? and y = x about 

(a) the y-axis, 

(b) the line x = 1. 

49. The region in the first quadrant that is bounded above by the 

curve y = 1/ Vx, on the left by the line x = 1/4, and below by 

the line y = 1| is revolved about the y-axis to generate a solid. 

Find the volume of the solid by (a) the washer method and 

(b) the cylindrical shell method. 

50. Let f(x)
 = Wen

 i 

(a) Show that x f(x) = sinx, OSx<7. 

IA S) 

(b) Find the volume of the solid generated by revolving the 

shaded region about the y-axis. 

y 

fed 0<x=T7 
yaa oF 

il s=0 

51. Designing a Plumb Bob Having been asked to design a brass 

plumb bob that will weigh in the neighborhood of 190 g, you 

decide to shape it like the solid of revolution shown here. 

y (cm) We: 5 
y= 55 36s 

(a) Find the plumb bob’s volume. 

(b) If you specify a brass that weighs 8.5 g/cm>, how much will 

the plumb bob weigh to the nearest gram? 

52. Volume of a Bowl A bowl has a shape that can be generated 

by revolving the graph of y = x*/2 between y = 0 and y = 5 

about the y-axis. 

(a) Find the volume of the bowl. 

(b) If we fill the bowl with water at a constant rate of 3 cubic 

units per second, how fast will the water level in the bowl be 

rising when the water is 4 units deep? 

53. The Classical Bead Problem A round hole is drilled through 

the center of a spherical solid of radius 7. The resulting cylindri- 

cal hole has height 4 cm. 

(a) What is the volume of the solid that remains? 

(b) What is unusual about the answer? 

54. Writing to Learn Explain how you could estimate the volume 

of a solid of revolution by measuring the shadow cast on a 

table parallel to its axis of revolution by a light shining directly 

above it. 
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55. Same Volume About Each Axis The region in the first 

quadrant enclosed between the graph of y = ax — x? and the 

X-axis generates the same volume whether it is revolved about 

the x-axis or the y-axis. Find the value of a. 

56. (Continuation of Exploration 2) Let x = g(y) > Ohavea 

continuous first derivative on [ c, d]. Show that the area of the 

surface generated by revolving the curve x = g(y) about the 

y-axis is 

d 

S= [ 28) VLG (8"(y))> dy, 

In Exercises 57—64, find the area of the surface generated by revolv- 

ing the curve about the indicated axis. 

57.x = Vy, 0O=y=2; y-axis 

58. x = y?/3, O=y=1;_ y-axis 

5910 = yi — (1/3), 1 = ye 3: y-axis 

60.x= V2y-1, (5/8) =y=1; y-axis 

61. ye xt, OS = Oi we axis 

6259 = 3x = 47, OS ies 3: eanis 

635 y= —V 20 0 Sa aris 

64. y= Vac ie l= = 5s 0 x-axis 

Standardized Test Questions 

You may use a graphing calculator to solve the following problems. 

65. True or False The volume of a solid of a known integrable 
: ee 

cross section area A(x) from x = ato x = bis JVA(x) dx. 
Justify your answer. 

66. True or False If the region enclosed by the y-axis, the line 

y = 2, and the curve y = ‘Vx is revolved about the y-axis, the 

volume of the solid is given by the definite integral We omy? dy. 

Justify your answer. 

67. Multiple Choice The base of a solid S is the region enclosed 

by the graph of y = In x, the line x = e, and the x-axis. If the 

cross sections of § perpendicular to the x-axis are squares, 

which of the following gives the best approximation of the 

volume of S? 

(A) 0.718 (B) 1.718 (C) 2.718 

(D) 3.171 (E) 7.388 

68. Multiple Choice Let R be the region in the first quadrant 
bounded by the graph of y = 8 — x°/?, the x-axis, and the 
y-axis. Which of the following gives the best approximation of 

the volume of the solid generated when R is revolved about the 

x-axis? 

(A) 60.3 (B) 115.2 (C) 225.4 

(D) 319.7 (E) 361.9 

69. Multiple Choice Let R be the region enclosed by the graph of 
y = x, the line x = 4, and the x-axis. Which of the following 

gives the best approximation of the volume of the solid gener- 

ated when R is revolved about the y-axis? 

(A) 647 = (B) 1287 = (C) 2567 

(D) 360 = (E) 512 
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70. Multiple Choice Let R be the region enclosed by the graphs 

of y = e+, y = e*, and x = 1. Which of the following gives 

the volume of the solid generated when R is revolved about the 

X-axis? 

“l 1 
(A) | (etter ®) de (B) | (et ner idx, 

0 0 
r 

«x | (e* —e*)* dx 
0 

Explorations 

71. Max-Min The arch y = sinx,0 <= x S 7, is revolved about 

the line y = c,0 = c = 1, to generate the solid in the figure. 

(a) Find the value of c that minimizes the volume of the solid. 

What is the minimum volume? 

(b) What value of c in [0, 1 ] maximizes the volume of the 

solid? 

(c) Writing to Learn Graph the solid’s volume as a function 

of c, first for 0 = c = 1 and then on a larger domain. What 

happens to the volume of the solid as c moves away from 

[ 0, 1 |? Does this make sense physically? Give reasons for 74 

your answers. 

™ 

(> 
Lig 

: | / ear 

gal 

) 

/ 

FE 

x 
7 

72. A Vase We wish to estimate the volume of a flower vase using 

only a calculator, a string, and a ruler. We measure the height of 

the vase to be 6 inches. We then use the string and the ruler to 

find circumferences of the vase (in inches) at half-inch intervals. 

(We list them from the top down to correspond with the picture 

of the vase.) 

a 6 Circumferences 

{ 5.4 10.8 
4.5 11.6 

4.4 11.6 

ba 10.8 

a 6.3 9.0 

* J 0 7.8 6.3 

9.4 

75. 

76. 

(a) Find the areas of the cross sections that correspond to the 

given circumferences. 

(b) Express the volume of the vase as an integral with respect to 

y over the interval [ 0, 6]. 

(c) Approximate the integral using the Trapezoidal Rule with 

n= 12. 

Extending the Ideas 
(C) / (e* — e*)* dx (D) a (es eax 

iF ‘ 73. 
I 

Volume of a Hemisphere Derive the formula V = (2/3 )7R? 
for the volume of a hemisphere of radius R by comparing its 

cross sections with the cross sections of a solid right circular 

cylinder of radius R and height R from which a solid right 

circular cone of base radius R and height R has been removed, 

as suggested by the figure. 

. Volume of a Torus The disk x* + y* < a? is revolved about 
the line x = b (b > a) to generate a solid shaped like a doughnut, 

called a torus. Find its volume. (Hint: a e Va? — y* dy = wa*/2, 

since it is the area of a semicircle of radius a.) 

Filling a Bowl 

(a) Volume A hemispherical bow] of radius a contains water to a 

depth h. Find the volume of water in the bowl. 

(b) Related Rates Water runs into a sunken concrete hemi- 

spherical bowl of radius 5 m at a rate of 0.2 m?/sec. How 

fast is the water level in the bow] rising when the water is 

4 m deep? 

Consistency of Volume Definitions The volume formulas 

in calculus are consistent with the standard formulas from geom- 

etry in the sense that they agree on objects to which both apply. 

(a) As a case in point, show that if you revolve the region 

enclosed by the semicircle y = Va? — x? and the x-axis 

about the x-axis to generate a solid sphere, the calculus for- 

mula for volume at the beginning of the section will give 

(4/3)2ra? for the volume, just as it should. 

(b) Use calculus to find the volume of a right circular cone of 

height / and base radius r. 
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Quick Quiz for AP* Preparation: Sections 8.1-8.3 

You may use a graphing calculator to solve the following problems. 3. Multiple Choice A developing country consumes oil at a rate 

1. Multiple Choice The base of a solid is the region in the first given by r(t) = 20e° million barrels per year, where ¢ is time 
quadrant bounded by the x-axis, the graph of y = sin! x, and 

the vertical line x = 1. For this solid, each cross section perpen- 

dicular to the x-axis is a square. What is the volume? 

(A) 0.117 (B) 0.285 (C) 0.467 (D)0.571 (EK) 1.571 

. Multiple Choice Let R be the region in the first quadrant 

bounded by the graph of y = 3x — x? and the x-axis. A solid is 

generated when R is revolved about the horizontal line y = —1. 

Set up, but do not evaluate, the definite integral that gives the 

volume of this solid. 

3 
ay | (Sree i) ae 

0 

3 
@) x | Bie hae. laze 

0 

3 
Or / (axcaiats tial) dx 

0 

3 
Dy x f (3x x - 1) - 1) 

0 

3 
© x | (CSS Ws Debs 

0 

measured in years, for 0 = t = 10. Which of the following 

expressions gives the amount of oil consumed by the country 

during the time interval 0 = ¢ = 10? 

(A) r(10) 
(B) r(10) — r(0) 

10 

(C) / r'(t) dt 
0 

10 

(D) ff r(t) dt 
0 

(E) 10 + r(10) 
. Free Response Let R be the region bounded by the graphs of 

y= Vx, y = e *, and the y-axis. 

(a) Find the area of R. 

(b) Find the volume of the solid generated when R is revolved 

about the horizontal line y = —1. 

(c) The region R is the base of a solid. For this solid, each cross 

section perpendicular to the x-axis is a semicircle whose 

diameter runs from the graph of y = Vx to the graph of 

y = e ~*. Find the volume of this solid. 
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8.4 Lengths of Curves 
You will be able to apply the definite y 

integral to solve problems involving A Sine Wave 

lengths of curves. How long is a sine wave (Figure 8.36)? 
+ Lengths of smooth curves The usual meaning of wavelength refers to the fundamental period, which for y = sin x 

+ Lengths of curves with vertical is 27r. But how long is the curve itself? If you straightened it out like a piece of string along 

tangents, corners, or Cusps the positive x-axis with one end at 0, where would the other end be? 

EXAMPLE 1 The Length of a Sine Wave 

What is the length of the curve y = sinx from x = 0 to x = 27? 

SOLUTION 

We answer this question with integration, following our usual plan of breaking the 

whole into measurable parts. We partition [ 0, 277 | into intervals so short that the piec- 
es of curve (call them “arcs”) lying directly above the intervals are nearly straight. That 

way, each arc is nearly the same as the line segment joining its two ends and we can 

[0, 2a] by [-2, 2] take the length of the segment as an approximation to the length of the arc. 

Figure 8.36 One wave of a sine curve has Figure 8.37 shows the segment approximating the arc above the subinterval | x,_1, x]. 

to be longer than 27r. The length of the segment is V Ax,” + Ay,?. The sum 

Sy V Ax,? ote Ay,? 

over the entire partition approximates the length of the curve. All we need now is to 

find the limit of this sum as the norms of the partitions go to zero. That’s the usual 

plan, but this time there is a problem. Do you see it? 

The problem is that the sums as written are not Riemann sums. They do not have the 

form > f(c,)Ax. We can rewrite them as Riemann sums if we multiply and divide 
each square root by Ax,. 

SiA/kee gd ra V (Ax)? + (Ay)? 
» Ax, Ax, 

T M + 

ae aN >| > Elz 4 
i) 

> z 
Figure 8.37 The line segment approximat- 

ing the are PQ of the sine curve above the aay) t ’ é 
subinterval [ x;—1, x]. (Example 1) This is better, but we still need to write the last square root as a function evaluated 

at some c, in the kth subinterval. For this, we call on the Mean Value Theorem for 

differentiable functions (Section 5.2), which says that since sin x is continuous on 

[ X,-1, %, ] and is differentiable on (x,—,, x.) there is a point cy in (x, 1, x) at which 
Ay,/ Ax, = sin’ c, (Figure 8.38). That gives us 

SV 1 + (sin’ cy)? Ax, 

which is a Riemann sum. 
Group Exploration 

Now we take the limit as the norms of the subdivisions go to zero and find that the 

length of one wave of the sine function is 
Later in this section we will use an integral 

to find the length of the sine wave with Qn er 
great precision. But there are ways to get V1 + (sin’ x)? dx = V/1 & cost x ax =~ 7.64. Using NINT 

good approximations without integrating. 0 0 ot 

Take five minutes to come up with a writ- 

ten estimate of the curve’s length. No fair 

looking ahead. 
How close was your estimate? Now Try Exercise 9. 



Slope sin’ (c;,) 

XK-1 Ck XK 

Figure 8.38 The portion of the sine curve 

above [ x,_, x, ]. At some c;, in the inter- 

val, sin'(c,) = Ay,/Ax,, the slope of seg- 

ment PQ. (Example 1) 

Figure 8.39 The graph of f, approximated 

by line segments. 
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Length of a Smooth Curve 
We are almost ready to define the length of a curve as a definite integral, using the proce- 

dure of Example |. We first call attention to two properties of the sine function that came 

into play along the way. 

We obviously used differentiability when we invoked the Mean Value Theorem to 

replace Ay, / Ax, by sin'(c;,) for some c; in the interval (x;,_ 1, x, ). Less obviously, we used 

the continuity of the derivative of sine in passing from V1 + (sin’(c,))? Ax, to the 

Riemann integral. The requirement for finding the length of a curve by this method, then, 

is that the function have a continuous first derivative. We call this property smoothness. 

A function with a continuous first derivative is smooth and its graph is a smooth curve. 

Let us review the process, this time with a general smooth function f(x). Suppose the graph 

of f begins at the point (a, c) and ends at (b, d), as shown in Figure 8.39. We partition the 
interval a = x S b into subintervals so short that the arcs of the curve above them are nearly 

straight. The length of the segment approximating the arc above the subinterval [ x;,—1, x; | 

is V Ax,’ + Ay,?. The sum > V Ax,” + Ay,? approximates the length of the curve. We 
apply the Mean Value Theorem to f on each subinterval to rewrite the sum as a Riemann sum, 

Ay, 
DV Ax? + Ay? = Di4/1 + ( al Ax, 

Ax, 

~ » V1 + (f'(cy))? Axg For some point cy, in (x~-1, Xx) 

Passing to the limit as the norms of the subdivisions go to zero gives the length of the curve as 

t= [viz Gore= [i+ (2) a 

We could as easily have transformed © V Ax,2 + Ay,? into a Riemann sum by dividing 

and multiplying by Ay,, giving a formula that involves x as a function of y (say, x = g(y)) 

on the interval [ c, d]: 

x, )2 \2 2 oe Se er Oe re 
Ay, 

=> i + ( (g '(cx)) 2 Ay, is some Cc, In 

(Yet Vk) 

The limit of these sums, as the norms of the subdivisions go to zero, gives another reason- 

able way to calculate the curve’s length, 

L- [vireore- [yi+ (ye 
Putting these two formulas together, we have the following definition for the length of a 

smooth curve. 

DEFINITION Arc Length: Length of a Smooth Curve 

If a smooth curve begins at (a,c) and ends at (b,d), a < b,c < d, then the length 
(arc length) of the curve is 

ayy 
L= [ is (2) dx if y is a smooth function of x on [ a, b |; 

a 

d a2 

L= / br (“) dy if x is a smooth function of y on [ c, d]. 
ag c 
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EXAMPLE 2 Applying the Definition 

Find the exact length of the curve 

4V/2 
paring gieeeaml for". Oi eee 

SOLUTION 

dy\ $A\/ 2. aan 
= Syl? = 90/2 x 1/2 ie 3 * V2x : 

which is continuous on [ 0, 1 ]. Therefore, 

if 1 + (2V2x1/2)2 de 

L 

1 

[vitee 
0 

1 

(dag a0)" 
0 

Now Try Exercise 11. 

We asked for an exact length in Example 2 to take advantage of the rare opportunity 

it afforded of taking the antiderivative of an arc length integrand. When you add | to the 

square of the derivative of an arbitrary smooth function and then take the square root of 

that sum, the result is rarely antidifferentiable by reasonable methods. We know a few 

more functions that give “nice” integrands, but we are saving those for the exercises. 

Vertical Tangents, Corners, and Cusps 
Sometimes a curve has a vertical tangent, corner, or cusp where the derivative we need to 

work with is undefined. We can sometimes get around such a difficulty in ways illustrated 

by the following examples. 
Figure 8.40 The graph of y = x!/3 has a 
vertical tangent line at the origin where 

dy/dx does not exist. (Example 3) EXAMPLE 3 A Vertical Tangent 

Find the length of the curve y = x!/3 between (—8, —2) and (8, 2). 

x SOLUTION 

The derivative 
d dy li x23 = l 
dx 3 3x 2/3 

is not defined at x = 0. Graphically, there is a vertical tangent at x = 0 where the 

derivative becomes infinite (Figure 8.40). If we change to x as a function of y, the 

tangent at the origin will be horizontal (Figure 8.41) and the derivative will be zero 

instead of undefined. Solving y = x!/3 for x gives x = y>, and we have 

2 2 
dx \? 

L= / 4/1 + (=) dy = / V1 + (3y?)? dy = 17.26. Using NINT 
-2 -2 

Now Try Exercise 25. 

Figure 8.41 The curve in Figure 8.40 

plotted with x as a function of y. The 

tangent at the origin is now horizontal. 

(Example 3) 



[-4, 4] by [-7, 5] 

Figure 8.42 The graph of 

y= x? —/Alx| = 32 ss cee 

has a corner at x = 0 where neither dy/dx 

nor dx/dy exists. We find the lengths 
of the two smooth pieces and add them 

together. (Example 4) 

Quick Review 8.4 _ (For help, go to Sections 1.3 and 3.2.) 
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What happens if you fail to notice that dy/dx is undefined at x = 0 and ask your cal- 

culator to compute 

NINT (i+ ((1/3) x~2/3)2, x, -8, 8) 

This actually depends on your calculator. If, in the process of its calculations, it tries 

to evaluate the function at x = 0, then some sort of domain error will result. If it tries 

to find convergent Riemann sums near x = 0, it might get into a long, futile loop of 

computations that you will have to interrupt. Or it might actually produce an answer—in 

which case you hope it would be sufficiently bizarre for you to realize that it should not 

be trusted. 

EXAMPLE 4 Getting Around a Corner 

Find the length of the curve y = x* — 4|x| — x from x = —4tox = 4. 

SOLUTION 

We should always be alert for abrupt slope changes when absolute value is involved. 

We graph the function to check (Figure 8.42). 

There is clearly a corner at x = 0 where neither dy/dx nor dx/dy can exist. To find the 
length, we split the curve at x = 0 to write the function without absolute values: 

ve 4h|—2= {77% i 
47) Ok Hie we 

Then, 

a II 
0 4 

[itera [Vie 
—4 0 

19.56 By NINT Now Try Exercise 27. = 

Finally, cusps are handled the same way corners are: split the curve into smooth pieces 

and add the lengths of those pieces. 

Exercise numbers with a gray background indicate problems that the In Exercises 6—10, identify all values of x for which the function 

authors have designed to be solved without a calculator. fails to be differentiable. 

In Exercises 1—5, simplify the function. 

ORV1 + 2x4? on [1,5] 

= x2 
€2; lini zh Giaonecb Baek] 

@3) V1 + (tanx)? on [0,7/3] 

O4)V1 + (x/4 -1/x)? on [4,12] 

OSvi + cos2x on [0,7/2] 

GB s(x) = |x - 4 
Gp f(x) = 5x" 

OB s(x) = Ve +3 
Ge r(x) = Vx? -—4x4+4 

GO) f(x) = 1+ Wsinx 

fai 
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Section 8.4 Exercises 

In Exercises 1-10, 

(a) set up an integral for the length of the curve; 

(b) graph the curve to see what it looks like; 

(c) use NINT to find the length of the curve. 
> 

=p Od Se “<< 

15 Sse 5 lA ° = tan x, 

sny, OS=y=a7 “ ll 

ro Il > | 
< 

hw —1/2<y<=1/2 

from (—1, —1) to (7, 3) 

y =snx— xcosx, 0 =x =m 

y= Je tan t dt, 0=x=7/6 

[2 V sec? t = 1 dt, —7/3=ys7/4 

secx, —w7/3=x= 2/3 

(ehtiieA) f2, Sas Sass 

y? + 2y = 2x + 1, 

x 

1s 80 8 PL nee ke ook y 

=k o ay 

In Exercises 11—18, find the exact length of the curve analytically by 

antidifferentiation. You will need to simplify the integrand algebra- 

ically before finding an antiderivative. 

Wy = (1/3)(x2 + 2)3? from x=0tox=3 
ay = x°/2 x=Otox=4 

13)x = (y?/3) + 1/(4y) from y=1 to y=3 
[Hint: 1 + (dx/dy)? is a perfect square.] 

14) x = (y*/4) + 1/(8y*) from 

[Hint: 1 + (dx/dy)* is a perfect square.] 

15)x = (y?/6) + 1/(2y) from y=1toy=2 

[Hint: 1 + (dx/dy)? is a perfect square.] 

mp y = (x°/3) +227 +x4+1/(44+4), OSx=2 

ix = [pV sect t —ldt, -7/4=ys7/4 

18. y Nie Natt ad Mis 8 35 oS a I 

19. (a) Group Activity Find a curve through the point (1, 1) 
whose length integral is 

a 1+4as 

(b) Writing to Learn How many such curves are there? Give 

reasons for your answer. 

20. (a) Group Activity Find a curve through the point (0, 1) 
whose length integral is 

: I 
L- [ 1 + dy. 

I J SS 

(b) Writing to Learn How many such curves are there? Give 
reasons for your answer. 

from 

ll 

y=ltoy=2 

21. Find the length of the curve 

y= / V cos 2t dt 
0 

from x = 0 to x = 77/4. 

22. The Length of an Astroid The graph of the equation 
x2/3 + y?/3 = 1 is one of the family of curves called 
astroids (not “asteroids”) because of their starlike appear- 

ance (see figure). Find the length of this particular astroid 

by finding the length of half the first quadrant portion, 

yal =e ee V2/4 <= x < 1, and multiplying by 8. 

23. Fabricating Metal Sheets Your metal fabrication company 
is bidding for a contract to make sheets of corrugated steel roof- 

ing like the one shown here. The cross sections of the corrugated 

sheets are to conform to the curve 

37 
= = <= + : y sin (32 x),0< x= 20in 

If the roofing is to be stamped from flat sheets by a process that 

does not stretch the material, how wide should the original mate- 

rial be? Giveryour answer to two decimal places. 

Original sheet y Corrugated sheet 

/ 
y = sin 37 y 

x 
50 (in.) 

24. Tunnel Construction Your engineering firm is bidding for 
the contract to construct the tunnel shown on the next page. The 

tunnel is 300 ft long and 50 ft wide at the base. The cross section 
is shaped like one arch of the curve y = 25 cos (7x/50). 
Upon completion, the tunnel’s inside surface (excluding the 

roadway) will be treated with a waterproof sealer that costs 

| | 
| 



$1.75 per square foot to apply. How much will it cost to apply 
the sealer? 

y y = 25 cos (77x/50) 

x (ft) 
NOT TO SCALE 

In Exercises 25 and 26, find the length of the curve. 

25. 

26. 

f (x)= 1B +-x2/5, 

1 SS 1 

i veer ia 

Oka e2 

se = Al 

In Exercises 27-29, find the length of the nonsmooth curve. 

27. 

28. 

29. 

30. 

31. 

y =x? + 5|x| from x = —2tox = 1 

Ve+ Vy =1 
PS Wx from x = O0tox = 16 

Writing to Learn Explain geometrically why it does not work 

to use short horizontal line segments to approximate the lengths 

of small arcs when we search for a Riemann sum that leads to 

the formula for arc length. 

Writing to Learn A curve is totally contained inside the 

square with vertices (0,0), (1,0), (1, 1), and (0, 1). Is there 
any limit to the possible length of the curve? Explain. 

Standardized Test Questions 

32. 

33. 

34. 

35. 

True or a If a function y = f(x) is continuous on an 
interval [ , then the length of its curve is given by 

p 4/1 +( sae Justify your answer. 

True or oe If a function y = f(x) is differentiable on an 
interval [ , then the length of its curve is given by 

| 4/1 +( ye Justify your answer. 

Multiple Choice Which of the following gives the best 
approximation of the length of the arc of y = cos (2x) from 
x = Otox = 7/4? 

(A) 0.785 (B) 0.955 (C)1.0 (D) 1.318 (E) 1.977 

Multiple Choice Which of the following expressions gives 

the length of the graph of x = y? from y = —2 to y = 2? 

2 2 

w fase @ | V1 + y° dy 
= =) 
2 2 

© | V1 + 9y4 dy wf ViF eae 
eo) 2 
2 

© | V1+x*dx 
+2 

36. 

37. 
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Multiple Choice Find the length of the curve described by 

2, 
y= “il from x = 0 tox = 8. 

2) 9 cy 5122 52 
B) — 

8); 15 

(E) 96 

Multiple Choice Which of the following expressions should 

be used to find the length of the curve y = x?/3 from x = —1 to 
x=1? 

ttt) 
(ay? f ee oy 

ey PSA 
(B) i ote 7) 

1 

© | V1 + y> dy 
0 

1 

om | Vi IP yy, 
0 

1 

© | V1 + y/4 dy 
0 

Exploration 

38. Modeling Running Tracks Two lanes of a running track 

are modeled by the semiellipses as shown. The equation for 

lane 1 is y = V100 — 0.2x?, and the equation for lane 2 is 

y = V 150 — 0.2x?. The starting point for lane 1 is at the nega- 

tive x-intercept (—V 500, 0). The finish points for both lanes 

are the positive x-intercepts. Where should the starting point be 

placed on lane 2 so that the two lane lengths will be equal 

(running clockwise)? 

Start lane 2 

Start lane 1 
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Extending the Ideas 
39. Using Tangent Fins to Find Arc Length Assume f is 

smooth on [ a, b] and partition the interval [a,b] in the usual 
way. In each subinterval | x,—,, x; ] construct the tangent fin at 

the point (x,—1, f(x,—;) ) as shown in the figure. 

~——— Tangent fin 
| with slope 

| fO,_) 
(X,_»-fQ,_) 

6 

x k 

(a) Show that the length of the kth tangent fin over the interval 

[ X¢-1, %% ] equals 

V( Ax)? + (F'(a-1) Ane). 
(b) Show that 

n b 

lim >) (length of kth tangent fin) = / Vi1o+ (f'(x))? dex, 
BOO 

which is the length L of the curve y = f(x) from x = a to 

x= b. 

40. Is there a smooth curve y = f(x) whose length over 

the interval 0 S x S ais always aV 2? Give reasons for your 

answer. 



8.5 Applications from Science and Statistics 
You will be able to apply the 

definite integral to solve problems 

involving work, fluid pressure, and 
probabilities. 

¢ Work done by variable force 

¢ Total fluid pressure 

« Normal probability distribution 

4.4 newtons ~ 1 lb 

(1 newton)(1 meter) = 1N +m = 1 Joule 

Figure 8.43 The work done by a 

constant 22-N force lifting a bucket 

20 m is 440 N - m. (Example 2) 

427 Section 8.5 Applications from Science and Statistics 

Our goal in this section is to hint at the diversity of ways in which the definite integral can 

be used. The contexts may be new to you, but we will explain what you need to know as 

we go along. 

Work Revisited 

Recall from Section 8.1 that work is defined as force (in the direction of motion) times dis- 

placement. A familiar example is to move against the force of gravity to lift an object. The 

object has to move, incidentally, before “work” is done, no matter how tired you get trying. 

If the force F(x) is not constant, then the work done in moving an object from x = a 

to x = bis the definite integral W = yf OF (x) dx. 

EXAMPLE 1 Finding the Work Done by a Force 

Find the work done by the force F(x) = cos (7x) newtons along the x-axis from 
x = O meters tox = 1/2 meter. 

SOLUTION 

1/2 
W= i cos (ax) dx 

0 

1 
= > sin (7x) 

Now Try Exercise 1. 

EXAMPLE 2 Work Done Lifting 

A leaky bucket weighs 22 newtons (N) empty. It is lifted from the ground at a constant 

rate to a point 20 m above the ground by a rope weighing 0.4 N/m. The bucket starts 

with 70 N (approximately 7.1 liters) of water, but it leaks at a constant rate and just fin- 

ishes draining as the bucket reaches the top. Find the amount of work done 

(a) lifting the bucket alone; 

(b) lifting the water alone; 

(c) lifting the rope alone; 

(d) lifting the bucket, water, and rope together. 

SOLUTION 

(a) The bucket alone. This is easy because the bucket’s weight is constant. To lift it, 

you must exert a force of 22 N through the entire 20-meter interval. 

Work = (22N) X (20m) = 440N +m = 440J 

Figure 8.43 shows the graph of force vs. distance applied. The work corresponds to the 

area under the force graph. 
continued 
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y 

70 

(N) F(x) = 70 —3.5x 

(m) 20 

Figure 8.44 The force required to lift the 

water varies with distance but the work 

still corresponds to the area under the 

force graph. (Example 2) 

if (m) 20 

Figure 8.45 The work done lifting the 

rope to the top corresponds to the area of 

another triangle. (Example 2) 

y = 2xorx= sy 

Figure 8.46 The conical tank in 

Example 3. 

(b) The water alone. The force needed to lift the water is equal to the water’s weight, 

which decreases steadily from 70 N to 0 N over the 20-m lift. When the bucket is x m 

off the ground, the water weighs 

20 =:x 3% 
Fle) = 70 Sao"? — | Say SEN. 
(x) y, ( 20 ) ( =) ; 

original weight proportion left 

of water at elevation x 

The work done is (Figure 8.44) 

b 

W= [ro dx 
a 

20 20 
= / (70 — 3.5x) dx = 70s an 17522] = 1400 — 700 = 700J 

0 0 

(c) The rope alone. The force needed to lift the rope is also variable, starting at 

(0.4)(20) = 8 N when the bucket is on the ground and ending at 0 N when the bucket and 
rope are all at the top. As with the leaky bucket, the rate of decrease is constant. At elevation 

x meters, the (20 — x) meters of rope still there to lift weigh F(x) = (0.4)(20 — x) N. 
Figure 8.45 shows the graph of F. The work done lifting the rope is 

[rea [ oao-na 

20 
= [ax - 0203| = 160 — 80 = 80N-m= 80J 

0 

(d) The bucket, water, and rope together. The total work is 

440 + 700 + 80 = 1220 J. Now Try Exercise 5. 

EXAMPLE 3 Work Done Pumping 

The conical tank in Figure 8.46 is filled to within 2 ft of the top with olive oil weighing 

57 lb/ft?. How much work does it take to pump the oil to the rim of the tank? 

SOLUTION 

We imagine the oil partitioned into thin slabs by planes perpendicular to the y-axis at 

the points of a partition of the interval [ 0, 8]. (The 8 represents the top of the oil, not 
the top of the tank.) 

The typical slab between the planes at y and y + Ay has a volume of about 

+e) 2( thi Lay Tie 3 AV = 7r(radius )*(thickness ) = 7 > Ay = a Ay ft’. 

The force F(y) required to lift this slab is equal to its weight, 

weight per 

unit volume 

57 
F(y) = S5S7TAV = Pay Ib. Weight = ( ) x volume 

The distance through which F(y) must act to lift this slab to the level of the rim of the 

cone is about (10 — y) ft, so the work done lifting the slab is about 

57 AW =~" (10 — y)y? Ay ft + Ib. 

The work done lifting all the slabs from y = 0 to y = 8 to the rim is approximately 

7 
w= > =i (10 — y)y? Ay ft + Ib. continued 
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This is a Riemann sum for the function (577r/4)(10 — y)y? on the interval from 
y = Oto y = 8. The work of pumping the oil to the rim is the limit of these sums as 

the norms of the partitions go to zero. 

8 8 57 57 
N= / == (10 = y)y? dy = eal (10y? = y*) dy 

0 a a 0 

57a [10y> y*/8 
ao = 30,561 ft - Ib Now Try Exercise 17. Dice Coa 

Fluid Force and Fluid Pressure 

We make dams thicker at the bottom than at the top (Figure 8.47) because the pressure 

against them increases with depth. It is a remarkable fact that the pressure at any point 

on a dam depends only on how far below the surface the point lies and not on how much 

water the dam is holding back. In any liquid, the fluid pressure p (force per unit area) at 

depth h is 

Figure 8.47 To withstand the increasing 

pressure, dams are built thicker toward 

the bottom. 

lb _ Ib 
Pp = wh, Dimensions check: a2 f3 x ft, for example 

where w is the weight-density (weight per unit volume) of the liquid. 

EXAMPLE 4 The Great Molasses Flood of 1919 

Typical Weight-Densities (Ib/ft*) 

Gasoline 42 

Mercury 849 

Milk 64.5 

Molasses 100 

Seawater 64 

Water 62.4 

At 1:00 p.m. on January 15, 1919 (an unseasonably warm day), a 90-ft-high, 90-foot- 

diameter cylindrical metal tank in which the Puritan Distilling Company stored 

molasses at the corner of Foster and Commercial streets in Boston’s North End exploded. 

Molasses flooded the streets 30 feet deep, trapping pedestrians and horses, knocking 

down buildings, and oozing into homes. It was eventually tracked all over town and 

even made its way into the suburbs via trolley cars and people’s shoes. It took weeks 

to clean up. 

(a) Given that the tank was full of molasses weighing 100 Ib/ft?, what was the total 

force exerted by the molasses on the bottom of the tank at the time it ruptured? 

. SHADED BAND NOTTO SCALE (b) What was the total force against the bottom foot-wide band of the tank wall 

_ Figure 8.48 The molasses tank of (Figure 8.48)? 
Example 4. continued 
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90 

Figure 8.49 The 1-ft band at the bottom of 

the tank wall can be partitioned into thin 

strips on which the pressure is approxi- 

mately constant. (Example 4) 

Figure 8.50 The probability that the clock 

has stopped between 2:00 and 5:00 can be 

represented as an area of 1/4. The rect- 

angle over the entire interval has area 1. 

Improper Integrals 
STRATE 

More information about improper integrals 

like [™ f(x) dx can be found in Section 9.3. 
(You will not need that information here.) 

| SOLUTION 

(a) At the bottom of the tank, the molasses exerted a constant pressure of 

Ib Ib 
p=wh= (100 *)(o0 ft) = 9000 —5. 

Since the area of the base was 7r(45)?, the total force on the base was 

Ib 

i 
(b) We partition the band from depth 89 ft to depth 90 ft into narrower bands of width 

Ay and choose a depth y, in each one. The pressure at this depth y, is p = wh = 100 

lb/ft? (Figure 8.49). The force against each narrow band is approximately 

pressure X area = (100y,)(90a Ay) = 9000c y;, Ay lb. 

(s000 (202s awit’) = 57,255,526 ib, 

Adding the forces against all the bands in the partition and passing to the limit as the 

norms go to zero, we arrive at 
90 90 

Fe= i 9000ary dy = 900077 fi ydy =~ 2,530,553 Ib 
89 89 

for the force against the bottom foot of tank wall. Now Try Exercise 25. 

Normal Probabilities 

Suppose you find an old clock in the attic. What is the probability that it has stopped 

somewhere between 2:00 and 5:00? 

If you imagine time being measured continuously over a 12-hour interval, it is easy to 

conclude that the answer is 1/4 (since the interval from 2:00 to 5:00 contains one-fourth 

of the time), and that is correct. Mathematically, however, the situation is not quite that 

clear because both the 12-hour interval and the 3-hour interval contain an infinite number 

of times. In what sense does the ratio of one infinity to another infinity equal 1/4? 

The easiest way to resolve that question is to look at area. We represent the total proba- 

bility of the 12-hour interval as a rectangle of area | sitting above the interval (Figure 8.50). 

Not only does it make perfect sense to say that the rectangle over the time interval 

[2,5] has an area that is one-fourth the area of the total rectangle, the area actually equals 

1/4, since the total rectangle has area 1. That is why mathematicians represent probabili- 

ties as areas, and that is where definite integrals enter the picture. 

DEFINITION Probability Density Function (pdf) 

A probability density function is a function f(x) with domain all reals such that 

oo 

f(x) = Oforallx and / f(x) dx = 1. 
—oo 

Then the probability associated with an interval [ a, b} is 

[we dx. 

Probabilities of events, such as the clock stopping between 2:00 and 5:00, are integrals 

of an appropriate pdf. 
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| EXAMPLE 5 Probability of the Clock Stopping 

Find the probability that the clock stopped between 2:00 and 5:00. 

SOLUTION 

The pdf of the clock is 

oe Ores fo 12 oy 
0, otherwise. 

The probability that the clock stopped at some time ft with 2 = t S 5 is 

1 
ji f(t) dt = ve Now Try Exercise 27. 

ee ie nee See LT ae 

By far the most useful kind of pdf is the normal kind. (“Normal” here is a technical 

term, referring to a curve with the shape in Figure 8.51.) The normal curve, often called 
the “bell curve,” is one of the most significant curves in applied mathematics because it 

enables us to describe entire populations based on the statistical measurements taken from 

a reasonably sized sample. The measurements needed are the mean (w) and the standard 
deviation (a), which your calculators will approximate for you from the data. The sym- | 

~~ bols on the calculator will probably be x and s (see your Owner’s Manual), but go ahead 

=o and use them as yz and a, respectively. Once you have the numbers, you can find the curve 

by using the following remarkable formula discovered by Karl Friedrich Gauss. 
Jfoddx = .17287148 

Figure 8.51 A normal probability density 
function. The probability associated with DEFINITION Normal a weanttianas ahi Function ipa) 
the interval [ a,b] is the area under the 
curve, as shown. 

The mean yp represents the average value of the variable x. The standard deviation o 

measures the “‘scatter” around the mean. For a normal curve, the mean and standard deviation 

tell you where most of the probability lies. The rule of thumb, illustrated in Figure 8.52, is this: 

The 68-95-99.7 Rule for Normal Distributions 
30 -20 -lo 0 Ilo 2 3oe i 

; Given a normal curve, 
Figure 8.52 The 68-95-99.7 rule for 

normal distributions. * 68% of the area will lie within o of the mean p, 

¢ 95% of the area will lie within 20 of the mean p, 

¢ 99.7% of the area will lie within 30 of the mean pw. 

Even with the 68-95-99.7 rule, the area under the curve can spread quite a bit, depend- 

ing on the size of o. Figure 8.53 shows three normal pdfs with mean w = 2 and standard 

deviations equal to 0.5, 1, and 2. 

EXAMPLE 6 A Telephone Help Line 

Suppose a telephone help line takes a mean of 2 minutes to answer calls. If the standard 

deviation is ¢ = 0.5, then 68% of the calls are answered in the range of 1.5 to 2.5 min- 

utes and 99.7% of the calls are answered in the range of 0.5 to 3.5 minutes. Assume that 

the time to answer calls is normally distributed. Now Try Exercise 29. Figure 8.53 Normal pdf curves with mean 
' = 2ando = 0.5, 1, and 2. 

_ 
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EXAMPLE 7 Weights of Spinach Boxes 

Suppose that frozen spinach boxes marked as “10 ounces” of spinach have a mean 

weight of 10.3 ounces and a standard deviation of 0.2 ounce. Assume that the weights 

of the spinach boxes are normally distributed. 

(a) What percentage of all such spinach boxes can be expected to weigh between 10 

and 11 ounces? 

(b) What percentage would we expect to weigh less than 10 ounces? 

(c) What is the probability that a box weighs exactly 10 ounces? 

SOLUTION 

Assuming that some person or machine is trying to pack 10 ounces of spinach into 

these boxes, we expect that most of the weights will be around 10, with probabilities 

tailing off for boxes being heavier or lighter. We expect, in other words, that a normal 

pdf will model these probabilities. First, we define f(x) using the formula 

f(x) = ! e~ (x—10.3)?/(0.08)_ 

0.2V 2a 

(9, 11.5] by [-1, 2.5] The graph (Figure 8.54) has the look we are expecting. 

Figure 8.54 The normal pdf for the spinach 

weights in Example 7. The mean is at the 

center. 

(a) For an arbitrary box of this spinach, the probability that it weighs between 10 and 

11 ounces is the area under the curve from 10 to 11, which is 

NINT (f(x), x, 10, 11) ~ 0.933. 

So without doing any more measuring, we can predict that about 93.3% of all such 

spinach boxes will weigh between 10 and 11 ounces. 

(b) For the probability that a box weighs less than 10 ounces, we use the entire area 

under the curve to the left of x = 10. The curve actually approaches the x-axis as an 

asymptote, but you can see from the graph (Figure 8.54) that f(x) approaches zero 

quite quickly. Indeed, f(9) is only slightly larger than a billionth. So getting the area 

from 9 to 10 should do it: 

NINT (f(x), 2,9, 10) ~ 0.067 

We would expect only about 6.7% of the boxes to weigh less than 10 ounces. 

(c) This would be the integral from 10 to 10, which is zero. This zero probability 

interval of possible spinach weights, and 10 is but one of an infinite number of them. 

Quic ik F Review 

In Exercises 1-5, find the definite integral by 
and (b) using NINT. ae md ae 

pl Li Alona a ese a 
1. fora ' sii Sa) ee ats a 

 Sogeveen sath bs ee _° 
ts: eri rr. 

A 

Lt as 

might seem strange at first, but remember that we are assuming a continuous, unbroken 

Now Try Exercise 31. 

ra aR ee 

A 



In Exercises 6—10 find, but do not evaluate, the definite integral that 

is the limit as the norms of the partitions go to zero of the Riemann 

sums on the closed interval [ 0, 7 }. 

6. >)2m(%, + 2)(sinx,) Ax 

7. >, (1 = 7) (27 x) Ax 

Section 8.5 Exercises 
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8. S)7(cos x,)? Ax 

2 
9. D-(%) (10 — ,) Ay 

10. se (sin? x,) Ax 

In Exercises 1-4, find the work done by the force of F(x) newtons 

along the x-axis from x = a meters to x = b meters. 

1. F(x)"= xe8,; a= 0, %b = 5 

2. F(x) = xsin(mx/4), a=0, b=3 

Seco Oa a= 0, b=3 

4. F(x) =e™*cosx +2, a=0, b=10 

5. Leaky Bucket The workers in Example 2 changed to a 

larger bucket that held 50 L (490 N) of water, but the new bucket 

had an even larger leak so that it too was empty by the time 

it reached the top. Assuming the water leaked out at a steady 

rate, how much work was done lifting the water to a point 

20 meters above the ground? (Do not include the rope and 

bucket.) 

6. Leaky Bucket The bucket in Exercise 5 is hauled up more 

quickly so that there is still 10 L (98 N) of water left when 

the bucket reaches the top. How much work is done lifting 

the water this time? (Do not include the rope and 

bucket.) 

7. Leaky Sand Bag A bag of sand originally weighing 144 Ib 

was lifted at a constant rate. As it rose, sand leaked out at a 

constant rate. The sand was half gone by the time the bag 

had been lifted 18 ft. How much work was done lifting the 

sand this far? (Neglect the weights of the bag and lifting 

equipment.) 

8. Stretching a Spring A spring has a natural length of 10 in. 

An 800-lb force stretches the spring to 14 in. 

(a) Find the force constant. 

(b) How much work is done in stretching the spring from 10 in. 

to 12 in.? 

(c) How far beyond its natural length will a 1600-lb force stretch 

the spring? 

9. Subway Car Springs It takes a force of 21,714 lb to 
compress a coil spring assembly on a New York City Transit 

Authority subway car from its free height of 8 in. to its fully 

compressed height of 5 in. 

(a) What is the assembly’s force constant? 

atlas 

a ae aa 

=i 

(b) How much work does it take to compress the assembly the 

first half-inch? the second half-inch? Answer to the nearest 

inch-pound. 

(Source: Data courtesy of Bombardier, Inc., Mass Transit 

Division, for spring assemblies in subway cars delivered to the 

New York City Transit Authority from 1985 to 1987.) 

Bathroom Scale A bathroom scale is compressed 1/16 in. 
when a 150-lb person stands on it. Assuming the scale behaves 

like a spring that obeys Hooke’s Law, 

10. 

(a) how much does someone who compresses the scale 1/8 in. 

weigh? 

(b) how much work is done in compressing the scale 1/8 in.? 

11. Hauling a Rope A mountain climber is about to haul up a 

50-m length of hanging rope. How much work will it take if the 

rope weighs 0.624 N/m? 

Compressing Gas Suppose that gas in a circular cylinder 

of cross-section area A is being compressed by a piston 

(see figure). 

12. 

(a) If p is the pressure of the gas in pounds per square inch and 

V is the volume in cubic inches, show that the work done in 

compressing the gas from state (p;, V;) to state (p, V2) is 

given by the equation 

(P2; Va) 

Work = at (—p dV) in. - Ib, 
(Pi, V\) 

where the force against the piston is —pA. 

(b) Find the work done in compressing the gas from 

V;, = 243 in? to Vo = 32 in if p; = 50 lb/in. and p 

and V obey the gas law pV!+ = constant (for adiabatic 
processes). 
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Group Activity In Exercises 13-16, the vertical end of a tank 

containing water (blue shading) weighing 62.4 lb/ft* has the given 

shape. 

(a) Writing to Learn Explain how to approximate the force 

against the end of the tank by a Riemann sum. 

(b) Find the force as an integral and evaluate it. 

13. semicircle 14. semiellipse 

wa (Toohewe 

15. triangle 16. parabola 

k———— 6 ft ——— 
ee ROS Sy, 

8 ft 

k—_—_— 6 {t ————>| 

17. Pumping Water The rectangular tank shown here, with its top 

at ground level, is used to catch runoff water. Assume that the 

water weighs 62.4 Ib/ft*. 

10 ft Groung 

leve] 

ea fe 

y 

(a) How much work does it take to empty the tank by pumping the 

water back to ground level once the tank is full? 

(b) If the water is pumped to ground level with a 

(5/11)-horsepower motor (work output 250 ft + Ib/sec), 

how long will it take to empty the full tank (to the nearest 

minute)? 

(c) Show that the pump in part (b) will lower the water level 10 ft 

(halfway) during the first 25 min of pumping. 

(d) The Weight of Water Because of differences in the 

strength of Earth’s gravitational field, the weight of a cubic 

foot of water at sea level can vary from as little as 62.26 Ib 

at the equator to as much as 62.59 lb near the poles, a varia- 

tion of about 0.5%. A cubic foot of water that weighs 

62.4 lb in Melbourne or New York City will weigh 62.5 lb 

in Juneau or Stockholm. What are the answers to parts 

(a) and (b) in a location where water weighs 62.26 Ib/ft3? 

62.5 Ib/ft?? 

18. Emptying a Tank A vertical right cylindrical tank measures 

30 ft high and 20 ft in diameter. It is full of kerosene weighing 

51.2 lb/ft?. How much work does it take to pump the kerosene to 

the level of the top of the tank? 

19. Writing to Learn The cylindrical tank shown here is to be 
filled by pumping water from a lake 15 ft below the bottom 

of the tank. There are two ways to go about this. One is to pump 

the water through a hose attached to a valve in the bottom of the 

tank. The other is to attach the hose to the rim of the tank and 

let the water pour in. Which way will require less work? Give 

reasons for your answer. 

Open top 

20. Drinking a Milkshake The truncated conical container shown 

here is full of strawberry milkshake that weighs (4/9) oz/in?. 
As you can see, the container is 7 in. deep, 2.5 in. across at the 

base, and 3.5 in. across at the top (a standard size at Brigham’s in 

Boston). The straw sticks up an inch above the top. About how 

much work does it take to drink the milkshake through the straw 

(neglecting friction)? Answer in inch-ounces. 

Dimensions in inches 

21. Revisiting Example 3 How much work will it take to pump 
the oil in Example 3 to a level 3 ft above the cone’s rim? 



22. 

23. 

24. 

25. 

Pumping Milk Suppose the conical tank in Example 3 con- 

tains milk weighing 64.5 lb/ft? instead of olive oil. How much 

work will it take to pump the contents to the rim? 

Writing to Learn You are in charge of the evacuation and 

repair of the storage tank shown here. The tank is a hemisphere 

of radius 10 ft and is full of benzene weighing 56 lb/ft’. 

y 

| Outlet pipe 
r+y+7=100 

A firm you contacted says it can empty the tank for 1/2 cent 

per foot-pound of work. Find the work required to empty the 

tank by pumping the benzene to an outlet 2 ft above the tank. 

If you have budgeted $5000 for the job, can you afford to hire 

the firm? 

Water Tower Your town has decided to drill a well to increase 

its water supply. As the town engineer, you have determined that 

a water tower will be necessary to provide the pressure needed 

for distribution, and you have designed the system shown here. 

The water is to be pumped from a 300-ft well through a vertical 

4-in. pipe into the base of a cylindrical tank 20 ft in diameter 

and 25 ft high. The base of the tank will be 60 ft above ground. 

The pump is a 3-hp pump, rated at 1650 ft - Ib/sec. To the near- 

est hour, how long will it take to fill the tank the first time? 

(Include the time it takes to fill the pipe.) Assume water weighs 

62.4 Ib/ft?. 

Ground 

Submersible pump 

NOT TO SCALE 

Fish Tank A rectangular freshwater fish tank with base 2 X 4 ft 
and height 2 ft (interior dimensions) is filled to within 2 in. of 

the top. 

(a) Find the fluid force against each end of the tank. 

(b) Suppose the tank is sealed and stood on end (without 

spilling) so that one of the square ends is the base. What 

does that do to the fluid forces on the rectangular sides? 
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26. 

27. 

28. 
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Milk Carton A rectangular milk carton measures 3.75 in. 

by 3.75 in. at the base and is 7.75 in. tall. Find the force of 

the milk (weighing 64.5 lb/ft*) on one side when the carton is 

full. 

Find the probability that a clock stopped between 1:00 and 5:00. 

Find the probability that a clock stopped between 3:00 and 6:00. 

For problems 29, 30, and 31, assume a normal distribution. 

29. 

30. 

31. 

32. 

33. 

Suppose a telephone help line takes a mean of 5 minutes to 

answer calls. If the standard deviation is a = 2, what percentage 

of the calls are answered in the range of 3 to 7 minutes? 

Test Scores The mean score on a national aptitude test is 498 

with a standard deviation of 100 points. 

(a) What percentage of the population has scores between 400 

and 500? 

(b) If we sample 300 test-takers at random, about how many 

should have scores above 700? 

Heights of Females The mean height of an adult female in 

New York City is estimated to be 63.4 inches with a standard 

deviation of 3.2 inches. What proportion of the adult females in 

New York City are 

(a) less than 63.4 inches tall? 

(b) between 63 and 65 inches tall? 

(c) taller than 6 feet? 

(d) exactly 5 feet tall? 

Writing to Learn Exercises 30 and 31 are subtly different, in 

that the heights in Exercise 31 are measured continuously and 

the scores in Exercise 30 are measured discretely. The discrete 

probabilities determine rectangles above the individual test 

scores, so that there actually is a nonzero probability of scoring, 

say, 560. The rectangles would look like the figure below, and 

would have total area 1. 

Explain why integration gives a good estimate for the probabil- 

ity, even in the discrete case. 

Writing to Learn Suppose that f(t) is the probability density 
function for the lifetime of a certain type of light bulb where tf is 

in hours. What is the meaning of the integral 

800 

f(t) dt? 
100 

Standardized Test Questions 
You may use a graphing calculator to solve the following problems. 

34. True or False A force is applied to compress a spring several 

inches. Assume the spring obeys Hooke’s Law. Twice as much 

work is required to compress the spring the second inch than 

is required to compress the spring the first inch. Justify your 

answer. 
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35. True or False An aquarium contains water weighing 62.4 Ib/ft*. 

The aquarium is in the shape of a cube where the length of each 

edge is 3 ft. Each side of the aquarium is engineered to with- 

stand 1000 pounds of force. This should be sufficient to with- 

stand the force from water pressure. Justify your answer. 

36. Multiple Choice A force of F(x) = 350x newtons moves a 
particle along a line from x = 0m to x = 5 m. Which of the 

following gives the best approximation of the work done by the 

force? 

(A) 1750 J 

(B) 2187.5 J 

(C) 2916.67 J 

(D) 3281.25 J 

(E) 4375 J 

37. Multiple Choice A leaky bag of sand weighs 50 N. It is lifted 

from the ground at a constant rate, to a height of 20 m above the 

ground. The sand leaks at a constant rate and just finishes drain- 

ing as the bag reaches the top. Which of the following gives the 

work done to lift the sand to the top? (Neglect the bag.) 

(A) 50 J 

(B) 100 J 

(C) 250 J 

(D) 500 J 

(E) 1000 J 

38. Multiple Choice A spring has a natural length of 0.10 m. A 

200-N force stretches the spring to a length of 0.15 m. Which of 

the following gives the work done in stretching the spring from 

0.10 m to 0.15 m? 

(A) 0.05 J 

(B) 5 J 

(C) 10J 

(D) 200 J 

(E) 4000 J 

39. Multiple Choice A vertical right cylindrical tank measures 
12 ft high and 16 ft in diameter. It is full of water weighing 

62.4 lb/ft?. How much work does it take to pump the water to the 

level of the top of the tank? Round your answer to the nearest 

ft-lb. 

(A) 149,490 ft-lb 

(B) 285,696 ft-lb 

(C) 360,240 ft-lb 

(D) 448,776 ft-lb 

(E) 903,331 ft-lb 

Extending the Ideas 
40. Putting a Satellite into Orbit The strength of Earth’s = , ea 45. Golf A 45-gram golf pat an bere tee at a speed of 

tational field varies with the distance r from Earth’s center, and 
the magnitude of the gravitational force experienced eee a satel NE 
lite of mass m during and after launch is 

) : r 

F(r) = me 

41. 

42. 

Here, M = 5.975 X 107+ kg is Earth’s mass, 

G = 6.6726 X 107!! N + m*kg ® is the universal gravitational 
constant, and r is measured in meters. The work it takes to lift a 

1000-kg satellite from Earth’s surface to a circular orbit 35,780 

km above Earth’s center is therefore given by the integral 

35,780,000 
“1000 MG 

Work = | a eee a OUIES: 
6 370,000 r 

The lower limit of integration is Earth’s radius in meters at the 

launch site. Evaluate the integral. (This calculation does not take 

into account energy spent lifting the launch vehicle or energy 

spent bringing the satellite to orbit velocity.) 

Forcing Electrons Together Two electrons r meters apart 
repel each other with a force of 

23 X 107-29 
mew tons as 

(a) Suppose one electron is held fixed at the point (1, 0) on the 

x-axis (units in meters). How much work does it take to 

move a second electron along the x-axis from the point 

(—1, 0) to the origin? 

(b) Suppose an electron is held fixed at each of the points (—1, 0) 

and (1, 0). How much work does it take to move a third elec- 

tron along the x-axis from (5, 0) to (3,0)? 

Kinetic Energy If a variable force of magnitude F(x) moves a 
body of mass m along the x-axis from x, to x», the body’s velocity 

v can be written as dx/dt (where t represents time). Use Newton’s 

second law of motion, F = m(dv/dt), and the Chain Rule : 
, 

dv _ dy dx ee ; 

dt ~ dx dt dx 

to show that the net work done by the force in moving the body 

from x, to x, is 

W= / “F(2) dx 

where v, and v> are the body’s velocities at x, and x. In physics 

the expression (1/2)mv? is the kinetic energy of the body mov- 
ing with velocity v. Therefore, the work done by the force equals 

the change in the body’s kinetic energy, and we can find the 

work by calculating this change. 

> 

1 
mie Sa mrs (1) 

In Exercises 43-48, use Equation 1 from Exercise 42. 

43. Tennis A 58-gram tennis ball was served at 50 m/sec. How 
much work was done to make it go this fast? 

44. Baseball How many joules of work does it take to throw a 
baseball 40 m/sec ( ae 90 mph)? A baseball has a mass of 
143 g. 

85 msec. i yieinlirsE work are done getting the ball 



47. 

48. 

Softball How much work has to be performed on a 0.19-kg 
softball to pitch it at 40 m/sec? 

A Ball Bearing A 60-g steel ball bearing is placed on a verti- 

cal spring whose force constant is k = 2.5 newtons/cm. The 

spring is compressed 8 cm and released. About how high does 
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the ball bearing go? [Hint: The kinetic (compression) energy is 

mgh = + ks”, where s is the distance the spring is compressed, 

m is the mass, g is the acceleration due to gravity, and h is the 

height. ] 

Ps 
£ 
§ te 

. Multiple Choice The length of a curve from x = 0 tox = 1 

is given by i i V1 + 16x° dx. If the curve contains the point 

(1, 4), which of the following could be an equation for this 

curve? 

(A) y = x* +3 

(B) y = x4 +1 

(C)y = 14 166 

(D) y = V1 + 16x° 
7 

x 

E)y=xt+ (E) y =x 7 

. Multiple Choice Which of the following gives the length of 

the curve y = 2x5/4 over the interval 0 < x < 2? 

2 

(A) / Vi1s+ 4x5/? dx 
0 

ae 
(B) / 1 + =x5/2 dx 

P al 

2 

(C) a Vi1o+ 25x!/? dx 
0 

2 
1 

(D) ef V4 + 25x!/2 dx 
0 

2 
1 

(E) at V4 + 25x5/2 dx 
0 

. Multiple Choice The base of a solid is a circle of radius 

2 inches. Each cross section perpendicular to a certain diameter 

is a square with one side lying in the circle. The volume of 

the solid in cubic inches is 

. Free Response The front of a fish tank is rectangular and 

measures 2 ft wide by 1.5 ft tall. The water in the tank exerts 

pressure on the front of the tank. The pressure at any point on 

the front of the tank depends only on how far below the surface 

the point lies and is given by the equation p = 62.4h, where h is 

depth below the surface measured in feet and p is pressure mea- 

sured in pounds/ft?. 

The front of the tank can be partitioned into narrow horizontal 

bands of height Ah. The force exerted by the water on a band at 

depth h; is approximately 

area = 62.4h; > 2Ah. 

(a) Write the Riemann sum that approximates the force exerted 

on the entire front of the tank. 

pressure - 

(b) Use the Riemann sum from part (a) to write and evaluate a 

definite integral that gives the force exerted on the front of 

the tank. Include correct units. 

(c) Find the total force exerted on the front of the tank if the 

front (and back) are semicircles with diameter 2 ft. Include 

correct units. 

2 ft 

 ilggh Ni i) BBO 
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CHAPTER 8 BiGiaiceut; 

accumulation (p. 389) Hooke’s Law (p. 391) smooth curve (p. 421) 

arc length (p. 421) inflation rate (p. 396) smooth function (p. 421) 

area between curves (p. 397) joule (p. 391) solid of revolution (p. 407) 

Cavalieri’s theorems (p. 412) length of a curve (p. 421) standard deviation (p. 431) 

center of mass (p. 396) mean (p. 431) surface area (p. 413) 

constant-force formula (p. 391) moment (p. 396) total distance traveled (p. 387) 

cylindrical shells (p. 410) net change (p. 385) universal gravitational constant (p. 436) 

displacement (p. 386) newton (p. 391) volume by cylindrical shells (p. 410) 

fluid force (p. 429) normal curve (p. 431) volume by slicing (p. 407) 

fluid pressure (p. 429) normal pdf (p. 431) volume of a solid (p. 407) 

foot-pound (p. 391) probability density function (pdf) (p. 430) weight-density (p. 429) 

force constant (p. 391) 68-95-99.7 rule (p. 431) work (p. 391) 

Gaussian curve (p. 431) 

CHAPTER 8 We3X\at-\i\alop.4-y qe tt 

Exercise numbers with a gray background indicate problems that the 

authors have designed to be solved without a calculator. 

The collection of exercises marked in red could be used as a chapter 

test. 

In Exercises 1—5, the application involves the accumulation of small 

changes over an interval to give the net change over that entire inter- 

val. Set up an integral to model the accumulation and evaluate it to 

answer the question. 

1. A toy car slides down a ramp and coasts to a stop after 5 sec. Its 

velocity from t = 0 to t = 5 is modeled by v(t) = t? — 0.283 
ft/sec. How far does it travel? 

2. The fuel consumption of a diesel motor between weekly main- ex = 2"), 4=0, 9 3 

tenance periods is modeled by the function c(t) = 4 + 0.001¢4 10. 4x = y?-4, 4x=y+ 16 

gal/day, 0 = t = 7. How many gallons does it consume in a W.y=sinx, y=x, x=7/4 

week? 
: Z f 12.y=2sinx, y=sm2x, 0=x = 7 

3. The number of billboards per mile along a 100-mile stretch of = sai 2G 
an interstate highway approaching a certain city is modeled by 13, Fe CS ee 

the function B(x) = 21 — e%%*, where x is the distance from 14. y = sec?x, -y =3 — |z| 

the city in miles. About how many billboards are along that 15. The Necklace one of the smaller bead-shaped regions 
stretch of highway? enclosed by the graphs of y = 1 + cosx and y = 2 — cosx 

4. A 2-meter rod has a variable density modeled by the function 

p(x) = 11 — 4x g/m, where x is the distance in meters from the 

base of the rod. What is the total mass of the rod? 

5. The electrical power consumption (measured in kilowatts) at a 

factory t hours after midnight during a typical day is modeled 

by E(t) = 300(2 — cos (at/12)). How many kilowatt-hours 
of electrical energy does the company consume in a typical 

day? 

In Exercises 6-19, find the area of the region enclosed by the lines 

and curves. You may use a graphing calculator to graph the functions. 

Dy =x, y= 0" y= 2/4 x2 fAmderd by ACS 
my=xt+l1, y=3—x? 

8. Wx 5 Vy =1, x=0, y=0 



16. one of the larger bead-shaped regions enclosed by the curves in 

Exercise 15 

17. The Bow Tie the region enclosed by the graphs of 

be Nw +] — 

[—2, 2] by [—1.5, 1.5] 

18. The Bell the region enclosed by the graphs of 

x2 — 3 
yes. and y= 

10 

[-4, 4] by [-2, 3.5] 

19. The Kissing Fish the region enclosed between the graphs of 

y = xsinx and y = —x sin x over the interval [—7, 7 | 

[-5, 5] by [-3, 3] 

20. Find the volume of the solid generated by revolving the region 

bounded by the x-axis, the curve y = 3x*, and the lines x = —1 

and x = | about the x-axis. 

@1. Find the volume of the solid generated by revolving the region 

enclosed by the parabola y? = 4x and the line y = x about 

(a) the x-axis. (b) the y-axis. 

(c) the line x = 4. (d) the line y = 4. 

a The section of the parabola y = x?/2 from y = 0 to y = 2 is 
revolved about the y-axis to form a bowl. 

23. 

24. 

25. 

26. 

27. 

28. 

29. 

30. 

31. 

32. 

33. 
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(a) Find the volume of the bowl. 

(b) Find how much the bowl is holding when it is filled to a 

depth of k units (0 < k < 2), 

(c) If the bowl is filled at a rate of 2 cubic units per second, how 

fast is the depth k increasing when k = 1? 

The profile of a football resembles the ellipse shown here (all 

dimensions in inches). Find the volume of the football to the 

nearest cubic inch. 

UNITS IN INCHES 

The base of a solid is the region enclosed between the graphs 

of y = sinx and y = —sin x from x = 0 to x = z. Each cross 

section perpendicular to the x-axis is a semicircle with diameter 

connecting the two graphs. Find the volume of the solid. 

The region enclosed by the graphs of y = e*/*, y = 1, and 

x = In3 is revolved about the x-axis. Find the volume of the 

solid generated. 

A round hole of radius V3 feet is bored through the center of a 

sphere of radius 2 feet. Find the volume of the piece cut out. 

Find the length of the arch of the parabola y = 9 — x? that lies 

above the x-axis. 

Find the perimeter of the bow-tie-shaped region enclosed 

between the graphs of y = x? — x andy = x — x°. 

A particle travels at 2 units per second along the curve 

y = x3 — 3x? + 2. How long does it take to travel from the 
local maximum to the local minimum? 

Group Activity One of the following statements is true for 

all positive integers k and one is false. Which is which? Explain. 

(a) The graphs of y = ksinx and y = sin kx have the same 

length on the interval [ 0, 277]. 

(b) The graph of y = k sin x is k times as long as the graph of 

y = sin x on the interval [ 0, 277 ]. 

Let F(x) = {7'Vt4 — 1 dt. Find the exact length of the graph 
of F from x = 2 to x = 5 without using a calculator. 

Rock Climbing A rock climber is about to haul up 100 N (about 
22.5 Ib) of equipment that has been hanging beneath her on 40 m 

of rope weighing 0.8 N/m. How much work will it take to lift 

(b) the rope? 

(c) the rope and equipment together? 

Hauling Water You drove an 800-gallon tank truck from the 
base of Mt. Washington to the summit and discovered on arrival 

that the tank was only half full. You had started out with a full tank 

of water, had climbed at a steady rate, and had taken 50 minutes to 

accomplish the 4750-ft elevation change. Assuming that the water 

leaked out at a steady rate, how much work was spent in carrying 

the water to the summit? Water weighs 8 Ib/gal. (Do not count the 

work done getting you and the truck to the top.) 

(a) the equipment? 
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34. Stretching a Spring If a force of 80 N is required to hold a 

spring 0.3 m beyond its unstressed length, how much work does 

it take to stretch the spring this far? How much work does it take 

to stretch the spring an additional meter? 

35. Writing to Learn It takes a lot more effort to roll a stone up 

a hill than to roll the stone down the hill, but the weight of the 

stone and the distance it covers are the same. Does this mean 

that the same amount of work is done? Explain. 

36. Emptying a Bowl A hemispherical bowl with radius 8 inches 

is filled with punch (weighing 0.04 pound per cubic inch) to 

within 2 inches of the top. How much work is done emptying the 

bowl if the contents are pumped just high enough to get over the 

rim? 

37. Fluid Force The vertical triangular plate shown below is the end 

plate of a feeding trough full of hog slop, weighing 80 pounds per 

cubic foot. What is the force against the plate? 

UNITS IN FEET 

38. Fluid Force A standard olive oil can measures 5.75 in. by 

3.5 in. by 10 in. Find the fluid force against the base and each 

side of the can when it is full. (Olive oil has a weight-density of 

57 pounds per cubic foot.) 

39. Volume A solid lies between planes perpendicular to the x-axis 

at x = 0 and at x = 6. The cross sections between the planes 

are squares whose bases run from the x-axis up to the curve 

Vx + Vy = V6. Find the volume of the solid. 

40. Yellow Perch A researcher measures the lengths of 3-year-old 

yellow perch in a fish hatchery and finds that they have a mean 

length of 17.2 cm with a standard deviation of 3.4 cm. What 

proportion of 3-year-old yellow perch raised under similar con- 

ditions can be expected to reach a length of 20 cm or more? 

41. Group Activity Using as large a sample of classmates as pos- 

sible, measure the span of each person’s fully stretched hand, 

from the tip of the pinky finger to the tip of the thumb. Based on 

the mean and standard deviation of your sample, what percent- 

age of students your age would have a finger span of more than 

10 inches? 

42. The 68-95-99.7 Rule (a) Verify that for every normal pdf, the 

proportion of the population lying within one standard deviation 

of the mean is close to 68%. (Hint: Since it is the same for every 

pdf, you can simplify the function by assuming that w = O and 

o = 1. Then integrate from —1 to 1.) 

(b) Verify the two remaining parts of the rule. 

43. Writing to Learn Explain why the area under the graph of a 

probability density function has to equal 1. 

In Exercises 44—48, use the cylindrical shell method to find the vol- 

ume of the solid generated by revolving the region bounded by the 

curves about the y-axis. 

44.y=2x, y=x/2, x=1 

45.y=1/x, y=0, = P/2een = 2 

46.y=sinx, y=0, OSx=7 

47.y=x—3, y=Rea 

48. the bell-shaped region in Exercise 18 

49. Bundt Cake A bundt cake (see Exploration 1, Section 8.3) 

has a hole of radius 2 inches and an outer radius of 6 inches at 

the base. It is 5 inches high, and each cross-sectional slice is 

parabolic. 

(a) Model a typical slice by finding the equation of the parabola 

with y-intercept 5 and x-intercepts +2. 

(b) Revolve the parabolic region about an appropriate line to 

generate the bundt cake and find its volume. 

50. Finding a Function Find a function f that has a continuous 

derivative on (0, co) and that has both of the following 

properties. 

i. The graph of f goes through the point (1, 1). 

ii. The length L of the curve from (1, 1) to any point (x, f(x)) 
is given by the formula L = Inx + f(x) — 1. 

In Exercises 51 and 52, find the area of the surface generated by 

revolving the curve about the indicated axis. 

51.y=tanx, OSx< 7/4; x-axis 

52.xy=1, 1S y=2; y-axis 



AP* Examination Preparation 
You may use a graphing calculator to solve the following problems. 

53. 

54. 

Let R be the region in the first quadrant enclosed by the y-axis 

and the graphs of y = 2 + sinx and y = sec x. 

(a) Find the area of R. 

(b) Find the volume of the solid generated when R is revolved 

about the x-axis. 

(c) Find the volume of the solid whose base is R and whose 

cross sections cut by planes perpendicular to the x-axis are 

squares. 

The temperature outside a house during a 24-hour period is 

given by 

F(t) = 80 — 10 cos (Z).0 = f= 204 

where F(t) is measured in degrees Fahrenheit and t is measured 

in hours. 

(a) Find the average temperature, to the nearest degree 

Fahrenheit, between t = 6 andt = 14. 

(b) An air conditioner cooled the house whenever the outside 

temperature was at or above 78 degrees Fahrenheit. For what 

values of t was the air conditioner cooling the house? 

(c) The cost of cooling the house accumulates at the rate of 

$0.05 per hour for each degree the outside temperature 

exceeds 78 degrees Fahrenheit. What was the total cost, to 

the nearest cent, to cool the house for this 24-hour period? 
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55. The rate at which people enter an amusement park on a given 

day is modeled by the function E defined by 

15600 
FOAL) zs tare earer eneTocear 
(1) 12240 160 

The rate at which people leave the same amusement park on the 

same day is modeled by the function L defined by 

9890 
TAG) aA Sere ee 
2) t? — 38t + 370 

Both E(t) and L(t) are measured in people per hour, and time 
tis measured in hours after midnight. These functions are valid 

for 9 = t = 23, which are the hours that the park is open. At 

time t = 9, there are no people in the park. 

(a) How many people have entered the park by 5:00 P.M. 

(t = 17)? Round your answer to the nearest whole number. 

(b) The price of admission to the park is $15 until 5:00 p.m. 

(t = 17). After 5:00 p.M., the price of admission to the park 
is $11. How many dollars are collected from admissions to 

the park on the given day? Round your answer to the nearest — 

whole number. 

(c) Let H(t) = f5(E(x) — L(x)) dx for 9 < t-< 23. The 
value of H(17) to the nearest whole number is 3725. Find 
the value of H’(17) and explain the meaning of H(17) and 
H'(17) in the context of the park. 

(d) At what time t, for 9 = t = 23, does the model predict that 

the number of people in the park is a maximum? 



hoy! ; | 
9.1 Sequences NASA’s Mars Pathfinder rover Sojourner was launched into space using a | 

Delta I] launch rocket vehicle. The Sojourner rover landed successfully on | 

9.2 UHospital’s Rule the Martian surface and began transmitting data back to Earth. 

Relative Rates of To launch a heavy payload on its way to Mars, scientists must calculate the 

Growth “ascape velocity” necessary to overcome Earth's gravitational pull. This 

9.4, imprdear integrals requires computing an integral over the entire distance affected by Earth's 

gravity, which extends infinitely into space. Such an integral is called 

improper because it is defined on an interval of the form[ a, oo) rather 

than an interval [ a, b}. You will learn how to handle improper integrals in 

Section 9.4. 

442 | 
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CHAPTER 9 [eltvazGiy 

In the late 17th century, John Bernoulli discovered a rule for calculating limits of frac- 

tions whose numerators and denominators both approach zero. The rule is known today as 

l’Hospital’s Rule, after Guillaume Francois Antoine de |’ Hospital (1661-1704), Marquis 

de St. Mesme, a French nobleman who wrote the first differential calculus text, where 

the rule first appeared in print. We will also use |’ Hospital’s Rule to compare the rates at 

which functions of x grow as |x| becomes large. 

In Chapter 6 we saw how to evaluate definite integrals of continuous functions and 

bounded functions with a finite number of discontinuities on finite closed intervals. These 

ideas are extended to integrals where one or both limits of integration are infinite, and to 

integrals whose integrands become unbounded on the interval of integration. Sequences 

are introduced in preparation for the study of infinite series in Chapter 10. 

You will be able to construct and 
manipulate sequences of various 

kinds and analyze them for conver- 

gence or divergence. 

+ Explicit and recursive definitions 

- Arithmetic and geometric sequences 

- Graphs of sequences 

+ Limits of sequences; convergent 

and divergent sequences 

« The Squeeze Theorem 

Bernard A. Harris Jr. (19456— ) 

Bernard Harris, M.D., 

became an astronaut in 

1991. In 1995, as the 

Payload Commander 

on the STS-63 mission, 

he became the first 

African American to 

walk in space. During 

this mission, which 

included a rendezvous 

with the Russian Space Station, Mir, Harris 
traveled over 2.9 million miles. Dr. Harris 

left NASA in 1996 to become Vice President 

of Microgravity and Life Sciences for 

SPACEHAB Incorporated. 

Defining a Sequence 
We have seen sequences before, such as sequences Xo, x1, ... , X,, ... of numerical approxi- 

mations generated by Newton’s method in Chapter 5. A sequence {a,,} is a list of num- 
bers written in an explicit order. For example, in the sequence 

{a,} = ie 

a, is the first term, ay is the second term, a; is the third term, and so forth. The numbers 

{a, 9, Az, ... 

A), Ap, 3, ... , An, ... are the terms of the sequence and a, is the nth term of the sequence. 

We may also think of the sequence { aj, dz, a3, ... , dp, -.. } as a function with domain the 

set of positive integers and range {d), do, d3, ... , Up, «-- * 
Any real-valued function with domain a subset of the set of positive integers is consid- 

ered a sequence. If the domain i is finite, then the sequence is a finite sequence. Generally 

we will concentrate on infinite sequences, that is, sequences with domains that are infinite 

subsets of the positive integers. 

EXAMPLE 1 Defining a Sequence Explicitly 

Find the first six terms and the 100th term of the sequence {a, } where 

Piette 
a, = ; 

7 ne +)1 

SOLUTION 
Set n equal to 1, 2, 3, 4, 5, 6, and we obtain 

= (el) Jil eda Diaries ls Dalen. 
Cl pi] ok ee. el eee edu cee Tp he. 26" .° 37" 

For n = 100 we find 

Ge DP 1 1 

7100 ~ 4002+ 1 10001' 
Now Try Exercise 1. 

The sequence of Example | is defined because the formula for a, is defined 

in terms of n. Another way to define a sequence is by giving a formula for a,, 

relating it to previous terms, as shown in Example 2. 
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Explicit and Recursive Formulas 

for Arithmetic Sequences 

From the sequence {a,a+d,a+ 2d,..., 

a+(n-—1)d,... } we have a, = aand 

a, = a+ (n-— 1)d for any positive 

integer n. So, for any arithmetic sequence, 

we have an explicit formula and a recursive 

formula for ap. 

EXAMPLE 2 Defining a Sequence Recursively 

Find the first four terms and the eighth term for the sequence defined recursively by the 

following conditions: 

by =4 

b= baer 2 otal Seo 

SOLUTION 

We proceed one term at a time, starting with b; = 4 and obtaining each succeeding 

term by adding 2 to the term just before it: 

by = 4 

bo = by +2=6 

b; = bo +2=8 

by = b; +2=10 

and so forth 

Continuing in this way we arrive at bg = 18. Now Try Exercise 5. 

Arithmetic and Geometric Sequences 

There are a variety of rules by which we can construct sequences, but two particular types 

of sequence are dominant in mathematical applications: those in which pairs of successive 

terms all have a common difference (arithmetic sequences), and those in which pairs of 

successive terms all have a common quotient, or common ratio (geometric sequences). 

DEFINITION Arithmetic Sequence 

A sequence {a, } is an arithmetic sequence if it can be written in the form 

{ a.) da dee rae i | dee 

for some constant d. The number d is the common difference. 

Each term in an arithmetic sequence can be obtained recursively from its preceding 

term by adding d: 

Ay = An-1 +d forall n= 2 

EXAMPLE 3 Defining Arithmetic Sequences 

For each of the following arithmetic sequences, find (a) the common difference, (b) the 

ninth term, (ce) a recursive rule for the nth term, and (d) an explicit rule for the nth term. 

Sequence 1: —5, —2, 1, 4,7, ... Sequence 2: In 2, In 6, In 18, In 54, ... 

SOLUTION 

Sequence 1 

(a) The difference between successive terms is 3. 

(b) ao = —5 + (9 — 1)(3) = 19 

(c) The sequence is defined recursively by a; = —5 and a, = a,-, + 3 for alln = 2. 

(d) The sequence is defined explicitly by a, = —5 + (n — 1)(3) = 3n — 8. 

Sequence 2 

(a) The difference between the first two terms is In 6 — In2 = In (6/2) = In3. You 

can check that In 18 — In6 = In 54 — In 18 are also equal to In 3. 
continued 5 
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(b) ao = In2 + (9 — 1)(In3) = In2 + 81n3 = In (2 + 38) = In 13,122 

(c) The sequence is defined recursively by a; = In 2 anda, = a,_; + In3 foralln = 2. 

(d) The sequence is defined explicitly by a, = In2 + (n — 1)(In3) = In(2 + 3”"!), 
Now Try Exercise 13. 

DEFINITION Geometric Sequence 

A sequence {a, } is a geometric sequence if it can be written in the form 

as a Tare, 2A Ty ab 

for some nonzero constant r. The number r is the common ratio. 

Each term in a geometric sequence can be obtained recursively from its preceding 

term by multiplying by r: 

Cte da) ie aor all © i=: 22 

EXAMPLE 4 Defining Geometric Sequences 

For each of the following geometric sequences, find (a) the common ratio, (b) the tenth 

term, (c) a recursive rule for the nth term, and (d) an explicit rule for the nth term. 

Sequence 1: 1, —2,4,—8, 16, ... Sequence 2: 10°”, 107!, 1, 10, 107, ... 

SOLUTION 

Sequence 1 

(a) The ratio between successive terms is —2. 

(D) cian Sonat) 12 
(c) The sequence is defined recursively by a; = 1 and a, = (—2)a,-; forn = 2. 

(d) The sequence is defined explicitly by a, = (1) + (—2)™! = (—2)"1. 

Sequence 2 

(a) The ratio between successive terms is 10. 

(b) ayo = (10-2) + (10°) = 10’ 

(c) The sequence is defined recursively by a; = 10°? and a, = (10)a,_, forn = 2. 

(d) The sequence is defined explicitly by a, = (10-7) « (10"!) = 10"°. 
Now Try Exercise 17. 

EXAMPLE 5 Constructing a Sequence 

The second and fifth terms of a geometric sequence are 6 and —48, respectively. Find 

the first term, the common ratio, and an explicit rule for the nth term. 

SOLUTION 

Because the sequence is geometric the second term is a, * r and the fifth term is 

a, ° r*, where a, is the first term and r is the common ratio. Dividing, we have 

Bisiiea 8 
hy Oe el 6 

r=—-8 

2 

continued 
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YreCHAMIT-I.., 

Figure 9.1 The graph of the sequence of 

Example 6. The TRACE feature shows 

the coordinates of the 10th point of the 

sequence graphed in parametric mode. 

u=u(n-I+2 

[0, 10] by [-5, 25] 

Figure 9.3 The graph of the sequence of 

Example 7. The TRACE feature shows the 

coordinates of the fourth point (4, 10) of 
the sequence 

by = 4,6, = b,-) + 2,n = 2. 

Then a, « r = 6 implies that a, = —3. The sequence is defined explicitly by 

rte) | eral gol He! abo) 
Now Try Exercise 21. 

Graphing a Sequence 
As with other kinds of functions, it helps to represent a sequence geometrically with its 

graph. One way to produce a graph of a sequence on a graphing calculator is to use para- 

metric mode, as shown in Example 6. 

EXAMPLE 6 Graphing a Sequence Using Parametric Mode 

ig = Il 
Draw a graph of the sequence {a,} with a, = (—1)” mera Loe 

SOLUTION 

Teel 
Let X,7 = T, Yir = (-1)! , and graph in dot mode. Set Tmin = 1, Tmax = 20, 

and Tstep = 1. Even though the domain of the sequence is all positive integers, we 

are required to choose a value for Tmax to use parametric graphing mode. Finally, we 

choose Xmin = 0, Xmax = 20, Xscl = 2, Ymin = —2, Ymax = 2, Yscl = 1, and 

draw the graph (Figure 9.1). We have also activated the TRACE feature in Figure 9.1. 
Now Try Exercise 23. 

Oe SECA ee ER Ba 

Some graphing calculators have a built-in sequence graphing mode that makes it easy to 

graph sequences defined recursively. The function names used in this mode are u, v, and w. 

We will use this procedure to graph the sequence of Example 7. 

EXAMPLE 7 Graphing a Sequence Using Sequence Graphing Mode 

Graph the sequence defined recursively by 

b, =4 

b, = by +2. sorall | “71 = 2. 

SOLUTION 

We set the calculator in Sequence graphing mode and dot mode (Figure 9.2a). Replace 

b, by u(n). Then select nMin = 1,u(n) = u(n — 1) + 2, and u(nMin) = {4} 

(Figure 9.2b). 

Plotl Plote Plot3 

AC-APPROX 
A NaN YES 

a ON 
w(nMin)= 

(a) (b) 

Figure 9.2 (a) Setting sequence mode and dot mode on the calculator, and (b) entering the 

sequence of Example 7 in the calculator. 

Then set nMin = 1,nMax = 10, PlotStart = 1, PlotStep = 1, and graph in the [ 0, 10] 

by [—5, 25] viewing window (Figure 9.3). We have also activated TRACE in Figure 9.3. 
Now Try Exercise 27. 



u=(2n-1)/n 

eeeenentfeegeetensenans Sie 

n=28 
X=28 =1.9642857 

(0, 30} by [-1, 3] 

Figure 9.4 The graph of the sequence in 

Example 8 with TRACE activated, 

showing for n = 28, dog = 1.9642857. 

Limit of a Sequence 
iThetsequencesly2 oe rie: 
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} of positive integers has no limit. As with functions, 

we can use a grapher to suggest what a limiting value may be, and then we can confirm 

the limit analytically with theorems based on a formal definition, as we did in Chapter 2. 

DEFINITION Limit of a Sequence 

Let L be a real number. The sequence {a,,} has limit L as n approaches © if we 

can force a, to be as close to L as we wish for all sufficiently large n. More formally, 

given any positive number e, there is a positive number M such that for all n > M 

we have 

ee Ls ©. 

We write lim a, = L and say that the sequence converges to L. Sequences that do 
n—oo 

not have limits diverge. 

Just as in Chapter 2, there are important properties of limits that help us compute limits 

of sequences. 

THEOREM 1 Properties of Limits 

If L and M are real numbers and lim a, = L and lim b, = M, then 
n—oo noo 

1. Sum Rule: 2. Difference Rule: 

lim (a, + b,) =L+M lim (a, — b,) =L—M 
We noo 

3. Product Rule: 

lim (a,b,) = L + M 
n—oo 

5. Quotient Rule: 

4. Constant Multiple Rule: 

lim (¢:*ad,)) =c*L 
noo 

EXAMPLE 8 Finding the Limit of a Sequence 

Determine whether the sequence converges or diverges. If it converges, find its limit. 

SOLUTION 

an 

deat 

~ en 

The graph of the sequence in Figure 9.4 suggests that the sequence converges and the 

limit exists. The TRACE feature shows that the number 2 is a reasonable conjecture for 

the limit. We can prove it is 2 by using the properties of limits; we have 

So the sequence converges and its limit is 2. Now Try Exercise 31. 
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Leonardo Pisano (¢. 1170—c. 1250 )) EXAMPLE 9 Determining Convergence or Divergence 

Leonardo was from Italy Determine whether the sequence with given nth term converges or diverges. If it con- 

and is known today as verges, find its limit. 
Fibonacci. |n his Liber ee | 

Abaci (book of calcula- (aa, = (1? Pe th ete. (b) b,; = 4,5, = b,-; + 2 for all n = 2 
tions), published in 1202, a 
he introduced the so- SOLUTION 

called modus Indorum 

| (method of the Indians) (a) This is the sequence of Example 6 with graph shown in Figure 9.1. This sequence 

| which er pe diverges. In fact, we can see that the terms with n even approach 1 while the terms 
western world to Arabic numerals. The : Ww roach —1., 
book advocated numeration with the digits Ty ee OE : ates 
0-9 and place value. His book showed the (b) This is the sequence of Example 7 with graph shown in Figure 9.3. This sequence 

practical importance of the new Arabic also diverges. In fact, we can say that lim b, = oo. Now Try Exercise 35. 
numeral system by applying it to commer- no 

cial bookkeeping. The book was very well 

received throughout educated Europe and An important theorem that can be rewritten for sequences is the Squeeze Theorem 
had great impact on European thought. 

from Chapter 2. 

Oe a id np roel oy fPerr ade THEOREM 2 The Squeeze Theorem for Sequences 

Design—the Golden Ratio If lima, = lim c, = L and if there is an integer N for which a, = b, = c, for all 
GE noo noo 

The successive quotients of the numbers n>N, then lim 5, =L. 

in the Fibonacci sequence—1, 1, 2, 3, 5, 

8, 13, 21, ... (see Exercise 56 in this 

section)—form another interesting sequence, 

Wea ans (2.5/ Sno Aoa S/o, 2 ilonmerer 

1+V5 
ke: 

This number, denoted @, is sometimes 

called the golden ratio because it seems to 

appear so commonly in nature and human 

design. For example, the stars on the 

EXAMPLE 10 Using the Squeeze Theorem 

cos n 
Show that the sequence { } converges, and find its limit. 

which converges to the number 

SOLUTION 

Because |cos x| = 1 for all x, it follows that 

American flag contain segments of four cosn} _ |cos n| = uf 
different lengths, all of which can be paired n ca |n| ny 

in golden ratios. 

for all integers n = 1. Thus, 

i SeCOStiae al 
—--<t—<- 

n n n 

ae cost ; 1 eM 1 
Then, lim = 0 because lim (- 1) = lim (2) = (0. The sequence 

n—oo noo Nj» n>coo\lt; 

Now Try Exercise 41. 

n 

cos n 
a converges. 



Exercise numbers with a gray background indicate problems that the 

authors have designed to be solved without a calculator. 

In Exercises | and 2, let f(x) = Sila Find the values of f. 
x 

1, (5) 2) f(-2) 
In Exercises 3 and 4, evaluate the expression a + (n — 1)d for the 
given values of a, n, and d. 

3.a = —-2,n=3,d=155 

4.a =—-7,n=5,d = 3 

Section 9.1 Exercises 

Quick Review 9.1 (For help, go to Sections 1.2 2.1, and 2.2.) 
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In Exercises 5 and 6, evaluate the expression ar”! for the given 

values of a, r, and n. 

= ein S ipa a= —) 7 nS 

In Exercises 7—10, find the value of the limit. 

71 Sb ies c2 sin (3x) 

; sea =P 16x2 ; bay x 

1 3 aL 2 

9. lim (« sin (2) 100i 
x—0oo x X=—=00r 1 

In Exercises 1-4, find the first six terms and the 50th term of the 

sequence with specified nth term. 

Bp, =3- 1.4, = 
n+ 1 n 

1 \" 

3.,-(1++) 5d, = n* — 3n 

In Exercises 5—10, find the first four terms and the eighth term of the 

recursively defined sequence. 

5. a, = 3,4, = a,-; — 2 foralln = 2 

6. b, = —2,b, = b,-, + 1 for alln = 2 

7. c, = 2,¢, = 2c,-; for alln = 2 

8. d,; = 10,d, = 1.1d,-; for alln = 2 

9)u, = 1,m = 1,u, = u,-) + u,2 forall n = 3 

10. vy, = —3, v2 = 2,v, = Vy + Vz-2 for alln = 3 

In Exercises 11—14, the sequences are arithmetic. Find 

(a) the common difference, 

(b) the eighth term, 

(c) a recursive rule for the nth term, and 

(d) an explicit rule for the nth term. 

aa —2, 1, 4, 7,7. fie 15, 13, 11,9, ... 

top 1, 3/2, 2, 5/2, ... ae 3, 3.1, 3.2, 3.3,.... 

In Exercises 15—18, the sequences are geometric. Find 

(a) the common ratio, 

(b) the ninth term, 

(c) a recursive rule for the nth term, and 

(d) an explicit rule for the nth term. 

ADS. 4s Oe ow 16! 1; 1552.25 5333'S 

LA ees oy a ee 18. 5555, ;SsaOneas 

19. The second and fifth terms of an arithmetic sequence are —2 and 

7, respectively. Find the first term and a recursive rule for the 

nth term. 

20. The fifth and ninth terms of an arithmetic sequence are 5 and 

—3, respectively. Find the first term and an explicit rule for the 

nth term. 

21. The fourth and seventh terms of a geometric sequence are 3010 

and 3,010,000, respectively. Find the first term, common ratio, 

and an explicit rule for the nth term. 

22. The second and seventh terms of a geometric sequence are —1/2 

and 16, respectively. Find the first term, common ratio, and an 

explicit rule for the nth term. 

In Exercises 23-30, draw a graph of the sequence {a, }. 

n 
SEU Dae nis ORS 

= 2 
24.4, =~ oe We A eee Pian 

Dan #2 

25. a, = (—1)" Sy hal Ne ed 
n 

2\" 

26. a, = (1 +2). a ea 
n 

27. u; = 2, up, = 3u,-, foralln = 2 

28. u, = 2, u,=u,1 +3 foralln = 2 

1 
29.u,;=3, u,=5- 5 Unt for alln = 2 

30.u,;=5, u=u1-—2 foraln=2 

In Exercises 31-40, determine the convergence or divergence of the 

sequence with given nth term. If the sequence converges, find its limit. 

31.4, = 32. a, = 

Pareto 
33.0, = 2 34. Sere 

cae (12 eae yp 

37. a, = (1.1)" 38. a, = (0.9)” 

39. a, = nsin () 40. a, = cos (> =) 

In Exercises 41—44, use the Squeeze Theorem to show that the 

sequence with given mth term converges and find its limit. 

sin n 1 
a ar 42. dn = 5, 

1 sin? n 
43. a, = af 44, a, = an 
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In Exercises 45—48, match the graph or table with the sequence with 

Chapter 9 Sequences, L’Hospital’s Rule, and Improper Integrals 

given nth term. 

45.4, = 
ae wl 

2 
eI 
y 
= 
6 
id 

Simos tl 
aoe b= (—1)\¢*———— 

n ( ) n i 3 

4 
48. d, = 

qr n+2 

(0, 20] by [-1, 3] 

(b) 

2 
3 
y 
5 
6 
ty 

[0, 20] by [-5, 5] 

(c) 

Standardized Test Questions 

49. 

50. 

51. 

52. 

True or False If the first two terms of an arithmetic sequence 

are negative, then all its terms are negative. Justify your answer. 

True or False If the first two terms of a geometric sequence 

are positive, then all its terms are positive. Justify your answer. 

Multiple Choice The first and third terms of an arithmetic 

sequence are —1 and 5, respectively. Which of the following is 

the sixth term? 

(A) —25 (B) 11 (C) 14 (D) 29 (E) 3125 

Multiple Choice The second and third terms of a geometric 

sequence are 2.5 and 1.25, respectively. Which of the following 

is the first term? 

(A) -5 (B)—-2.5 (C) 0.625 (D) 3.75 (E)5 

53. Multiple Choice Which of the following is the limit of the 

3 
sequence with nth term a, = n sin (=), 

(A) 1 (B) 7 (C) 27 (D) 37 (E) 47 

54. Multiple Choice Which of the following is the limit of the 

Sig = Ill 
ith nth t === (sees) Pape sequence with nth term a, = (—1) Tes 

(A) -3 (B) 0 (C) 2 (D) 3 (E) diverges 

Explorations 
55. Connecting Geometry and Sequences In the sequence 

of diagrams that follow, regular polygons are inscribed in unit 

circles with at least one side of each polygon perpendicular to 

the x-axis. 

x 

x 

y 

- | 

(a) (b) 

y 

‘ : 

(c) (d) 

(a) Prove that the perimeter of each polygon in the sequence is 

given by a, = 2n sin (a/n), where n is the number of sides 
in the polygon. 

(b) Determine lim a,. 
noo 
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56. Fibonacci Sequence The Fibonacci sequence can be defined Extending the Ideas 

recursively by a, = 1, a, = 1, anda, = a,» + a,_, for all inte- 
aay 57. Writing to Learn If {a,} is a geometric sequence with all 

positive terms, explain why {log a, } must be arithmetic. 

(ey aie out the first POoras of the sequence, 58. Writing to Learn If {a,,} is an arithmetic sequence, explain 
(b) Draw a graph of the sequence using the Sequence Graphing why {10%} must be geometric. 

mode on your grapher. Enter u(n) = u(n — 1) + u(n — 2) 
and u(mMin) = {1,1}. 

(c) Write out the first 10 terms of the sequence 

G,/An—-| (a, = 1 = ay) andn > 2 that determine the 

golden ratio from page 448 (margin) and compute the 

ratio a,/a,—, forn = 10. 

+ V5 1 
(d) The sequence in (c) converges to iat = 1.618 (to three 

59. Proving Limits Use the formal definition of limit to prove that 

lim — = 0. 
no h 

decimal places). What is the first term of the sequence that 

il se WS) 
approximates ————— with an error of less than 0.001? 
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9.20 L’Hospital’s Rule 
You will be able to use |'Hospital’s ] 
Rule to determine limits of indetermi- Indeterminate Form 0/0 

nate forms. If functions f(x) and g(x) are both zero at x = a, then 
« UHospital’s Rule and its stronger fied) 

form for repeated iterations im 

- Indeterminate forms 0/0 and co/co xa g(x) 

» Indeterminate forms oo - 0 and cannot be found by pe: x = a. The substitution produces 0/0, a meaningless 
expression known as an indeterminate form. Our experience so far has been that limits 

that lead to indeterminate forms may or may not be hard to find algebraically. It took a 

lot of analysis in Exercise 75 of Section 2.1 to find lim,—.9 (sin x) /x. But we have had 
remarkable success with the limit used to calculate derivatives: 

Darel a pte animate) 
xa Meee 

- Indeterminate forms 1%, 0°, and oo 

which always produces the equivalent of 0/0. L’Hospital’s Rule enables us to draw on 

our success with derivatives to evaluate limits that otherwise lead to indeterminate forms. 

THEOREM 4 LHospital’s Rule (First Form) 

Suppose that f(a) = g(a) = 0, that f’(a) and g’(a) exist, and that g'(a) # 0. 
Then 

f(x) _ f'(a) 
x>ag(x) g'(a) 

Proof Before proving the theorem, we can gain insight by looking at a geomet- 

Fumie 957A aecnian view tie cache ric argument. Refer to Figure 9.5. If we zoom in on the graphs of f and g at 

Oe die dikfereot his enchouee ade 2 (a, f(a)) = (a, g(a)) = (a,0), the graphs (Figure 9.5) appear to be straight lines 
x = a. (Theorem 4) because differentiable functions are locally linear. Let m, and m, be the slopes of the lines 

for f and g, respectively. Then for x near a, 

f(x) : 
f(x) _ x=a_m 
g(x) 80%) tig: 

x @ 

As x — a,m, and m, approach f'(a) and g'(a), respectively. Therefore, 

Guillaame ce [ Heep pt 

“| Although 1 the | rule did not 

the first ‘systematic —_ San 
exposition of differential 
calculus. Several editions 

and translations to other languages were 
published, and it became a model for 
subsequent treatments of calculus. 



Yi=tV ((1+X))-1/X 

X=.01515152 Y=.49812027 

[—2, 5] by [-1, 2] 

Wl aap = I 
Figure 9.6 The graph of y = 

x 
with TRACE, suggesting the limit is 1/2 
at x = 0. (Example 1) 

Augustin-Louis Cauchy 

(17897-1857) 
An engineer with a 

genius for mathematics 

and mathematical mod- 

eling, Cauchy created an 

early modeling of sur- 

face wave propagation 

that is now a classic in 

hydrodynamics. Cauchy 

(pronounced “CO-she”) 

invented our notion of continuity and 

proved the Intermediate Value Theorem for 

continuous functions. He invented modern 

limit notation and was the first to prove 

the convergence of (1 + 1/n)”. His Mean 

Value Theorem, the subject of Exercise 71, 

is the key to proving the stronger form of 

‘Hospital's Rule. His work advanced not 

only calculus and mathematical analysis, 

but also the fields of complex function 

theory, error theory, differential equations, 

and celestial mechanics. 
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EXAMPLE 1 Indeterminate Form 0/0 

Estimate the limit graphically and then use |’ Hospital’s Rule to find the limit. 

SOLUTION 

From the graph in Figure 9.6 we can estimate the limit to be about 1/2. If we set 

f(x) = V1 +x — Land g(x) = x we have f(0) = g(0) = 0. Thus, l’Hospital’s 
Rule applies in this case. Because f’(x) = (1/2)(1 + x)! and g'(x) = lit 
follows that 

Pee tae lee 11/2) (Oe 
P30 Xx a 1 oe 

Now Try Exercise 3. 

Sometimes after differentiation the new numerator and denominator both equal zero at 

xX = a, as we will see in Example 2. In these cases we apply a stronger form of |’ Hospital’s 

Rule. 

THEOREM 5 LHospital’s Rule (Stronger Form) 

Suppose that f(a) = g(a) = 0, that f and g are differentiable on an open interval 
I containing a, and that g'(x) # OonJif x # a. Then 

_ f(x) f'(x) 
lm = am. 
x>ag(x) x>ag'(x) 

C) 

if the latter limit exists. 

When you apply |’Hospital’s Rule, look for a change from 0/0 into something else. 

This is where the limit is revealed. 

EXAMPLE 2 Applying a Stronger Form of I’Hospital’s Rule 

Ages Iho 
2 

Evaluate lim 
x—0 Le 

SOLUTION 

Substituting x = 0 leads to the indeterminate form 0/0 because the numerator and denom- 

inator of the fraction are 0 when 0 is substituted for x. So we apply I’ Hospital’s Rule. 

eV Ahi 
(hee, SS Shi) 
yf) x? x—0 2x 

(1/2)(1 + x)" — 1/2 Differentiate numerator 
pe at anor anc Genominaror 

Substituting 0 for x leads to 0 in both the numerator and denominator of the second 

fraction, so we differentiate again. 

Vitx—-1-—x/2 CLO it ee 1/2 
Li ee Ui) = eee SS 

x0 2x 

The third limit in the above line is —1/8. Thus, 

me aN re te) 2 1 
(9 
x) x? 8 ; 

—(1/4)(1 + x)3? 

x0 be, x—0 2 

Now Try Exercise 5. 
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\ 

[—1, 1] by [-20, 20] 

Figure 9.7 The graph of 

f(x) = (sin x) /x?. (Example 3) 

EXPLORATION 1 | Exploring L’Hospital’s Rule Graphically 

sin x 
Consider the function f(x) = < 

1. Use I’Hospital’s Rule to find lim,_.9 f(x). 

2. Let y, = sinx, yy =x, y3 = y/o, Ys = y1'/y2'. Explain how graphing y, 
and y4 in the same viewing window provides support for I’ Hospital’s Rule in part 1. 

. Let ys = y3’. Graph y3, y4, and ys in the same viewing window. Based on what 

you see in the viewing window, make a statement about what |’ Hospital’s Rule 

does not say. 

L’Hospital’s Rule applies to one-sided limits as well. 

| EXAMPLE 3 Using L’Hospital’s Rule with One-Sided Limits 

Evaluate the following limits using |’ Hospital’s Rule: 

sin x SRS 

Pale 
Support your answer graphically. 

SOLUTION 

(a) Substituting x = 0 leads to the indeterminate form 0/0. Apply I’ Hospital’s Rule 
by differentiating numerator and denominator. 

sin x 
Din ——— iim —_ 
(b) x0 x2 p=" oh; ) 

= —0o 

Figure 9.7 supports the results. 

Bimlabelieicn 

When we reach a point where one of the derivatives approaches 0, as in Example 3, and 

the other does not, then the limit in question is 0 (if only the numerator approaches 0) or 

+ infinity (if only the denominator approaches 0). 

Now Try Exercise 11. 

Indeterminate Forms oo/00, co + 0, co — 
A version of I’Hospital’s Rule also applies to quotients that lead to the indeterminate form 
oo /oo. If f(x) and g(x) both approach infinity as x — a, then 

ee ead Pats) arn! 
provided the latter limit exists. The a here (and in the indeterminate form 0/0) may itself 

be finite or infinite, and may be an endpoint of the interval J of Theorem 5. 

EXAMPLE 4 Working with Indeterminate Form 00/00 

Identify the indeterminate form and evaluate the limit using I’Hospital’s Rule. Support 
your answer graphically. 

, sec x 
lim ——— ; 

x>7/2 1 + tanx continued 
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Yi=(V/cos(X))/(1+tan(X)) SOLUTION 
The numerator and denominator are discontinuous at x = 7/2, so we investigate the 

one-sided limits there. To apply |’ Hospital’s Rule we can choose / to be any open 

interval containing x = 7/2. 

sec x 
lim’ y= = trem the lett 

x—(a/2) 1 + tanx « 

X=1.5707963 Next differentiate the numerator and denominator. 

LOPS dle pA sec x sec x tan x 
Deca Lm iis ea» Sing 

sec (x) x>(7/2)) 1 + tanx x->(m/2)-  sec2x pen) 
Figure 9.8 Th h of y = ————— 
: Ee te 1 + tan (x) 

with TRACE suggests the limit is 1 at 

x = 7/2. (Example 4) 

The right-hand limit is 1 also, with (—oo) /(—oo) as the indeterminate form. Therefore, 
the two-sided limit is equal to 1. The graph of (sec x)/(1 + tan x) in Figure 9.8 

appears to pass right through the point (77/2, 1) and supports the work above. 

Now Try Exercise 13. 

EXAMPLE 5 Working with Indeterminate Form oo/0o 

Yi=In(X)/ (2V 00) Identify the indeterminate form and evaluate the limit using I’Hospital’s Rule. Support 

your answer graphically. 

X=99242.424 Y=.01826081 SOLUTION = 

[0, 10000] by [0, 0.5] : Inx i 1/x jack alae 8 
m= (hm == = lim —= = 

] 700) x—0co x Co 

Figure 9.9 The graph of a with ae 1/Vx a 

a The graph in Figure 9.9 supports the result. Now Try Exercise 15. 
TRACE suggests the limit is 0 as x — oo. 

(Example 5) 

We can sometimes handle the indeterminate forms oo + 0 and co — oo by using algebra 

to get 0/0 or oo/oo instead. Here again we do not mean to suggest that there is a number 

co + 0 or oo — oo any more than we mean to suggest that there is a number 0/0 or co/o0. 

These forms are not numbers but descriptions of function behavior. 

EXAMPLE 6 Working with Indeterminate Form oo - 0 

1 1 
Find (a) lim (« sin :) (b) lim (x sin +), 

x —2OO x Dame —0.6) x 

Yi=Xsin(I/X) SOLUTION 

Figure 9.10 suggests that the limits exist. 

1 
(a) lim (« sin 1) coo: 0 

x=200 Xx 

Ay. 
lim (7 sin h) Let h = 1/x. 
h>0'\h 

X=9.3939394 Y=.998112U1 

[-10, 10] by [-1, 2] 
II = 

(b) Similarly, 
1 

Figure 9.10 The graph of y = x sin (2) 

with TRACE suggests the limit at +00 

and —oo is 1. (Example 6) Now Try Exercise 17. 
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EXAMPLE 7 Working with Indeterminate Form oo — co 

uta ( l 1 ) 
Find lim| —— — : 

eT i ee ad 

SOLUTION 

Combining the two fractions converts the indeterminate form oo — oo to 0/0, to which 

we can apply l’Hospital’s Rule. 

i (= i ) 
im |.——> = 5 — 00 

x=? nee aR 

Sibi 
lin - oY pews 
xl (x = 1) Inx 0 

scala by 6 5 
= lim 
et 

cinicg 

r= 0 
SONNE 08 pe ee eee SP 
ott he Gl ae 

Hee 
apo eine 

at 
2 

Now Try Exercise 19. 

Indeterminate Forms 1%, 0°, co® 
Limits that lead to the indeterminate forms 1°, 0°, and oo® can sometimes be handled by 
taking logarithms first. We use I’ Hospital’s Rule to find the limit of the logarithm and then 

exponentiate to reveal the original function’s behavior. 

Since b = e'° for every positive number b, 

we can write f(x) as lim In f(x) ==> lim fix} = lim e@f() = ef 
f(x) tn eln f(x) A= 7G xa ima 

for any positive function f(x). Here a can be finite or infinite. way 

In Section 1.3 we used graphs and tables to investigate the values of f(x) = (1 + 1/x)* 
as x — oo. Now we find this limit with I’ Hospital’s Rule. 

EXAMPLE 8 Working with Indeterminate Form 1° 

Find lim (: A 1)" 
x00 x 

SOLUTION 

Let f(x) = (1 + 1/x)*. Then taking logarithms of both sides converts the indetermi- 
nate form 1° to 0/0, to which we can apply l’Hospital’s Rule. 

1 

in f(x) = In(1 +2)’ =xin(1 +1)- in(1 +1) 

continued 
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We apply I’ Hospital’s Rule to the previous expression. 

1 
In (: ae -) 

hme) ad 
x—co 1 0 

a | 

1+ - 
f Differentiate numerator 

dim and denominator 
x—oo 

x2 

=. lim = 1 
X=00 

1+- 
x 

Therefore, 

faethe SC) = eles 
x—0o 

Now Try Exercise 21. 

EXAMPLE 9 Working with Indeterminate Form 0° 

Determine whether lim,_,)+ x* exists and find its value if it does. 

SOLUTION 

Figure 9.11 suggests that the limit from the right exists and has a value of 1. 

The limit leads to the indeterminate form 0°. To convert the problem to one involving 

0/0, we let f(x) = x* and take the logarithm of both sides. 

in f(x) =xInx = nf (6) = hy = 
1/x 

Applying |’Hospital’s Rule to (In x) /(1/x) we obtain 

In x a 
= _ j oot li ——— [-3, 3] by [-1, 3] im, In f(x) Jim. 1x = 

Figure 9.11 The graph of y = x*. 1x 

(Example 9) = itn Differentiate. 
sgt Ly. 2 

= lim (-x) =0 

Therefore, 

lim, x* = lim, f(x) = lim e®f@) = 29 = 1. 
> 0" 20% KO 

Now Try Exercise 23. 

EXAMPLE 10 Working with Indeterminate Form 00° 

Find lim x!/*, 

SOLUTION 

Let f(x) = x!/*, Then 

In 
In f(x) = cet 

continued 
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Applying I’Hospital’s Rule to In f(x) we obtain 

Therefore, 

Quick Review 9.2 

, oe ote 55 

Jim in f(x) = imo 
Es 

= bine Differentiate. 
x—oo | 

1 
= lim-=0 
x00 X 

Exercise numbers with a gray background indicate problems that the 

authors have designed to be solved without a calculator. 

In Exercises 1 and 2, use tables to estimate the value of the limit. 

‘ Oa \* 
eine (ae 

x—0o x 

In Exercises 3—8, use graphs or tables to estimate the value of the 

limit. 

1 x * 

3. lim (: = :) 4. lim (1 + 1) 
x0" x x1 x 

2. tem) 
en 

Section 9.2 Exercises 

(For help, go to Sections 2.1 and 2.2.) 

. t-i1 — VW4x2 +1 
5. lim Chit, —<—<$<—$ _—_— 
1 Vt = 4 x70 xt+1 

in 3 tan 0 7 iim in 
tect) | 238 67/22 + tan@ 

In Exercises 9 and 10, substitute x = 1/h to express y as a function 

of h. 

1 
9. y = xsin—- 

x 

In Exercises 1—4, estimate the limit graphically and then use 

l’Hospital’s Rule to find the limit. 

os a: sin (5x) 
ae lim =; im 

Earl 4: x>0 x 

Pend te Pte at 
3. lim 4. lim 

x2 x-—2 x71 -x—-— 1 

In Exercises 5—8, apply the stronger form of |’ Hospital’s Rule to find 

the limit. 

i= cos 1 ‘sin 0 
ee lim ————_ in —————— 

x70 x? e—>n/2 1 + cos (26) 

cost — | x? — 4x +4 
7. lim ae 8. lim 
moe —t— 1 x>2x3 — 12x + 16 

In Exercises 9-12, use I’Hospital’s Rule to evaluate the one-sided 

limits. Support your answer graphically. 

sin 4x sin 4x 
MY li l 

99 (a) pa sin 2x (b) Rec sin 2x 

tan. t 
7 (a) lim —— (b) lim ——~ 

Ee ee x—or x 

14) (a) lim “* (b) tim ~*~ 
z—0 x- x0" x 

tan ; t 12} (a) lim ~> (b) lim. 
xO xX Z-20" Ae 

In Exercises 13-16, identify the indeterminate form and evaluate the 

limit using |’ Hospital’s Rule. Support your answer graphically. 

, Se 
DP ig — 2 im ——— 

x—>a 1+ cotx x—a7/2 tan x 

In (x +1) 
15. lim 

x>o00 log ox! 

5x2 — 3 
16. lim z = 

In Exercises 17—26, identify the indeterminate form and evaluate the 

limit using |’ Hospital’s Rule. 

1 
18. lim (: tan 1) 

x— 00 x 

19. lim (csc x — cotx + cos x) G2mp lim (In (2x) — In (x + 1)) 
x07 x00 

map lim x1/(--!) 
= 

We lim, (x In x) 

(21, lim (e* + x)'/x 
= 

(23) tim (x? — 2x + 1)" (24) lim, (sin x)! 
— 

x—0+ 

* . 

25. lim (1 + 1) (26, lim (Inx)!/* 
x0" x 3s e-POD 

In Exercises 27 and 28, (a) complete the table and estimate the limit. 

(b) Use l’Hospital’s Rule to confirm your estimate. 

5 

27. lim f(x), f(x) = me 
x 10 102 10° 104 10° 

f(x) 



f(x) 

In Exercises 29-32, use tables to estimate the limit. Confirm your 

estimate using |’ Hospital’s Rule. 

in 30 
29. lim — 30. lim (+ ~ *) 

6—0 sin 40 0 \sin t t 

: ‘ ee a 
31. lim (1 +x)!" 32. lim —5 

X— 00 hee) B95 ae Shy 

In Exercises 33-52, use |’ Hospital’s Rule to evaluate the limit. 

in 6° tanh 

33. lim 2 tim — 
ae i>1 Int — sin wt 

logsx iat oe meny 
BD in — ep 

xo log; (x + 3) yor Iny 

7 
37. vim, (2 y) tan y 38. im, (In x — In sin x) 

. i -*= ae 
‘a m — 

0" rs Vx 90 oh: 

3X 19 sin 7x 
a ee 42. li 

x a 2x? —x +2 é x0 tan 11x 

43, lim (1 + 2x)!/(?Im») 44. lim_ (cos x)°s* 
xX—00 

x= (2/2) 

45. lim (1 + x)!" 46. lim (sinx)@* 
id 

x0" 

- : “dt 
47. lim x1/C x) 48. lim GE 

ab! 
PENA t 

eae 2x” + 3x 
Blin saa: Bia 50. lim ————— 

a ae 3 pares rae 

x dt 

Jicos t dt i Fi 

x1 x2 — | x— 1 x3 es {| 

Group Activity In Exercises 53 and 54, do the following. 

(a) Writing to Learn Explain why I’Hospital’s Rule does not 

help you to find the limit. 

(b) Use a graph to estimate the limit. 

(c) Evaluate the limit analytically, using the techniques of 

Chapter 2, 

WAI si Ik i SECAy 
63. in 54. 

eee Neat 

55. Continuous Extension Find a value of c that makes the 

function 

im 
x—a/2 tan x 

9% = 3:sin 3x 

f(x) = Sx? 
Ch x=0 

sx =.0 

continuous at x = 0. Explain why your value of c works. 

56. Continuous Extension Let f(x) = |x|*,x # 0. Show that f 
has a removable discontinuity at x = O and extend the definition 

of f to x = 0 so that the extended function is continuous there. 
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57. Interest Compounded Continuously 

kt 

(a) Show that lim Ay( 1+ ") = Ape”, 
k— 00 k 

(b) Writing to Learn Explain how the limit in part (a) con- 

nects interest compounded k times per year with interest 

compounded continuously. 

58. L’Hospital’s Rule Let 

Kate =) 0) C. PB hee aos 1g 
f(x) = ‘si eo ads) = | . 

(a) Show that 

(b) Writing to Learn Explain why this does not contradict 

lV’ Hospital’s Rule. 

59. Solid of Revolution Let A(t) be the area of the region in the 
first quadrant enclosed by the coordinate axes, the curve y = e%, 

and the line x = t > 0 as shown in the figure. Let V(t) be the 
volume of the solid generated by revolving the region about the 

x-axis. Find the following limits. 

V(t) ren Us) l aE 

©) 10" A(t) ©) ACA) (a) lim A(t) 

1 ee x 

60. L‘Hospital’s Trap Let f(x) = ——— 
x+ x? - 

(a) Use graphs or tables to estimate lim,» f(x). 

(b) Find the error in the following incorrect application of 

l Hospital’s Rule. 

i isSrcos;x: 4 sin x 

x70 x + x? x01 + 2x 
vie odode: x 

ee) 
ort 

ce 
61. Exponential Functions (a) Use the equation 

ax =e Ina 

to find the domain of 

] x 

f(a) = (: ~ 1) 

(a) Find lim_f(2). 

(b) Find lim eae 
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Standardized Test Questions 69. Give an example of two differentiable functions f and g with 
BD True or False If f(a) = g(a) = 0 and f’(a) and p'(a) lim, f(x) = lim,—,., g(x) = oo that satisfy the following. 

(x) f(x) 
os (a) lim —— = 3 (b) lim ——~ = 0 exist, Pe ie x00 g(x) x00 g(x) 

f(x) f'(a f(x) im = ——.. Justify your answer. : 2. 
sag(x) g(a) (cy la Gal akae 

63. True or False lim x* does not exist. Justify your answer. 

64. Multiple Choice Which of the following gives the value of Extending the Ideas 
(ee 6 

lim ——? 70. Grapher Precision Let f(x) = —. 
x0 tan x a3 

(A) -1 (B) 0 (C) 1 (D) 7 (E) Does not exist (a) Explain why some graphs of f may give false informa- 

65. Multiple Choice Which of the following gives the value of tion about lim, f(x). Try the window [—0.3, 0.3] by 
1 [—0.5, 1]. Illustrate your answer with a graph. 

als ¥ (b) Explain why tables may give false information about 

lim i ih lim, f(x). (Hint: Try tables with increments of 0.01.) 

La =) (c) Use l’Hospital’s Rule to find lim,—.9 f(x). 

(A Does nor erict (B) 2 (C) 1 (D) 1/2 (E) 0 (d) Writing to Learn This is an example of a function for 

a i ; : k which graphers do not have enough precision to give reliable 
66. Multiple Choice Which of the following gives the value of information. Explain this statement in your own words. | 

on logs x 9 71. Cauchy’s Mean Value Theorem Suppose that functions 

xo logs x f and g are continuous on [a,b] and differentiable throughout 

in3 In2 3 2 (a, b) and suppose also that g’ ~ 0 throughout (a, b). Then 
(A)l (@B) mn? (C) ae (D) In (3) (E) In (=) there exists a number c in (a, b) at which 

67. Multiple Choice Which of the following gives the value of fle) = AP) 3 Fla) 

1\3" gi(c) (bd) — g(a) 
tim (1 i 1) i Find all values of c in (a, b) that satisfy this property for the fol- 

(A) 0 (B) 1 (Ce (D) e? (E) e3 lowing given functions and intervals. 

(a) f(x) = x3 + 1, g(x) = x? — x, [a,b] = [-1,1] 
Explorations (b) f(x) = cos x, g(x) = sinx, [a,b] = [0, 7/2] 
68. Give an example of two differentiable functions f and g with 72. Why 0” and 0-~ Are Not Indeterminate Forms Assume 

lim,—3 f(x) = lim,—3 g(x) = 0 that satisfy the following. that f(x) is nonnegative in an open interval containing c and 

f(x) IG) lim, f(x) = 0. 
(a) iim a(x) =] (b) jim g(x) =0 (a) If lim g(x) = oo, show that iim f(x) = 0. 

. f . . i. lin 2 aia (b) If lim g(x) = —oo, show that lim f(x)8 = 00. 

_ 1, Multiple Choice Which of the following gives the value of | 3) Multiple Choice Which of the following gives the value of 

(x + 1)43 — (4/3)x -1 fF sintdr 
mn ————_-——? lim +——? 

x0 x EF2) oy A 

(A) -1/3 (B) 0 (C) 2/9 (ee ps (Oe 

(D) 4/9 (E) Does not exist hie = _ 
' 2. Multiple Choice Which of the following gives the value (D) == : (E) Does not exist 

of lim (3x?*)? se 2 
x90" | 4) Free Response The second and fifth terms of a geometric 

(A) 0 (B) 1 = (C) 2 sequence are —4 and 1/2, respectively. Find 

(D) 3 (E) Does not exist (a) the first term, (b) the common ratio, 

(c) an explicit rule for the nth term, and 

(d) a recursive rule for the nth term. — 

f 



You will be able to compare growth 

rates of various function types as 

the independent variable increases 

without bound. 

¢ Comparing growth rates 

« Comparing growth rates using 

I'Hospital’s Rule 

+ Relative efficiency of sequential and 

binary search algorithms 

y=ex 

pbiae 

[-3, 9] by [-2, 6] 

Figure 9.12 The graphs of y = e*, 

y = Inx, and y = x. 

Grace Murray Hopper 
ae (1706-1792) 

Computer scientists use 

function comparisons 

like the ones in this 

section to measure the 

relative efficiencies of 

computer programs. The 

pioneering work of Rear 

Admiral Grace Murray 

Hopper in the field of 

computer technology led the navy, and the 

country, into the computer age. Hopper 

graduated from Yale in 1934 with a Ph.D. 

in Mathematics. During World War Il she 

joined the navy and became director of a 

project that resulted in the development of 

COBOL, a computer language that enabled 

computers to “talk to one another.” On 

September 6, 1997, the navy commissioned 

a multi-mission ship, the USS Hopper. 
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Relative Rates of Growth 

Comparing Rates of Growth 
We restrict our attention to functions whose values eventually become and remain positive 

AS) Kaa GO: 

The exponential function e* grows so rapidly and the logarithm function In x grows so 

slowly that they set standards by which we can judge the growth of other functions. The 

graphs (Figure 9.12) of e*, In x, and x suggest how rapidly and slowly e* and In x, respec- 

tively, grow in comparison to x. 

In fact, all the functions a*,a > 1, grow faster (eventually) than any power of x, even 

x 1,000,000 (Exercise 39), and hence faster (eventually) than any polynomial function. 
To get a feeling for how rapidly the values of e* grow with increasing x, think of graph- 

ing the function on a large blackboard, with the axes scaled in centimeters. At x = 1 cm, the 

graph ise! ~ 3 cm above the x-axis. Atx = 6 cm, the graph is e® ~ 403 cm ~ 4 mhigh. 
(It is about to go through the ceiling if it hasn’t done so already.) At x = 10 cm, the graph is 

e!0 = 22,026 cm ~ 220 m high, higher than most buildings. At x = 24 cm, the graph is 
more than halfway to the moon, and at x = 43 cm from the origin, the graph is high enough 

to reach well past the sun’s closest stellar neighbor, the red dwarf star Proxima Centauri: 

Aa! 

= 47 xX 10°km 

= 1.57 X 108 light-seconds 

é 

Light travels about 300,000 km/sec 

in a vacuum 

=~ 5.0 light-years 

The distance to Proxima Centauri is 4.2 light-years. Yet with x = 43 cm from the origin, 

the graph is still less than 2 feet to the right of the y-axis. 

In contrast, the logarithm function In x grows more slowly as x — oo than any posi- 

tive power of x, even x!/!,900.000 (Exercise 41). Because In x and e* are inverse functions, 
the calculations above show that with axes scaled in centimeters, you have to go nearly 5 

light-years out on the x-axis to find where the graph of In x is even 43 cm high. 

In fact, all the functions log,x,a > 1, grow slower (eventually) than any positive 

power of x. 

These comparisons of exponential, polynomial, and logarithmic functions can be made 

precise by defining what it means for a function f(x) to grow faster than another function 

2(X)\aS 2a soe: 

DEFINITIONS Faster, Slower, Same-Rate Growth as x — co 

Let f(x) and g(x) be positive for x sufficiently large. 

1. f grows faster than g (and g grows slower than f) as x — ooif 

xX 36 
lim ee) = oo, or, equivalently, if lim a(x) = 0. 
x00 g(x) ; x00 (x 

2. f and g grow at the same rate as x — coif 

read) =L #0. 
x00 g(x) 

L finite and not zero 

According to these definitions, y = 2x does not grow faster than y = x as x — oo. The 

two functions grow at the same rate because 

in lim 2 = 2, 
BF OSneN. Leo 
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which is a finite nonzero limit. The reason for this apparent disregard of common sense 

is that we want “f grows faster than g” to mean that for large x values, g is negligible in 

comparison to f. 

If L = 1 in part 2 of the definition, then f and g are right end behavior models for each 

other (Section 2.2). If f grows faster than g, then 

WeiGueiGr. B(x)\ _ bn 
Ti ee a im(1 +) iia Oe—si1e 

so f is a right end behavior model for f + g. Thus, for large x values, g can be ignored in 

the sum f + g. This explains why, for large x values, we can ignore the terms 

B(x) =, 4k Fh ay 

$4) Gx A idee ee eae 

that is, why a,x" is an end behavior model for 

ancl aes Ai ee 2 Pcs ay 

Using L’Hospital’s Rule to Compare Growth Rates 
L’Hospital’s Rule can help us to compare rates of growth, as shown in Example 1. 

EXAMPLE 1 Comparing e% and x? as x > 00 

Show that the function e* grows faster than x? as x — oo. 

SOLUTION 

We need to show that lim ,-.,, (e*/x?) = oo. Notice this limit is of indeterminate type 
00/00, so we can apply I’Hospital’s Rule and take the derivative of the numerator and 

the derivative of the denominator. In fact, we have to apply I’ Hospital’s Rule twice. 

Now Try Exercise 1. 

EXPLORATION 1 Comparing Rates of Growth as x — co 

1. Show that a*,a > 1, grows faster than x? as x — oo. 

2. Show that 3* grows faster than 2* as x — oo. 

3. Ifa > b > 1, show that a* grows faster than b* as x — oo. 

EXAMPLE 2 Comparing In x with x and x? as x — oo 

Show that In x grows slower than (a) x and (b) x? as x — oo. 

SOLUTION 

In Li x 
(a) lim —= lim a \'Hospital’s Rule 

xa: x—oo 1 

ma! 
= lim -=0 : 

x00 X continued 
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Figure 9.13 suggests that the graph of the function f(x) = (In x)/x drops dramatically 

toward the x-axis as x outstrips In x. 

Inx 1 (b) Him 2 = tim(#*-1)=0-0=0 
Ka? OO) aX 210-0) X 

ae EXAMPLE 3 Comparing x with x + sin x as x > 

Show that x grows at the same rate as x + sin x as x — oo. 
[0, 50] by [-0.2, 0.5] 

Now Try Exercise 5. 

: ; SOLUTION 
Figure 9.13 The x-axis is a horizontal ’ : ee itt 
asymptote of the function f(x) = (Inx)/x. We need to show that lim ((x + sin x)/x) is finite and not 0. The limit can be com- 

(Example 2) puted directly. aS 

Graphical support for the limit is shown in Figure 9.14. Now Try Exercise 9. 
Yi=(X+sin(X))/X 

EXAMPLE 4 Comparing Logarithmic Functions as x > co 

Let a and b be numbers greater than 1. Show that log, x and log, x grow at the same 

rate as x — oo. 

SOLUTION 

X=198.48485 Y=.99730456 Wad tafe _ Inx/Ina Inb 
lim = ion s—— a= 

[0, 200] by [0, 2] x>olog,x x-olnx/Inb Ina 

Figure 9.14 TRACE on the graph suggests The limiting value is finite and nonzero. Now Try Exercise 13. 
that the limit in Example 3 is 1. 

Growing at the same rate is a transitive relation. 

Transitivity of Growing Rates 

If f grows at the same rate as g as x — oo and g grows at the same rate as / as 

x — ov, then f grows at the same rate as h as x — oo. 

The reason is that 

fale pela ate 2 tay 
hareo x— 00 

together imply that 

en re (2 £) = LM. 
x—00 x>olg Ah 

If L and M are finite and nonzero, then so is LM. 

EXAMPLE 5 Growing at the Same Rate as x > oo 

Show that f(x) = Vx? + 5 and g(x) = (2Vx = ide grow at the same rate as 
nea oe 

SOLUTION 

We show that f and g grow at the same rate by showing that they both grow at the 

same rate as h(x) = x. 

continued 
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Yiz(2V (XI-Na/V (X24+5) 

X=496.elele Y=3.8224095 

[0, 500] by [-1, 5] 

Figure 9.15 The graph of g/f appears 

to have the line y = 4 as a horizontal 

asymptote. (Example 5) 

Note 
SE 

You would not use a sequential search 

method to find a word, but you might 

program a computer to search for a word 

using this technique. 

Computer scientists look for the most 

efficient algorithms when they program 

searches. 
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and 

x 2Vx — 1)? 2Vx—1\2 1X2 
ia ete pepe ) iim (2 - +.) = 
x—0oo h(x) x— co x x—00 he x oo <i 

Thus, 

and f and g grow at the same rate as x — oo. 

The graph of y = g/f in Figure 9.15 suggests that the quotient g/f is an increasing func- 

tion with horizontal asymptote y = 4. This supports that f and g grow at the same rate. 

Now Try Exercise 31. 

Sequential Versus Binary Search 
Computer scientists sometimes measure the efficiency of an algorithm by counting the 

number of steps a computer must take to make the algorithm do something. (Your graph- 

ing calculator works according to algorithms programmed into it.) There can be significant 

differences in how efficiently algorithms perform, even if they are designed to accomplish 

the same task. Here is an example. 

Webster’s Third New International Dictionary lists about 26,000 words that begin with 

the letter a. One way to look up a word, or to learn if it is not there, is to read through the 

a one word at a time until you either find the word or determine that it is not there. This 

eq) search method makes no particular use of the words’ alphabetical arrange- 

ment. t. You are sure to get an answer, but it might take about 26,000 steps. 

Another way to find the word or to learn that it is not there is to go straight to the middle 

of the list (give or take a few words). If you do not find the word, then go to the middle of 

the half that would contain it and forget about the half that would not. (You know which 

bie would contain it because you know the list is ordered alphabetically.) This binary 
search method eliminates roughly 13,000 words in this first step. If you do not find the 

a0 on the second try, then jump to the middle of the half that would contain it. Continue 

this way until you have found the word or divided the list in half so many times that there 

are no words left. How many times do you have to divide the list to find the word or learn 

that it is not there? At most 15, because 

26,000 Se i 
915 

This certainly beats a possible 26,000 steps. 

For a list of length n, a sequential search algorithm takes on the order of n steps to find 

a word or determine that it is not in the list. 

ae 

EXAMPLE 6 Finding the Order of a Binary Search 

For a list of length n, how many steps are required for a binary search? 

SOLUTION 

A binary search takes on the order of log n steps. The reason is if 2”-! < n < 2”, 

then m — 1 < log) n = m, and the number of bisections required to narrow the list to 

one word will be at most m, the smallest integer greater than or equal to log, n. 

Now Try Exercise 43. 
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Exercise numbers with a gray background indicate problems that the 

authors have designed to be solved without a calculator. 

In Exercises 1-4, evaluate the limit. 

a2 Linh e* 
ae lim — Ze lim — 

x00 e 3700: % 

a 2 
2! x : x 

3. = 4. lim mee 
KPO, X00! €: 

In Exercises 5 and 6, find an end behavior model (Section 2.2) for 

the function. 

Bo f(x) = —3x4 + 5x37 —x+1 

2x3 — 3x + 1 

Ah a ara 

Section 9.3 Exercises 

(For help, go to Sections 2.2 and 5.1.) 

In Exercises 7 and 8, show that g is a right end behavior model for f. 

7.g(x) =x, f(x) =x+Inx 

8.) 9(x) = 2x, f(x) = V4x? + 5x 
2 

Sele saad the 

(a) local extreme values of f and where they occur. 

(b) intervals on which f is increasing. 

(c) intervals on which f is decreasing. 
Se 

1C.lesGh= 
x 

Find the absolute maximum value of f and where it occurs. 

In Exercises 1-4, show that e* grows faster than the given function. 

Mx = 3x4. 1 ize x70 

map eS * 4. (5/2)* 

In Exercises 5-8, show that In x grows slower than the given 

function. 

5.x — Inx 6) Vx 
8x? Wx 

In Exercises 9-12, show that x? grows at the same rate as the given 

function. 

10. Vx* + 5x 9.x2 + 4x 

12. x? + sinx 11) Wx + x? 

In Exercises 13 and 14, show that the two functions grow at the same 

rate. 

13. In x, log Vx map c*t!, ex 

In Exercises 15-20, determine whether the function grows faster 

than e*, at the same rate as e*, or slower than e* as x — oo. 

15. V1 + x4 16. 4* 

Sigexinx — x 18. xe* 

Bey x10 20) (e* + e*)/2 

In Exercises 21—24, determine whether the function grows faster 

than x2, at the same rate as x”, or slower than x? as x — oo. 

@2Nx3+3 22) 15x + 3 
@3: In x [24e 2* 

In Exercises 25-28, determine whether the function grows faster 

than In x, at the same rate as In x, or slower than In x as x — oo. 

125. log, x? 26. Vx 

(27. log x (28.5 Inx 

In Exercises 29 and 30, order the functions from slowest-growing to 

fastest-growing as x — oo. 

29. e%, x, (Inx)*, el? 

| 
} 

30.2", x2, (In2), et 

In Exercises 31-34, show that the three functions grow at the same 

rate as x — ©o. 

31. f,(x) = Vx, f2(x) = V10x + 1, f3(x) = Vxt+1 

32. fi(x) = x7, fo(x) = Vxt+x, f3(x) = Vxt-— xX 

33. fi(x) = 35 fol) = VHF + 2%, fa(x) = VF 
Bs ee aes aa Rat ap ae = ae name) — ey 

In Exercises 35-38, only one of the following is true. 

i. f grows faster than g. 

ii. g grows faster than f. 

iii. f and g grow at the same rate. 

Use the given graph of f/g to determine which one is true. 

35. 36. 

= 

a 

[0, 100] by [-1000, 10000] 

a pagans idl 2 

[0, 100] by [—1, 1.5] 

[0, 10] by [—0.5, 1] 

[0, 20] by [-1, 3] 

Group Activity In Exercises 39-41, do the following comparisons. 

39. Comparing Exponential and Power Functions 

(a) Writing to Learn Explain why e* grows faster than x” 

as x — oo for any positive integer n, even n = 1,000,000. 

(Hint: What is the nth derivative of x”?) 
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(b) Writing to Learn Explain why a*, a > 1, grows faster 

than x” as x — oo for any positive integer n. 

40. Comparing Exponential and Polynomial Functions 

(a) Writing to Learn Show that e* grows faster than any 

polynomial 

A,X” + a,x"! + +++ + ax + ay,a, > 0, 

as x — oo. Explain. 

(b) Writing to Learn Show that a*,a > 1, grows faster than 

any polynomial 

bya BOTA te oe appr agy ag eats Anx” 

as x — oo. Explain. 

41. Comparing Logarithm and Power Functions 

(a) Writing to Learn Show that In x grows slower than x!/” 
as x — oo for any positive integer n, even n = 1,000,000. 

Explain. 

(b) Writing to Learn Show that for any number a > 0, In x 

grows slower than x* as x — oo. Explain. 

42. Comparing Logarithm and Polynomial Functions Show 

that In x shin slower than any nonconstant polynomial 

t+ a xT h + ees + ax + agape 0; 

AS iP sO0: 

43. Search Algorithms Suppose you have three different algo- 

rithms for solving the same problem and each algorithm provides 

for a number of steps that is of order of one of the functions 

listed here. 

nlogyn, n3/*, n(logy n)* 

Which of the algorithms is likely the most efficient in the long 

run? Give reasons for your answer. 

44. Sequential and Binary Search Suppose you are looking 
for an item in an ordered list one million items long. How many 

steps might it take to find the item with (a) a sequential search? 

(b) a binary search? 

45. Growing at the Same Rate Suppose that polynomials p(x) 

and g(x) grow at the same rate as x — oo. What can you con- 

clude about 

(a) lim P(x), (b) lim Px), 
q(x) xm g(x) : 

Standardized Test Questions 
You may use a graphing calculator to solve the following 

problems. 

46. True or False A search of order n log, n is more efficient than 

a search of order n°/?. Justify your answer. 

47. True or False The function f(x) = 100x? + 50x + 1 grows 
faster than the function x? + 1 as x — oo. Justify your answer. 

48. Multiple Choice Which of the following functions grows 
faster than x> + x? + 1 as x — 00? 

(A)x2? +1 (B)x97+2 (C)x*- x? (D)x* (E) x© + 1 

49. Multiple Choice Which of the following functions grows 
faster than log,3.x as x — 00? 

(A) e* (B) logyx (C)Inx (D) logx (E) xInx 

50. Multiple Choice Which of the following functions grows at 

the same rate as e* as x — oo? 

( A) ex (B) e3x (C) ext2 (D) e* (E) etl 

51. Multiple Choice Which of the following functions grows at 

the same rate as Vx®8 + x4 as x — 00? 

(A) x (B) x? (Or (D) x* (E) x° 

Explorations 

52P et 

f(x) en 4 apr + Oia eas 

and 

e(x) = bax” + Ok pt ee Oa 

be any two polynomial functions with a, > 0, b,, > 0. 

(a) Compare the rates of growth of x> and x? as x — oo. 

(b) Compare the rates of growth of 5x? and 2x? as x — ov. 

(c) If x” grows faster than x” as x — oo, what can you con- 

clude about m and n? 

(d) If x” grows at the same rate as x” as x — oo, what can you 

conclude about m and n? 

(e) If g(x) grows faster than f(x) as x — oo, what can you con- 
clude about their degrees? 

(f) If g(x) grows at the same rate as f(x) as x — oo, what can 
you conclude about their degrees? 

Extending the Ideas 
53. Suppose that the values of the functions f(x) and g(x) eventu- 

ally become and remain negative as x — oo. We say that 

i. f decreases faster than g as x — ooif 

fl) 
x00 g(x) 

ii. f and g decrease at the same rate as x — oo if 

x 
im f(x) =L # 0. 

x00 g(x) 

(a) Show that if f decreases faster than g as x — oo, then | f| 
grows faster than |g| as x — oo. 

(b) Show that if f and g decrease at the same rate as x — oo, 

then | f| and |g| grow at the same rate as x — oo. 

54. Suppose that the values of the functions f(x) and g(x) eventu- 
ally become and remain positive as x — —oo. We say that 

i. f grows faster than g as x — —ooif 

f(x) 
PO 00: i 

x00 8(x) 
ii. i and g grow at the same rate as x — —oo if 

f(x) 
im =L#Q0., 

x00 (x) 
(a) Show that if f grows faster than g as x —> —oo, then f(—x) 

grows faster than g(—x) as x — oo. 

(b) Show that if f and g grow at the same rate as x — —oo, then 
f(—x) and g(—x) grow at the same rate as x — 00. 
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9.4 Improper Integrals 
You will be able to evaluate improper 

integrals of various kinds as limits of 

definite integrals. 

« Improper integrals 

¢ Horizontally improper integrals 

(infinite limits of integration) 

+ Vertically improper integrals 

(intervals with points of infinite 
discontinuity) 

« Comparison tests for convergence 

and divergence of improper 

integrals 

(a) 

Vile 
—————— 

(b) 

Figure 9.16 (a) The area in the first quad- 

rant under the curve y = e*/? is (b) 

b 

lim / e/2 dx, 
b— 00 0 

Infinite Limits of Integration 

Consider the infinite region that lies under the curve y = e~*/* in the first quadrant (Figure 

9.16a). You might think this region has infinite area, but we will see that it is finite. Here is 

how we assign a value to the area. First we find the area A(b) of the portion of the region 

that is bounded on the right by x = b (Figure 9.16b). 

Z b 
A(b) = i el? dy = —2e7/2| = —2e 4/2 +2 

0 0 

Then we find the limit of A(b) as b > ov. 

lim A(b) = lim (—2e*/2 + 2) = 2 
b>oo b—oo 

The area under the curve from 0 to oo is 

co b 

/ e*/2 dx = lim it e 7/2 dy = 2. 
0 Do iG 

DEFINITION Improper Integrals with Infinite Integration Limits 

Integrals with infinite limits of integration are improper integ 

1. If f(x) is continuous on [ a, oo), then 

[ i dx = im [se dx. 

2. If f(x) is continuous on (—oco, b], then 

[seo = lim, / “fls) de 
3. If f(x) is continuous on (—oco, co), then 

[sea - f imas f ee 
where c is any real number. 

In parts 1 and 2, if the limit is finite the improper integral converges and the limit is the 

value of the improper integral. If the limit fails to exist, the improper integral diverges. 

In part 3, the integral on the left-hand side of the equation if both improper 

integrals on the right-hand side converge; otherwise it and has no value. It can 

be shown that the choice of c in part 3 is unimportant. We can evaluate or determine the 

convergence or divergence of is cs f(x) dx with any convenient choice. 

EXAMPLE 1 Writing Improper Integrals as Limits 

Express the improper integral f bic e* dx in terms of limits of definite integrals and then 

evaluate the integral. 
continued 
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SOLUTION 

Choosing c = 0 in part 3 of the definition, then applying parts 1 and 2, we can write 

the integral as 

oe) 0 b 

/ e*dx = lim [eat tim fe dx 
men Cee lee boo 0 

Next we evaluate the definite integrals and compute the corresponding limits. 

(oe) 0 b 

/ e~ax = lim i Gib ae hive if e* dx 
ae aon b—oo 0 

lim’ (1-—-2*) ane aL) 
boo A200 

— lor 

The integral diverges because the second part diverges. Now Try Exercise 3. 

EXAMPLE 2 Evaluating an Improper Integral on [ 1, 00) 
[e0) 

Does the improper integral i converge or diverge? 
1 

a eee ¥ 
—= = him — Definition 

I x b—oo 1 x 

b 
=" jim Inx 

b—0oo 1 

lim (Inb — Inl) =o 
b— oo 

SOLUTION 

Thus, the integral diverges. Now Try Exercise 5. 

EXAMPLE 3 Using Partial Fractions with Improper Integrals 
Le, @) 

2 dx ro 
Evaluate if + —— or state that it diverges: 

0 x7 + 4x43 

SOLUTION 

iene aie OES: 
By definition, | a PT = im / caret We use partial fractions to 

integrate the definite integral. Set 

2 A B 
ee eS ee + 

x7+4x+3 x+1 x«+3 

and solve for A and B. 

2 o pil erie 3) B(x + 1) 

x2+4xt+3 (xt 1)(xt+3) (xt 3)(x+ 1) 

(A + B)x + (3A + B) 

(xty (21+ 3) 
continued 
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Thus, A + B = O and 3A + B = 2. Solving, we find A = 1 and B = —1. Therefore, 

eerie waiishe Ee] 
x7>+ 4x +3 2x+1 2x4+3 

ih Pao ahibfeds | f° dx 
nie set dea. Goal pene se 

b 

=In(x + 1)] = in(x #3) : 

ln (Orel) in betad Je in 3 

bel 

and 

b 

= ~ ne In 3 

ie lyfe 
ap lh By) SS than ih == ===] Si they 3) |] = hay 8}. 

b—oo 13 /d 

= In3. Now Try Exercise 13. 

In Example 4 we use |’ Hospital’s Rule to help evaluate the improper integral. 

EXAMPLE 4 Using L’Hospital’s Rule with Improper Integrals 

Evaluate } xen” dx or state that it diverges. 

SOLUTION 
ries b 

By definition Db eo dx = jim ye , xe * dx. We use integration by parts to evaluate 
00 

the definite integral. Let 

Then 

ll | 
co 
s + — 

~~ 
iss) 
+ 

a iw) a 

So, 

lim [—(b + 1)e + 2e!] = lim 
— 00 boo e? e 

| F 2 | L'Hospital’s Rule 

Thus f Pxe* dx = 2/e. Now Try Exercise 17. 
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[0, 2] by [-1, 5] 

(a) 

(0, 2] by [-1, 5] 

(b) 

Figure 9.17 (a) The area under the curve 

y= 1/Vx from x = 0 to x = | is (b) 

EXAMPLE 5 Evaluating an Integral on (—<o, 00) 
Co 

dx 
Evaluate G 5: 

ie Deg 

SOLUTION 

According to the definition (part 3) we can write 

Pee o dk chee. 
ia shag 2° Re sok eds Gelert. 

Next, we evaluate each improper integral on the right-hand side of the equation above. 

0 ae 0 oe 

lim 
au 1+ x? a—-oo 1 + x2 

0 
=i warts | 

— a 0° a 

= lim (tan!0 — tan!a) =0- (-Z) =e 
ao 

en dt OE ae 
5 elim ae 

b 
= lim tan! x 

boo 0 

= lim (tan! b — tan!0) = 5-0 => 
b—co 

Boba ib ae a 
Thus, ca ate = 7. 

pert nt pi 2 
Now Try Exercise 21. 

Integrands with Infinite Discontinuities 
Another type of improper integral arises when the integrand has a vertical asymptote—an 

infinite discontinuity—at a limit of integration or at some point between the limits of 

integration. 

Consider the infinite region in the first quadrant that lies under the curve y = 1/ Vx 

from x = 0 to x = 1 (Figure 9.17a). First we find the area of the portion from a to | 

(Figure 9.17b). 

[ S25]! -2-2ve 

Then, we find the limit of this area as a > 0°. 
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DEFINITION Improper Integrals with Infinite Discontinuities 

Integrals of functions that become infinite at a point within the interval of integration 
are improper integrals. 

1. If f(x) is continuous on (a, b], then 

[ sea tim, f sea 
2. If f(x) is continuous on [ a, b), then 

[toes ip fro 

3. If f(x) is continuous on [ a,c) U (c, b], then 

[rma Proer [oa 

In parts 1 and 2, if the limit is finite the improper integral converges and the limit is the 

value of the improper integral. If the limit fails to exist, the improper integral diverges. In 

part 3, the integral on the left-hand side of the equation converges if both integrals on the 

right-hand side have values; otherwise it diverges. 

* dx EXPLORATION 1 | Investigation Of 5D 
0 

Explain why these integrals are improper if p > 0. 

Show that the integral diverges if p = 1. 

Show that the integral diverges if p > 1. 

Show that the integral converges if 0 < p < 1. eo Ne 

EXAMPLE 6 Infinite Discontinuity at an Interior Point 
3 

Evatuate [| —S 
Mee Dee 

SOLUTION 

The integrand has a vertical asymptote at x = 1 and is continuous on [0, 1) and (1, 3]. 
Thus, by part 3 of the definition above 

nm Fe 1) pak oF daly 

if (x — 1) i Cae le e / Cra 

Next, we evaluate each improper integral on the right-hand side of this equation. 

| te Aa [ oe 
poe be esr), Gy? 

= lim 3(x - 18) 
eile 0 

simes(a— 1)? +3) =3 
o continued 
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{ —*=- ih — 
Fa Carat Vial acts iboo! Ji 

3 

lim, 3(x — 8] 

= lim [3(3 — 1)3 - 3(c — 1)#3] = 3W2 
C=} 

We conclude that 

3 

[cape ™ 
o ( x — 1)? 

Now Try Exercise 25. 

EXAMPLE 7 Infinite Discontinuity at an Endpoint 

evaluate [ ea valuate , 
mae 7) 

SOLUTION 

The integrand has an infinite discontinuity at x = 2 and is continuous on [ 1, 2). Thus, 

de ssa im [ oa 
Namen are AWE inane” 

lim In |x — 2 
Cue 1 

= lim (in |c — 2| — In |-1|) = —o0 
(ee im 

The original integral diverges and has no value. Now Try Exercise 29. 

Test for Convergence and Divergence 
When we cannot evaluate an improper integral directly (often the case in practice) we first 

try to determine whether it converges or diverges. If the integral diverges, that’s the end 

of the story. If it converges, we can then use numerical methods to approximate its value. 

In such cases the following theorem is useful. 

THEOREM 6 Comparison Test 

Let f and g be continuous on [ a, co) with O = f(x) = g(x) for all x = a. Then 
oo foe) 

1. is f(x) dx — converges if ‘i g(x) dx — converges. 
a a 

oo 0° 

2. / g(x) dx — diverges if ‘A f(x) dx — diverges. 
a a 

EXAMPLE 8 Investigating Convergence 

(a) Does the integral i r e~" dx converge? 

(b) If it converges, use a calculator to estimate its value. 

SOLUTION 
lore) b 

(a) By definition, / e~* dx = lim / e™ dx, 
1 | b— 00 

a 

continued 



[0, 3] by [-0.5, 1.5] 

Figure 9.18 The graph of y = e~ lies 

below the graph of y = e *forx > 1. 

(Example 8) 

Yi=fnint(e*(-X*),X,1,X) 

X=19.848485 Y=.13940279 

[0, 20] by [-0.1, 0.3] 

Figure 9.19 TRACE is used to suggest that 

the limiting value for NINT (e~, x, 1, x) 

is approximately 0.1394 in Example 8b. 
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We cannot evaluate the latter integral directly because there is no simple formula for 

the antiderivative of e”. We must therefore determine its convergence or divergence 

some other way. Because e~ > 0 for all x, ih ‘ e~*dx is an increasing function of b. 

Therefore, as b — oo, the integral either becomes infinite as b — ov or it is bounded 

from above and is forced to converge (have a finite limit). 

The two curves y = e~ and y = e~ intersect at (tye), -and.0 < e < e™* for 

x = 1 (Figure 9.18). Thus, for any b > 1, 

Rounded up 

to be safe 

b b 

0< (i e*adx = / ede = =e + 6! < et = 0368. 
1 1 

As an increasing function of b bounded above by 0.368, the integral uf * e dx must 

converge. This does not tell us much about the value of the improper integral, however, 

except that it is positive and less than 0.368. 

(b) The graph of NINT (e~*, x, 1, x) is shown in Figure 9.19. The value of the inte- 
gral rises rapidly as x first moves away from 1 but changes little past x = 3. Values 

sampled along the curve suggest a limit of about 0.13940 as x — oo. (Exercise 57 

shows how to confirm the accuracy of this estimate.) 

Applications 

EXAMPLE 9 Finding Circumference 

Now Try Exercise 37. 

Use the arc length formula (Section 8.4) to show that the circumference of the circle 

x2 + y? = 4is 4a. 

SOLUTION 

One fourth of this circle is given by y = V4 — x?,0 

2 
L- f V -F"(y")* dx, where” -y! 

0 

= x = 2. Its arc length is 

4 — x? 

The integral is improper because y’ is not defined at x = 2. We evaluate it as a limit. 

2 2 2 

0 0 AY yy 

II 

=~ 

Nr 

as i} as 
hy 

nN 

| 

So 

= Me 
o—, 

> 

oes 
Pleas & tro 

b 
= lim 2sin F 

= 0 

=) Jim 2 sin —— 0| = 47 
b—>2 

The circumference of the quarter circle is zr; the circumference of the circle is 477. 

Now Try Exercise 47. 
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EXPLORATION 2. Gabriel's Horn 

Consider the region R in the first quadrant bounded above by y = 1/x and on the 

left by x = 1. The region is revolved about the x-axis to form an infinite solid called 

Gabriel’s Horn, which is shown in the figure. 

. Explain how Example 2 shows that the region R has infinite area. 

. Find the volume of the solid. 

. Find the area of the shadow that would be cast by Gabriel’s Horn. 

. Why is Gabriel’s Horn sometimes described as a solid that has finite volume but 

casts an infinite shadow? 

EXAMPLE 10 Finding the Volume of an Infinite Solid 

Find the volume of the solid obtained by revolving the curve y = xe *,0 = x < 

about the x-axis. 

Figure 9.20 shows a portion of the region to be revolved about the x-axis. The area of a 

typical cross section of the solid is 

m(radius)* = my? = mx*e™. 

oe) Be el The volume of the solid is 
Figure 9.20 The graph of y = xe™. a b 

(Example 10) v= a x?e-* dx = or lim if Ke. ak: 
0 : B00}. 

Integrating by parts twice we obtain the following. 

x? u= x*, dv = eax 2,-2: ee Bt 2x [ve * dx 7 e 4-5 SE OX digs Brey ae 

uth ce Sg se Seiten ath de u=x% dv = 67% dx 

# 2: 5) du = dx, v= —-7e°%% 

2 x x = —2x —2x _ 2 -2x ies ae = een ae ae a te 
2 2 

2x? + 2x +1 . 
mae -amamatan 4e 

Thus, 

‘ 2x? + 2x +1)? 
V=7 lim Oe hes 

b>o00 4e 0 

fe ett! T 
Sal fe Bs oH = eee 

boo 4e>) 4 4 

and the volume of the solid is 7/4. Now Try Exercise 55. 



Exercise numbers with a gray background indicate problems that the 

authors have designed to be solved without a calculator. 

In Exercises 1-4, evaluate the integral. 
3 Le I 

A: 2. / a 
Kae AS ae peal 

dx dx 

a: x2+4 & tees 

In Exercises 5 and 6, find the domain of the function. 

1 1 
5. g(x) = 6. h(x) = 

9 — x? Vx-1 

Section 9.4 Exercises 

Quick Review 9.4 _ (for help, go to Sections 1.2 6.3, and 9.2.) 
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In Exercises 7 and 8, confirm the inequality. 

COS x ] 
Ts eases |ertaayes 500) = 0 CO 

Se x 

1 1 
eee eS Sees 

BEES 3 

In Exercises 9 and 10, show that the functions f and g grow at the 

same rate as x — oo. 

my f(x) = 4e*—5, g(x) =3e+7 

MO) f(x) = V2x-1, g(x) = Vx4+3 

In Exercises 1-4, (a) express the improper integral as a limit of defi- 

nite integrals, and (b) evaluate the integral. 

ae = [| & 
9 xetl Py, V3 

eR AOE? ° dx 

3: ee ae @ | ee 
In Exercises 5—24, evaluate the improper integral or state that it 

diverges. 

ofthe a fe =; 
"1 i a 12, eee 

co 0 

a8: i eae is Le ae 

15. je 16. HL =". 

(17, [rete 18. i xe* dx 

19. [ xmeyae 20. BD (KER eRe 

ap f cha 22) [ree a 

@/; a ae foe 

In Exercises 25-30, (a) state why the integral is improper. Then 

(b) evaluate the integral or state that it diverges. 
2. aS a de 

@ fits @Li= 

4 Vs 
28. / dx 

0 Vx 
4 

30. ih de 

-1V |x| 
In Exercises 31-34, use the Comparison Test to determine whether 

the integral converges or diverges. 

1 
g46 1 pf ths 

0 Vx2 + 2x 
1 

29; | x In (x) dx 
0 

31. am - 32. a 
pub te ivi zoo 

2 + cosx OTe oe 
33. | eh 34. ———— 

7 x —coo Vxt +1 

In Exercises 35—42, evaluate the integral or state that it diverges. 
In2 

36) / y el/” dy 
0 

: dr 
36, | - 

Wy WER; 

2 
a7: | lus. wei 38. a 

0 (1+s)Vs unite 
[ove] =i 0 

39. af a a 40. i] be d@ 
yo Le tca ee 

oie 
41. vie 

In Exercises 43 and 44, find the area of the region in the first quad- 

rant that lies under the given curve. 

Inx Inx 
Ol aa ee 44, y = — 

as x? ee 

45. Group Activity 

(a) Show that if f is an even function and the necessary integrals 

exist, then 

/ f(x) dx = 2 | f (x) dx. 

(b) Show that if f is odd and the necessary integrals exist, then 

i. f(x) dx = 0. 
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46. Writing to Learn 

aids 
(a) Show that the integral | ihre diverges. 

neta! 

(b) Explain why we can conclude from part (a) that 

cata ay) yk 
= diverges. 

eee Staak 
oo 

b FS - dx 

(c) Show that lim / = a 
b— 00 ee a + | 

(d) Explain why the result in part (c) does not contradict part (b). 

47. Finding Perimeter Find the perimeter of the 4-sided figure 

x23 + y23 = 1, 

Standardized Test Questions 

You may use a graphing calculator to solve the following problems. 

In Exercises 48 and 49, let f and g be continuous on [ a, oo) with 

0 = f(x) = g(x) forallx =a. 

48. True or False If FS f(x) dx converges then je g(x) dx 

converges. Justify your answer. 

49. True or False If ry g(x) dx converges then hs f(x) dx con- 

verges. Justify your answer. 

50. Multiple Choice Which of the following gives the value of the 
oO 

‘ dx . 
integral = cS 1x 1.01 

(A) 1 (B) 10 (C) 100 (D) 1000 

i 
: dx . 
integral a 

= -0.5 
w 0 x 

(A) | (B) 2 (C)3 (D) 4 

: dx 
integral 2 

0 a l 

(A) -1 (B)—-1/2 (C0 (D) 1 

area under the curve y = 1/(x? + 1) in the first quadrant? 

(A) 7/4 (Byl (C)7/2 WMa 

Explorations 

54. The Integral / sa 
jet? 

(a) Evaluate the integral for p = 0.5. 

(b) Evaluate the integral for p = 1. 

(c) Evaluate the integral for p = 1.5. 

a ae | l 
(d) Show that i =~ = jin| = 1)}. 

ie ae 
(e) Use part (to show that —= 4p-1 

r ©, p= 

(f) For what values of p does the integral converge? diverge? 

(E) diverges 

51. Multiple Choice Which of the following gives the value of the 

(E) diverges 

52. Multiple Choice Which of the following gives the value of the 

(E) diverges 

53. Multiple Choice Which of the following gives the value of the 

(E) diverges 

ae 

56. 

bY: 

Each cross section of the solid infinite horn shown in the figure 

cut by a plane perpendicular to the x-axis for —co < x = In2 is 

a circular disc with one diameter reaching from the x-axis to the 

curve y = e. 

~ ~ 
‘ea 

in2 * 

(a) Find the area of a typical cross section. 

(b) Express the volume of the horn as an improper integral. 

(c) Find the volume of the horn. 

Normal Probability Distribution Function In Section 8.5, 

we encountered the bell-shaped normal distribution curve that is 

the graph of 

1 “Hee 
f(x) = ; 

oV 27 

the normal probability density function with mean wy and stan- 

dard deviation a. The number yp tells where the distribution is 

centered, and o measures the “scatter” around the mean. 

From the theory of probability, it is known that 

[see =1. 

In what follows, let uw = 0 ando = 1. 

(a) Draw the graph of f. Find the intervals on which f is 

increasing, the intervals on which f is decreasing, and any 

local extreme values and where they occur. 

(b) Evaluate i} f(x) de for n= 5 2S 
ba | foe] 

(c) Give a convincing argument that / f(x) dx = 1. 
—oo 

[Hint: Show that 0 < f(x) < e/? for x > 1, and for b > 1, 

[ ote —>0 a bool] 

Approximating the Value of [;"e~* dx 

(a) Show that / i etd < 4: "e® dx <4 &.10-%, 

(b) Writing to ie oo EN Sait 
Tove) 6 

/ e* dx = [eva 
1 1 

with error of at most 4 X 107’. 

(c) Use the approximation in part (b) to estimate the value of 

I bs e~ dx. Compare this estimate with the value displayed 

in Figure 9.19. 



(d) Writing to Learn Explain why 
lo'e) 3 

i) e* dx ~ / e* dx 
0 0 

with error of at most 0.000042. 

Extending the Ideas 

58. Use properties of integrals to give a convincing argument that 

Theorem 6 is true. 

59. Consider the integral 
co 

f(n+1)= ¥) ey comedy 
0 

where n = 0. 

(a) Show that fb wrens dx converges for n = 0, 1, 2. 

(b) Use integration by parts to show that f(n + 1) = nf(n). 

(c) Give a convincing argument that i) es dx converges for 

all integers n = 0. 
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60. Let f(x) = ee 
(0) t 

(a) Use graphs and tables to investigate the values of f(x) as 

Det oOOs 

(b) Does the integral i ack sin x) /x dx converge? Give a con- 
vincing argument. 

61. (a) Show that we get the same value for the improper integral in 

Example 5 if we express 

Pas "dx aes: 
pire eal 788) 

Pain Set te (aks 

and then evaluate these two integrals. 

(b) Show that it doesn’t matter what we choose for c in 

(Improper Integrals with Infinite Integration Limits, part 3) 

[ foe [ teat / Wee 

You may use a graphing calculator to solve the following problems. 

1. Multiple Choice Which of the following functions grows 

faster than x? as x — 00? 

(Ayre * (8) Ini (s)0 (C): 7x F100 (D) 242 = 3x" AE) Ox? 

2. Multiple Choice Find all the values of p for which the integral 
(oe) 

dx 
converges SS 

; xPtl 

(A)p<-l (B)p<0 (C)p>d0 
(D) p> 1 (E) diverges for all p 

3. Multiple Choice Find all the values of p for which the integral 
1 

dx 
converges EES TO 

5 xPt 1 

(A)p<-1 (®Bp<0d0 (C)p > 0 

(D)p>1 (E) diverges for all p 

4. Free Response Consider the region R in the first quadrant 
2 In (x) . 

under the curve y = % 
x 

(a) Write the area of R as an improper integral. 

(b) Express the integral in part (a) as a limit of a definite integral. 

(c) Find the area of R. 

Key Terms 

Absolute Value Theorem for 

Sequences (p. 448) 

arithmetic sequence (p. 444) 

binary search (p. 464) 

common difference (p. 444) 

common ratio (p. 445) 

Comparison Test (p. 472) 

Constant Multiple Rule for 

limits (p. 447) 

convergence of improper 
integral (pp. 467, 471) 

convergent sequence (p. 447) 

Difference Rule for limits (p. 447) 

divergence of improper 

integral (pp. 467, 471) 

divergent sequence (p. 447) 

explicitly defined sequence (p. 443) 

finite sequence (p. 443) 

geometric sequence (p. 445) 

grows at the same rate (p. 461) 

grows faster (p. 461) 

grows slower (p. 461) 

improper integral (p. 467, 471) 

indeterminate form (p. 452) 

infinite sequence (p. 443) 

l’Hospital’s Rule, first form (p. 452) 

l’Hospital’s Rule, stronger form (p. 453) 

limit of a sequence (p. 447) 

nth term of a sequence (p. 443) 

Product Rule for limits (p. 447) 

Quotient Rule for limits (p. 447) 

recursively defined sequence (p. 443) 

sequence (p. 443) 

sequential search (p. 464) 

Squeeze Theorem for Sequences (p. 448) 

Sum Rule for limits (p. 447) 

terms of sequence (p. 443) 

transitivity of growing rates (p. 463) 

value of improper integral (p. 467, 471) 
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CHAPTER 9 Bexytat\ ila od qa et 

Exercise numbers with a gray background indicate problems that the 

authors have designed to be solved without a calculator. 

The collection of exercises marked in red could be used as a Chapter 

Test. 

In Exercises 1 and 2, find the first four terms and the fortieth term of 

the given sequence. 

+ 

aea,= (-1)" 
1 
for alln = 1 

n 3 

25a, = —3, 4, = 2a, for alln = 2 

3. The sequence —1, 1/2, 2, 7/2, ... is arithmetic. Find (a) the 
common difference, (b) the tenth term, and (c) an explicit rule 

for the nth term. 

4. The sequence 1/2, —2, 8, —32,... is geometric. Find (a) the 

common ratio, (b) the seventh term, and (c) an explicit rule for 

the nth term. 

In Exercises 5 and 6, draw a graph of the sequence with given nth 

term. 
pnt a (—\e 

( MapneNels 3 
Qn 

=] 6.a, = (-1)"!—— 
n 

5.4, = 

In Exercises 7 and 8, determine the convergence or divergence of 

the sequence with given nth term. If the sequence converges, find 

its limit. 

3n2 — 1 3n — 1 
waa, = — 8a, = (-1)" 

é One si bei!) n+2 

In Exercises 9—22, find the limit. 

t — In(1 + 2t tan 3t 
9. lim ete i ad 10) lim — 

10 fe t—0 tan St 

2 lim ——— 12) lim x!/(-) 
x0 1 — cosx x1 

: | F o\n 
13. lim x!/* 14. lim {1+ - 

x— co FOO: a 

15. lim pas 16. lim (« = =) sec 0 
r>o Inr 07/2 ey: 

: 1 l : 1\* 
17. lim = ase lim | 1 + — 

x71 \x — 1 In x x0" Be 

1h 
19. lim (tan @)? 20. lim 6? sn( 1) 

6—0* 800 (e 

3 — 3x2 + 1 3x2 —x + 1 
tin ————— 22) lim ——— 

In Exercises 23-30, determine whether f grows faster than, slower 

than, or at the same rate as g as x — oo. Give reasons for your 

answer. 

23. f(x) =x, g(x) = 5x 24. f(x) = log. x, g(x) = log3x 

x 
26. f(x) = —., a(x) =xe* 25. f(x) =x, 100’ 

l 
a( =x+t+- a(x) =x To 

) g(x) = tan! x 

28. f(x) = e™*, g(x) = xlog)x 

29.) f(x) =In2x, g(x) = Inx? 

30) f(x) = 10x? + 2x7; g(x) =e 

In Exercises 31-36, 

(a) show that f has a removable discontinuity at x = 0. 

(b) define f at x = 0 so that it is continuous there. 

1 — cos? x S19) ae 

Be = || 
32. f(x) = Fos 

33. f(x) = x sec (« + =) 

34. f(x) = x71 eot x) 
Jsinx — | 

36. f(x) = xInx 

35. f(x) = 

In Exercises 37-48, evaluate the improper integral or state that it 

diverges. 

aber k's 5 dx 
7. pe 8. — 

: thes e Mercere ars 
= 3 

3dx dx ss | | + 
00 3x — x? 0 e) x? 

1 ee 
By 

41. | In (x) dx 42. ie aa 

0 ie) 
dé 2dx 

43. Ss eS 44. 
a (9 + Pe 3 x? — 2x 

lore) 0 

45. if x2 ee dit 46. / xe>* dx 
0 —0oo 

pers ee at 
47. Se 48. 
ae > ee ee 1G 

In Exercises 49 and 50, use the Comparison Test to determine 

whether the improper integral converges or diverges. 

“Inz wes 
49. eh Se Nike 50. J —— dt 

ia 1 Vt 

51. The second and fifth terms of a geometric sequence are —3 and 
—3/8, respectively. Find (a) the first term, (b) the common ratio, 

and (ce) an explicit formula for the nth term. 

52. The second and sixth terms of an arithmetric sequence are 11.5 

and 5.5, respectively. Find (a) the first term, (b) the common 

difference, and (c) an explicit formula for the nth term. 

53. Consider the improper integral oe de 

(a) Express the improper integral as a limit of definite integrals. 
¢ 

(b) Evaluate the integral. 
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54. Infinite Solid The infinite region bounded by the coordinate 
axes and the curve y = —In x in the first quadrant (see figure) is 

revolved about the x-axis to generate a solid. Find the volume of 

the solid. 

55. Infinite Region Find the area of the region in the first quad- 
rant under the curve y = xe * (see figure). 

[0, 5] by [-0.5, 1] 



10.3 Taylor's Theorem 

10.4 Radius of Convergence 

Testing Convergence 
at Endpoints 
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bia QoucNSA aH, 

This is a modern photograph of the beautiful city of Basel, Switzerland, 
located on the Rhine River. Basel’s university was an important center 
of European mathematics in the 17th century, largely due to a talented 
faculty that included the eminent Jakob Bernoulli. Bernoulli had become 
intrigued by a challenging problem first posed by Pietro Mengoli in 1644: 
What is the exact sum of the reciprocals of the squares of all the natural 
numbers? It was well known to be a finite number and had been approxi- 
mated with some accuracy, but nobody recognized what it was, including 
Jakob Bernoulli. He challenged the greatest minds in Europe to find the 
exact sum and to give a proof that it was correct, a challenge that came 
to be known simply as the Basel Problem. In 1735, another talented Basel 
mathematician, the 28-year-old Leonhard Euler, announced to the world 
that the sum was 7/6. The stunning insights into infinite sums thatled _ 
him to that conclusion are some of the most elegant in the history of me i: 
matical discovery. You will encounter this series (and Eulet ag ain, for ye 
another great formula) in this chapter, = . 
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CHAPTER 10 [e\gsasC 

One consequence of the early and dramatic successes that scientists enjoyed when using 

calculus to explain natural phenomena was that there suddenly seemed to be no limits, so 

to speak, on how infinite processes might be exploited. There was still considerable mys- 

tery about “infinite sums” and “division by infinitely small quantities” in the years after 

Newton and Leibniz, but even mathematicians normally insistent on rigorous proof were 

inclined to throw caution to the wind while things were working. The result was a century 

of unprecedented progress in understanding the physical universe. (Moreover, we can note 

happily in retrospect, the proofs eventually followed.) 

One infinite process that had puzzled mathematicians for centuries was the summing of 

infinite series. Sometimes an infinite series of terms added up to a number, as in 

ie” ia 1 
ei ee I 
Cats = 8. a 16 

(You can see this by adding the areas in the “infinitely halved” unit 

square at the right.) But sometimes the infinite sum was infinite, as in 12 

if) eae a ae + 
Re teks ute ou 

(although this is far from obvious), and sometimes the infinite sum [-____| —___| 

was difficult to pin down, as in 

SS Sees a Sea) ih se oon 

(Is it 0? Is it 1? Is it neither?). 

1/8 

1/16 

Nonetheless, mathematicians like Gauss and Euler successfully used infinite series to derive 

previously inaccessible results. Laplace used infinite series to prove the stability of the solar 

system (although that does not stop some people from worrying about it today when they 

feel that “too many” planets have swung to the same side of the sun). It was years later that 

careful analysts like Cauchy developed the theoretical foundation for series computations, 

sending many mathematicians (including Laplace) back to their desks to verify their results. 

Our approach in this chapter will be to discover the calculus of infinite series as the 

pioneers of calculus did: proceeding intuitively, accepting what works and rejecting what 

does not. Toward the end of the chapter we will return to the crucial question of conver- 

gence and take a careful look at it. 

You will be able to appreciate the 

difference between finite sums and 
infinite series and between polyno- 

mials and power series. Building on 

a knowledge of geometric series, you 

will explore some power series that 

are equivalent to familiar functions. 

« Geometric series 
« Convergence and divergence of 
series; the sequence of partial sums 

- Power series 

¢ Representing functions by power 

series 
+ Differentiating and integrating 

power series term by term 

-« Power Hither ee if 
Be ee ae ads yal ek 

f elk tan~'x, and e* 
1+ x2 

Geometric Series 

The first thing to get straight about an infinite series is that it is not simply an example 

of addition. Addition of real numbers is a binary operation, meaning that we really add 

numbers two at a time. The only reason that 1 + 2 + 3 makes sense as “addition” is that 

we can group the numbers and then add them two at a time. The associative property of 

addition guarantees that we get the same sum no matter how we group them: 

Pee.) = eS = 6 

and 

(1+2)+3=3+3=6 

In short, a finite sum of real numbers always produces a real number (the result of a finite 

number of binary additions), but an infinite sum of real numbers is something else entirely. 

That is why we need the following definition. 
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DEFINITION Infinite Series 

An infinite series is an expression of the form 
Co 

Qi sFtagsch ag ea eta or Ge 
k=1 

The numbers aj, a>, .. . are the terms of the series; a, is the nth term. 

The partial sums of the series form a sequence 

Siem 41 

So = a, + a 

| 
8 ai g nN ate g 

Ww Sag 

of real numbers, each defined as a finite sum. If the sequence of partial sums has a limit S$ 

as n — oo, we say the series converges to the sum S, and we write 

co 

a t+a,taate- tats = DKS. 

Otherwise, we say the series diverges. 

EXAMPLE 1 Identifying a Divergent Series 

Does the series 1 — 1 + 1 —1+1-—1+-:> converge? 

SOLUTION 

You might be tempted to pair the terms as 

(1-1) + (1-1) + (1-1) 4°". 

That strategy, however, requires an infinite number of pairings, so it cannot be justified 

by the associative property of addition. This is an infinite series, not a finite sum, so if 

it has a sum it has to be the limit of its sequence of partial sums, 

1, On, Oi1: 0. Lakes 

Since this sequence has no limit, the series has no sum. It diverges. Now Try Exercise 7. 

EXAMPLE 2 Identifying a Convergent Series 

Does the series 

converge? 

SOLUTION 

Here is the sequence of partial sums, written in decimal form. 

0.3, 0.33, 0.333, 0.3333, ... | 

This sequence has a limit 0.3, which we recognize as the fraction 1/3. The series con- 

verges to the sum 1/3. Now Try Exercise 9. 
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There is an easy way to identify some divergent series. In Exercise 62 you are asked 
. oe rs: . co . . 

to show that whenever an infinite series > ;,—, a, converges, the limit of the nth term as 

n — oo must be zero. 

If the infinite series 

co 

Sea tate tat: 

k=1 

converges, then lim;-.,, a, = 0. 

This means that if lim,-.,, qa # 0 the series must diverge. 

The series in Example 2 is a geometric series because each term is obtained from its 

preceding term by multiplying by the same number r—in this case, r = 1/10. (The series 

of areas for the infinitely halved square at the beginning of this chapter is also geometric.) 

The convergence of geometric series is one of the few infinite processes with which math- 

ematicians were reasonably comfortable prior to calculus. You may have already seen the 

following result in a previous course. 

The geometric series 

atartartart+:::t+ar!4+.---= ar’! Ma 
Il n 

converges to the sum a/(1 — r) if |r| < 1, and diverges if |r| = 1. 

This completely settles the issue for geometric series. We know which ones converge 

and which ones diverge, and for the convergent ones we know what the sums must be. The 

interval —1 < r < 1 is the interval of convergence. 

EXAMPLE 3 Analyzing Geometric Series 

Tell whether each series converges or diverges. If it converges, give its sum. 

eo) (3) 
3 ee @) > 5 

Tt an ar 
d) -+—+—+- 
(d) D 4 8 

SOLUTION 

(a) First term is a = 3 and r = 1/2. The series converges to 

3 
Se SO: 
Teel ie) 

(b) First term is a = 1 and r = —1/2. The series converges to 

1 2 

1—-(-1/2) 3 continued 
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Partial Sums 

vi 

[-4.7, 4.7] by [-2, 4] 

(a) 
y= 1/(1-x) 

me 

[-4.7, 4.7] by [-2, 4] 

(b) 

Figure 10.1 (a) Partial sums converging 

to 1/(1 — x) on the interval (—1; 1). The 
partial sums graphed here are 1 + x + x?, 

Ltxtx24+x3,and1+x4+ x24 

x3 + x*. (b) Notice how the graphs in (a) 
resemble the graph of 1/(1 — x) on the 

interval (—1, 1) but are not even close 

when |x| = 1. 

When we set x = 0 in the expression 

6 
> CnX" = Cy + OX + Cyx? + 
n=0 

CS on SN ATEN 

we get Cy on the right but cg - 0° on the 
left. Since 0° is not a number, this is a 
slight flaw in the notation, which we agree 

to overlook. The same situation arises 

when we set x = ain 

S a(x =a)? 
n=0 

In either case, we agree that the expres- 

sion will equal Co. (It really should equal Co, 

SO We are not compromising the mathe- 

matics; we are clarifying the notation we 

use to convey the mathematics.) 

(c) First term is a = (3/5)° = 1 and r = 3/5. The series converges to 

1 =) 

f= (sea 

(d) In this series, r = 77/2 > 1. The series diverges. Now Try Exercises 11 and 19. 

We have hardly begun our study of infinite series, but knowing everything there is to 

know about the convergence and divergence of an entire class of series (geometric) is an 

impressive start. Like the Renaissance mathematicians, we are ready to explore where this 

might lead. We are ready to bring in x. 

Representing Functions by Series 
If |x| < 1, then the geometric series formula assures us that 

1 

l-x 
hurky ae rot acter eRe eae eet 

Consider this statement for a moment. The expression on the right defines a function 

whose domain is the set of all numbers x # 1. The expression on the left defines a func- 

tion whose domain is the interval of convergence, |x| < 1. The equality is understood 

to hold only on this latter domain, where both sides of the equation are defined. On this 

domain, the series represents the function 1/(1 — x). 
The partial sums of the infinite series on the left are all polynomials, so we can graph 

them (Figure 10.1). As expected, we see that the convergence is strong in the interval 

(—1, 1) but breaks down when |x| = 1. 

The expression }}~)x” is like a polynomial in that it is a sum of coefficients times 

powers of x, but polynomials have finite degrees and do not suffer from divergence for the 

wrong values of x. Just as an infinite series of numbers is not a mere sum, this series of 

powers of x is not a mere polynomial. 

DEFINITION Power Series 

An expression of the form ; 

co 

CS Cote Cyc Cah ea ee ee 
0 n= 

is a power series centered at x = 0. An expression of the form 

co 

Syed Ve antic (ae et cal a tee oh hee, | lee Poona 
n=0 

is a power series centered at x = a. The term c,(x — a)” is the nth term; the 

number a is the center. 

The geometric series 

eo) 
a ae ok Sea ae ee 

= il o 

is a power series centered at x = 0. It converges on the interval —1 < x < 1, also cen- 

tered at x = 0. This is typical behavior, as we will see in Section 10.4. A power series 

either converges for all x, converges on a finite interval with the same center as the series, 

or converges only at the center itself. : 
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We have seen that the power series }))—9.x” represents the function 1/(1 — x) on the 
domain (—1, 1). Can we find power series to represent other functions? 

EXPLORATION 1 Finding Power Series for Other Functions — 

1. Given that 1/(1 — x) is represented by the power series | 

De erasis Wes i TX pate 

on the interval (—1, 1), 

(a) find a power series that represents 1/(1 + x) on (—1, 1). 
(b) find a power series that represents x/(1 + x) on (—1, 1). 
(c) find a power series that represents 1/(1 — 2x) on (—1/2, 1/2). 
(d) find a power series that represents 

1 1 

x 1+(x-1) 
on (0, 2). 

Could you have found the intervals of convergence yourself? 

2. Find a power series that represents 

Re een) 

and give its interval of convergence. 

Differentiation and Integration 
So far we have only represented functions by power series that happen to be geometric. 

The partial sums that converge to those power series, however, are polynomials, and we 

can apply calculus to polynomials. It would seem logical that the calculus of polynomials 

(the first rules we encountered in Chapter 3) would also apply to power series. 

EXAMPLE 4 Finding a Power Series by Differentiation 

Given that 1/(1 — x) is represented by the power series 

Lt xt x2 tere txt +00 

on the interval (—1, 1), find a power series to represent 1/(1 — x)’. 

SOLUTION 

Notice that 1/(1 — x)? is the derivative of 1/(1 — x). To find the power series, we 
differentiate both sides of the equation 

1 
ee Nt Pee ttt 
A 

d 1 d 
ceed = —(14+ + x2 + 3... + yh tn. 

of to pe ee ts ) 

Pee as? Edy? ph tt ob 
(laa) 

continued 
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Partial Sums 

[-4.7, 4.7] by [-2, 4] 

(a) 

y= 1/(-x)? 

[-4.7, 4.7] by [-2, 4] 

(b) 

Figure 10.2 (a) The polynomial partial 

sums of the power series we derived for 

(b) 1/(1 — x)? seem to converge on the 

open interval (—1, 1). (Example 4) 

Antiderivative or Definite Integral? 

Notice in Example 5 that we used a 

definite integral from 0 to x in the antidif- 

ferentation step. This is just a simple way 

of imposing the initial condition F(0) = 0, 

eliminating the step of solving for C. For 

the same reason, if we had been integrat- 

ing a series in powers of x — a, we would 

have used a definite integral from a to x to 

impose the initial condition F(a) = 0. (See 
Theorem 2.) 

What about the interval of convergence? Since the original series converges for —1 < 

x < 1, it would seem that the differentiated series ought to converge on the same open 

interval. Graphs (Figure 10.2) of the partial sums 1 + 2x + 3x7,1 + 2x + 3x? + 4x3, 
and | + 2x + 3x? + 4x? + 5x* suggest that this is the case (although such empirical 
evidence does not constitute a proof). Now Try Exercise 27. 

The basic theorem about differentiating power series is the following. 

THEOREM 1 Term-by-Term Differentiation 

If f(x) = > cals OMe Coe epl sel ae ae oe 

ee a) ae 
converges for |x — a| < R, then the series 

CO 

NGy( X= a) = Ce Des hee) eee Geen ee 
n=1 

eta Oo Coke ake aaa 

obtained by differentiating the series for f term by term, converges for |x — a| < R 

and represents f’(x) on that interval. If the series for f converges for all x, then so 
does the series for f’. 

Theorem | says that if a power series is differentiated term by term, the new series will 

converge on the same interval to the derivative of the function represented by the original 

series. This gives a way to generate new connections between functions and series. 

Another way to reveal new connections between functions and series is by integration. 

EXAMPLE 5 Finding a Power Series by Integration 

Given that 

1 

LF x 
= Peek x2 — x iy i (ee) ee ed a 

(Exploration 1, Part 1), find a power series to represent In (1 + x). 

SOLUTION 

Recall that 1/(1 + x) is the derivative of In (1 + x). We can therefore integrate the 
series for 1/(1 + x) to obtain a series for In (1 + x) (no absolute value bars are nec- 
essary because (1 + x) is positive for—1 < x < 1). 

Lissex che? epee sath (>-x)™ tas 
L set 

Lo et x? + 8 eee te (1)? oe 

a | 2 . 
/ fa fie | ee EL tis a dummy 

0 0 
ipa variable. 

. a A pert *  (-1)" is just a 
nity] =f Fa SE rp gen, 9 constant. 

xe. we ge ake 
In(l+x)=x->+>-—+4-+++(-1)" +: aL a) ee ees 

continued 



Remember the Constants in Life 

Do not be intimidated when differen- 

tiating or antidifferentiating the nth 

term of a power series. Keep in mind 

that the variable is x, while n is (for 

any given term) a constant. If you 

can antidifferentiate 7(x — a)® to get 

(a) 
, you should be able to anti- 

31 

differentiate (—1)” Praca — a)" to get 

E gn (x = antl 

n! n+ 1 
1) 
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It would seem logical for the new series to converge where the original series converges, 

on the open interval (—1, 1). The graphs of the partial sums in Figure 10.3 support 
this idea. Now Try Exercise 33. 

Partial Sums y =In(1 + x) 

ae 
[-5, 5] by [-3, 3] 

(a) (b) 

Figure 10.3 (a) The graphs of the partial sums 

La = Reet he and 

closing in on (b) the graph of In (1 + x) over the interval (—1, 1). (Example 5) 

The idea that the integrated series in Example 5 converges to In(1 + x) for all x 

between —1 and 1 is confirmed by the following theorem. 

THEOREM 2 Term-by-Term Integration 

If f(x) = Dens Taye cyte; (ee a) FE C(x aaa) fects 

rere (Yea a) Oe eos 

converges for |x — a| < R, then the series 

Som (ia) ia (Ce eae (Lares 
Ome ee = CER M2) Sa aan Ere, 3 

yg) eae oe 
ieee A 

obtained by integrating the series for f term by term, converges for |x — a| < R 

and represents sf Mf (t) dt on that interval. If the series for f converges for all x, then 

so does the series for the integral. 

Theorem 2 says that if a power series is integrated term by term, the new series will con- 

verge on the same interval to the integral of the function represented by the original series. 

There is still more to be learned from Example 5. The original equation 

1 
=l]—xt+x2-—x34+-- 

i) ab ae 
cas gk oes ME aie 

clearly diverges at x = 1 (see Example 1). The behavior is not so apparent, however, for 

the equation we obtained by integrating: 

Rae ae eter ntl 
= eee — — — +.---+ (-])" In(l+x)=x es 4 ( para 

+ ++. 
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Some calculators have a sequence mode 

that enables you to generate a sequence 

of partial sums, but you can also do it with 

simple commands on the home screen. Try 

entering the two multiple-step commands 

shown on the first screen below. 

Ue Niet aan 

N+1>N: T+(-1)4N/( 
N+1) >T 

FR 

.6997694067 
.686611512 

.699598525 

.6867780122 
.6994362U4 
.68693624 
.699281919 

If you are successful, then every time you 

hit ENTER, the calculator will display the 

next partial sum of the series 

tie lias Ths 
( ) a eee 1-=+25-—4+-+-+ 

De SF aA, fare 

The second screen shows the result 

of about 80 ENTERs. The sequence 

certainly seems to be converging to 

In 2 = 0.6931471806.... 

If we let x = 1 on both sides of this equation, we get 

aa eat awe 
= 1-2 +S Stee + aves 

ee : Dee, n+ 1 : 

which looks like a reasonable statement. It looks even more reasonable if you look at 

the partial sums of the series and watch them converge toward In 2 (see margin note). It 

would appear that our new series converges at | despite the fact that we obtained it from a 

series that did not! This is all the more reason to take a careful look at convergence later. 

Meanwhile, we can enjoy the observation that we have created a series that apparently 

works better than we might have expected and better than Theorem 2 could guarantee. 

EXPLORATION 2 Finding a Power Series for tan~' x 

Find a power series that represents 1/(1 + x?) on (—1, 1). 
2. Use the technique of Example 5 to find a power series that represents tan! x 

onal), 
3. Graph the first four partial sums. Do the graphs suggest convergence on the open 

interval (—1, 1)? 
4. Do you think that the series for tan~! x converges at x = 1? Can you support 

your answer with evidence? 

Identifying a Series 
So far we have been finding power series to represent functions. Let us now try to find the 

function that a given power series represents. 

EXPLORATION 3 | A Series with a Curious Property 

Define a function f by a power series as follows: 

. Find f’(x). 

. Find f(0). 

. What well-known function do you suppose f is? 

Use your responses to parts | and 2 to set up an initial value problem that 
the function f must solve. You will need a differential equation and an initial 

condition. 

Solve the initial value problem to prove your conjecture in part 3. 

Graph the first three partial sums. What appears to be the interval of 

convergence? 

Graph the next three partial sums. Did you underestimate the interval of 

convergence? 

The correct answer to part 7 in Exploration 3 above is “yes,” unless you had the keen 

insight (or reckless bravado) to answer “all real numbers” in part 6. You will be able to 

prove the remarkable fact that this series converges for all x in Section 10.3. 
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Quick Review 10.1 (for help, go to Section 9.1.) 

In Exercises 1 and 2, find the first four terms and the 30th term of In Exercises 5—10, 

the sequence (a) graph the sequence {a,,}. 

Tit eee a hy as Pets aay: (b) determine lim a,. 
, 4 - ( 1 We ' H noo 

« hy ; = — n 

oI hg rhea ais) is n 5.4, = 2 6. a, = (1 +4) 
n 

In Exercises 3 and 4, the sequences are geometric (a,41/d, = 1, or 
a constant). Find 13 Oa =i” 8. a, = 142 

n 

(a) the common ratio r._ (b) the tenth term. 
1 In (n + 1) 

(c) a rule for the nth term. 92a) = (2 = A 10. a, = a 

Seo 18. 54. 4-44 4. {8,-4,2,-1,...} 

Section 10.1 Exercises 

Exercise numbers with a gray background indicate problems that the In Exercises 11—20, tell whether the series converges or diverges. If 

authors have designed to be solved without a calculator. it converges, give its sum. 

1. Replace the * with an expression that will generate the series 2 DN oN ON 
ag 1 + — + | — = Tap |bey) cip b6a¢ 

se i! 1 3 3 3 3 
= Spe S= Fb oti, 

a! aelG ast. sho tas eas <u sa “aac aa ee 
co i} (e.2) 1 (ee) 5 9) n oo 9) 5 n wSem@ — wScw() mx) WSC De iat) < > ( ) BP >» 4/\3 >» 3/\4 

(> > o Scr) BS coon AG 2p ee 
2. Write an expression for the nth term, a,. me 32—) 0:3. 2620/03, = 10.003 + 0.0003 i— esis 3(— OMe 

pe ee ae AHS sinr(Z + ) — eee a S ae 

ain mao Ts sok oi Aunty ee 
& eee ol PG 2 eS AES n 

b =1-5+=--+ vee eS 
( p> % ue Mn ae. 2ilinG cas nd 

co (ee) e n Co 5” 

(c) Sian = 5 + 0.5 + 0.05 + 0.005 + 0.0005 + --- 19. $(£) ap > an 
n=0 n=1\7 n=0 6 

In Exercises 3-6, tell whether the series is the same as In Exercises 21—24, find the interval of convergence and the function 

00 y\r-1 of x represented by the geometric series. 

S, (- ;) co oo 

n=l 218” 22.9) (rane) 
n=0 

3. $-(3 re i si) 23. $(- ; Ne =a) 24. $2 5 * 

In Exercises 25 and 26, find the values of x for which the geometric 

series converges and find the function of x it represents. 
In Exercises 7-10, compute the limit of the partial sums to determine 

whether the series converges or diverges. 25. sy cats 26. > enti 

DoTSE UY Hb dhe ee TET hss n=0 n=0 

GaN alate Lia Lb eb etm In Exercises 27—30, use the series and the function f(x) that it repre- 
Lee I na 1 sents from the indicated exercise to find a power series for f(x). 
ee 

26-4) 3 at 27. Exercise 21 28. Exercise 22 

10.3 + 0.5 + 0.05 + 0.005 + 0.0005 +-::-: 29. Exercise 23 30. Exercise 24 
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In Exercises 31—34, use the series centered at a and the function it 
o x 

represents to find a power series for i f(t) dt. 

31. Exercise 21 32. Exercise 22 

33. Exercise 23 34. Exercise 24 

35. Writing to Learn Each of the following series diverges 

in a slightly different way. Explain what is happening to the 

sequence of partial sums in each case. 

(a) S2n 6) >Giyr (c) >) G1)7a) 
n=1 n=0 n=1 

co Nn ent 

36. Prove that p) 
n=0 

diverges. 
ne 

37. Solve for x: > x" = 20. 
n=0 

38. Writing to Learn Explain how it is possible, given any real 

number at all, to construct an infinite series of nonzero terms 

that converges to it. 

39. Make up a geometric series Sar"! that converges to the 

number 5 if 

(aja=2 (b)a= 13/2 

In Exercises 40 and 41, express the repeating decimal as a geometric 

series and find its sum. 

40. 0.21 41. 0.234 

In Exercises 42-47, express the number as the ratio of two integers. 

a9 0.7 = 0.7777... 

43. 0.d = 0.dddd..., where dis a digit 

44, 0.06 = 0.06666... 45. 1.414 = 1414414414... 

AB 12241935 = 124.123 193.193), 

47. 3.142857 = 3.142857 142857... 

48. Bouncing Ball A ball is dropped from a height of 4 m. Each 

time it strikes the pavement after falling from a height of h m, it 

rebounds to a height of 0.6 m. Find the total distance the ball 

travels up and down. 

49. (Continuation of Exercise 48) Find the total number of sec- 
onds that the ball in Exercise 48 travels. [Hint: A freely falling 

ball travels 4.977 meters in t seconds, so it will fall h meters in 

V h/4.9 seconds. Bouncing from ground to apex takes the same 

time as falling from apex to ground.] 

50. Summing Areas The figure below shows the first five of an 

infinite sequence of squares. The outermost square has an area of 

4 m*. Each of the other squares is obtained by joining the mid- 

points of the sides of the preceding square. Find the sum of the 

areas of all the squares. 

51. Summing Areas The accompanying figure shows the first 

three rows and part of the fourth row of a sequence of rows of 

semicircles. There are 2” semicircles in the nth row, each of radius 

1 /(2"). Find the sum of the areas of all the semicircles. 

52. Sum of a Finite Geometric Progression Let a and r be 

real numbers with r ~ 1, and let 

4a+ ar or +ar + *-. ar 

(a) Find S$ — rS. 

: aa 
(b) Use the result in part (a) to show that $ = Wicca 

53. Sum of a Convergent Geometric Series Exercise 52 

gives a formula for the nth partial sum of an infinite geometric 

series. Use this formula to show that }°, ar”~! diverges when 

|r| = 1 and converges to a/(1 — r) when |r| < 1. 

In Exercises 54—59, find a geometric power series to represent the 

given function and identify its interval of convergence. When writing 

the power series, include a formula for the nth term. 

1 Me 

ex: o.- 

56, »— 
Loe "1+ (x —4) 

1 1 1 1 : ee 

t-4—45) (59) [Hint: Rewrite 2 £3) 

60. Find the value of b for which 1 + e? + e?? + e% +--+. =9, 



co t n 

61. Let S be the series 3 (4) et a0): 
Seay Nl sie i 

(a) Find the value to which S converges when t = 1. 

(b) Determine all values of t for which S converges. 

(c) Find all values of ¢ that make the sum of S greater than 10. 

62. nth Term Test Assume that the series >, a, converges to S. 

(a) Writing to Learn Explain why lim,_.,, joa; = S. 
(b) Show that S, = S,-; + a,, where S, denotes the nth partial 

sum of the series. 

(c) Show that lim, .,, a, = 0. 

63. A Series for In x Starting with the power series found for 1/x 
in Exploration 1, Part 1(d), find a power series for In x centered 

atx = 1. 

64. Differentiation Use differentiation to find a series for 
f(x) = 2/(1 — x)?. What is the interval of convergence of your 
series? : 

65. Group Activity Intervals of Convergence How much 

can the interval of convergence of a power series be changed by 

integration or differentiation? To be specific, suppose that the 

power series 

f(x) — Co + Cx + px? + ++. ae (gh? sie AES 

converges for —1 < x < 1] and diverges for all other values of x. 

(a) Writing to Learn Could the series obtained by inte- 

grating the series for f term by term possibly converge 

for —2 < x < 2? Explain. [Hint: Apply Theorem 1, not 

Theorem 2.] 

(b) Writing to Learn Could the series obtained by differen- 

tiating the series for f term by term possibly converge for 

iat <9) Explain. 

Standardized Test Questions 

66. True or False The series 

1.01) ie (1.01) (1.01)" 
+ +++ + —— + --- 

re RS 5 2 

converges. Justify your answer. 

1 1 1 1 
F i +-+-+4+-4+—+::: 67. True or False The series | 5 eters aac 

diverges. Justify your answer. 

68. Multiple Choice To which of the following numbers does the 

1 1 
series | + ; =F 9 ae 7 + +--+ converge? 

(A) 2/3 (B) 9/8 (C) 3/2 (D) 2 (E) It diverges 

In Exercises 69-71, use the geometric series })--o(x — 1)", which 

represents the function f(x). 

69. Multiple Choice Find the values of x for which the series 

converges. 

(AU 4 =—2 (B)O<x<1 (Clea (() 

(Dj ali a al (E)—2= x = 6 
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70. Multiple Choice Which of the following is the function that 

the power series represents? 

1 1 
Ai (B ai pa 
Cae Dae (©) oS Pie 2 Wats 

71. Multiple Choice Which of the following is a function that 
ve i f(t) dt represents? 

Kee 55 1 
(a) —In ( 5 ) @)In( 5 ) CaS 

eit (=) aye (= 
(D) Des. oe 

Exploration 

1 

72. Let f(t) = and G(x) = [x0 dt. 

(a) Find the first four nonzero terms and the general term for a 

power series for f(t) centered at t = 0. 

1+ 2 

(b) Find the first four nonzero terms and the general term for a 

power series for G(x) centered at x = 0. 

(c) Find the interval of convergence of the power series in part (a). 

(d) The interval of convergence of the power series in part (b) is 

almost the same as the interval in part (c), but includes two 

more numbers. What are the numbers? 

Extending the Ideas 

The sequence {a,,} converges to the number L if to every positive 

number ¢ there corresponds an integer N such that for all n, 

n>N => |a,—L|<e. 

L is the limit of the sequence and we write lim,-.,, a, = L. If no 

such number L exists, we say that {a, } diverges. 

73. Tail of a Sequence Prove that if {a,} is a convergent 

sequence, then to every positive number e there corresponds an 

integer N such that for all m and n, 

m>N and n>N => |a,—a,|<e. 

(Hint: Let lim,—.,, ad, = L. As the terms approach L, how far 

apart can they be?] 

74. Uniqueness of Limits Prove that limits of sequences are 

unique. That is, show that if L; and L, are numbers such that 

lim, — oo A, = L; and lim,-.,, a, = Lz, then L; = Lo. 

75. Limits and Subsequences Prove that if two subsequences 

of a sequence {a,,} have different limits L; ~ Ly, then {a, } 
diverges. 

76. Limits and Asymptotes 

(a) Show that the sequence with nth term a, = (3n + 1)/(n + 1) 

converges. 

(b) If lim, .,, a, = L, explain why y = L is a horizontal asymp- 

tote of the graph of the function 

obtained by replacing n by x in the nth term. 
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10.2 Taylor Series 
You will learn how to build a power 

series to represent a function by 

choosing the coefficients judiciously, 

using the function and its derivatives 

at a point. You will construct power 

series for some familiar functions 

and explore the convergence of such 

series graphically. 

« Constructing a Maclaurin 

polynomial using derivatives at 0 

« Maclaurin series for sin x and cos x 

« Taylor series and Taylor polynomials 

« Observing the convergence of 

Maclaurin polynomials graphically 

« Combining and manipulating Taylor 

series to form new series 

« Atable of Maclaurin series and their 

intervals of convergence 

Constructing a Series 
A comprehensive understanding of geometric series served us well in Section 10.1, 

enabling us to find power series to represent certain functions and functions that are 

equivalent to certain power series (all of these equivalencies being subject to the condition 

of convergence). In this section we learn a more general technique for constructing power 

series, one that makes good use of the tools of calculus. 

Let us start by constructing a polynomial. 

EXPLORATION 1 Designing a Polynomial to Specifications 

Construct a polynomial P(x) = ag + ayx + ax* + a3x> + ayx* with the follow- 
ing behavior at x = 0: 

P(0) = 5, 

P'(0) = 7, 

P"(0) = 11, 

P"(0) = 13, and 

P“)(0) =17 

This task might look difficult at first, but when you try it you will find that the pre- 

dictability of differentiation when applied to polynomials makes it straightforward. 

(Be sure to check this out before you move on.) 

There is nothing special about the number of derivatives in Exploration 1. We could 

have prescribed the value of the polynomial and its first n derivatives at x = O for any n 

and found a polynomial of degree at most n to match. Our plan now is to use the technique 

of Exploration 1 to construct polynomials that approximate functions by emulating their 

behavior at 0. 

EXAMPLE 1 Approximating In (1 + x) by a Polynomial 

Construct a polynomial P(x) = ay + ax + ax? + a3x3 + a4x* that matches the 
behavior of In (1 + x) at x = 0 through its first four derivatives. That is, 

P(O) = In(1 + x) at x = 0, 

P'(0) =(In(1+x))' atx=0, 

P’(0) = (In(1 + tee Ohne, {). 

at x = 0, and 

) 

x)) 
pO) = (In(1 + x))" 

P(4)(0) = (In(1 + x)) (4) atx=0 

SOLUTION 

This is just like Exploration 1, except that first we need to find out what the numbers 

are. 

POY Sn 2) 
x=0 

| 

NTS Ae x=0 continued 
P'(0) = 
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” ive, 1s I —_—- — 

: @ " (1 a a) x=0 . 

IA) = 2 2 Beet x) ey 
6 

amaia sa. 
In working through Exploration 1, you probably noticed that the coefficient of the term 

x" in the polynomial we seek is P“)(0) divided by n!. The polynomial is 

- cae fie 
+ ey = wre Now Try Exercise 17. 

We have just constructed the fourth-order Taylor polynomial for the function 

In(1 + x) at x = 0. You might recognize it as the beginning of the power series we 

discovered for In (1 + x) in Example 5 of Section 10.1, when we came upon it by inte- - 
grating a geometric series. If we keep going, of course, we will gradually reconstruct 

that entire series one term at a time, improving the approximation near x = 0 with every 

term we add. The series is called the Taylor series generated by the function In (1 + x) 

atx = 0. 

You might also recall Figure 10.3, which shows how the polynomial approximations 

converge nicely to In(1 + x) near x = 0, but then gradually peel away from the curve as 

x gets farther away from 0 in either direction. Given that the coefficients are totally deter- 

mined by specifying behavior at x = 0, that is exactly what we ought to expect. 

Series for sin x and cos x 

We can use the technique of Example | to construct Taylor series about x = 0 for any 

function, as long as we can keep taking derivatives there. Two functions that are particu- 

larly well suited for this treatment are the sine and cosine. 

EXAMPLE 2 Constructing a Power Series for sin x 

Construct the seventh-order Taylor polynomial and the Taylor series for sin x at 

x=0. 

SOLUTION 

We need to evaluate sin x and its first seven derivatives at x = 0. Fortunately, this is 

not hard to do. 

sin(0) = 0 

sin'(0) = cos(0)= 1 

sin"(0) = —sin(0) = 0 

sin”(0) = —cos (0) = -1 

sin)(0) = sin(0)= 0 

= | sin)(0) = cos (0) 

The pattern 0, 1, 0, —1 will keep repeating forever. continued 
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The unique seventh-order Taylor polynomial that matches all these derivatives at 

x = Ois 

1 1 1 
P,(x) = 0+ lx — 0x? - ae + Ox* + ane — Ox® — ae 

xe eal 

“Sotho sales Se 
P, is the seventh-order Taylor polynomial for sin x at x = 0. (It also happens to be of 

seventh degree, but that does not always happen. For example, you can see that Py for 

sin x will be the same polynomial as P,.) 

To form the Taylor series, we just keep on going: 

9 eo) x2ntl 
= 4+ — — oes = (+1) 

Siiseeih-~ 9! ier (2nectel i 

Now Try Exercise 3. 

EXPLORATION 2 A Power Series for the Cosine 

Group Activity 

1. Construct the sixth-order Taylor polynomial and the Taylor series at x = 0 for 

COS x. 

2. Compare your method for attacking part 1 with the methods of other groups. Did 

anyone find a shortcut? 

Beauty Bare 

Edna St. Vincent Millay, an American poet of the early 20th century, in referring to the 

experience of simultaneously seeing and understanding the geometric underpinnings of 

nature, wrote, “Euclid alone has looked on Beauty bare.” In case you have never experienced 

that sort of reverie when gazing upon something geometric, we intend to give you that 

opportunity now. ee 

In Example 2 we constructed a power series for sin x by matching the behavior of sin x 

at x = 0. Let us graph the first nine partial sums together with y = sin x to see how well 

we did (Figure 10.4). 

Behold what is occurring here! These polynomials were constructed to mimic the 

behavior of sin x near x = 0. The only information we used to construct the coefficients 

of these polynomials was information about the sine function and its derivatives at 0. Yet, 

somehow, the information at x = 0 is producing a series whose graph not only looks like 

sine near the origin, but appears to be a clone of the entire sine curve. This is no deception, 

either; we will show in Section 10.3, Example 3, that the Taylor series for sin x does, in 

fact, converge to sin x over the entire real line. We have managed to construct an entire 

function by knowing its behavior at a single point! (The same is true about the series for 

cos x found in Exploration 2.) 

We still must remember that convergence is an infinite process. Even the one- 
billionth-order Taylor polynomial begins to peel away from sin x as we move away 

from 0, although imperceptibly at first, and eventually becomes unbounded, as any 

polynomial must. Nonetheless, we can approximate the sine of any number to whatever 

accuracy we want if we just have the patience to work out enough terms of this series! 

This kind of dramatic convergence does not occur for all Taylor series. The Taylor 

polynomials for In (1 + x) do not converge outside the interval from —1 to 1, no matter 
how many terms we add. 
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(g) (h) (a) 

Figure 10.4 y = sin x and its nine Taylor polynomials P;, P;,..., P,z7 for -27 < x S 27. Try graphing these functions in the window 

[—2a, 2a] by [—5, 5]. 

Maclaurin and Taylor Series 
If we generalize the steps we followed in constructing the coefficients of the power series 

in this section so far, we arrive at the following definition. 

DEFINITION Taylor Series Generated by fat x = 0 (Maclaurin Series) 

Let f be a function with derivatives of all orders throughout some open interval 

containing 0. Then the Taylor series generated by f at x = 0 is 

” (n) os (0 

(0) + g(0)x +O 4 = ee ( ) ik 

This series is also called the Maclaurin series generated by f. 
continued 
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Who Invented Taylor Series? 
I eee 

Brook Taylor (1685-1731) was not 

the first to discover Taylor series, and 

Maclaurin series were not developed by 

Colin Maclaurin (1698-1746). The earli- 

est known discovery of such series took 

place in southwestern India in the state of 

Kerala. Three hundred years before Taylor 

or Maclaurin, the astronomer Madhava 

(c. 1340-1425) knew and used the 

Maclaurin series for sine, cosine, tangent, 

and cotangent. Europeans rediscovered 

these series in the 17th century. In 1668, 

Nicholas Mercator (1620-1687) published 

the Maclaurin series for In(1 + x). Three 

years later in a letter to John Collins, 

James Gregory (1638-1675) described the 

Maclaurin series for a long list of functions. 

By 1700, everyone seemed to know about 

them: Newton, Leibniz, Johann Bernoulli, 

and Abraham de Moivre each described 

how to use derivatives to produce such 

series, but only in letters and privately cir- 

culated manuscripts. 

Taylor was unaware of Gregory's work 

when he published his book Methodus 

Incrementorum Directa et Inversa in 1715, 

containing what we now call Taylor series. 

Maclaurin quoted Taylor's work in a calcu- 

lus book he wrote in 1742. The book popu- 

larized series representations of functions, 

and although Maclaurin never claimed to 

have discovered them, Taylor series cen- 

tered at x = 0 became known as Maclaurin 

series. History evened things up in the 

end. Maclaurin, a brilliant mathematician, 

was the original discoverer of the rule for 

solving systems of equations that we call 

Cramer's rule. 

The partial sum 

FR IO 
P, (x) ia 22 k! 

is the Taylor polynomial of order n for f at x = 0. 

xk 

We use f(°) to mean f. Every power series constructed in this way converges to the 

function f at x = 0, but we have seen that the convergence might well extend to an inter- 

val containing 0, or even to the entire real line. When this happens, the Taylor polynomials 

that form the partial sums of a Taylor series provide good approximations for f near 0. 

EXAMPLE 3 Approximating a Function Near 0 

Find the fourth-order Taylor polynomial that approximates y = cos 2x near x = 0. 

SOLUTION 

The polynomial we want is P,(x), the Taylor polynomial for cos 2x at x = 0. 

Before we go cranking out derivatives, though, remember that we can use a known 

power series to generate another, as we did in Section 10.1. We know from Exploration 2 

that 

x2 x4 x2n 

ae et ae Bag Ne Sipe 3 cosx = | TI = mr sue ht al (2n)! + 

Therefore, 

(2x) (2x )e (2x) 
COS 2 ae ae ee es gi 

So, 

(2a Pili Deep 
A) Foglia) ea Ts 

1 = 2x? + (2/3 )x* 

The graph in Figure 10.5 shows how well the polynomial approximates the cosine near 

x = 0. Now Try Exercise 5. 

[-3, 3] by [-2, 2] 

Figure 10.5 The graphs of y = 1 — 2x? + (2/3)x* and y = cos 2x near 
x = 0. (Example 3) 

These polynomial approximations can be useful in a variety of ways. For one thing, 

it is easy to do calculus with polynomials. For another thing, polynomials are built using 

only the two basic operations of addition and multiplication, so computers can handle 

them easily. 



Order and Degree 
I 

As noted in the solution to Example 2, the 

Taylor polynomial of order n might not have 

degree n, since the coefficient of the term 

with degree n might be zero. 
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EXPLORATION 3 | Approximating sin 13 

How many terms of the series 

x2ntl 
= il 1 

x bite? nes 1)! 

are required to approximate sin 13 accurate to the third decimal place? 

1. Find sin 13 on your calculator (radians, of course). 

2. Enter these two multiple-step commands on your home screen. They will give 

you the first-order and second-order Taylor polynomial approximations for sin 13. 

Notice that the second-order approximation, in particular, is not very good. 

O-N: 13>T 

13 

N+1>N: T+(-1AN*1 

34(2N+41)/(2N+1)! 

at 
-353.1666667 

3. Continue to hit ENTER. Each time you will add one more term to the Taylor 

polynomial approximation. Be patient; things will get worse before they get 

better. 

4. How many terms are required before the polynomial approximations stabilize in 

the thousandths place for x = 13? 

This strategy for approximation would be of limited practical value if we were restricted 

to power series at x = 0—but we are not. We can match a power series with f in the same 

way at any value x = a, provided we can take the derivatives. In fact, we can get a formula 

for doing that by simply “shifting horizontally” the formula we already have. 

DEFINITION Taylor Series Generated by fat x = a 

Let f be a function with derivatives of all orders throughout some open interval 

containing a. Then the Taylor series generated by f at x = a is 

"(a ("\(q 

fla) + #'(ay(x- a) + Oy apt +4 Lee ete 

The partial sum 

alg 
Ba) = a (= - 2) 

is the Taylor polynomial of order n for f at x = a. 
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(-1, 4] by [-10, 50] 

Figure 10.6 The graphs of y = e* and 

y = P3(x) (the third-order Taylor poly- 

nomial for e* at x = 2). (Example 4) 

EXAMPLE 4 A Taylor Series at x = 2 

Find the Taylor series generated by f(x) = e* at x = 2. 

SOLUTION 
We first observe that f(2) = f'(2) = f"(2) =-+: = f™(2) = e?. The series, 
therefore, is 

e? e 
et = et eta = 2) ee ee ho haege.) er 

| 

= tM8 iss pasate See 

ge 
& | 

i) 
nS 

~ 

We illustrate the convergence near x = 2 by sketching the graphs of y = e* and 

y = P(x) in Figure 10.6. Now Try Exercise 13. 

EXAMPLE 5 Taylor Polynomials for a Polynomial 

Find the third-order Taylor polynomial for f(x) = 2x? — 3x? + 4x — 5 

(a) atx = 0. (b) atx = 1. 

SOLUTION 

(a) This is easy. This polynomial is already written in powers of x and is of degree 

three, so it is its own third-order (and fourth-order, etc.) Taylor polynomial at x = 0. 

(b) This would also be easy if we could quickly rewrite the formula for f as a poly- 

nomial in powers of x — 1, but that would require some messy tinkering. Instead, we 

apply the Taylor series formula. 

f(l) = 2 Sea =-2 
x=1 

f'C1) Ge Ge eae = 74 
x=1 

FL = 12 = 6 = 6 
x=1 

f"(1),= t2 

So, 

6 12 
P;(x) = -2 + 4(x -— 1) + ee Dias Tele 1)° 

This polynomial function agrees with f at every value of x (as you can verify by multiply- 

ing it out) but it is written in powers of (x — 1) instead of x. Now Try Exercise 15. 

Combining Taylor Series 
On the intersection of their intervals of convergence, Taylor series can be added, sub- 

tracted, and multiplied by constants and powers of x, and the results are once again Taylor 

series. The Taylor series for f(x) + g(x) is the sum of the Taylor series for f(x) and the 
Taylor series for g(x) because the nth derivative of f + gis f + g(”), and so on. We can 
obtain the Maclaurin series for (1 + cos 2x)/2 by substituting 2x in the Maclaurin series 

} 
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for cos x, adding 1, and dividing the result by 2. The Maclaurin series for sin x + cos x is 

the term-by-term sum of the series for sin x and cos x. We obtain the Maclaurin series for 

x sin x by multiplying all the terms of the Maclaurin series for sin x by x. 

EXAMPLE 6 Building Series from Known Series 

e2x = jl 

Find a Maclaurin series to represent the function f(x) = . What is its interval 

of convergence? 

2 3 n 

Eienecalthiee Pe ee a 

2x2 pee 2x) 
siete: oR Fr oD a code 

2! sy n! 

2x)? 2x )3 2x)" 
Teese aie Deets SO EO Me Cans 3 

2! 3! 7" 
2x — | 1 2x)? 2x )3 2x) 

Finally, — = iar +! geval ones nae irl a) 
j 3 2! 3! i 

=e a as ge zi ae 3 aa oe z ha 2 
Mago)! | 3° Ske 3 a 3 pl 

Since the Maclaurin series for e* converges for all real numbers, the series we have 

constructed from it also converges for all real numbers. Now Try Exercise 25. 

Table of Maclaurin Series 

We conclude the section by listing some of the most useful Maclaurin series, all of which 

have been derived in one way or another in the first two sections of this chapter. The exer- 

cises will ask you to use these series as basic building blocks for constructing other series 

(e.g., tan! x? or 7xe*). We also list the intervals of convergence, although rigorous proofs 

of convergence are deferred until we develop convergence tests in Sections 10.4 and 10.5. 

Maclaurin Series (Taylor Series at x = 0) 

1 Co 

quae ts Leatix? es et = Sx (| <= 1) 
Ske n=0 

1 Co 

ise = [| — 74x = Rte + (=x) $e = Saar a fh) 

x n=0 

2 n co +n 

esse ot ee ee (all real x) 
; : n=0 

soba ont 
a — — one + =< n 

a ie asians ad oat 
oo x2ntl 

Saad n 2 ( ) (Qn 1)! (all real x) 

i aa x 
= -_-_— — — eee + (- n cosx = 1 7 ae (-1) (2n)! 

= Ss (ir oe (all real x) 
n=0 (2n)! 

continued 
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Ke x0 
ee ag SPR i (pm Ye E 5G ARR te a mids (="1) . 

co n 

= Dn sidiihree (1 meal) 
n=1 

ae anes antl 
== Ere Maat tiipce! Sc Oi Oks AN 

caine gaL Te 7. Ce 

=F oy als) 

Exercise numbers with a gray background indicate problems that the In Exercises 6-10, find dy/dx. (Assume that letters other than x 

authors have designed to be solved without a calculator. represent constants.) 

In Exercises 1-5, find a formula for the nth derivative of the . x" an, - 25h =a)? 

function. Gy) - a Gay= rae rer ss 

1 2nt+1 a ( xt a) 

qc er 2 \ 8. — ital a hee i] = ————_ 

3. 3* 4, Inx “a (i= he 

5. nye ) 10. Lp n! 

Section 10.2 Exercises 

In Exercises | and 2, use the formula in the definition to In Exercises 15-17, use the methods of Example 5 to find the Taylor 

construct the fourth-order Taylor polynomial at x = 0 for the polynomial of order 3 generated by f 

function. (ajatx=0;  Q)atx=il. 

ODF) = Vi bite x? HD f(x) =e GB s(x) = 23 - 2x +4 (1G) f(x) = 2x3 + x2 + 3x -8 

In Exercises 3 and 4, use the formula in the definition to construct (Ae f(x) = x* 

the fifth-order Taylor polynomial and the Taylor series for the func- In Exercises 18-21, find the Taylor polynomials of orders 0, 1, 2, 

tion at x = 0. and 3 generated by f at x = a. 
1 

Bix) aay CBs) ae. 18) f(x) = ‘, a=2 19) f(x) =sinx, a= 7/4 

In Exercises 5—12, use the table of Maclaurin series at the end of this GB f(x) = cosx, a= 2/4 GB rx) = Vaiss 

section. Construct the first three nonzero terms and the general term 22. Let f be a function that has derivatives of all orders for all real 
of the Maclaurin series generated by the function and give the inter- numbers. Assume f(0) = 4, f’(0) = 5, f"(0) = —8, and 
val of convergence. f'"(0) = 6. 

OBosin 2x — Bn -») 
Gian -' x? OB rx e* 

OB cos (5) Ox? cose ; ni ; 

eae 
Ga. , ay be 

ss A) 5 

In Exercises 13 and 14, inte Tio ele aa y the 
wiih m 

(43) f(x) = — a2 GO (x) = et 

(a) Write the third-order Taylor poiyucmsial for f at x = 0 and 

a ae ae Ais 

ve a 



24. 

25. 

26. 

27. 

28. 

29. 

30. 

31. 

series for both sin x and cos x but is having a hard time remem- 

The Maclaurin series for f(x) is 

ie ig wae 
Sil pe ee a oe Fx) Fianna (n + 1)! 

(a) Find f’(0) and f(!9)(0). 

(b) Let g(x) = xf(x). Write the Maclaurin series for g(x), 
showing the first three nonzero terms and the general term. 

(c) Write g(x) in terms of a familiar function without using 

series. 

(a) Write the first three nonzero terms and the general term of 

the Taylor series generated by e*/? at x = 0. 

(b) Write the first three nonzero terms and the general term of a 

power series to represent 

x] 
Be 

(c) For the function g in part (b), find g’(1) and use it to show 
that 

Let 

f(t) = —s and G(x) = [soa 

(a) Find the first four terms and the general term for the 

Maclaurin series generated by f. 

(b) Find the first four nonzero terms and the Maclaurin series 

for G. 

(a) Find the first four nonzero terms in the Taylor series gener- 

ated by f(x) = V1 + xatx=0. 

(b) Use the results found in part (a) to find the first four nonzero 

terms in the Taylor series for g(x) = V1 + x? atx = 0. 

(c) Find the first four nonzero terms in the Taylor series at 

x = 0 for the function A such that h'(x) = V1 + x? and 
h(0) = 5. 

Consider the power series 

ee 3 
Pe where dy = | and a, = (2a forsale 

(This defines the coefficients recursively.) 

(a) Find the first four terms and the general term of the series. 

(b) What function f is represented by this power series? 

(c) Find the exact value of f'(1). 

Use the technique of Exploration 3 to determine the number 

of terms of the Maclaurin series for cos x that are needed to 

approximate the value of cos 18 accurate to within 0.001 of the 

true value. 

Writing to Learn Based on what you know about polynomial 

functions, explain why no Taylor polynomial of any order could 

actually equal sin x. 

Writing to Learn Your friend has memorized the Maclaurin 

bering which is which. Assuming that your friend knows the 

trigonometric functions well, what are some tips you could give 

that would help match sin x and cos x with their correct series? 

32. 

33. 

34. 

35. 

36. 
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What is the coefficient of x° in the Maclaurin series generated 

by sin 3x? 

What is the coefficient of (x — 2)? in the Taylor series gener- 
ated by In x at x = 2? 

Writing to Learn Review the definition of the linearization of 

a differentiable function f at a in Chapter 5. What is the connec- 

tion between the linearization of f and Taylor polynomials? 

Linearizations at Inflection Points 

(a) As the figure below suggests, linearizations fit particu- 

larly well at inflection points. As another example, graph 

Newton’s serpentine f(x) = 4x/(x? + 1) together with its 

linearizations at x = 0 and x = V3. 

(b) Show that if the graph of a twice-differentiable function f(x) 

has an inflection point at x = a, then the linearization of f 

at x = a is also the second-order Taylor polynomial of f at 

x = a. This explains why tangent lines fit so well at inflec- 

tion points. 

The graph of f(x) = cos x and its linearization at 7/2. 

(Exercise 35) 

According to the table of Maclaurin series, the power series 

x x x2ntl 

converges at x = +1. To what number does it converge when 

x = 1? To what number does it converge when x = —1? 

hese || 

3 5 

4 -+(-1)" a (ml) Kia 

Standardized Test Questions 
In Exercises 37 and 38, the Taylor series generated by f(x) at 

x = Ois 

3 5 antl 
—, SS + eae ie + = n 

; a Brann 

37. True or False f(0) = 0. Justify your answer. 

38. True or False f”(0) = —1/3. Justify your answer. 

(39, Multiple Choice If f(0) = 0, f'(0) = 1, f"(0) = 0, and 
f""(0) = 2, then which of the following is the third-order Taylor 
polynomial generated by f(x) at x = 0? 

2 
(C) zt +x 

1 1 
(A)2e +2  (B)5x° + 5x 

2 

(D) 2x3 — x (E) a +x 

“40. Multiple Choice Which of the following is the coefficient of 

x* in the Maclaurin series generated by cos (3x)? 

(A) 27/8 (B) 9 (C) 1/24 (D) 0 (E) —27/8 
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41. Multiple Choice Which of the following is the fourth-order 

Taylor polynomial for sin (x) at x = 7/2? 

Avie oer re ae i) eae 

(x = a /2)? 0i(x =r /2)4 

(x /2)? (x 0/2)! 
(@1-A—fE" a 

(D) I — (x — w/2)2 + (x — a/2)* 

(Bl tale. /2)? Ge a 24 

42. Multiple Choice Which of the following is the Taylor series 

for sin (x) atx = 7/2? 

Lay Ae — 7 /2)™ 
A) > ( 1) | toa yeas 

oO é eileen) 4) aca 

wy > | ) (2n)! 

oo (x = ar /2)** 

© 2 Gn) 
(D) S (1b) a2) 

n=0 

() S Ga 72) 
n=0 

Explorations 
43. (a) Using the table of Maclaurin series, find a power series to 

represent f(x) = (sin x) /x. 

(b) The power series you found in part (a) is not quite a 

Maclaurin series for f, because f is technically not eligible to 

have a Maclaurin series. Why not? 

(c) If we redefine f as follows, then the power series in part (a) 

will be a Maclaurin series for f. What is the value of k? 

sin x 
Shy wb pee 

x 

k, x=0 

44. Group Activity Find a function f whose Maclaurin series is 

1x! + 2x? + 3x3 oss 4+ mx" +>, 

Extending the Ideas 
45. The Binomial Series Let f(x) = (1 + x)” for some nonzero 

constant m. 

(a) Show that f(x) = m(m — 1)(m — 2)(1 + x)""3. 

(b) Extend the result of part (a) to show that 

f(0) = m(m — 1)(m — 2)+++(m — k +1). 

(c) Find the coefficient of x* in the Maclaurin series generated 

by f. 

(d) We define the symbol (") as follows: 

(ee ee 
> 

k k! 

with the understanding that 

G)=1 mt (Gm 
With this notation, show that the Maclaurin series generated 

by f(x) = (1 + x)" is 

pi ae 
This is called the binomial series. 

46. (Continuation of Exercise 45) If m is a positive integer, 

explain why the Maclaurin series generated by f is a polynomial 

of degree m. (This means that 

(1+ x)"= = @E 
i=0 \k 

You may recognize this result as the Binomial Theorem from 
algebra.) 



10.3 Taylor’s Theorem 
You will be able to analyze trunca- 

tion error for Taylor polynomials 

using the alternating series error 

bound and the Lagrange error bound 

found in Taylor’s Theorem. 

¢ Taylor polynomials and truncation 

error 
¢ Truncation error for a geometric 

series 

¢ Truncation error bound for certain 

alternating series 

« Taylor's Theorem with Remainder 

« The Lagrange error bound 
¢ The Remainder Bounding Theorem 

« Deriving Euler’s Formula from 

Maclaurin series 

—- = 

[-7, 7] by [—0.00004, 0.00004] 
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Taylor Polynomials 

While there is a certain unspoiled beauty in the exactness of a convergent Taylor series, it 

is the inexact Taylor polynomials that essentially do all the work. It is satisfying to know, 

for example, that sin x can be found exactly by summing an infinite Taylor series, but if 

we want to use that information to find sin 3, we will have to evaluate Taylor polynomials 

until we arrive at an approximation with which we are satisfied. Even a computer must 

deal with finite sums. 

EXAMPLE 1 Approximating a Function to Specifications 

Find a Taylor polynomial that will serve as an adequate substitute for sin x on the inter- 

val | =a, 7 |: 

SOLUTION 

You do not have to be a professional mathematician to appreciate the imprecision of 

this problem as written. We are simply unable to proceed until someone decides what 

an “adequate” substitute is! We will revisit this issue shortly, but for now let us accept 

the following clarification of “adequate.” 

By “adequate,” we mean that the polynomial should differ from sin x by less than 

0.0001 anywhere on the interval. 

Now we have a clear mission: Choose P,(x) so that |P,(x) — sin x| < 0.0001 for 
every x in the interval [—7r, 7 |]. How do we do this? 

Recall the nine graphs of the partial sums of the Maclaurin series for sin x in Section 10.2. 

They show that the approximations get worse as x moves away from 0, suggesting that 

if we can make |P,(7r) — sin | < 0.0001, then P, will be adequate throughout the 
interval. Since sin 7 = 0, this means that we need to make |P,(a)| < 0.0001. 

We evaluate the partial sums at x = 77, adding a term at a time, eventually arriving at 

the following: 

nm—-73/3!4+7045/5!-n 

A7/7\+749/9!-nA1 

W11!+7413/13! 

2.114256749E5 

As graphical support that the polynomial P(x) is adequate throughout the interval, we 
Figure 10.7 The graph shows that 

|P,3(x) — sinx| < 0.00010 throughout 
the interval [—7r, 7 |. (Example 1) 

graph the absolute error of the approximation, namely |P,3(x) — sin x|, in the window 
[—7r, a] by [—0.00004, 0.00004 | (Figure 10.7). Now Try Exercise 11. 

In practical terms, then, we would like to be able to use Taylor polynomials to approxi- 

mate functions over the intervals of convergence of the Taylor series, and we would like 

to keep the error of the approximation within specified bounds. Since the error results from 

truncating the series down to a polynomial (that is, cutting it off after some number of 

terms), we call it the 
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y = x8/(1 — x?) 

([-1, 1] by [-5, 5] 

Figure 10.8 A graph of the truncation error 

on (—1, 1) if Ps(x) is used to approximate 

1/(1 — x?). (Example 2) 

Figure 10.9 The partial sums of this alter- 

nating series oscillate back and forth on 

either side of their eventual sum, In 2. 

This guarantees that the truncation error is 

always less than the first omitted term of 

the series in magnitude. 

EXAMPLE 2 Truncation Error for a Geometric Series 

Find a formula for the truncation error if we use 1 + x? + x4 + x® to approximate 
1/(1 — x?) over the interval (—1, 1). 

SOLUTION 

We recognize this polynomial as the fourth partial sum of the geometric series for 

1/(1 — x”). Since this series converges to 1/(1 — x?) on (—1, 1), the truncation 
error is the absolute value of the part that we threw away, namely, 

Jx8 + x10 + stone ke Sait le veel, 

This is the absolute value of a geometric series with first term x® and r = x?. Therefore, 

x8 
Jx8 + 104 --- + xm 4 ---| = 

1 — x? 

Figure 10.8 shows that the error is small near 0, but increases as x gets closer to 1 or —1. 

Now Try Exercise 13. 

You may recall in Section 10.1 that we had you look at calculator evidence that the 

Teer aed 
infinite series 1 — 5 ae ab +++ converges to In 2. In fact, this particular series has 

three properties that also enable us to say something simple about the truncation error. The 

three properties are: 

1. the terms alternate in sign; 

2. the terms decrease in absolute value; 

3. the terms approach 0 as a limit. 

Because of these three properties, the partial sums oscillate back and forth on either side 

of their eventual sum as they converge to In 2 in the limit (Figure 10.9). 

Since the nth partial sum and the (n + 1)st partial sum are on opposite sides of In 2, 
this means that the (n + 1)st term of the series is bigger than the truncation error! We will 
revisit this important fact when we study Leibniz’s Theorem in Section 10.5, but for now 

let us accept it as another special case for analyzing truncation error. 

Alternating Series Error Bound 

Suppose the terms of a series have the following three properties: 

1. the terms alternate in sign; 

2. the terms decrease in absolute value; 

3. the terms approach 0 as a limit. 

Then the truncation error after n terms is less than the absolute value of the 

(n + 1)st term. 

So we have a way of computing the truncation error for geometric series and a way of 

bounding the truncation error for particular kinds of alternating series, but what can we 

say about the truncation error for series that do not fit into either of these categories? That 

practical question sets the stage for Taylor’s Theorem. 

The Remainder 

Every truncation splits a Taylor series into two equally significant pieces: the Taylor 

polynomial P,(x) that gives us the approximation, and the remainder R,,(x) that tells us 
whether the approximation is any good. Taylor’s Theorem is about both pieces. 
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THEOREM 3 Taylor's Theorem with Remainder 

If f has derivatives of all orders in an open interval J containing a, then for each 

positive integer n and for each x in J, 

ices ha) et (a) a) Ete) (ea) er 

+ OO) (aye + Ra), 

where 

Perec) ~ 

R,(x) ae (n zi 1)! ie a) 

for some c between a and x. 

Pause for a moment to consider how remarkable this theorem is. If we wish to approxi- 

mate f by a polynomial of degree n over an interval /, the theorem gives us both a formula 

for the polynomial and a formula for the error involved in using that approximation over 

the interval J. 

The first equation in Taylor’s Theorem is Taylor’s formula. The function R,,(x) is the 
remainder of order n or the error term for the approximation of f by P,(x) over J. It is 

also called the Lagrange form of the remainder, and bounds on R,(x) found using this 

form are Lagrange error bounds. 

The introduction of R,(x) finally gives us a mathematically precise way to define 

what we mean when we say that a Taylor series converges to a function on an interval. If 

R,(x) — 0asn — oo for all x in J, we say that the Taylor series generated by f at x = a 
converges to f on /, and we write 

EXAMPLE 3 Proving Convergence of a Maclaurin Series 

Prove that the series 

converges to sin x for all real x. 

SOLUTION 

We need to consider what happens to R,(x) as 2 — oo. 

By Taylor’s Theorem, 

_ oe) 
ame et) R(x) 

where f("*!)(c) is the (n + 1)st derivative of sin x evaluated at some c between x 
and 0. This does not seem at first glance to give us much information, but for this 

continued 
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particular function we can say something very significant about f("*")(c): It lies 

between —1 and 1 inclusive. Therefore, no matter what x is, we have 

vos = Oy [Ri(x)| = reap 

. 46) nl 
a. Gace i 

I | n+l) pe 

(nee (n + 1)! 

What happens to |x|"*!/(n + 1)! as n > 00? The numerator is a product of n + 1 

factors, all of them |x|. The denominator is a product of n + 1 factors, the largest of 

which eventually exceed |x| and keep on growing as n — oo. The factorial growth in 

the denominator, therefore, eventually outstrips the exponential growth in the numera- 

tor, and we have |x|"*!/(n + 1)! — 0 for all x. This means that R,(x) — 0 for all x, 
which completes the proof. Now Try Exercise 15. 

EXPLORATION 1° Your Turn 

Modify the steps of the proof in Example 3 to prove that 

x2k 

Panes YO 

converges to cos x for all real x. 

Bounding the Remainder 
Notice in Example 3 and Exploration 1 that' we were able to use the remainder formula in 

Taylor’s Theorem to verify the convergence of two Taylor series to their generating func- 

tions (sin x and cos x) for all real numbers, and yet in neither case did we have to find an 

actual value for f("*!)(c). Let us take a closer look at the error term to see how we might 

generalize this approach. 

Gets bigger exponentially 

Behavior as n — oo if |x — a| > 1, but gets smaller 
depends on f and c. exponentially if |x — a] < 1. 

R(x) = forn(c) SA 
i : ‘ (nacteod)I Gets bigger no matter what, and 

factorial growth outstrips 

exponential growth. 

The Lagrange formula for the error suggests that lim R,(x) will be zero unless the 
n—oo 

f\"*D(c) factor grows without bound. In fact, it will still be zero if the f*")(c) factor 
only contributes more exponential growth to the numerator. That is the idea conveyed in 
the following Remainder Bounding Theorem. 
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THEOREM 4 Remainder Bounding Theorem 

If there are positive constants M and r such that |f("*!)(t)| < Mr"*! for all t 
between a and x, then the remainder R,(x) in Taylor’s Theorem satisfies the 
inequality 

ihe ee a 

BCA cae ee reeer 

If these conditions hold for every n and all the other conditions of Taylor’s Theorem 

are satisfied by f, then the series converges to f(x). 

It does not matter if M and r are huge; the important thing is that they do not get any 

more huge as n — oo. This allows the factorial growth to outstrip the exponential growth 

and thereby sweep R,,(x) to zero. 

EXAMPLE 4 Proving Convergence with the Remainder Bounding 

Theorem 
n lo ¢) 

The Maclaurin series for e” is eS ,_- Prove that it converges to e’* for all x. 
n=Q VT: 

SOLUTION 

First, note that if f(t) = e”, then f("*!)(t) = 7”*!e”. On any interval [ 0, x], the 

increasing function e” is bounded by M = e”*, so |f("*!)(t)| = M+ 7"*! for all t 

between 0 and x. On any interval [ x, 0], the increasing function e” is bounded by 

M = 1, soagain |f"*!)(t)| < M- 7"*! for all t between 0 and x. By the Remainder 
Bounding Theorem, the series converges to e”* in either case. Since x is arbitrary, the 

series therefore converges for all x. Now Try Exercise 17. 

Analyzing Truncation Error 
You now have three different ways to analyze the error when approximating a function at 

a point by a truncated series. Let us review them briefly. 

Geometric Series Error: If you happen to be truncating a convergent geometric series 
lo.) 

» an after n terms, then the remaining terms form a geometric series. The error can 
n=0 

be found exactly by using the usual formula with first term a,, and ratio r. Thus, 

an+1 
error = . In practice, of course, there is no real need to approximate the sum of a 

convergent geometric series, since you can find the sum exactly. 

co 

Alternating Series Error Bound: If you happen to be truncating a series Pe that is 
n=1 

alternating in sign, with terms that decrease in absolute value with a limit of zero, then 

there is a convenient upper bound on the error: the absolute value of the first discarded 

term. Thus, if the series is truncated after n terms, error < |a,+,|. Notice that this is not a 
formula for the error itself, which might be considerably smaller than the bound. 

oo (sea) 
Lagrange Error Formula: If you truncate any Taylor series  f(")(a) exer: after 

n=0 ‘. 

| hia 
n terms, then the exact error is given by error = | f"*!)(c) ———~_| for some c 
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between x and a. When using an nth-degree Taylor polynomial about a to approximate 

some f(x), you will know n, a, and x, but not c. However, you can still bound the error if 

you can find an upper bound on f‘"*!)(c) for all c between a and x. 

EXAMPLE 5 Bounding the Remainder (Two Ways) 

Suppose we use the first two terms of the Maclaurin series for f(x) = In (1 + x) to 
approximate f(0.1). Find a bound on the error by using (a) the alternating series error 

bound, and (b) the Lagrange error formula. 

SOLUTION 
2 

The truncated polynomial is P(x) = x — oi so f(0.1) ~ 0.1 — 0.17/2 = 0.095. 

(a) Since the Maclaurin series for f(x) = In (1 + x) satisfies the three criteria for 
using the alternating series error bound, we can say that the error is less than the mag- 

nitude of the third term of the series: error < |0.13/3| = 3.33 x 1074. 

(b) We first compute that f)(c) = 2(1 + c)~>. Then, using the Lagrange error formula, 

ee ee 0.152 0.1) 
Ce = 2 a pie eens = BABIES! 

(en! 3! 31), 

Since 0 < c < 0.1, the denominator is greater than 3, and so error < |0.13/3| = 
3.33.4 LO 

The actual error can be computed with a calculator: error = |In (1 + 0.1) — 0.095| = 
3.102 < 107+. We see that the error is less than the bound, as predicted. 

Now Try Exercise 19. 

we find error = | f@*)(c) 

It is also possible to find an upper bound for the error when a Taylor polynomial is 

used to approximate a function on an entire interval. In this case, it is necessary to find an 

upper bound for f‘"*!)(c) on the interval (as before), and it is also necessary to find an 
upper bound on the magnitude of |(x — a)"*!|. This amounts to finding the value of x in 
the interval that is the greatest distance from a. 

EXAMPLE 6 Bounding the Error on an Interval 

Suppose the second-order Taylor polynomial for f(x) about x = 2 is used as an 

approximation for f(x), and suppose that’| f(@)(x)| < 2.3 for all x in the interval 

[ 2, 2.5]. Show that | f(x) — P,(x)| < 0.05 for all x in the interval [2, 2.5]. 

SOLUTION 

First, observe that the value of x in the interval [ 2, 2.5] that maximizes (x — 2)? 
is x = 2.5. 

tage) 2.5 — 2)3 
|f(x) — Py(x)| = error = | f2(c) - eo Pore cameo 

Now Try Exercise 21. 

Euler’s Formula 

We have seen that sin x, cos x, and e* equal their respective Maclaurin series for all real 

numbers x. It can also be shown that this is true for all complex numbers, although we 

would need to extend our concept of limit to know what convergence would mean in that 

context. Accept for the moment that we can substitute complex numbers into these power 
series, and let us see where that might lead. 
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Srinivasa Ramanujan We mentioned at the beginning of the chapter that Leonhard Euler had derived some 

(1887— 1920 )) powerful results using infinite series. One of the most impressive was the surprisingly 
simple relationship he discovered that connects the exponential function e* to the trigo- 

Ramanujan, from south- ; ; Z 
ue nometric functions sin x and cos x. You do not need a deep understanding of complex 

ern India, wrote with 
amazing originality and numbers to understand what Euler did, but you do need to recall the powers of i = V—1. 

depth on a wide range of eee i we 

topics in mathematics, ap as law ict 
including infinite series, i7=-1 i 

prime and composite ba yas 

numbers, integers as the 

sum of squares, function it = 1 ii=1 etc. 
theory, and combinatorics. His theorems 

have influenced medical research and Now try this exploration! 
statistical mechanics. One of his identities 

has been used by computer programmers 

to calculate the decimal expansion of 7 ; 
to millions of digits. There are still areas EXPLORATION 2 Euler's Formula 

of his work that have not been explored. 

Ramanujan was largely self taught and, Assume that e*, cos x, and sin x equal their Maclaurin series (as in the table in 
although he worked with the British math- : 
Brnatigian Gali. Hardy, of Cambridge. he Section 10.2) for complex numbers as well as for real numbers. 

never graduated from college because he 1. Find the Maclaurin series for e*. 

HE eI ENGRMS BoE ASUS BEA Hi Bese 2. Use the result of part 1 and the Maclaurin series for cos x and sin x to prove that 

e* = cosx + isin x. This equation is known as Euler’s formt 

Use Euler’s formula to prove that e’” + 1 = 0. This beautiful eaten which 

brings together the five most celebrated numbers in mathematics in such a stun- 

ningly unexpected way, is also widely known as Euler’s formula. (There are still 

others. The prolific Euler had more than his share.) 

ri) | ron | =-1 
= i ~ 

Quick Review 10.3 (For help, go to Sections 3.3 and 4.1.) 

Exercise numbers with a gray background indicate problems that the In Exercises 6-10, tell whether the function has derivatives of all 

authors have designed to be solved without a calculator. orders at the given value of a. 

In Exercises 1-5, find the smallest number M that bounds | f| » 2 Lee 
from above on the interval / (that is, find the smallest M such that x+1? 

‘|F)| <= M for all x in /). Te mee 

OD f(x) = 200s (3x), F= [—20, 227] 8.sinx + cosx, a=7 
Gee f(x) =x? +3, I= [1,2] De a =0 

e3i ee) = RA l= i=3. 0] f 10. x3/2, = 0) 

@Bt) = 1212.2 

Dat? 0 NS 

Bi) - oe hit a Se] 

Section 10.3 Exercises 

In Exercises 1-10, give the first four nonzero terms and the general 

term of the Maclaurin series for the function. You may use the Table 1B) cos? x [Hint:cos?x = (1/2)(1 + cos 2x).] 

of Maclaurin Series found at the end of Section 10.2. ciiey [Er irdedadapt tise hint fon #%,1 

qe eZ; cos (7x/2) 2 

@3)5 sin (-x) @® in (1 + x?) a. 

@u — x)? (6) sinx — x + x3/3! 



- 

i 

a ae 
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11. Use graphs to find the minimal degree of a Taylor polynomial 

P,(x) for In (1 + x) so that |P,(x) — In(1 + x)| < 0.001 for 
every x in [—0.5, 0.5]. 

12. Use graphs to find the minimal degree of a Taylor polynomial 

P,(x) for cos x so that |P,(x) — cos x| < 0.001 for every x in 
[—a, om]. 

13. Find a formula for the truncation error if we use P.(x) to 

approximate = n(—1/2, 4/2) 

14. Find a formula for the truncation error if we use P(x) to. 
fj 1 

approximate 7——— on (anti) 

In Exercises 15—18, use the Remainder Bounding Theorem to prove 

that the Maclaurin series for the given function converges to that 

function for all real x. 

15. cos x 16. sin 5x 

17. cos 8x Ge -* 

19. Suppose you use P;(x) = x — (x3/6) to approximate sin (0.5). 
Give a bound on the error of the approximation based on 

(a) the alternating series error bound and (b) the Lagrange 

error formula. 

20. Suppose you use P;(x) = 1 — (x?/2) to approximate cos (0.5). 
Give a bound on the error of the approximation based on 

(a) the alternating series error bound and (b) the Lagrange 

error formula. 

21. If P;(x) = 1 — (x?/2) is used to approximate cos x for 
|x | < 0.5, find a bound for the maximum error based on 

(a) the alternating series error bound and (b) the Lagrange error 

formula. Will the approximation be too large or too small? 

(az Find a bound based on (a) the alternating series error bound and 

(b) the Lagrange error formula for the closeness of the approxi- 

mation sinx ~ x when | x| < 0.1. (¢) For which of these val- 
ues is x < sin x? 

23. The approximation V 1 + x ~ 1 + (x/2) can be used when x 
is small. If | x | < 0.01, estimate the maximum error graphically. 

(24. Hyperbolic sine and cosine The hyperbolic sine and hyper- 
bolic cosine functions, denoted sinh and cosh respectively, are 

defined as 

ai > Oe =a 

Ege een and Tene fea es 
fs Z 

(Appendix A6 gives more information about hyperbolic 
begin : 

te quadrae ppr cals se 
tion matches the value and slope of f at a, w! 

In Exercises 27-31, find (a) the linearization and (b) the quadratic 

approximation of the given function at x = 0. Then use your grapher 

to verify the ee graphical behavior. 

27. pe = In (cos x) 28. f(x) = esinx 

29. f(x) =1/V1—x2 30. f(x) = secx 

31. f(x i = tan #¥ 

(32. Let f be the function given by f(x) = sin (s: = 7), and let 

P3(x) be the third-degree Taylor polynomial for f about x = 0. 

(a) Find P(x) by computing the coefficients. 

(b) Find the coefficient of x2? in the Taylor series for f about 

= 0. 

(c) Use the Lagrange error bound to show that 

a5) = 5) = io 
x 

(d) Let G be the function given by G(x) = / f(t) dt. Write 
0 

the third-degree Taylor polynomial for G about x = 0. 

2x 

eee 

(a) Write the first four nonzero terms and the general term of the 

Taylor series for f about x = 0. 

(33. Let f be the function given by f(x) = 

(b) Does the series found in part (a), when evaluated at x = 1, 

converge to f(1)? Explain why or why not. 

2x 
(c) The derivative of In (1 + x?) is a a Write the first four 

nonzero terms of the Taylor series for In (1 + x?) about 

x= 0. 

(d) Use the series found in part (c) to find a rational number A 

such that r =i in (2) Justify your answer. 
1 

ee 
100 

(34) Let f(x) = sin (x2) + cos x. 

The graph of y = | f()(x)| is shown below. 

(a) Write the first four nonzero terms of the Taylor series for f 

about x = 0. 

(b) Find the value of f (8)(0). 

(c) Let P,(x) be the fourth-degree Taylor polynomial for f about 
x = 0. Using information from the graph of y = |f°)(x)|, 

"lA ae show that 



35. Consider the initial value problem, 

ae, =e and =2 whenx = 0 dx z 
(a) Can you find a formula for the function y that does not 

involve any integrals? 

(b) Can you represent y by a power series? 

(c) For what values of x does this power series actually equal the 

function y? Give a reason for your answer. 

36. (a) Construct the Maclaurin series for In (1 — x). 

(b) Use this series and the series for In (1 + x) to construct a 

Maclaurin series for 

t+ 
In ( =) 

ax; 

37. Identifying Graphs Which well-known functions are approxi- 

mated on the interval (—7/2, 7/2) by the following Taylor 
polynomials? 

He DEMS Le NOD? 
+++ -—+4 

@x+ ot o5 + 315 * 2935 

ge Si IER ae 
(BD) a ee 

a) 24 720 8064 

Standardized Test Questions 
You may use a graphing calculator to solve the following problems. 

38. True or False The degree of the linearization of a function f at 

x = a must be 1. Justify your answer. 

co xntl 

39. True or False If ») 
n=0 7 

Maclaurin series for the function f(x), then f’(0) = 1. Justify 
your answer. 

40. Multiple Choice Which of the following gives the Taylor 

polynomial of order 5 approximation to sin (1.5)? 

(A) 0.965 (B) 0.985 (C) 0.997 (D) 1.001 (EK) 1.005 

x3 

= FAS oe  tey ais the 
be og 2! 

ntl ae 
ae thea pian Bertie 

Th q 

Maclaurin series for f(x). Which of the following is f('7)(0), 
the 12th derivative of f at x = 0? 

(A) 1/11! (B)1/12! (C0 (W)1 (@®12 

x2n a6 2 
: . . cS) n = 1 — + ——a 0 ie fe 42. Multiple Choice Let > ( 1) (Qn)! 51. Las 

be the Maclaurin series for cos x. Which of the following gives 

the smallest value of n for which |P,(x) — cos x| < 0.01 for all 

x in the interval [—7, 7 ]? 

(A) 12 (B) 10 (C) 8 (D) 6 (E) 4 

43. Multiple Choice Which of the following is the quadratic 

approximation for f(x) = e~* at x = 0? 

41. Multiple Choice Let >) 
n=0 

1 1 » oy ih ees (A) 1 x+5x (B)1—x 5% 

Oltxt 5x (D) 1 +x 

(E)1-x 
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Explorations 
44. Group Activity Try to reinforce each other’s ideas and verify 

your computations at each step. 

(a) Use the identity 

1 
sin? x = eid — cos 2x) 

to obtain the Maclaurin series for sin? x. 

(b) Differentiate this series to obtain the Maclaurin series for 

2 sin x COS x. 

(c) Verify that this is the series for sin 2x. 

45. Improving Approximations to z 

(a) Let P be an approximation of 7 accurate to n decimal places. 

Check with a calculator to see that P + sin P gives an 

approximation correct to at least 3n decimal places! 

(b) Use the alternating series error bound and the Maclaurin 

series for sin x to explain what is happening in part (a). 

[Hint: Let P = aw + x, where x is the error of the estimate. 

Why should (P + sinP) — zr be less than x*?] 

46. Euler’s Identities Use Euler’s formula to show that 

eid 4. poi a = e718 
(ajicosi@ = = and i) sax = $$} 

2} 2i 

47. A Divergent Remainder Recall that the Maclaurin series for 

converges only if |x| < 1. By analyzing partial iC) ele 
sums of the series, find a formula for the remainder R,,(x) when 

x = —1 and show that lim R,(x) # 0. 
n—oo 

48. Follow-up to Exercise 47 Show that the value of c in the 

Lagrange error formula that will yield the error R,(—1) found in 
wie 

Exercise 47 isc = 1 — area), 

Extending the Ideas 
49. When a and b are real numbers, we define e(¢*) * with the 

equation 

ela ttt) 2 ett. Git et (cog bx 1 Sulit) e 

Differentiate the right-hand side of this equation to show that 

L elavis = (a zits ib) e(arib) x. 

Thus, the familiar rule 

<e = ke 

holds for complex values of k as well as for real values. 

50. (Continuation of Exercise 49) 

(a) Confirm the antiderivative formula 

[estan te eee 
a* + b 

by differentiating both sides. (In this case, C = C; + iC, isa 

complex constant of integration.) 

(b) Two complex numbers a + ib and c + id are equal if and 

only if a = c and b = d. Use this fact and the formula in 

part (a) to evaluate rf e* cos bx dx and " e* sin bx dx. 
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Quick Quiz for AP* Preparation: Sections 10.1—-10.3 

ile peel ges Which of the following is the sum of the 3. Multiple Choice Which of the following is the Taylor series 

d generated by f(x) = 1/x atx = 1? 
series Sse e . 

Aube (A) SS (x - 1)" (B) S (-1)"x" 
2 T n= r (Ay 22a (B) (C) : 1=0 1=() 

ie ewe M0 eS xy 
2 (C) x (-1)(x«+1)" @Q) > ay 

(D) = (E) The series diverges. t jie 

. : aan (e) Se Lyte =ah)e 
2. Multiple Choice Assume that f has derivatives of all orders 

for all real numbers x, f(0) = 2, f’(0) = —1, f"(0) = 6, and 4. Free Response Let f be the function defined by 
f’"(0) = 12. Which of the following is the third-order Taylor é 4\n 

polynomial for f at x = 0? f(x)= > 2(2 = ) 

(A) 2 — x + 3x? + 2x3 (B) 2 — x + 6x? + 12x3 oe 
\ for all values of x for which the series converges. 

(C)2—5x+ bape ae (hp Seager cm gk (a) Find the interval of convergence for the series. 

(Bs ee (b) Find the function that the series represents. 

ate 



You will understand the importance 

of convergence and will be able to 

use the Ratio Test to find the radius 

of convergence for power series. 

- The importance of convergence 

« The nth-Term Test 

« The Direct Comparison Test 

« Absolute and conditional 

convergence 
« The Ratio Test 

¢ The radius of convergence of a 

power series 

» Possible behavior at the endpoints 

of an interval of convergence 

« Telescoping series 

10.4 Radius of Convergence 
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Convergence 

Throughout our explorations of infinite series we stressed the importance of convergence. 

In terms of numbers, the difference between a convergent series and a divergent series 

could hardly be more stark: A convergent series is a number and may be treated as such; 

a divergent series is not a number and must not be treated as one. 

Recall that the symbol “=” means many different things in mathematics. 

= 1 + 1 = 2 signifies equality of real numbers. It is a true sentence. 

2(x — 3) = 2x — 6 signifies equivalent expressions. It is a true sentence. 

3. x? + 3 = 7 is an equation. It is an open sentence, because it can be true or false, 

depending on whether x is a solution to the equation. 

4. (x? — 1)/(x + 1) =x — 1 is an identity. It is a true sentence (very much like 
the equation in (2)), but with the important qualification that x must be in the 

domain of both expressions. If either side of the equality is undefined, the sentence 

is meaningless. Substituting —1 into both sides of the equation in (3) gives a sen- 

tence that is mathematically false (i.e., 4 = 7); substituting —1 into both sides of | 

this identity gives a sentence that is meaningless. 

EXAMPLE 1 The Importance of Convergence 

Consider the sentence 

1 
So iy hye eee Saye Ge 200 gm (eee Ge 

Vane Gee a 

For what values of x is this an identity? 

SOLUTION 

The function on the left has domain all real numbers. The function on the right can be 

viewed as a limit of Taylor polynomials. Each Taylor polynomial has domain all real 

numbers, but the polynomial values converge only when |x| < 1, so the. series has the 

domain (—1, 1). If we graph the Taylor polynomials (Figure 10.10), we can see the 

dramatic convergence to 1/(1 + x7) over the interval (—1, 1). The divergence is just 
as dramatic for |x| = 1. 

For values of x outside the interval, the statement in this example is meaningless. The 

Taylor series on the right diverges, so it is not a number. The sentence is an identity for 

xin (ey Now Try Exercise 1. 

1 
| + x2 Partial Sums 

[-2, 2] by [el 2] [-2, 2] by [-1, 2] 

(a) (b) 

Figure 10.10 (a) The graph of y = 1/(1 + x”) and (b) the graphs of the Taylor polynomials 
P,(x), Px(x), Po(x), Pg(x), and Pio(x). The approximations become better and better, but only 
over the interval of convergence (—1, 1). (Example 1) 
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Seki Kowa (1642-1708) 
Child prodigy, brilliant 

mathematician, and 

inspirational teacher, 

Seki Kowa was born 

into a Samurai war- 

rior family in Fujioka, 

Kozuke, Japan, and 

= adopted by the family 

of an accountant. 

Among his contribu- 

tions were an improved method of solving 

higher-degree equations, the use of deter- 

minants in solving simultaneous equations, 

and a form of calculus known in Japan as 

yenri. |t is difficult to know the full extent 

of his work because the samurai code 

demanded great modesty. Seki Kowa is 

credited with awakening in Japan a scientific 

spirit that continues to this day. 

As convincing as these graphs are, they do not prove convergence or divergence as 

n — oo. The series in Example 1 happens to be geometric, so we do have an analytic 

proof that it converges for |x| < 1 and diverges for |x| = 1, but for nongeometric series 
we do not have such undeniable assurance about convergence (yet). 

In this section we develop a strategy for finding the interval of convergence of an arbi- 

trary power series and backing it up with proof. We begin by noting that any power series 

of the form >?-.9c,(x — a)" always converges at x = a, thus assuring us of at least one 
coordinate on the real number line where the series must converge. We have encountered 

power series that converge for all real numbers (the Maclaurin series for sin x, cos x, and e*), 

and we have encountered power series like the series in Example | that converge only on 

a finite interval centered at a. A useful fact about power series is that those are the only 

possibilities, as the following theorem attests. 

THEOREM 5 The Convergence Theorem for Power Series 

There are three possibilities for 5-9 c,(x — a)” with respect to convergence: 

1. There is a positive number R such that the series diverges for |x — a] > R but 

converges for |x — a| < R. The series may or may not converge at either of the 

endpoints x = a — Randx=a+R. 

The series converges for every x (R = 00). 
3. The series converges at x = a and diverges elsewhere (R = 0). 

N 

The number R is the r >, and the set of all values of x for which the 

series converges is the in ivergence. The radius of convergence completely 

determines the interval of convergence if R is either zero or infinite. For 0 < R < 00, 

however, there remains the question of what happens at the endpoints of the interval. The 

table of Maclaurin series at the end of Section 10.2 includes intervals of convergence that 

are open, half-open, and closed. 

We will learn how to find the radius of convergence first, and then we will settle the 

endpoint question in Section 10.5. ( 

nth-Term Test 

The most obvious requirement for convergence of a series is that the nth term must go to 

zero as n — ov. If the partial sums are approaching a limit S, then they also must be get- 

ting close to one another, so that for a convergent series Sa, 

jim a, = lim (S, — Sp1) = S— S = 0. 
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Comparing Nonnegative Series 

An effective way to show that a series > a, of nonnegative numbers converges is to com- 

pare it term by term with a known convergent series > c,,. 

THEOREM 7 The Direct Comparison Test 

Let > a, be a series with no negative terms. 

(a) > a, converges if there is a convergent series }) c, with a, < c, for alln > N, 
for some integer N. 

(b) > a, diverges if there is a divergent series } d, of nonnegative terms with 

a, = d, for alln > N, for some integer N. 

If we can show that > a,, a, = 0 is eventually dominated by a convergent series, that 

will establish the convergence of > a,. If we can show that > a, eventually dominates a 

divergent series of nonnegative terms, that will establish the divergence of > a,. 

We leave the proof to Exercises 61 and 62. 

EXAMPLE 2 Proving Convergence by Comparison 

ee) x2n 

Prove that >, (nly converges for all real x. 
n=0 \f- 

SOLUTION 

Let x be any real number. The series 

ee) x2n 

Sic 
n=0 (n! 

has no negative terms. 

For any n, we have 

We recognize 

. 2 . 2 : 

as the Taylor series for e* , which we know converges to e* for all real numbers. Since 
2 . . 

the e* series dominates 

3 x2n 

n=0 (n! i 

term by term, the latter series must also converge for all real numbers by the Direct 

Comparison Test. Now Try Exercise 3. 

For the Direct Comparison Test to apply, the terms of the unknown series must be non- 

negative. The fact that & a, is dominated by a convergent positive series means nothing 

if > a, diverges to —oo. You might think that the requirement of nonnegativity would 

limit the usefulness of the Direct Comparison Test, but in practice this does not turn out 
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to be the case. We can apply our test to > |a,,| (which certainly has no negative terms); if 

> |a,| converges, then > a, converges. 

DEFINITION Absolute Convergence 

If the series > |a,| of absolute values converges, then > a, converges absolutely. 

THEOREM 8 Absolute Convergence Implies Convergence 

If > |a,| converges, then > a, converges. 

Proof For each n, 

5805 /0\= ad, + la = 2a —|a,| Sa, > lan 

If > |a,| converges, then > 2|a,| converges, and by the Direct Comparison Test, the 

nonnegative series > (a, + |a,| ) converges. The equality a, = (a, + |an,|) — |a,| 

now allows us to express > a, as the difference of two convergent series: 

Dd Gn = Dd) (aq +, lal — Leta] = D5 (Gn © Leal = D> lr 
Therefore, > a, converges. | 

EXAMPLE 3 Using Absolute Convergence 

Show that 

$ (sin x)" 

Laeger 

converges for all x. 

SOLUTION 

Let x be any real number. The series 

$ |sin x|” 

n=0* ni! 

has no negative terms, and it is term-by-term less than or equal to the series 

y-0 (1/n!), which we know converges to e. Therefore, 

converges by direct comparison. Since 

<3 
n=0 

converges absolutely, it converges. Now Try Exercise 5. 

(sin x)” 

n! 

Ratio Test 

Our strategy for finding the radius of convergence for an arbitrary power series will be to 

check for absolute convergence using a powerful test called the Ratio Test. 



L’Hospital’s rule is occasionally helpful in 

determining the limits that arise here. 

4} 4 + 
IE, r 1 

WW, 

open interval 

around L 

Figure 10.11 Since 

i Qn+1 
lim 
noo Gy, 

=, 

there is some N large enough so that 

Gn+1/ py lies inside this open interval 

around L for all n = N. This guarantees 

that a,4;/a, <r < 1 foralln = N. 
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THEOREM 9 The Ratio Test 

Let > a, be a series with positive terms, and with 

Then, 

(a) the series converges if L < 1, 

(b) the series diverges if L > 1, 

(c) the test is inconclusive if L = 1. 

Proof 

(a) cael: 

Choose some number r such that L < r < 1. Since 

noo Gy, 

we know that there is some N large enough so that a, ,,/d, is arbitrarily close to L for 

all n = N. In particular, we can guarantee that for some N large enough, (a,+;/a,) <r 

for alln = N. (See Figure 10.11.) 

Thus, 

an+1 
=a oo so an+1 < ray 
an 

an+2 
<7 SO aAn+2 << ran+| << ran 

an+1 

aN+3 
eee SO EUnet TaNo Tae 
aN+2 

This shows that for n = N we can dominate > a, by ay(1 + r + r? + ---). Since 
0 < r < 1, this latter series is a convergent geometric series, and so > a,, converges 

by the Direct Comparison Test. 

(b) es 

From some index M, 

an+1 

an 

a | 

for all n = M. In particular, 

dy < 4y+1 < 4m+2<°"°- 

The terms of the series do not approach 0, so > a, diverges by the nth-Term Test. 

(c) L=1: 

In Exploration 1 you will finish the proof by showing that the Ratio Test is inconclusive 

when L = 1. i 

A Note on Absolute Convergence: The proof of the Ratio Test shows that the con- 

vergence of a power series inside its radius of convergence is absolute convergence, a 

stronger result than we first stated in Theorem 5. We will learn more about the distinction 

between convergence and absolute convergence in Section 10.5. 
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EXPLORATION 1 Finishing the Proof of the Ratio Test 

Consider 

1 
and <= 

n=1 n=1"1 

(We will refer to them hereafter in this exploration as ) 1/n and } 1/n?.) 

. Show that the Ratio Test yields L = 1 for both series. 

. Use improper integrals to find the areas shaded in Figures 10.12a and 10.12b for 

LoS x= oC. 

. Explain how Figure 10.13a shows that 3 1/n diverges, while Figure 10.13b 

shows that > 1/n? converges. 
. Explain how this proves the last part of the Ratio Test. 

Figure 10.12 Find these areas. EXAMPLE 4 Finding the Radius of Convergence 

explosion 1) Find the radius of convergence of 

n=0 

SOLUTION 

We check for absolute convergence using the Ratio Test. 

Pasa ia ori i 0 a 
im = —————_ ae 

n—oo |a,,| n—oo 10"*1 n|x"| 

= lim (— ele 
n—co n 10 10 

Setting |x| /10 < 1, we see that the series converges absolutely (and hence converges) 

for —10 < x < 10. The series diverges for |x| > 10, which means (by Theorem 5, the 

Convergence Theorem for Power Series)'that it diverges for x > 10 and for x < —10. 

The radius of convergence is 10. Now Try Exercise 9. 

Figure 10.13 The areas of the rectangles EXAMPLE 5 A Series with Radius of Convergence 0 

form a series in each case. (Exploration 1) 00 

Find the radius of convergence of the series > nln 
n=0 

SOLUTION 

We check for absolute convergence using the Ratio Test. 

ae erm Ua eo ee 
lim marae oS nrc [aq] reel" 

lim (n + 1)|x| 
n—oo 

= 00, x #0 

The series converges only for x = 0. The radius of convergence is R = 0. 
Now Try Exercise 17. 
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Endpoint Convergence 

The Ratio Test, which is really a test for absolute convergence, establishes the radius of 

convergence for >\|c,(x — a)"|. Theorem 5 guarantees that this is the same as the radius 

of convergence of > c,(x — a)". Therefore, all that remains to be resolved about the 

convergence of an arbitrary power series is the question of convergence at the endpoints 

of the convergence interval when the radius of convergence is a finite, nonzero number. 

EXPLORATION 2 Revisiting a Maciaurin Series 

For what values of x does the series 

converge? 

1. Apply the Ratio Test to determine the radius of convergence. 

Substitute the left-hand endpoint of the interval into the power series. Use 

Figure 10.13a of Exploration 1 to help you decide whether the resulting series 

converges or diverges. 

Substitute the right-hand endpoint of the interval into the power series. You 

should get 

=| n-1 fet. ACs, 
D3 A n 

Chart the progress of the partial sums of this series geometrically on a number 

line as follows: Start at 0. Go forward 1. Go back 1/2. Go forward 1/3. Go back 

1/4. Go forward 1/5, and so on. 
. Does the series converge at the right-hand endpoint? Give a convincing argu- 

ment based on your geometric journey in part 3. 

. Does the series converge absolutely at the right-hand endpoint? 

EXAMPLE 6 Determining Convergence of a Series 

co an 

Determine the convergence or divergence of the series SS men 
n=0 

SOLUTION 

We use the Ratio Test. 

antl 

tim 24 = tim SE = tim (3) 4) 
a Mee EE ee ei ey ce 

iin aia | 

Besar ed 

ee Ie + ) 
1 

ee sn 

= lim3 i Divide numerator and denominator by 5°. 
n—oo 

5 + on 

ee 
s) 

The series converges because the ratio 3/5 < 1. Now Try Exercise 31. 
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Telescoping Series 
( 

We call the series in Example 7 a tele- 

scoping series because its partial sums 

collapse like an old handheld telescope. 

Quick Review 10.4 (for help, go to Sections 2.2 and 10.1.) 

The question of convergence of a power series at an endpoint is really a question about 

the convergence of a series of numbers. If the series is geometric with first term a and com- 

mon ratio r, then the series converges to a/(1 — r) if |r| < 1 and diverges if |r| = 1. 

Another type of series whose sums are easily found are telescoping series, as illustrated 

in Example 7. 

EXAMPLE 7 Summing a Telescoping Series 

Se 1 
Find the sum of >> area 

SOLUTION 

Use partial fractions to rewrite the nth term. 

1 a 1 

se | n(nti1) on 

We compute a few partial sums to find a general formula. 

Sis 

=(1-$)+(E-3)=1-3 
°2 2 oo ee 3 

-(1-5)+($-2)+(§-3)- 
< 2 5 es 3. 4 

We can see that, in general, 

ant Ge opie 

because all the terms between the first and last cancel when the parentheses are 

removed. Therefore, the sum of the series is 

S= lm s, = 1. 
n—oco 

Now Try Exercise 48. 

—————E 

The final section of this chapter will formalize some of the strategies used in 

Exploration 2 and Example 7 and will develop additional tests that can be used to deter- 

mine series behavior at endpoints. 

Exercise numbers with a gray background indicate problems that the 

authors have designed to be solved without a calculator. 

In Exercises 1-5, find the limit of the expression as n — oo. Assume 

x remains fixed as n changes. 

n\x| 

*nt+1 
n?|x — 3| 

nin.— 1) 

|x|" 

n! 

(n + 1)*x? 

(2n)* 

2x + 1|n+!o" 
 2ettl2x + I" 

In Exercises 6-10, the terms of one of the series (call it S a,,) will 

eventually be greater than the terms of the other series (call it  b,). 

Identify which series is which, and find the smallest positive integer 

N for which a, > 6, for alln = N. 

6. >5n, Sr? 

fi ote oe 

8. Sinn, DV», 

1 | 

9. 2 i ae 

1 
10. Fs Sac 

n 
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In Exercises 1 and 2, find the values of x for which the equation is 

an identity. Support your answer graphically. 

=" 

je ap a 
if al te teaser cc etS)) +t (x 4 :)° 

2 Sal p as ae es Saree prot 
— Xx. 

In Exercises 3 and 4, use a comparison test to show that the series 

converges for all x. 

ee) xin ee 
4. 

=p Ail ae ll Sears 
3. 

In Exercises 5 and 6, show that the series converges absolutely. 

$ (cos x)” . co 2(sinx)” 

Bene Pn! 3 n= 

In Exercises 7—22, find the radius of convergence of the power 

series. 

D> x" @ > («+5 
n=0 n=0 

oo oma 28 9) 5 (-1)"(4x +1)" ps 
n=0 n=1 

co (% = De oo yn 

> 10" > 

ee) x” ee) x2ntl 

13. 14. 
ee ~ n! 
co n(x + 3)" 00 nx” 

15. >> sn 16. > Foe 0 

47) S\ nl(x — 4)" 18, 5) Vinx 
n=0 n=0 3 

co oo) (4x = 5) 

D> y+ He-1" @S —— 

 peeaee 22, 5) —____ 

In Exercises 23-28, find the interval of convergence of the series 

and, within this interval, the sum of the series as a function of x. 

In Exercises 29-44, determine the convergence or divergence of the 

series. Identify the test (or tests) you use. There may be more than 

one correct way to determine convergence or divergence of a given 

series. 

CO. n CO Qn 

23) > _ Deere 

ie) n2 = jl es) 1 

p> B>-= 

33. 

35. 

37. 

39. 

41. 

43. 

45. 

46. 

47. 

co WE co : ] 

2 a 34. Zz n sin () 

Sine pee zeus i 
n=0 n=0 10” 

oo (n at 3)! eo) ( i" 

aa 38. Se = 
x 3!n!3" >» n 

oo (—2)r co 

>} ( 2} 40. > nie” 
n=0 5 n=1 

Bo Be Tahini 
42. 

23 n32” >» Qn 

n! 

ita) 

n! 
—, [Hint: If you do not recognize L, try recognizing the 

reciprocal of L.] 

Give an example to show that the converse of the nth-Term 

Test is false. That is, } a, might diverge even though 

Lim, >o0 4, = 0. 

Find two convergent series > a, and > b, such that > (a,,/b,) 

diverges. 

Writing to Learn We reviewed in Section 10.1 how to find 

the interval of convergence for the geometric series 9 x”. 

Can we find the interval of convergence of a geometric series by 

using the Ratio Test? Explain. 

In Exercises 48-54, find the sum of the telescoping series. 

Brae G2 G-naD 
tale DD ant iy 

@5(.-. aE cea 
64) Stan“! (n) — tan“(n + 1)) 
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Standardized Test Questions 
You may use a graphing calculator to solve the following problems. 

55. True or False If a series converges absolutely, then it con- 

verges. Justify your answer. 

56. True or False If the radius of convergence of a power series 

is 0, then the series diverges for all real numbers. Justify your 

answer. 

ay 

57. Multiple Choice Which of the following gives lim tt for 
a 

ee) Qn noo Ay 

ah 
n=0 (=3 ,” 

(A) 3/2. (B23 2@u  ©)0 V@a 
58. Multiple Choice Which of the following gives the radius of 

wie (2 
convergence of the series eS ah 

n=1 

(A) 2 (B) 1 (EC). 172 (D) 0 (E) co 

59. Multiple Choice Which of the following describes the behav- 

the series 

n 

co (sinx)" 
ior of the series SS eal 

n=1 ans 

I. diverges 

II. converges 

II. converges absolutely 

(A) I only (B) II only (C) II only 

(D) I & II only (E) I & Il only 

60. Multiple Choice Which of the following gives the sum of the 

telescoping series S S uy 
(ah eel arate] 

(A) 3/10 (B) 3/8 (C) 9/22 (D) 1/2 (E) The series diverges. 

Explorations 
Group Activity Nondecreasing Sequences As you already 

know, a nondecreasing (or increasing) function f(x) that is bounded 

from above on an interval [ a, co) has a limit as x — oo that is 
less than or equal to the bound. The same is true of sequences of 

numbers. If s; = 5) = 53 =... S5,... and there is a number M 

such that |s,,| < M for all n, then the sequence converges to a limit 
S = M. You will need this fact as you work through Exercises 61 

and 62. 

61. Proof of the Direct Comparison Test, Part a Let > a, be 

a series with no negative terms, and let } c, be a convergent 

series such that a, = c, for alln = N, for some integer N. 

(a) Show that the partial sums of a, are bounded above by 

co 

a+--++ayt+ > oe 
n=N+1 

(b) Explain why this shows that > a, must converge. 

62. Proof of the Direct Comparison Test, Part b Let > a, 
be a series with no negative terms, and let > d,, be a divergent 

series of nonnegative terms such that a, = d, for all n = N, for 

some integer N. 

(a) Show that the partial sums of > d, are bounded above by 

co 

d+---+dyt+ > a 
n=N+1 

(b) Explain why this leads to a contradiction if we assume that 

> a, converges. 

63. Group Activity Within your group, have each student make 

up a power series with radius of convergence equal to one of the 

numbers 1, 2, ...,7. Then exchange series with another group 

and match the other group’s series with the correct radii of con- 

vergence. 

Extending the Ideas 
64. We can show that the series 

n2 

0 Qn 

converges by the Ratio Test, but what is its sum? 

M2 
i] n 

To find out, express 1/(1 — x) as a geometric series. Differentiate 
both sides of the resulting equation with respect to x, multiply 

both sides of the result by x, differentiate again, multiply by x 

again, and set x equal to 1/2. What do you get? (Source: David 

E. Dobbs’s letter to the editor, //linois Mathematics Teacher, 

Vol. 33, Issue 4, 1982, p. 27.) 
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Testing Convergence at Endpoints 
You will learn additional tests for 

convergence of series of constants, Integral Test 

and you will be able to test for con- In Exploration 1 of Section 10.4, you showed that > 1/n diverges by modeling it as a sum 
ditional and absolute convergence of rectangle areas that contain the area under the curve y = 1/x from 1 to oo. You also 
at the endpoints of intervals of showed that } 1/n* converges by modeling it as a sum of rectangle areas contained by 
convergence. the area under the curve y = 1/x* from 1 to oo. This area-based convergence test in its 

+ The Integral Test general form is known as the Integral Test. 
« Harmonic series and p-series 
« The Limit Comparison Test 

+ The Alternating Series Test and THEOREM 10 The Integral Test 
Leibniz's Theorem a a : 

. The strange implication of Let {a, } be a sequence of positive terms. Suppose that a, = f(n), where f is a con- 

conditional convergence een ek, eee am of Se saa - fs o a positive ean Then 

- Finding intervals of convergence the series 2,,—y 4, and the integral jy, f(x) either both converge or both diverge. 

+ Why convergence of a series for f 

does not imply convergence to f AS eae Y 
Proof We will illustrate the proof for N = 1 to keep the notation simple, but the illustra-. 

tion can be shifted horizontally to any value of N without affecting the logic of the proof. 

The proof is entirely contained in these two pictures (Figure 10.14): 

Figure 10.14 (a) The sum a, + a) + :+* + a, provides an upper bound for i fo) dx. 

(b) The sum a + a3 + -++ + a, provides a lower bound for is if (x) dx. (Theorem 10) 

We leave it to you (in Exercise 52) to supply the words. | 

EXAMPLE 1 Applying the Integral Test 

= 1 
Does converge? 

n=1Nn n 

Caution SOLUTION 

NES The Integral Test applies because 
The series and the integral in the Integral 

Test need not have the same value in the 1 

convergent case. Although the integral con- E(x) = Ve 

verges to 2 in Example 1, the series might XV X 

have a quite different sum. If you use your 

calculator to compute or graph partial sums 
for the series, you can see that the 11th We have 

partial sum is already greater than 2. fi 

1 

is a continuous, positive, decreasing function of x for x > 1. 

1 k 
dx = lim x~3/2 dx = lim [-2x-17| 

NY + ko Jy k—00 

| 
15 

| 

S|» 
+ NO 

Ss 

\| 

Since the integral converges, so must the series. Now Try Exercise 1. 
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What Is Harmonic About the 

Harmonic Series? 
EE 

The terms in the harmonic series corre- 

spond to the nodes on a vibrating string 

that produce multiples of the fundamental 

frequency. For example, 1/2 produces the 

harmonic that is twice the fundamental 

frequency, 1/3 produces a frequency that 

is three times the fundamental frequency, 

and so on. The fundamental frequency is 

the lowest note or pitch we hear when a 

string is plucked. (Figure 10.16) 

Figure 10.16 On a guitar, the second 

harmonic note is produced when the finger 

is positioned halfway between the bridge 

and nut of the string while the string is 

plucked with the other hand. 

Harmonic Series and p-series 

The Integral Test can be used to settle the question of convergence for any series of the 

form >>~, = (1/n?), p a real constant. (The series in Example 1 had this form, with 

p = 3/2.) Such a series is called a p-st 

EXPLORATION 1 | The p-Series Test 

1. Use the Integral Test to prove that }>~, (1/n?) converges if p > 1. 

2. Use the Integral Test to prove that )-, (1/n?) diverges if p < 1. 

3. Use the Integral Test to prove that S;~, (1/n?) diverges if p = 1. 

irmonic series, The p-series with p = | is the ha 

divergent series in mathematics. The p-Series Test shows that the harmonic series is just 

barely divergent; if we increase p to 1.000000001, for instance, the series converges! 

The slowness with which the harmonic series approaches infinity is most impressive. 

Consider the following example. 

and it is probably the most famous 

EXAMPLE 2 The Slow Divergence of the Harmonic Series 

Approximately how many terms of the harmonic series are required to form a partial 

sum larger than 20? 

SOLUTION 

Before you set your graphing calculator to the task of finding this number, you might want 

to estimate how long the calculation might take. The graphs tell the story (Figure 10.15). 

(b) 

Figure 10.15 Finding an upper bound for one of the partial sums of the harmonic series. (Example 2) 

Let H,, denote the nth partial sum of the harmonic series. Comparing the two graphs, 

we see that H, < (1 + In4) and (in general) that H, = (1 + Inn). If we wish H,, to 

be greater than 20, then 

1+ inn > H, > 20 

I +la nea 20 

Inn > 19 

= nee 

The exact value of e!? rounds up to 178,482,301. It will take at least that many terms 
of the harmonic series to move the partial sums beyond 20. It would take your calcula- 
tor several weeks to compute a partial sum of this many terms. Nonetheless, the har- 

monic series really does diverge! - Now Try Exercise 3. 
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Comparison Tests 

The p-Series Test tells everything there is to know about the convergence or divergence of 

series of the form > (1/n?). This is admittedly a rather narrow class of series, but we can 
test many other kinds (including those in which the nth term is any rational function of n) 

by comparing them to p-series. 

The Direct Comparison Test (Theorem 7, Section 10.4) is one method of comparison, 

but the Limit Comparison Test is another. 

THEOREM 11 The Limit Comparison Test (LCT) 

Suppose that a, > 0 and b, > 0 for alln = N (Na positive integer). 

as 
1. If lim — = c,0 <c < oo, then > a, and > b, both converge or both diverge. noo b, 

a 
2. If lim — = Oand > b, converges, then > a, converges. 

=> n (oe) n 

. ay . . 

3. If lim — = cand > D, diverges, then > a, diverges. 

We omit the proof. 

EXAMPLE 3 Using the Limit Comparison Test 

Determine whether the series converge or diverge. 

ey 7 Zh CoN nile : 

Dr iamo 15 ase cay 
1 1 1 1 ee 

i) = oe Ee 
ras Ais. Holes an — 

8 it 14 17 SOMPS Tata, 
(c) ao + + + Pe 3 

Ren 56 0195 4B —2n 

(d) sin 1 + si : aF OS : oe S Si (*) n= sin — tne = in| — sin sin 5 5 2 5 

SOLUTION 

Dp ae Il 2; D 
(a) For n large, TEE behaves like 7 oe 

sO we compare terms of the given series to terms of > (1/n) and try the LCT. 

(Qn +A) Get)? 

Roo noo 1/n 

A 1 1 VH it: Y 1 li 2 tn = li cont Le = 2: volving ospiadiagsledins reer dit ay 4 1) ~ > 
Since the limit is a nonzero number and > (1/n) diverges, 

C2) seu ilt 
ye era) 
= ( nek 

also diverges. 
continued 
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(b) For n large, 1/(2” — 1) behaves like 1/2”, so we compare the given series to 

> ata 

\ Ay \ 1 Dk 
im — =" lin = 
nob, n20o2"—-1 1 

li 2 = (fron 
n—>co 2” — | 

| 
lim = 

Since > (1/2") converges (geometric, r = 1/2), the LCT guarantees that 

1 

as 
also converges. 

(c) For n large, 

Svacie 7 

n> — 2n 

behaves like 3/n?, so we compare the given series to > (1/n’). 

; an 4 3n ae 2) nr 
lim — = lim ee ree Te 
n— oo Dy, FOO Fae 2n il 

arp gt re ae 
SN nwe a 

n—oo Ww aa 2n 

Since > (1/n’) converges by the p-Series Test, 

ere) 

2 
n=2 

an 2 

wi Qn 

also converges (by the LCT). 

(d) Recall that 

Sines 
limiaoe =, 1, 
POL LX 

so we try the LCT by comparing the given series to > (1/n). 

ea __ sin (1/n) 
him — "= lim —-_—— = | 
n—oo b,, noo (1/n) 

Since > (1/n) diverges, }7-, sin (1/n) also diverges. Now Try Exercise 5. 

As Example 3 suggests, applying the Limit Comparison Test has strong connections to 

analyzing end behavior in functions. In part (c) of Example 3, we could have reached the 
same conclusion if a, had been any linear polynomial in n divided by any cubic polyno- 

mial in n, since any such rational function “in the end” will grow like 1/n’. 
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Alternating Series 

A series in which the terms are alternately positive and negative is an alternating series. 

Here are three examples. 

ed cpa pe eek 1 
dma 2S n () 

Seite Seen | 2 
Doma 8 Us o 

PA StS? AOS LG = (= 1) ly toes (3) 

Series 1, called the alternating harmonic series, converges to In2, as we have 

previously noted. Series 2, a geometric series with a = —2,r = —1/2, converges to 

—2/[1 + (1/2)] = —4/3. Series 3 diverges by the nth-Term Test. 
We can prove the convergence of the alternating harmonic series by applying the fol- 

lowing test. 

THEOREM 12 The Alternating Series Test (Leibniz’s Theorem) 

The series 

> (-1)"*!u, = = by ar hs = Wig cae OS 

n=1 

converges if all three of the following conditions are satisfied: 

1. each u, is positive; 

2. uy, = Uy,+, for alln = N, for some integer N; 

3. limMy;—oo Un = 0. 

Figure 10.17 illustrates the convergence of the partial sums to their limit L. 

O Si aie aa So Si 

Figure 10.17 Closing in on the sum of a convergent alternating series. (Theorem 12) 

As we noted in Section 10.3, the figure that proves the Alternating Series Test actually 

proves more than the fact of convergence; it also shows the way that an alternating series 

converges when it satisfies the conditions of the test. The partial sums keep “overshooting” 

the limit as they go back and forth on the number line, gradually closing in as the terms 

tend to zero. If we stop at the nth partial sum, we know that the next term ( +u,)+1) 

will again cause us to overshoot the limit in the positive direction or negative direction, 

depending on the sign carried by u,,,;. This gives us a convenient bound for the truncation 

error, which we now restate as another theorem. 
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A Note on the Error Bound 

Theorem 13 does not give a formula for the 

truncation error, but a bound for the trunca- 

tion error. The bound might be fairly con- 

servative. For example, the first 99 terms 

of the alternating harmonic series add to 

about 0.6981721793, while the series itself 

has asum of In2 ~ 0.6931471806. That 

makes the actual truncation error very 

close to 0.005, about half the size of the 

bound of 0.01 given by Theorem 13. 

6? gallthinen + +4 
i rin * 

® 
4 4 

THEOREM 13 The Alternating Series Bound Theorem 

If the alternating series }>, (—1)"*!u, satisfies the conditions of Theorem 12, 
then the truncation error for the nth partial sum is less than u,4 , and has the same 

sign as the first unused term. 

EXAMPLE 4 The Alternating Harmonic Series 

Prove that the alternating harmonic series is convergent, but not absolutely convergent. 

Find a bound for the truncation error after 99 terms. 

SOLUTION 

The terms are strictly alternating in sign and decrease in absolute value from the start: 

BYE 
te an 5 

aie | 

By the Alternating Series Test, 

i 
n 

Also, 

converges. 

On the other hand, the series };, (1/n) of absolute values is the harmonic series, 

which diverges, so the alternating harmonic series is not absolutely convergent. 

The Alternating Series Bound Theorem guarantees that the truncation error after 99 

terms is less than wo9+, = 1/(99 + 1) = 1/100. Now Try Exercise 23. 

Absolute and Conditional Convergence 
Because the alternating harmonic series is convergent but not absolutely convergent, we 

say it is conditionally convergent (or converges conditionally). 
We take it for granted that we can rearrange the terms of a finite sum without affect- 

ing the sum. We can also rearrange a finite number of terms of an infinite series without 

affecting the sum. But if we rearrange an infinite number of terms of an infinite series, we 

can be sure of leaving the sum unaltered only if it converges absolutely. 

( 

Rearrangements of Absolutely Convergent Series 

If } a, converges absolutely, and if by, by, b3,..., b,,... is any rearrangement of 
_ the sequence {a,}, then > b, converges absolutely and eh Me et tat 

a a 4 “~% + at 3 

On the other hand, consider this: 
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EXAMPLE 5 Rearranging the Alternating Harmonic Series 

Show how to rearrange the terms of 

to form 

(a) a divergent series; (b) a series that converges to 77. 

SOLUTION 

The series of positive terms, 

Lape! 1 
P+i+a4+--++ free, 

ci We) Zara 

diverges to oo, while the series of negative terms, 

fle elylohie®) oi 4 
eh A. 6 2n ‘ 

diverges to —oo. No matter what finite number of terms we use, the remaining positive 

terms or negative terms still diverge. So, we build our series as follows: 

(a) Start by adding positive terms until the partial sum is greater than 1. Then add 

negative terms until the partial sum is less than —2. Then add positive terms until the 

sum is greater than 3. Then add negative terms until the sum is less than —4. Continue 

in this manner indefinitely, so that the sequence of partial sums swings arbitrarily far in 

both directions and hence diverges. 

(b) Start by adding positive terms until the partial sum is greater than 7. Then add 

negative terms until the partial sum is less than 7. Then add positive terms until the 

sum is greater than 77. Continue in this manner indefinitely, always closing in on 77. 

Since the positive and negative terms of the original series both approach zero, the 

amount by which the partial sums exceed or fall short of 7 approaches zero. 

Now Try Exercise 33. 

Intervals of Convergence 
Our purpose in this section has been to develop tests for convergence that can be used at 

the endpoints of the intervals of absolute convergence of power series. There are three 

possibilities at each endpoint: The series could diverge, it could converge absolutely, or it 

could converge conditionally. 

How to Test a Power Series >) c,(x — a)" for Convergence 
n=0 

1. Use the Ratio Test to find the values of x for which the series converges abso- 

lutely. Ordinarily, this is an open interval 

aR ot LR 

In some instances, the series converges for all values of x. In rare cases, the series 

converges only at x = a. 
continued 
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2. If the interval of absolute convergence is finite, test for convergence or diver- 

gence at each endpoint. The Ratio Test fails at these points. Use a comparison 

test, the Integral Test, or the Alternating Series Test. 

3. If the interval of absolute convergence is a — R < x < a + R, conclude that 

the series diverges (it does not even converge conditionally) for |x — a| > R, 

because for those values of x the nth term does not approach zero. 

EXAMPLE 6 The Convergence of Your Knowledge 

About Convergence 

For each of the following series, find (a) the radius of convergence and (b) the interval 

of convergence. Then identify the values of x for which the series converges 

(c) absolutely and (d) conditionally. 

ee) xn x2 x4 x6 

A —])jrti— = — — — 4+ — — 

(A) 2 ) 7) ES A oe 

eo One 100x2  1000x3 
Byrd 7 sv i-bel Onibine 33) mi Aaa 

(C) Set (f= 0 Gy ee esl ee 
n=0 

w) § or ea) Ca 

SOLUTION 

The strategy is to apply the Ratio Test to determine the interval of absolute conver- 

gence, then check the endpoints for conditional convergence (but not with the Ratio 

Test!). 

Series (A): 
First, apply the Ratio Test for absolute convergence: 

; x 2nt2 on 

=) dine * Ta 
n>o2n +2 x-" 

2n 
li 2 
tim (5; “} 5). 

ree Oe , 
likaet |= | Be L'Hospital’s Rule 
n—?co 

2 

Un+1 

Un 

lim 
noo 

I| 

=X, 

The series converges absolutely for x? < 1, i.e., on the interval (—1, 1). Now check 

the endpoints: 
oo 

Atx = +1, the series is >! 
n=1 

Alternating Series Test. (In fact, it is half the alternating harmonic series.) Thus, for 

series (A) we have (a) r = 1; (b) [—1, 1]; (©) (1, 1); and (d) x = +1. 

= n+1 

, which converges conditionally by the 

continued 
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Series (B): 
First, apply the Ratio Test for absolute convergence: 

: Un+1 |10x|"*1 n! 
bia ||| = iin <== c 
n—oo| Uy, noo (n aR 1)! |10x|" 

ae (202 
= lim 

noon + | 

= 0 

The series converges absolutely for all x. There are no endpoints to check. Thus, for 

series (B) we have (a) r = co; (b) (—00, co); (€) (—00, 00); and (d) no values of x. 

Series (C): 
First, apply the Ratio Test for absolute convergence: 

[unt ea ON Cras Ok 
lim |——| = lim 
n—oo| Uy, n—oo n\(x + De 

= lim (n + 1)|x + 1| 

ng oe ifx ~ —1 

Or ix =a 

The series converges absolutely at x = —1 and diverges for all other x. There are no 

endpoints to check. Thus, for series (C) we have (a) r = 0; (b) {—1}; (c) {—-1}; and 

(d) no values of x. 

Series (D): 
First, apply the Ratio Test for absolute convergence: 

II _ = 
n=com on + 2 |x — 3" 

im ( zh ye 3] 
n—oo\2n + 2 

L'Hospital’s Rule Il 
TE gs CaaS NIN 4 

S 
| 

Eos 

II 
a 

| 
it 

The series converges absolutely for |x — 3| < 1, ie., on the interval (2, 4). 

Now check the endpoints: 
[e@) 

At x = 2, the series is > 

n 

, which converges conditionally by the Alternating 
n=1 

Series Test. 

At x = 4, the series is » On’ which diverges by limit comparison with the harmonic 
n=1 

series. Thus, for series (D) we have (a) r = 1; (b) [ 2, 4); (c) (2, 4); and (d) x = 2. 
Now Try Exercise 41. 
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To facilitate testing convergence at endpoints we can use the following flowchart. 

Procedure for Determining Convergence 

Yes | or maybe 

Geometric ; Yes Converges to a/(1 — r) if |r| < 1. 
== ore, 

Series Test Is Don Spat, ah tar cused Diverges if |r| = 1. 

Does the series have the : 
p-Series Test 1 Series converges if p > 1. 

Series diverges if p = 1. 

nonnegative Does > |a,| converge? 
terms and/or Apply one of the comparison tests, Ori niilice ener 

absolute Integral Test, Ratio Test, or nth-Root g Bes. 

convergence Test (Exercise 73) to > |a,,|. 

No | or maybe 

Alternating Is 3a, = hy alee Is there an integer N such 

Series Test (an alternating series) that Wy = uy+) 2°? 

See what you can do with the partial 

sums, consult more advanced books, 

or explore with a CAS. 

Series converges if u,,— 0. 

Series diverges if u, 0. 

A Word of Caution 

Although we can use the tests we have developed to find where a given power series 

converges, they do not tell us what function that power series is converging to. Even if the 

series is known to be a Maclaurin series generated by a function f, we cannot automati- 

cally conclude that the series converges to the function f on its interval of convergence. 

That is why it is so important to estimate the error. 

For example, we can use the Ratio Test to show that the Maclaurin series for sin » 
cos x, and e* all converge absolutely for all real numbers. However, the reason we kno 

that they converge to sin x, cos x, and e*, respectively, is that we used the Remai 

Bounding Theorem to show that the respective truncation errors went to zero. 
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The following exploration shows what can happen with a strange function. 

EXPLORATION 2 The Maclaurin Series of a Strange Function 

0, x=0 

el? x» #0. 
Let f(x) = { 
It can be shown (although not easily) that f (Figure 10.18) has derivatives of all 

orders at x = 0 and that f(”)(0) = 0 for all n. Use this fact as you proceed with 
the exploration. 

Figure 10.18 The graph of the continuous extension of y = e~'/* is so flat at the origin 

that all of its derivatives there are zero. 

1. Construct the Maclaurin series for f. 

2. For what values of x does this series converge? 

3. Find all values of x for which the series actually converges to f(x). 

If you are surprised by the behavior of the series in Exploration 2, remember that we 

identified it up front as a strange function. It was fortunate for the early history of calculus 

that the functions that modeled physical behavior in the Newtonian world were much 

more predictable, enabling the early theories to enjoy encouraging successes before they 

could be lost in detail. When the subtleties of convergence emerged later, the theory was 

prepared to confront them. 

Quick Review 10.5 (for help, go to Sections 1.2 and 9.3.) 

authors have designed to be solved without a calculator. 

In Exercises 1-5, determine whether the improper integral converges 

or diverges. Give reasons for your answer. (You do not need to 

evaluate the integral.) 

m / 
1 

Exercise numbers with a gray background indicate problems that the In Exercises 6—10, determine whether the function is both positive 
and decreasing on some interval (N, oo). (You do not need to 

identify N.) 

3 1b 
: => Tf = 

Se, 3 5 ; 
dx Ae x _ sinx 

x+i1 tet 62 eae 9. f(x) = 5 

Sse a x 10. f(x) = In(1/x) 
a5 

@ | 
1 
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Section 10.5 Exercises 

In Exercises | and 2, use the Integral Test to determine convergence 

or divergence of the series. 

1. es eS 2; p3 n—3/2 
n=1 Vn 

22 
3. Find the first six partial sums of oe = 

n=1 

ol 
4. If S;, is the kth partial sum of >> n find the first value of k for 

n=1 

which S, > 4. 

In Exercises 5 and 6, use the Limit Comparison Test to determine 

convergence or divergence of the series. 

CoS yl eg Me a> as A 
eri mc 

In Exercises 7—22, determine whether the series converges or 

diverges. There may be more than one correct way to determine 

convergence or divergence of a given series. 

co oo 3 

re Die 

as 2 D> —— 

| oo eet 
Ms >> (In 2)" ae: >> (In 3)" 

DS nsin (4) ms —< 
j n=1 . n : n=0 et en 

ee Vn ee 5n>? — 3n 

2+ 18 2 rn + 2)? + 5) 
~ ak + J ~ n+1 ! iz > _ 18. > ( WS idie nga 

2 10" 29 Vn +1 
hd pe PENTA Gp pe cece asset 19) > ( Ltt 20) > ( ree 

Aah 22, 5 (? é ) 
n=2 In n° = Be 

In Exercises 23-26, determine whether the series converges abso- 

lutely, converges conditionally, or diverges. Give reasons for your 

answer. Find a bound for the truncation error after 99 terms. 

23. > (=1)e 24, S° (-1)"*4(0.1)" 
n=| u 

iat S n 2 ¢ 25. 2 (-1) is 26. 2 (-1) n°(3) 

In Exercises 27-32, determine whether the series converges abso- 

lutely, converges conditionally, or diverges. Give reasons for your 

answers. 

a Pye yr 2B) > (-1)" 
n=1 

—) ICOSIIa 
29. 
Saeed hee i BD 2 Va 

ake 
ee 

COS NTT _ 

31. ——_—— 32. SSE 
S n Mi ne Vineet 

In Exercises 33 and 34, explain how to rearrange the terms of the 

series from the specified exercise to form (a) a divergent series, and 

(b) a series that converges to 4. 

33. Exercise 23 34. Exercise 25 

In Exercises 35-50, find (a) the interval of convergence of the 

series. For what values of x does the series converge (b) absolutely, 

(c) conditionally? 

35. BS x 36. ae (arteo” 
n=(0) n=0 

oo eo (Ske = 2K 
Be >, (-1)"(4x + 1)" ae >, oe 

n=0 n=1 

00 (x = 2,8 oo xn 

28) >, 10" __ Pare, 

oo x” ie) xen 

41. 42. 
2 Sei >> n! 

co n(x + 3)" 00 pee 

nas >» 5n st Pare +1) 

45.5) Vn ao 46. >) n!(x — 4)" 
n=0 3 n=0 
oo co (4x iad =) rman 

47. >> (-2)"(n+-1)(x-1)" (48 >» i ee 

meee 50. >< Inx)" 

51. Not only do the figures in Example 2 show that the nth partial 

sum of the harmonic series is less than 1 + Inn; they also show 

that it is greater than In (n + 1). Suppose you had started sum- 
ming the harmonic series with S; = 1 at the time the universe 

was formed, 13 billion years ago. If you had been able to add a 

term every second since then, about how large would your partial 

sum be today? (Assume a 365-day year.) 

52. Writing to Learn Write out a proof of the Integral Test 
(Theorem 10) for N = 1, explaining what you see in 

Figure 10.14. 



53. (Continuation of Exercise 52) Relabel the pictures for 

an arbitrary N and explain why the same conclusions about 

convergence can be drawn. 

54. In each of the following cases, decide whether the infinite series 

converges. Justify your answer. 

S I 
(a) Oe 

k=1 V2k + 7 

& cos k 

© 24 vi © anv 

co 1 k 

(b) > (: + ;) 
= k 

In pers 55 and 56, find the radius of convergence of the series. 

Colney eons 
55. yee = ! 56. >> n5n 

n=1 

57. Construct a series that diverges more slowly than the harmonic 

series. Justify your answer. 

58. Let a, = (-1)! fi)" 6( kx)? dx. 
(a) Evaluate a,. 

(b) Show that >, a, converges. 

(c) Show that 

59. (a) Determine whether the series 

= n 

Sips pera 

converges or diverges. Justify your answer. 

(b) If S is the series formed by multiplying the nth term in A by 

the nth term in }-.,(3/n), write an expression using sum- 

mation notation for S$ and determine whether S converges or 

diverges. 

60. (a) Find the Taylor series generated by f(x) = In(1 + x) at 

x = 0. Include an expression for the general term. 

(b) For what values of x does the series in part (a) converge? 

(c) Use Theorem 13 to find a bound for the error in evaluating 

In (3/2) by using only the first five nonzero terms of the 
series in part (a). 

(d) Use the result found in part (a) to determine the logarithmic 

function whose Taylor series is 

co (= 1 Due 

> 2n n=1 

61. Determine all values of x for which the series 

eo) Dkyk 

k=0 In (k Sr 2) 

converges. Justify your answer. 

co. 

62. Consider the series > 5 Widlateses yo) = 10). 
=n’ inn 

(a) Show that the series converges for p > 1. 
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(b) Writing to Learn Determine whether the series converges 
or diverges for p = 1. Show your analysis. 

(c) Show that the series diverges for O = p < 1. 

63. The Maclaurin series for 1/(1 + x) converges for—1 < x < 1, 

but when we integrate it term by term, the resulting series for 

In |1 + x| converges for —1 < x = 1. Verify the convergence 

atx = 1. 

64. The Maclaurin series for 1/(1 + x?) converges for 

—1 < x < 1, but when we integrate it term by term, the result- 

ing series for arctan x converges for —1 < x S 1. Verify the 

convergence at x-= 1 and x = —1. 

65. (a) The series 

pled lt eT 1 1 1 it 

See Oe A RTS Be IM 

fails to satisfy one of the conditions of the Alternating Series 

Test. Which one? 

(b) Find the sum of the series in part (a). 

Standardized Test Questions 

You may use a graphing calculator to solve the following problems. 

66. True or False The series 

converges at the endpoints of its interval of convergence. Justify 

your answer. 

67. True or False If Sjo9 is used to estimate the sum of the series 

n=1 n 

the estimate is an overestimate. Justify your answer. 

2x = 3)" 
In Exercises 68 and 69, use the series 2 SS 

n=0 n ar 2 

68. Multiple Choice Which of the following is the radius of con- 

vergence of the series? 

(A) 1 (B) 1/2 (C) 3/2 (D) 2 (E) 5/2 

69. Multiple Choice Which of the following is the interval of con- 

vergence of the series? 

1 1 
A2<re3 Bera 6 Bia. <x <= 

2 

(D3 e —2 (Eh) 6 ae 4 

70. Multiple Choice Which of the following series converge? 

coe 4: 
I. Ss 
> Vn 

(A) I only 

(D) I & II only 

(B) II only (C) II only 

(E) Il & Il only 
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71. Multiple Choice Which of the following gives the truncation 

error if Sjo9 is used to approximate the sum of the series 

30 ai i 

2 

3. 7101 3 7100 2101 

g 3 
(D) F101 (E) 5100 

Exploration 
72. Group Activity Within your group, have each student construct 

a series that converges to one of the numbers 1, ... , n. Then 

exchange your series with another group and try to figure out 

which number is matched with which series. 

Extending the Ideas 
Here is a test called the nth-Root Test. 

Let ¥ a, be a series with a, = 0 for 

n = N, and suppose that Him, s55.Van = 

Then, 

(a) the series converges if L < 1, 

(b) the series diverges if L > 1 or Lis infinite, 

(c) the test is inconclusive if L = 1. 

You may use a graphing calculator to solve the following problems. 

1. Multiple Choice Which of the following series converge? 

0° Qn = 1 oo 2 ) 

IL > at wa LS re 

(A) I only (B) II only 

(D)U&only (E)1& Il only 

2. Multiple Choice Which of the following is the sum of the 
telescoping series 

(C) III only 

a reer 

(A)1/3 (@)1/2 (3/5 W)2/3 1 

73. Use the nth-Root Test and the fact that lim, —.. Wn = 1 to test 

the following series for convergence or divergence. 

CON ae 

(c) = a,, Where a, = 
n=1 

ee nis odd 

1/2", niseven 

74. Use the nth-Root Test and whatever else you need to find the 

intervals of convergence of the following series. 

(x — 1)" 

3. Multiple Choice Which of the following describes the behav- 

ior of the series 

bes a n, 

Il. converges conditionally 

(C) II only 

I. converges I. diverges 

(A) I only (B) II only 

(D) I & II only (E) I & If only 

4. Free Response Consider the power series 

S (2x 

ay | Basel 

(a) Find all values of x for which the series converges absolutely. 

Justify your answer. 

(b) Find all values of x for which the series converges condition- 

ally. Justify your answer. 
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CHAPTER 10 Biiaic ents 

absolute convergence (p. 516) geometric series (p. 483) radius of convergence (p. 514) 

alternating harmonic series (p. 527) harmonic series (p. 524) Ratio Test (p. 517) 

alternating series (p. 527) hyperbolic sine and cosine (p. 510) rearrangement of series (p. 528) 

Alternating Series Bound identity (p. 513) Remainder Bounding Theorem (p. 507) 

Theorem (p. 528) infinite series (p. 482) remainder of order n (p. 505) 

Alternating Series Test (p. 527) Integral Test (p. 523) representing functions by series (p. 484) 

binomial series (p. 502) integration of series (p. 486) sum of a series (p. 481) 

Binomial Theorem (p. 502) interval of convergence (p. 483) Taylor polynomial (p. 493) 

center of power series (p. 484) Lagrange error bound (p. 505) Taylor polynomial of order n at 
conditional convergence (p. 528) Lagrange form of the remainder (p. 505) x = a(p. 497) 

Convergence Theorem for Power Leibniz’s Theorem (p. 527) Taylor series (p. 493) 

Series (p. 514) Limit Comparison Test (p. 525) Taylor series at x = a (p. 497) 
convergent sequence (p. 491) limit of a sequence (p. 491) Taylor’s formula (p. 505) 

convergent series (p. 482) Maclaurin series (pp. 495, 499) Taylor’s Theorem with Remainder (p. 505) 

converges absolutely (p. 516) nth-Root Test (p. 536) telescoping series (p. 520) 

differentiation of series (p. 485) nth term of a series (p. 482) Term-by-Term Differentiation 

Direct Comparison Test (p. 515) Theorem (p. 486) nth-Term Test for divergence (p. 514) 
partial sum (p. 482) Term-by-Term Integration ~ 

: Th . 487 
divergent series (p:.482) power series centered at x = a (p. 484) core (B ) 
error term (p. 505) pieces (524) terms of a series (p. 482) 

: t ti m0 Euler’s formula (p. 509) p-Series Test (p. 524) runcation error (p ) 

Euler’s identities (p. 511) 

finite sum (p. 481) 

divergent sequence (p. 491) 

quadratic approximation (p. 510) 

CHAPTER 10 Bataan 4-3 fo (Yet 

Exercise numbers with a gray background indicate problems that the oo i, Co f~2 — 1\n 

authors have designed to be solved without a calculator. 15. >» (n+ I)ix 16. >> ye 

The collection of exercises marked in red could be used as a chapter 

test. In Exercises 17—22, the series is the value of the Maclaurin series of 

In Exercises 1-16, find (a) the radius of convergence for the series a function f(x) ata particular point. What function and what point? 

and (b) its interval of convergence. Then identify the values of x for What is the sum of the series? 

which the series converges (c) absolutely and (d) conditionally. ny m Lona + (-1)" fs Sel 

mS (" m < (xt 4)” 4 16 4r 
a=0 «Wt! ; = Lo 2 4 8 Qn 

Bay PANO OO Ceeeea 1.) en i; is 1 ol Stas fecc 
> (5) @- 1" 4.> 

STING! a eg ny eo grant 
— ——— ae . aa —] n 

eg A til A oo adil BOE St oe (2a +1)! 
5. Sy 5 6. ey (7 -e L)e* 

n=1 n n=0 © Ae art qr2n 
l — —— 4+ —— —- ::-: = n 

5 gel at 8 ied 9-2) 81-4! oS 37"(2n)! 

Prt el C1 is od BP a (in2) (in 2)" 
a a a 

CS ae OO oll 2! n! 

9. eS 10 » as 

n=1 A/n nae 22 1 1 f ay Be ise 

(n+ jee & (=1)"G@ = OA) 3 PRON 3 MAB N/S 
11. Pi a 12. De ee 

n=0 i n=0 an + 1 1 

20 pn! 20, (10x)" ie niee 1)(V3)2"-! ma 
ais 2n 14 1 ad 

13. BS =z : » = 
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In Exercises 23-36, find a Maclaurin series for the function. 

1 1 
23. ? 
i 6 a 3 

4 
BB) x9 — 2x2 + 1 7 

[ee Be 

27. sin 7x 28. =sin= 

x + =X 

39) —x + sinx 30. ee 

31. cos V5x 32. e(7/2) 

33. xe-* 34. tan! 3x 

ee In (1 — 2x) 36. xIn(1 — x) 

In Exercises 37-40, find the first four nonzero terms and the general 

term of the Taylor series generated by f at x = a. 

40. f(x) = sinx, OT, 

In Exercises 41-52, determine if the series converges absolutely, 

converges conditionally, or diverges. Give reasons for your 

answer. 
ee co (—1)" 

41 se 42. >» ie 

43. : =; 44. > = 

co (—3)" co 9NIANn 

47. = \ a 48. >> = 

50. S 

51. 

co n n 

ae py (; + ; 

In Exercises 53 and 54, find the sum of the series. 

oF aa a n= 1) 

0 < Fa — 

jaa n(n + 1) 

55. 

56. 

57. 

58. 

59. 

60. 

Let f be a function that has derivatives of all orders for all real 

numbers. Assume that f(3) = 1, f'(3) = 4, f"(3) = 6, and 
f(3 )= — 2). 

(a) Write the third-order Taylor polynomial for f at x = 3 and 

use it to approximate f(3.2). 

(b) Write the second-order Taylor polynomial for f’ at x = 3 

and use it to approximate f'(2.7). 

(c) Does the linearization of f underestimate or overestimate the 

values of f(x) near x = 3? Justify your answer. 

Let 

P(x) =? = 3 — 4) + 54 P= 24 P 

+6(x — 4)4 

be the Taylor polynomial of order 4 for the function f at x = 4. 

Assume f has derivatives of all orders for all real numbers. 

(a) Find f(4) and f’"(4). 

(b) Write the second-order Taylor polynomial for f’ at x = 4 

and use it to approximate f'(4.3). 

(c) Write the fourth-order Taylor polynomial for 

g(x) = y(t) dt atx = 4. 

(d) Can the exact value of f(3) be determined from the informa- 
tion given? Justify your answer. 

(a) Write the first three nonzero terms and the general term of 

the Taylor series generated by f(x) = 5 sin (x/2) at x = 0. 

(b) What is the interval of convergence for the series found in 

(a)? Show your method. 

(c) Writing to Learn What is the minimum number of terms 

of the series in (a) needed to approximate f(x) on the inter- 

val (—2, 2) with an error not exceeding 0.1 in magnitude? 

Show your method. 

Let f(x) = 1/7 (1 — 2x): 

(a) Write the first four terms and the general term of the Taylor 

series generated by f(x) at x = 0. 

(b) What is the interval of convergence for the series found in 

part (a)? Show your method. 

(c) Find f(—1/4). How many terms of the series are adequate 
for approximating f(—1/4) with an error not exceeding one 

percent in magnitude? Justify your answer. 

ie,2) x"n" 

Let f(x) = ar 

for all x for which the series converges. 

(a) Find the radius of convergence of this series. 

(b) Use the first three terms of this series to approximate 

f(-1/3). 
(c) Estimate the error involved in the approximation in part (b). 

Justify your answer. 

Let f(x) = 1/(% = 2). 

(a) Write the first four terms and the general term of the Taylor 

series generated by f(x) at x = 3. 

(b) Use the result from part (a) to find the first four terms and 

the general term of the series generated by In |x — 2| at 

x = 3. 

(c) Use the series in part (b) to compute a number that differs 
from In (3/2) by less than 0.05. Justify your answer. 
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61. 

62. 

63. 

64. 

65. 

66. 

Let f(x) =e”. 

(a) Find the first four nonzero terms and the general term for the 

power series generated by f(x) at x = 0. 

(b) Find the interval of convergence of the series generated 

by f(x) at x = 0. Show the analysis that leads to your 

conclusion. 

(c) Writing to Learn Let g be the function defined by the sum 

of the first four nonzero terms of the series generated by f(x). 

Show that | f(x) — g(x)| < 0.02 for—0.6 = x = 0.6. 

(a) Find the Maclaurin series generated by f(x) = x?/(1 + x). 

(b) Does the series converge at x = 1? Explain. 

Evaluating Nonelementary Integrals Maclaurin series can 

be used to express nonelementary integrals in terms of series. 

(a) Express if “ sin t* dt as a power series. 

(b) According to the Alternating Series Bound Theorem, how 

many terms of the series in part (a) should you use to 

estimate if 9 sin x? dx with an error of less than 0.001? 

(c) Use NINT to approximate _/, ‘ sin x? dx. 

(d) How close to the answer in part (c) do you get if you use 

four terms of the series in part (a)? 

Estimating an Integral Suppose you want a quick noncal- 
culator estimate for the value of I 0 x?e* dx. There are several 

ways to get one. 

(a) Use the Trapezoidal Rule with n = 2 to estimate vp ‘ ae dx, 

(b) Write the first three nonzero terms of the Maclaurin series 

for x7e* to obtain the fourth-order Maclaurin polynomial 

P,(x) for xe*. Use o P4(x) dx to obtain another estimate of 

iE oxe* dx. 

(c) Writing to Learn The second derivative of f(x) = x7e* is 
positive for all x > 0. Explain why this enables you to con- 

clude that the Trapezoidal Rule estimate obtained in part (a) 

is too large. 

(d) Writing to Learn All the derivatives of f(x) = x?e* are 
positive for x > 0. Explain why this enables you to conclude 

that all Maclaurin series approximations to f(x) for x in 
[0, 1] will be too small. [Hint: f(x) = P,(x) + R,(x).] 

(e) Use integration by parts to evaluate Hh je dx. 

Perpetuities Suppose you want to give a favorite school 

or charity $1000 a year forever. This kind of gift is called a 

perpetuity. Assume you can earn 8% annually on your money, 

i.e., that a payment of a, today will be worth a,( 1.08)” in 

n yeats. 

(a) Show that the amount you must invest today to cover the nth 

$1000 payment in n years is 1000(1.08)~". 

(b) Construct an infinite series that gives the amount you must 

invest today to cover all the payments in the perpetuity. 

(c) Show that the series in part (b) converges and find its sum. 

This sum is called the present value of the perpetuity. What 

does it represent? 

(Continuation of Exercise 65) Find the present value of a 
$1000-per-year perpetuity at 6% annual interest. 

67. 

68. 

69. 

70. 
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Expected Payoff How much would you expect to win playing 

the following game? 

Toss a fair coin (heads and tails equally likely). Every time it 

comes up heads you win a dollar, but the game is over as soon 

as it comes up tails. 

(a) The expected payoff of the game is computed by summing 

all possible payoffs times their respective probabilities. If the 

probability of tossing the first tail on the nth toss is (1/2)”, 

express the expected payoff of this game as an infinite 

series. 

(b) Differentiate both sides of 

1 

| = 3% 
=1Lt+xtx24+--- +a" +--- 

to get a series for 1/(1 — x)?. 

(c) Use the series in part (b) to get a series for x7/(1 — x)?. 

(d) Use the series in part (c) to evaluate the expected payoff of 

the game. 

Punching Out Triangles This exercise refers to the “right 

side up” equilateral triangle with sides of length 2b in the 

accompanying figure. 

“Upside down” equilateral triangles are removed from the 

original triangle as the sequence of pictures suggests. The sum 

of the areas removed from the original triangle forms an infinite 

series. 

(a) Find this infinite series. 

(b) Find the sum of this infinite series and hence find the total 

area removed from the original triangle. 

(c) Is every point on the original triangle removed? Explain why 

or why not. 

Nicole Oresme’s (pronounced “O-rem’s”) Theorem 

Prove Nicole Oresme’s Theorem that 

1 1 n 
+--. +-—-. ++. + —-4---=4, NE Asati 3 i 

[ Hint: Differentiate both sides of the equation 
1/(. x)= 1+ Dea | 

(a) Show that 

2x2 

tea 
for |x| > 1 by differentiating the identity 

es) 2 
pea a 

n=1 

co n(n + 1) 

n=1 age 

x 

ies ae 

twice, multiplying the result by x, and then replacing x 

by 1/x. 



540 Chapter 10 /nfinite Series 

(b) Use part (a) to find the real solution greater than | of the 

equation 
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11.1 Paranoia nancies When and how do you make the burn for a translunar injection, taking a 

spaceship out of earth orbit and onto a trajectory that will lead to a lunar 

11.2 Vectors in the Plane orbit? To solve this problem, we must first understand how gravitational 
attraction shapes the path of a satellite in the earth or lunar orbit. In his 

11.3 Polar Functions 
Mathematical Principles of Natural Philosophy of 1687, |lsaac Newton 

showed that these paths would always be conic sections: circles, ellipses, 

parabolas, or hyperbolas. Today, his solution is written in the language of 

parametric equations, vectors, and—especially—polar coordinates. We 

will explore this connection in Section 11.3. 
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Parametric Functions 
You will be able to extend the cal- 
culation of derivatives to parametric 

functions. 

- The slope and concavity of a curve 

given by parametric functions 

- The length of a curve (arc length) 
given by parametric functions 
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The material in this book is generally described as the calculus of a single variable, since 

it deals with functions of one independent variable (usually x or ft). In this chapter you 

will apply your understanding of single-variable calculus in three kinds of two-variable 

contexts, enabling you to analyze some new kinds of curves (parametrically defined and 

polar) and to analyze motion in the plane that does not proceed along a straight line. 

Interestingly enough, this will not require the tools of multivariable calculus, which you 

will probably learn in your next calculus course. We will simply use single-variable cal- 

culus in some new and interesting ways. 

Parametric Curves in the Plane 

We reviewed parametrically defined functions in Section 1.4. Instead of defining the 

points (x, y) ona planar curve by relating y directly to x, we can define both coordinates as 

functions of a parameter t. The resulting set of points may or may not define y as a function . 

of x (that is, the parametric curve might fail the vertical line test). 

EXAMPLE 1 Reviewing Some Parametric Curves 

Sketch the parametric curves and identify those which define y as a function of x. In 

each case, eliminate the parameter to find an equation that relates x and y directly. 

(a) x = cost and y = sint for ¢ in the interval | 0, 277) 

(b) x = 3 cost and y = 2 sint for f in the interval | 0, 477 | 

(c) x = Vit and y = t — 2 for tin the interval [ 0, 4 | 

SOLUTION 

(a) This is probably the best-known parametrization of all. The curve is the unit circle 

(Figure 11.1a), and it does not define y as a function of x. To eliminate the parameter, 

we use the identity (cos t)? + (sin t)? = 1 to write x? + y* = 1. 

(b) This parametrization stretches the unit circle by a factor of 3 horizontally and by a fac- 

tor of 2 vertically. The result is an ellipse (Figure 11.1b), which is traced twice as t covers 

the interval [ 0, 47r |. (In fact, the point (3, 0) is visited three times.) It does not define y 
2 2 

as a function of x. We use the same identity as in part (a) to write (=) +: (5) = 1. 

(c) This parametrization produces a segment of a parabola (Figure 11.1c). It does define 

y as a function of x. Since t = x”, we write y = x? — 2. Now Try Exercise 1. 

a 

(a) (b) (c) 

Figure 11.1 A collection of parametric curves (Example 1). Each point (x, y) is determined by 

parametric functions of t, but only the parametrization in graph (c) determines y as a function of x. 
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Slope and Concavity 
We can analyze the slope and concavity of parametric curves just as we can with explicitly 

defined curves. The slope of the curve is still dy/dx, and the concavity still depends on 

*y/dx*, so all that is needed is a way of differentiating with respect to x when everything 

is given in terms of t. The required parametric differentiation formulas are straightforward 

applications of the Chain Rule. 

Parametric Differentiation Formulas 

If x and y are both differentiable functions of t and if dx/dt # 0, then 

wee 
dx duydt, 

If y' = dy/dx is also a differentiable function of t, then 

d*y 4d a /dt 

eo 0 de eas 

EXAMPLE 2 Analyzing a Parametric Curve 

Consider the curve defined parametrically by x = t? — 5 and y = 2 sint for 

Ors itissarn 

(a) Sketch a graph of the curve in the viewing window [—7,7] by [—4, 4]. Indicate 
the direction in which it is traced. 

(b) Find the highest point on the curve. Justify your answer. 

(c) Find all points of inflection on the curve. Justify your answer. 

SOLUTION 

(a) The curve is shown in Figure 11.2. 
Figure 11.2 The parametric curve defined 

in Example 2. (b) We seek to maximize y as a function of t, so we compute dy/dt = 2 cos t. Since 

dy/dt is positive for 0 = t < 7/2 and negative for 7/2 < t = 7, the maximum 
occurs when t = 77/2. Substituting this t-value into the parametrization, we find the 

highest point to be approximately leceEeh pay 

(c) First we compute d*y/dx?. 

dy _dy/dt _2cost cost 

= dx Gd Fae Tie eet 

(—sin £)(t):— (1) (cos t) 

oe ee ee 
tsint + cost 

“[0,m)by 0. 1,0.) 

Figure 11.3 ‘The graph of dy/dx? for the. 
parametric curve in Example 2 shows a ne 
sign change at t = 2.798386 ..., indi- alae 
cating a point of inflection on the curve. ¢ 
(Example 2) ~ ( 

Ja 7 
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Here is a third formula based on the same approximation. 

(b, d) 

Arc Length of a Parametrized Curve 

Let L be the length of a parametric curve that is traversed exactly once as ¢ increases 

from f, to f. 

‘sol ie sid a iene reccemaee llc tS al alps If dx/dt and dy/dt are continuous functions of ¢, then 

t 
dx \? 

Figure 11.4 The graph of f, approximated L= / vi ste 

by line segments. hy 

EXAMPLE 3 Measuring a Parametric Curve 

Find the length of the astroid (Figure 11.5) 

K =NCOS ty silat ae Of Oar, 

SOLUTION 
x=cos3t, y=sin3t,0<t<27 

The curve is traced once as t goes from 0 to 277. Because of the curve’s symmetry with 

ls, respect to the coordinate axes, its length is four times the length of the first quadrant 

portion. We have 

2h 
dt 

ole dt 

2 

((3 cos’ t)(—sin ») = 9 cos? t sin? t 

( 
2 

( 3 sin? 1 (cos) ) = 9 sin* t cos? t 

Figure 11.5 The astroid in Example 3. (=) ie (2) 
— = V9 cos?t sin2t (cos? t + sin2t 
dt dt eo ) 

1 

= V9 cos’ t sin? t 

= 3]cos r sin ¢| 

Thus, the length of the first quadrant portion of the curve is 

a /2 ar /2 

ih 3|cos t sin tl|dt = 3/ costsintdt costsint=0,0st=a/2 
0 0 

3 a /2 

= —sin’t u = sin t, du = cos tat 
0 

Now Try Exercise 29. 

Cycloids 

Figure 11.6 The position of P(x, y) on Suppose that a wheel of radius a rolls along a horizontal line without slipping (see 

the edge of the wheel when the wheel has Figure 11.6). The path traced by a point P on the wheel’s edge is a cycloid, where P is 

turned ¢ radians. (Example 4) originally at the origin. 
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Huygens’s Clock 
SET 

The problem with a pendulum clock whose 

bob swings in a circular arc is that the 

frequency of the swing depends on the 

amplitude of the swing. The wider the 

swing, the longer it takes the bob to return 

to center. 

This does not happen if the bob can 

be made to swing in a cycloid. In 1673, 

Christiaan Huygens (1629-1695), the Dutch 

mathematician, physicist, and astrono- 

mer who discovered the rings of Saturn, 

designed a pendulum clock whose bob 

would swing in a cycloid. Driven by a need 

to make accurate determinations of longi- 

tude at sea, he hung the bob from a fine 

wire constrained by guards that caused it 

to draw up as it swung away from center. 

How were the guards shaped? They were 

cycloids, too. 

Guard 

cycloid 
Guard 
cycloid 

a Cycloid 

[0, 377} by [-2, 4] 

Figure 11.7 The graph of the cycloid 

x= f—singy SP — cost, ra Ul 

(Example 5) 

EXAMPLE 4 Finding Parametric Equations for a Cycloid 

Find parametric equations for the path of the point P in Figure 11.6. 

SOLUTION 

We suppose that the wheel rolls to the right, P being at the origin when the turn angle 

t equals 0. Figure 11.6 shows the wheel after it has turned t radians. The base of the 

wheel is at distance at from the origin. The wheel’s center is at (at, a), and the coordi- 

nates of P are 

x=at+acos@é, y=artasin#. 

To express 6 in terms of t, we observe that t + 6 = 32/2 + 2ka for some integer k, so 

3 
9 = a — t+ 2ke 

Thus, 

3 
cos 8 = cos (2 = ih ok 24) = sin f, 

3 
sin 8 = sin @ =P ae 24 = —cos t 

Therefore, 

x = at — asint = a(t — sinf), 

y =a-—acost=a(1 — cost) 
Now Try Exercise 41. 

EXPLORATION 1 | Investigating Cycloids 

Consider the cycloids with parametric equations 

x=aliosmt), y= el I— cost). ia. 0 

Graph the equations for a = 1, 2, and 3. 

Find the x-intercepts. ( 

Show that y = 0 for all t. 

Explain why the arches of a cycloid are congruent. 

What is the maximum value of y? Where is it attained? 

Describe the graph of a cycloid. 

EXAMPLE 5 Finding Length 

Find the length of one arch of the cycloid 

x=a(t-sint), y= a(1-—cos?f), a> 0. 

SOLUTION 

Figure 11.7 shows the first arch of the cycloid and part of the next for a = 1. In 

Exploration 1 you found that the x-intercepts occur at t equal to multiples of 27 and 

that the arches are congruent. 

The length of the first arch is 

mono 
continued 



We have 

Therefore, 

Exercise numbers with a gray background indicate problems that the 

authors have designed to be solved without a calculator. 

Use algebra or a trig identity to write an equation relating x and y. 

1x=t+1 and y=2t+3 

mex=3t and y = 5417-3 

3.x =sint and y=cost 

4.x =sintcost and y= sin(2r) 

Section 11.1 Exercises 

&|S ced 

N 

T 

Quick Review 11.1 (For help, go to Appendix A. 1.) 
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[a(1 — cost) ]? = a*(1 — 2 cost + cos? tr) 

2 sin? t ll [asint]? =a 
ae 

II 

aV2—2 cost a>O6 sin? t+ cos2t =1 

dy 2 27 

(2) dt = a / V2 — 2costdt = 8a. Using NINT 
dt 0 

The length of one arch of the cycloid is 8a. Now Try Exercise 43. 

5.x =tan@ and y=sec@ 

6.x =csc@ and y=coté 

7.x =cos@ and y =cos (20) 

8.x =sin@ and y=cos (26) 

9.x =cos? and y=sind(0=0=7) 

10.x=cos@ and y=sin0(7 =6 5 27) 

In Exercises 1-6, sketch the parametric curves and identify those 

which define y as a function of x. In each case, eliminate the param- 

eter to find an equation that relates x and y directly. 

1.x = 2t + 3 and y = 4t — 3 fort in the interval [ 0, 3] 

Pe 
29x = Vt — 2 and y= 7 

3.x = tant and y = sec? fort in the interval [ 0, 7/4] 

for t in the interval [ 3, 11 ] 

4.x = sint and y = 2cost for ¢ in the interval [0, 7 | 

5.x = sint and y = cos (2t) fort in the interval [ 0, 277 ] 

6. x = sin 6t and y = 2r fort in the interval [ 0, 7/2] 

In Exercises 7-16, find (a) dy/dx and (b) d*y/dx? in terms of t. 

fox =4sint, y = 2cost 8. x = cost, y = V3cost 

Mx. =-Vit+i, y= V31 Bx =1/, y=-2+ int 

GPx =? -3,, y= AQx=2+14 y=r2-t 
G4) x =2cost, y =cos(2t) @2x = tant, y = sect 

(7G) x =n (51), y = e* Gi) x = 1n(2t), y = In (3¢)4 

In Exercises 17-22, 

(a) sketch the curve over the given f-interval, indicating the 

direction in which it is traced, 

(b) identify the requested point, and 

(c) justify that you have found the requested point by analyzing 

an appropriate derivative. You may use a grapher, as was 

done in Example 2, part (c). 

17:2 Sta) oF St? ee ee eae Lowest point 

18.x% = 1? + 24, y=? — 2+ 3, —2 at = 3 Lefimost pot 

19.x=2sint, y=cost, OSt=7 Rightmost point 

20.x =tant, y=2sect, -l1=t=1 Lowest point 

21.x = 2sint, y=cos(2t), 15=t=45 Highest point 

22.x=In(5t), y = In (4t?), 0<1= 10 Rightmost point 

In Exercises 23—26, find the points at which the tangent line to the 

curve is (a) horizontal or (b) vertical. 

23. x = 2 + cost, 

24.x = sect, y = tant 

2.x=2-4 y=t? —4¢ 

26.x =—-2+3cost, y=1+3sint 

y =-—1+ sint 
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In Exercises 27—34, find the length of the curve. (For an algebraic 

challenge, evaluate the integrals in Exercises 29-34 without a 

calculator.) 

meex=cost, y=sint, 0St= 27 

28.x =3sint, y=3cost, 0St=s7 

29. x = 8cost + 8tsint, y= 8sint — 8tcost, 0O=t = 7/2 

30. x = 2cos’t, y=2sin?t, OS ts 27 

(2¢ + 3)7? t? 
31. x = 3 ; iB ery Ora 

(8 + 8)3/2 
32.4 = $ , y=r"+n- 05752 

eee ee 
$3.4 = 3h, E Engrs OS ial 

34. x = In(sect + tant) — sint, y= cost, OStS 7/3 

35. Length Is Independent of Parametrization To illustrate 

the fact that the numbers we get for length do not usually 

depend on the way we parametrize our curves, calculate the 

length of the semicircle y = V1 — x? with these two different 

parametrizations. 

(a)x =cos2t, y=sin24, 0Sts 7/2 

(b)x =sinmt, y=cosmt, —1/2=t=1/2 

36. Perimeter of an Ellipse Find the length of the ellipse 

x=3cost, y=4sint, 0StS 27. 

37. Cartesian Length Formula The graph of a function 

y = f(x) over an interval { a, b |] automatically has the param- 

etrization 

Ke Xe Va edt (X) yen eae uD) 

The parameter in this case is x itself. Show that for this param- 

etrization, the length formula 

reduces to the Cartesian formula 

derived in Section 8.4. 

38. (Continuation of Exercise 37) Show that the Cartesian 

formula 

(“) 
i= fi+(4 ee ( ya 

for the length of the curve x = g(y),c = y = d, from Section 8.4 

is a special case of the parametric length formula 

Exercises 39 and 40 refer to the region bounded by the x-axis and 

one arch of the cycloid 

x =a(t-—sint), y=a(l — cost) 

that is shaded in the figure shown at the top of the next column. 

39. Find the area of the shaded region. [Hint: dx = (dx/dt) dt] 

40. Find the volume swept out by revolving the region about the 

x-axis. [Hint: dV = ay? dx = ary?(dx/dt) dt] 

41. Curtate Cycloid Modify Example 4 slightly to find the para- 

metric equations for the motion of a point in the interior of a 

wheel of radius a as the wheel rolls along the horizontal line 

without slipping. Assume that the point is at distance b from the 

center of the wheel, where 0 < b < a. This curve, known as a 

curtate cycloid, has been used by artisans in designing the arches 

of violins (Source: mathworld.wolfram.com). 

42. Prolate Cycloid Modify Example 4 slightly to find the para- 
metric equations for the motion of a point on the exterior of a 

wheel of radius a as the wheel rolls along the horizontal line 

without slipping. Assume that the point is at distance b from the 

center of the wheel, where a < b < 2a. This curve, known as 

a prolate cycloid, is traced out by a point on the outer edge of 

a train’s flanged wheel as the train moves along a track. (If you 

graph a prolate cycloid, you can see why they say that there is 

always part of a forward-moving train that is moving backward!) 

43. Arc Length Find the length of one arch (that is, the curve over 

one period) of the curtate cycloid defined parametrically by 

x = 3t — 2sintand y = 3 — 2 cost. 

44. Arc Length Find the length of one arch (that is, the curve over 

one period) of the prolate cycloid defined parametrically by 

x = 2t — 3sint and y = 2 — 3 cost. 

Standardized Test Questions 

45. True or False In a parametrization, if x is a continuous func- 

tion of t and y is a continuous function of f, then y is a continu- 

ous function of x. Justify your answer. 

46. True or False If f is a function with domain all real numbers, 

then the graph of f can be defined parametrically by x = t and 

y = f(t) for —co < t < oo. Justify your answer. 

47. Multiple Choice For which of the following parametrizations 

of the unit circle will the circle be traversed clockwise? 

(A)x= cost, y=sint, 01S 27 

(B)x = sint, y=cost, O0OSt=S27 

(C)x =-—cost, y=-sint, 0Sts27 

(D)x =-sint, y=cost, 0StsS27 

(E)x =smnt y=-—cost, 0S 725 27 



48. Multiple Choice A parametric curve is defined by x = sin t 

and y = esct for 0 < t < 7/2. This curve is 

(A) increasing and concave up. 

(B) increasing and concave down. 

(C) decreasing and concave up. 

(D) decreasing and concave down. 

(E) decreasing with a point of inflection. 

49. Multiple Choice The parametric curve defined by x = In (ft), 
y = tfort > 0 1s identical to the graph of the function 

(A) y = Inx for all real x. 

(B) y = In’ for x > 0. 

(C) y = e* for all real x. 

(D) y = e* for x > 0. 

(E) y = In (e*) for x > 0. 

50. Multiple Choice The curve parametrized by 

x = 6sint — 3 sin (7t) and y = 6 cost — 3 cos (7f), 

as shown in the diagram below, is traversed exactly once as f 

increases from 0 to 277. The total length of the curve is given by 

(A) [¢"V(6sint — 3 sin (7t))? + (6 cos t — 3.cos (7t))? dt 

(B) f;"V(6 cos t — 3.cos (7t))? + (6 sint — 3sin (7t))? dt 

(C) jie (@cose — 1 cos (72) = (Osme— 2lem (72) )* a 

(D) [27 V(6 cos t — 21 cos (7#))? — (—6 sin + 21 sin (72))? at 
(E) |." V/(6 cos t — 3.cos (7t))? + (6 sint + 3 sin (3r))? dt 

Explorations 
51. Group Activity /nvolute of a Circle If a string wound 

around a fixed circle is unwound while being held taut in the 

plane of the circle, its end P traces an involute of the circle as 

suggested by the following diagram. In the diagram, the circle 

is the unit circle in the xy-plane, and the initial position of the 

tracing point is the point (1, 0) on the x-axis. The unwound por- 
tion of the string is tangent to the circle at Q, and ¢ is the radian 

measure of the angle from the positive x-axis to the segment OQ. 
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(a) Derive parametric equations for the involute by expressing 

the coordinates x and y of P in terms of t for t = 0. 

(b) Find the length of the involute for 0 = t S 27. 

52. (Continuation of Exercise 51) Repeat Exercise 51 using the 

circle of radius a centered at the origin, x7 + y? = a’. 

In Exercises 53-56, a projectile is launched over horizontal ground 

at an angle @ with the horizontal and with initial velocity vo ft/sec. Its 

path is given by the parametric equations 

x = (vocos@)t, y = (vosin@)t — 16:7. 

(a) Find the length of the path traveled by the projectile. 

(b) Estimate the maximum height of the projectile. 

53.0 = 20°, vo = 150 54. 6 = 30°, vo = 150 

55. 9 = 60°, vp = 150 56. 6 = 90°, vo = 150 

Extending the Ideas 
If dx/dt and dy/dt are continuous, the parametric curve defined 

by (x(t), y(t)) fora = t = b is called smooth. If the curve is tra- 

versed exactly once as ¢ increases from a to b, and if y is a positive 

function of x, then the curve can be revolved about the x-axis to 

form a surface of revolution (see Section 8.3). The area of such a 

surface is given by 

b 
dx \? 2) 

= ,/(—} + (=) dt. S [om (=) (2 dt 

Apply this formula in Exercises 57-60 to find the surface area when 

the parametric curve is revolved about the x-axis. 

57.x% = cost, y=2+snt OS 1¢ = 27 

58.x=2V1, y = (2/3)8?, O<t<2 
BS = Oe yar t+ 1, OSt= 3 

60. x = In(sect + tant) —sint, y=cost, 0StS a/3 
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AL. 2. Vectors in the Plane 
You will be able to extend the calcu- " i 

lation of derivatives and integrals to Two-Dimensional Vectors 

vector-valued functions. When an object moves along a straight line, its velocity can be determined by a single 
- Vector operations number that represents both magnitude and direction (forward if the number is positive, 

- Velocity and acceleration for vector- | backward if it is negative). The speed of an object moving on a path in a plane can still be 

valued functions represented by a number, but how can we represent its direction when there are an infinite 

- Displacement and distance traveled number of directions possible? Fortunately, we can represent both magnitude and direc- 

for vector-valued functions tion with just two numbers, just as we can represent any point in the plane with just two 

coordinates (which is possible essentially for the same reason). This representation is what 

two-dimensional vectors were designed to do. 

Whe the ol a b) determines a point in the plane, it also determines a 
ef ( arrow) with its tail at the origin and its head at (a, b) (Figure 11.8). The 
Tag a this : arrow represents magnitude, while the direction in which it points represents 

direction. In this way, the ordered pair (a, b) represents a mathematical object with both 

magnitude and direction, called the 

(4 b) (a, b) 

(a, b) 

O O 

Figure 11.8 The point represents the ordered pair (a, b). The arrow (directed line segment), 

represents the vector (a,b). 

Vector Notation 

a DEFINITION Two-Dimensional Vector 
The American physicist J. Willard Gibbs 7 5 hee Ree 

(1839-1903) championed the use of vec- A is an ordered pair of real numbers, denoted in 
of the vector v. The 

is the arrow from the origin to the 
of v, denoted |v], is the length of 

the arrow, and the is the direction in which the arrow is pointing. The 
__vector 0 = (0,0), called the has zero length and no direction. 

hi GLa im 1 ‘ yx 4 

tor notation in the study of electrodynam- 

ics and fluid mechanics. In 1893, Oliver 

Heaviside (1850-1925) became the first 

person to use boldface letters such as 

v to denote vectors. 

as (a, b). The numbers a and. b are the 

of the vector (a, b 

(or point (a, b). The 

The distance formula in the plane gives a simple computational formula for magnitude. 



Figure 11.9 The arrows OR and OP’ both 

represent the vector (3,4), as would any 

arrow with the same length pointing in 

the same direction. Such arrows are called 

equivalent. 

Figure 11.10 The vector v in Example 1 is 

represented by an arrow from the origin to 

the point (-1, V3). 

y=3 sin 40° 

Figure 11.11 The vector in Example 2 is 

represented by an arrow from the origin to 

the point (3 cos 40°, 3 sin 40°). 

Why Not Use Slope for Direction? 

Notice that s/ope is inadequate for deter- 

mining the direction of a vector, since 

two vectors with the same slope could be 

pointing in opposite directions. Moreover, 

vectors are still useful in dimensions higher 

than 2, while slope is not. 
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Direction Angle of a Vector 

The direction angle of a nonzero vector v is the smallest nonnegative angle 6 

formed with the positive x-axis as the initial ray and the standard representation of 

v as the terminal ray. 

This textbook uses boldface variables to represent vectors (for example, u and v) to dis- 

tinguish them from numbers. In handwritten form it is customary to distinguish vector 

variables by arrows (for example, wv’ and Vv’). We also use angled brackets to distinguish a 

vector (x,y) from a point (x, y) in the plane, although it is not uncommon to see (x, y) 
used for both, especially in handwritten form. 

It is often convenient in applications to represent vectors with arrows that begin at points 

other than the origin. The important thing to remember is that any two arrows with the 

same length and pointing in the same direction represent the the same vector. In Figure 11.9, 

for example, the vector (3, 4) is shown represented by OR’, an arrow with initial point 
Q and terminal point R, as well as by its standard representation OP’. Two arrows that 

represent the same vector are said to be equivalent. 

The quick way to associate arrows with the vectors they represent is to use the following 

rule. 

Head Minus Tail (HMT) Rule 

If an arrow has initial point (2;, y;) and terminal point (x, y>), it represents the 

vector (xX) — X4,y2 — 1) 

EXAMPLE 1 Finding Magnitude and Direction 

Find the magnitude and the direction angle @ of the vector v = (— i V3) (Figure 11.10). 

SOLUTION 

The magnitude of v is |v| = Wes sO)o (V3 — 0)? = 2. Using triangle 

ratios, we see that the direction angle 6 satisfies cos @ = —1/2 and sin@ = V3/ 2, SO 

6 = 120° or 27/3 radians. 
Now Try Exercise 5. 

EXAMPLE 2 Finding Component Form 

Find the component form of a vector with magnitude 3 and direction angle 40°. 

SOLUTION 

The components of the vector, found trigonometrically, are x = 3 cos 40° and 

y = 3 sin 40° (Figure 11.11). 

The vector is (3 cos 40°, 3 sin 40°) ~ (2.298, 1.928). Now Try Exercise 13. 

Vector Operations 
The algebra of vectors sometimes involves working with vectors and numbers at the same 

time. In this context, we refer to the numbers as scalars. The two most basic algebraic 

operations involving vectors are (adding a vector to a vector) and 

(multiplying a vector by a number). Both operations are easily represented 

geometrically. 
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DEFINITION Vector Addition and Scalar Multiplication 

Let u = (uj, U2) and v = (vj, v2) be vectors and let k be a real number (scalar). 

The sum (or resultant) of the vectors u and v is the vector 

u+v= (uy + Vj, uy + V2). 

The product of the scalar k and the vector u is 

ku = k(uy, Uy) = (ky, kup). 

The opposite of a vector v is —v = (—1)v. We define vector subtraction by 

Bove (—-F), 

Me. : , : The vector WW is a vector of magnitude 1, called a unit vector. Its component form is 
Vv 

(cos 0, sin 6), where @ is the direction angle of v. For this reason, —— is sometimes called 
v 

the direction vector of v. : 
The sum of two vectors u and v can be represented geometrically by arrows in two 

ways. In the tail-to-head representation, the arrow from the origin to (1, 2) is the 
standard representation of u, the arrow from (1, u>) to (wu, + vj, u + v2), represents v 

(as you can verify by the HMT Rule), and the arrow from the origin to (uw + v1, u + v2) 

then is the standard representation of u + v (Figure 11.12a). 

In the parallelogram representation, the standard representations of u and v determine 

a parallelogram whose diagonal is the standard representation of u + v (Figure 11.12b). 

(a) (b) 

Figure 11.12 Two ways to represent vector addition geometrically: (a) tail-to-head and 

(b) parallelogram. 

The product ku of the scalar k and the vector u can be represented by a stretch (or shrink) 

of u by a factor of k. If k > 0, then ku points in the same direction as u; if k < 0, then ku 

points in the opposite direction (Figure 11.13). 

EXAMPLE 3 Performing Operations on Vectors 

ony Let u = (—1,3) and v = (4,7). Find the following. 

(a) 2u + 3v (bp) av (c) su 

u 

SOLUTION 
(a) 2u + 3v = 2(-1,3) + 3(4,7) 

Figure 11.13 Representations of u and 

several scalar multiples of u. (2(-1) + 3(4), 2(3) + 3(7)) = (10,27) continued 



NOT TO SCALE 

Figure 11.14 Vectors representing the 

velocities of the airplane and tail wind 

in Example 4. 
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(b) at yi (hh 3) — 4,7) 

Sep yy = Fy ss) 24) 

9 GO- 
Vector operations have many of the properties of their real-number counterparts. 

Oe ie 

Now Try Exercise 21. 

Properties of Vector Operations 

Let u, v, w be vectors and a, b be scalars. 

1l.ut+v=vt+u 2.(u+v)+w=u+(v+w) 

3.u+0=u 4.u+ (-u) =0 

5. Ou = 0 6. lu=u 

7. a(bu) = (ab)u 8. a(u + Vv) = au + av 

9. (a + bju=au+ bu 

Modeling Planar Motion 
Although vectors are used in many other physical applications, our primary reason for 

introducing them into this course is to model] the motion of objects moving in a coordinate 

plane. You may have seen vector problems of the following type in a physics or mechanics 

course. 

EXAMPLE 4 Finding Ground Speed and Direction 

A Boeing® 727® airplane, flying due east at 500 mph in still air, encounters a 70-mph tail 
wind acting in the direction 60° north of east. The airplane holds its compass heading due 

east but, because of the wind, acquires a new ground speed and direction. What are they? 

SOLUTION 

If u = the velocity of the airplane alone and v = the velocity of the tail wind, then 

|u| = 500 and |v| = 70 (Figure 11.14). 

We need to find the magnitude and direction of the resultant vector u + Vv. If we let 

the positive x-axis represent east and the positive y-axis represent north, then the com- 

ponent forms of u and v are 

u = (500,0) and v= (70cos 60°, 70 sin 60°) = (35,353). 

Therefore, 

u + y= (535,35V3), 

lu + vj = V'5352 + (353)? ~ 538.4, 

and 

35V3 
6 = tan! saae 6.5°. 

Interpret The new ground speed of the airplane is about 538.4 mph, and its new 

direction is about 6.5° north of east. Now Try Exercise 25. 
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Recall that if the position x of an object moving along a line is given as a function of time ¢, 

then the velocity of the object is dx/dt and the acceleration of the object is d?x/dt?. It is 
almost as simple to relate position, velocity, and acceleration for an object moving in the 

plane, because we can model those functions with vectors and treat the components of the 

vectors as separate linear models. Example 5 shows how simple this modeling actually is. 

EXAMPLE 5 Doing Calculus Componentwise 

A particle moves in the plane so that its position at any time t = 0 is given by (sin t, t?/2). 

(a) Find the position vector of the particle at time t¢. 

(b) Find the velocity vector of the particle at time t. 

(c) Find the acceleration of the particle at time t. 

(d) Describe the position and motion of the particle at time t = 6. 

SOLUTION 

(a) The position vector, which has the same components as the position point, is 

(sin t, t?/2). In fact, it could also be represented as (sin t, t7/2), since the context 
would identify it as a vector. 

(b) Differentiate each component of the position vector to get (cos ft, ft). 

(c) Differentiate each component of the velocity vector to get (—sin 7, 1). 

(d) The particle is at the point (sin 6, 18), with velocity (cos 6,6) and acceleration 
(—sin 6, 1). 

[-2, 2] by [0, 25] You can graph the path of this particle parametrically, letting x = sin (t) and y = t?/2. 
O<1t<6 In Figure 11.15 we show the path of the particle from t = 0 to t = 6. The red arrow at 

Figure 11.15 The path of the particle in the point (sin 6, 18) represents the velocity vector (cos 6, 6). It shows both the magni- 

Example 5 from t = 0 to t = 6. The red tude and direction of the velocity at that moment in time. 

arrow shows the velocity vector at t = 6. Now Try Exercise 31. 

Velocity, Acceleration, and Speed 
We are now ready to give some definitions. 

DEFINITIONS Velocity, Speed, Acceleration, and Direction of Motion 

Suppose a particle moves along a smooth curve in the plane so that its position at any 
time tis (x(t), y(t)), where x and y are differentiable functions of t. 4 

1. The particle’s position v is (1) = (x(1). (0) 

AWord About See aay 

caloutus ok vapeaee ye vhich (for exam 
dv/dt = a(t), but it is not our intention 
to get into that here. We have pea 
finessed the fine point of vector d 
tiability by requiring the path of our parieie 
to be “smooth.” The path can have vertical | 

tangents, fail the vertical line test, andloop | ~ 0. 
back on itself, but corners and cusps are 
still problematic. ‘ 
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(a) Find the position vector of the baseball at time t (in seconds). 
>< 

(b) Find the velocity vector of the baseball at time t (in seconds). 

(551, 55\V3t) (c) At what time ft does the fielder catch the ball, and how far is he from home plate? 

(d) How fast is the ball traveling when he catches the ball? 

g(t) = (0, 1627) 
SOLUTION 

r(t) = (55t, 55V3t — 1612) (a) From elementary physics we know that the position vector of the ball at any time f is 

r(t) = (x(t), y(t)), where x(t) = 110¢ cos 60° = 55r and y(t) = 110r sin 60° — 

1612 = 55\/3t — 1612. See Figure 11.16. 
Note that we ignore the height of the batter (the ball is hit a few feet off the ground), 

Figure 11.16 A vector diagram showing air resistance, and wind effects. We consider only gravity in this model of the motion 
r(t), the position vector of a baseball of a baseball hit by a bat. 
hit by a bat, and the effect of gravity. 

(Example 6) : ; dx dy ; rt 
(b) The velocity vector is v(t) = a SF . Evaluating the derivatives, we get 

v(t) = (55,553 — 322). 

(c) Note that the vertical component of the desired position vector must be 8 (feet). 

So, y(t) = 55V/3t — 16r2 = 8. Next, solving for t(t > 0), we have 

55V3 + V(55V3)2 — 4- 16-8 
16t2 — 55V/3t + 8 = 0, which gives t = A , or 

t =~ 5.869 seconds. Thus, the fielder catches the ball in the air 5.869 seconds after the 

ball was hit. The horizontal component of the position vector is x(t) = 55t, which 
gives x(t) = 55(5.869) ~ 322.780 feet. So, the fielder is standing about 323 feet 
from home plate when he catches the ball. 

(d) The speed of the ball at any time t is |v(t)|. So, we evaluate |v(r)| at t = 5.869, 
found in part (c): 

Iv(t)| = V552 + (553 — 322)? 

|v(5.869)| = V552 + (55/3 — 32 + 5.869)? ~ 107.655 ft/sec, or 73.402 mph 

So, the ball is traveling at about 73 mph when the fielder catches the ball. 

Now Try Exercise 33. 

EXAMPLE 7 Studying Planar Motion 

A particle moves in the plane with position vector r(t) = (sin (3t), cos (5t)). Find 
the velocity and acceleration vectors and determine the path of the particle. 

SOLUTION 

Velocity v(t) = (4 sin (3t)), “ Cos (s1))) = (3 cos (3t), —5 sin (5t)). 

Acceleration a(t) = (£6 cos (3f)), “(-5 sin (51))) = (—9 sin (3t), —25 cos (St) ). 
[-1.6, 1.6] by [-1.1, 1.1] 

0Osts63 
The path of the particle is found by graphing (in parametric mode) the curve defined by 

5 x = sin (3t) and y = cos (St) (Figure 11.17). 
Figure 11.17 The path of the busy particle Now Try Exercise 35. 
in Example 7. 
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Figure 11.18 The ellipse on which the 

particle travels in Example 8. The velocity 

vector at the point (4,0) is (0,—2), rep- 
resented by an arrow tangent to the ellipse 

at (4, 0) and pointing down. The direction 

of the velocity at that point indicates that 

the particle travels clockwise around the 

origin. 

EXAMPLE 8 Studying Planar Motion 

A particle moves in an elliptical path so that its position at any time t = 0 is given by 

(4 sin t, 2 cos f). 

(a) Find the velocity and acceleration vectors. 

(b) Find the velocity, acceleration, speed, and direction of motion at t = 7/4. 

(c) Sketch the path of the particle and show the velocity vector at the point (4, 0). 

(d) Does the particle travel clockwise or counterclockwise around the origin? 

SOLUTION 

d d 
(a) Velocity v(t) = (f(a sin t), 7 (2 cos ») = (4cos t, —2 sin t) 

d d 
Acceleration a(t) = (SU cos t), ae sin ») = (—4sin t, —2 cos t) 

(b) Velocity v(/4) = (4 cos (7/4), —2 sin (7/4)) = (2V2,-V2) 

Acceleration a(7r/4) = (—4 sin (7/4), —2 cos (7/4) ) = (= =2/2, -V2) 

Speed = |v(7/4) =| (2/2, -V2)| = V (22) 5 (-V2)? = V10 

(c) The ma defined parametrically by x = 4 sint and y = 2 cos ¢ is shown in Figure 

11.18. At the point (4, 0), sint = 1 and cost = 0, so v(t) = (4cost,—2sint) = 

(0,—-2). The vector (0,—2) is drawn tangent to the curve at (4, 0). 

(d) As the vector in Figure 11.18 shows, the particle travels clockwise around the origin. 

Now Try Exercise 37. 

Displacement and Distance Traveled 
Recall that when a particle moves along a line with velocity v(t ) the a ee (or net 

distance traveled) from time t = a to time t = b is given by TE ) dt, while the (total) 

distance traveled in that time interval is given by ihe |v(t)| dt. When a particle moves in 

the plane with velocity vector v(t), displacement and distance traveled can be found by 

applying the same integrals to the vector v, although in slightly different ways. 

DEFINITIONS Displacement and Distance Traveled 

Suppose a particle moves along a path in the plane so that its velocity at any time f 

is v(t) = (¥,(t), v2(t)), where v; and v> are integrable functions of t. 

The displacement from t = a to t = b is given by the vector 

( fa [v0 it), 

The preceding vector is added to the position at time tf = a to get the position at 
time t = b. 

The distance traveled from tf = a tot = bis 

b b 

[ivola= f Voor + Oxon 

There are two things worth noting about the formula for distance traveled. First of all, it is 

a nice example of the integral as an accumulator, since we are summing up bits of speed 

multiplied by bits of time, which equals bits of positive distance. Second, it is actually a new 

look at an old formula. Substitute dx/dt for v,(t) and dy/dt for v2(t) and you get the are 
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length formula for a curve defined parametrically (Section 11.1). This formula makes sense, 

since the distance the particle travels is precisely the length of the path along which it moves. 

EXAMPLE 9 Finding Displacement and Distance Traveled 

A particle moves in the plane with velocity vector v(t) = (t — 37 cos wt, 2t — 7 sin mT). 
At t = 0, the particle is at the point (1, 5). 

(a) Find the position of the particle at t = 4. 

(b) What is the total distance traveled by the particle from t = 0 to t = 4? 

SOLUTION 

4 4 
(a) Displacement = c (t — 3a cos mt)dt, if (2t a sin a) = (8, 16). 

The particle is at the point (1 + 8,5 + 16) = (9,21). 

(b) Distance traveled = f°’ (t — 3a cos mt)? + (2¢ — m sin wt)? dt ~ 33.533. 
Now Try Exercise 39. 

EXAMPLE 10 Finding the Path of the Particle : 

Determine the path that the particle in Example 9 travels going from (1,5) to (9, 21). 

SOLUTION 

The velocity vector and the position at t = 0 combine to give us the vector equivalent of 

an initial value problem. We simply find the components of the position vector separately. 

dx 
if 97 COS ant 
dt 

t? 

x= 5) — 3sin wt + C Antidifferentiate. 

2 

a ie 3 sin amt + 1. x= 1whent= 0. 

dy 
—— = i = ae il) Gas 
dt 

[-5, 15] by [0, 23] y=t?+cosmt+C  Antidifferentiate. 

Ost=4 y=? + cosmt +4 y = 5when t= 0. 

Figure 11.19 The path traveled by the par- 

ticle in Example 9 as it goes from (1, 5) 
to (9, 21) in four seconds. (Example 9) 

We then graph the position (t?/2 — 3 sin wt + 1,t? + cos wt + 4) parametrically 

from t = 0 tot = 4. The path is shown in Figure 11.19. 

Now Try Exercise 43. 

Quick Review 11.2 (for help, go to Sections 1.1, 5.3, and 11.1.) 

Exercise numbers with a gray background indicate problems that the 

authors have designed to be solved without a calculator. 

§ 6.4 = (1,1), B=(3)5), C= (8b). D = (6,2) 

7. Find the velocity and acceleration of a particle moving along a 

In Exercises 1—4, let P = (1,2) and Q = (5, 3). "dine if its position at time f is given by x(t) = fsint. 

Gh Find the distance between the points P and Q. Gea particle moves along the x-axis with velocity v(t) = 3t? — 12r 

| 2) Find the slope of the line segment PQ. for t = 0. If its position is x = 40 when t = 0, where is the 

F particle when t = 4? 
Geir R = (3,5), determine b so that segments PQ and RQ are ; Mocs ; d 

pollinedt 9. A particle moves along the x-axis with velocity v(t) = 3t? — 12r 

; $ for t = 0. What is the total distance traveled by the particle from 
| (4 if R . (3, b), determine b so that segments PQ and RQ are per- wi ayes 

pendicular. 
i k ae. ‘ 10. Find the length of the curve defined parametrically by 

In Exercises 5 and 6, determine the missing coordinate so that the x = sin (2t) and y = cos (31) for0 <1 < 2m. 

four points form a parallelogram ABCD. 

@4 = (0,0), B=(1,3), C= (5,3), D= (a,0) 
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Section 11.2 Exercises 

Parametric, Vector, and Polar Functions 

In Exercises 1—4, find the component form of the vector. 

1. the vector from the origin to the point A = (2, 3) 

2. the vector from the point A = (2, 3) to the origin 

3. the vector PQ’, where P = (1,3) and Q = (2,-1) 
4. the vector OP , where O is the origin and P is the midpoint of the 

segment RS connecting R = (2,—1) and S = (—4, 3). 

In Exercises 5—10, find the magnitude of the vector and the direction 

angle @ it forms with the positive x-axis (0 = 6 < 360°). 

5) (2,2) 6) (-V2, V2) 

7) (V3, 1) B (-2,-2V3) 
9) (—5,0) 10. (0,4) 

In Exercises 11-16, find the component form of the vector with the 

given magnitude that forms the given directional angle with the posi- 

tive x-axis. 

11. 4, 180° 12. 6, 270° 

132531003 14. 13, 200° 

15. 3\/2, 7/4 radians 16. 2\/3, 27/6 radians 
In Exercises 17-24, let u = (3,—2) and v = (—2,5). Find the 

(a) component form and (b) magnitude of the vector. 

17. 3u 18. —2v 

19.u+ v 20.u —v 

21. 2u — 3v 22. —2u + 5v 

3 4 12 
pou +— p-—u + — 23 5u 5Y 24 3u BY 

25. Navigation An airplane, flying in the direction 20° east of 

north at 325 mph in still air, encounters a 40-mph tail wind act- 

ing in the direction 40° west of north. The airplane maintains 

its compass heading but, because of the wind, acquires a new 

ground speed and direction. What are they? 

26. A river is flowing due east at 2 mph. A canoeist paddles across 

the river at 4 mph with his bow aimed directly northwest (a 

direction angle of 135°). What is the true direction angle of the 

canoeist’s path, and how fast is the canoe going? 

In Exercises 27-32, a particle travels in the plane with position vec- 

tor r(t). Find (a) the velocity vector v(t) and (b) the acceleration 

vector a(t). 

@apr(t) = (3t?, 2r7) 28. r(t) = (sin 21, 2 cos t) 

29. r(t) = (te, e*) 30. r(t) = (2 cos 3t, 2 sin 4r) 

Sijr(t) = (17 + sin 21, t? — cos 2r) 

32. r(t) = (tsint,tcost) 

33. A baseball leaves the bat at an angle of 55° from the horizontal trav- 

eling at 90 feet per second. A 20-foot boundary fence is 230 feet 

from the batter in a direct line of where the baseball is hit. 

(a) Find the position vector of the baseball at time rf (in seconds). 

(b) Find the velocity vector of the baseball at time rf (in seconds). 

(c) Is the hit a home run? 

(d) At what time r does the ball hit the fence or clear it for a 

home run? Illustrate with a graph and explain why the graph 

supports your solution. 

(e) How fast is the ball traveling when it either hits the fence or 

passes over it? 

34. Football A player punts the ball from his own 30-yard line at 

an angle of 57 degrees from horizontal, traveling at 81 feet per 

second. A 6-foot player from the opposing team is standing on 

his own 10-yard line to receive the punt. 

(a) Find the position vector of the football at time ¢ in seconds. 

Assume a 100-yard playing field. 

(b) Find the velocity vector of the football at time tf in seconds. 

(c) About what time f is the football “over” the player on the 

10-yard line? 

(d) Can the 6-ft player call for a “fair catch” and likely catch the 

ball while standing on the 10-yard line downfield? Explain 

your reasoning and your assumptions. 

35. A particle moves in the plane with position vector (cos 3¢, sin 2r). 

Find the velocity and acceleration vectors and determine the path 

of the particle. 

36. A particle moves in the plane with position vector (sin 41, cos 3r) . 

Find the velocity and acceleration vectors and determine the path 

of the particle. 

37. A particle moves in the plane so that its position at any time 

t = Ois given by x = sin 4t cos t and y = sin 2t. 

(a) Find the velocity and speed of the particle when t = 57/4. 

(b) Draw the path of the particle and show the velocity vector at 

t= 57/4. 

(c) Is the particle moving to the left or to the right when 

t = 57/4? 

38. A particle moves in the plane so that its position at any time 

t = Ois given by x = e' + e* and y = e' — e™. 

(a) Find the velocity vector. 

dy /dt 
b) Find lim ——_. LO iN SPF 
(c) Show algebraically that the particle moves on the hyperbola 

x? — y? = 4, 

(d) Sketch the path of the particle, showing the velocity vector 

att = 0. 

In Exercises 39-42, the velocity v(t) of a particle moving in the 

plane is given, along with the position of the particle at time r = 0. 

Find (a) the position of the particle at time t = 3, and (b) the distance 

the particle travels from t = 0 to t = 3. 

ow(t) = 4 3¢2 — 22.1 + cost); (2.6) 

. V(t) = (2a cos 4at, 47 sin 2mt); (7,2) 

av spe hte NY (et 22 yr (3, m2) 

lt) Set he thee (To) ; 

. Sketch the path that the particle travels in Exercise 39. 

. Sketch the path that the particle travels in Exercise 40. 

. A point moves in the plane so that x = 5 cos (at/6) and 
y = 3sin (at/6). 

(a) Find the speed of the point at t = 2. 

(b) Find the acceleration vector at t = 2. 

&RER SSE 



46. 

47. 

48. 

49. 

50. 

51. 

(c) Eliminate the parameter and find an equation in x and y that 

defines the curve on which the point moves. 

A particle moves with position vector (sec zt, tan wt) for 

serge 2, 

(a) Find the velocity and speed of the particle at t = 1/4. 

(b) The particle moves along a hyperbola. Eliminate the param- 

eter to find an equation of the hyperbola in terms of x and y. 

(c) Sketch the path of the particle over the time interval 

Csr 1/2. 

A particle moves on the circle x? + y* = 1 so that its position 

Mil 774) 2t 
vector at any time tf = 0 is ee we 

Dgingheg wilGectiat 

(a) Find the velocity vector. 

(b) Is the particle ever at rest? Justify your answer. 

(c) Give the coordinates of the point that the particle approaches 

as ¢ increases without bound. 

A particle moves in the plane so that its position at any time 

t,0 = t S 27, 1s given parametrically by x = sin ¢ and 

y = cos (2r). 

(a) Find the velocity vector for the particle. 

(b) For what values of f is the particle at rest? 

(c) Write an equation for the path of the particle in terms of x 

and y that does not involve trigonometric functions. 

(d) Sketch the path of the particle. 

A particle moves in the plane so that its position at any time 

t,0 = t S 27, is given parametrically by x = e’ sin t and 

y = e'cost. 

(a) Find the slope of the path of the particle at time t = 7/2. 

(b) Find the speed of the particle when ¢t = 1. 

(c) Find the distance traveled by the particle along the path from 

= Otot=1. 

The position of a particle at any time f = 0 is given by 

x(t) = t? — 3 and y(t) = Ae 

(a) Find the magnitude of the velocity vector at t = 4. 

(b) Find the total distance traveled by the particle from t = 0 

tot = 4. 

(c) Find dy/dx as a function of x. 

An object moving along a curve in the xy-plane has position 

(x(t), y(t)) at time t = 0 with dx/dt = 2 + sin (t?). The 
derivative dy/dt is not explicitly given. At time t = 2, the object 

is at position (3, 5). 

(a) Find the x-coordinate of the position of the object at time 

t=4. 

(b) At time t = 2, the value of dy/dt is —6. Write an equation 

for the line tangent to the curve at the point (x(2), y(2)). 

(c) Find the speed of the object at time ¢ = 2. 

(d) For t = 3, the line tangent to the curve at (x(t), y(t)) has a 
slope of 2r — 1. Find the acceleration vector of the object at 

time t = 4. 

52. 
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For 0 = t = 3, an object moving along a curve in the xy-plane 

has position (x(t), y(t)) with dx/dt = sin (t*) and dy/dt = 
3 cos (t?). At time ¢ = 2, the object is at position (4, 5). 

(a) Write an equation for the line tangent to the curve at (4, 5). 

(b) Find the speed of the object at time t = 2. 

(c) Find the total distance traveled by the object over the time 

intervalO =7¢ = 1. 

(d) Find the position of the object at time t = 3. 

Standardized Test Questions 

You may use a graphing calculator to solve the following problems. 

53. 

54. 

55. 

56. 

57. 

58. 

True or False A scalar multiple of a vector v has the same 

direction as v. Justify your answer. 

True or False If a vector with direction angle 0° is added to a 

vector with direction angle 90°, the result is a vector with direc- 

tion angle 45°. Justify your answer. 

Multiple Choice The position of a particle in the xy-plane is 

given by x = t* + 1 and y = In(2r + 3) forall t = 0. The 
acceleration vector of the particle is 

2 4 4 (A) (2, +5) (B) (2: aa (C) (2 ome 

Multiple Choice An object moving along a curve in the 

xy-plane has position (x(t), y(t) ) with dx/dt = cos (t*) and 
dy/dt = sin (t?). At time t = 0, the object is at position (4, 7). 

Where is the particle when t = 2? 

(A) (—0.654, 0.989) (B) (0.461, 0.452) 

(D) (4.461, 7.452) (E) (5.962, 8.962 ) 

Multiple Choice A vector with magnitude 7 and direction 

angle 40° is added to a vector with magnitude 4and direction 

angle 140°. The result is a vector with magnitude 

(A) 4.684. (B) 7.435. (C) 8.062. (D) 9.369. (EK) 11. 

Multiple Choice The path of a particle moving in the plane is 

defined parametrically as a function of time f by x = sin 2¢ and 

y = cos St. What is the speed of the particle when t = 2? 

(A) 1.130 (B) 3.018 (C) (-1.307, 2.720) 

(D) (0.757, 0.839) (E) (1.307, 2.720) 

(C) (3.346, 7.989 ) 

Explorations 
Two nonzero vectors are said to be orthogonal if they are perpen- 

dicular to each other. The zero vector is considered to be orthogonal 

to every vector. 

59. 

60. 

Orthogonal Vectors A particle with coordinates (x, y) 
moves along a curve in the first quadrant in such a way that 

dx/dt = —x and dy/dt = V1 — x? for every t = 0. Find the 
acceleration vector in terms of x and show that it is orthogonal to 

the corresponding velocity vector. 

Orthogonal Vectors A particle moves around the unit circle 
with position vector (cos t, sin t). Use vectors to show that the 

particle’s velocity is always orthogonal to both its position and 

its acceleration. 
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61. Colliding Particles The paths of two particles for t = 0 are (c) According to Newton’s law of gravitation, the gravitational 

given by the position vectors force exerted on the satellite by the planet is directed toward 

r(t) = (t— 3, (t — 3)?) the origin and is given by 

GmM \ r 3t 3t = ye ae 
1(t) = — 4, 2 F = ( 2 ) ? 

2 2 ro beee 
where G is the universal constant of gravitation. Using Newton’s 

second law, F = ma, show that v? = GM/r. 

(d) Show that the orbital period T satisfies vT = 277. 

(e) From parts (c) and (d), deduce that 

(a) Determine the exact time(s) at which the particles collide. 

(b) Find the direction of motion of each particle at the time(s) 

of collision. 

62. A Satellite in Circular Orbit A satellite of mass m is mov- 

ing at a constant speed v around a planet of mass M in a circular Lo 4a? 3. 

orbit of radius 7, as measured from the planet’s center of mass. ; REM "O> 

Determine the satellite’s orbital period T (the time to complete that is, the square of the period of a satellite in circular orbit is 

one full orbit), as follows: proportional to the cube of the radius from the orbital center. 

(a) Coordinatize the orbital plane by placing the origin s the 63. Use the parametric graphing mode on your calculator to simulate 
planet’s center of mass, with the satellite on the x-axis at . the baseball problem in Example 6. Set X;; = 110T cos (60°) and 

t = 0 and moving counterclockwise, as in the accompanying Yip = 110T sin (60°). Use TRACE to support the analytic results 

Agure. found in the example. [Hint: Use a [ 0, 350] by [—50, 200] win- 
dow with Tstep = 0.001. Note that it will take a few minutes to 

fully graph with such a small Tstep increment.] Then use TRACE 

repeatedly (input 5 for 5 seconds, 5.5, 5.65, and so forth). Look at 

the y-coordinate after each TRACE input. 

Extending the Ideas 
Let u = (u;, uy) and v = (vj, v2) be vectors in the plane. The dot 
product or inner product u - v is a scalar defined by 

Us Vv = (Wy, U2) * (Vy, V2) = WV + Uv. 

64. Using the Dot Product Show that the dot product of two 
perpendicular vectors is zero. 

65. An Alternate Formula for Dot Product Let u = (u, uw) 

and v = (vj, v7) be vectors in the plane, and let w = u — v. 

(a) Explain why w can be represented by the arrow in the 

accompanying diagram. 

(b) Explain why |w|? = |u|? + |v|? — 2|ul|v| cos 6, 
Let r(t) be the satellite’s position vector at time t. Show that where @ is the angle between vectors u and v. 

9 = vt/rg and hence that (c) Find the component form of w and use it to u 
vt feat prove that 

r(t) = ( mcos—, 7m sin — ). 

" 7 Jul? + |v|? — |w|? = 2(av + upv2). = 
(b) Find the acceleration of the satellite. (d) Finally, prove that u - v = |u||v| cos 0, where 0 

is the angle between vectors u and vy. 
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Polar Functions 
You will be able to extend the calcu- 

lation of derivatives and integrals to 

polar functions. 

- The slope of a curve given by a 
polar function 

« Areas bounded by polar curves 

Polar Coordinates 

When we track the path of a satellite circling the earth, we mark its position by the 

angle, 6, through which it has traveled and its distance from the center of the earth, 

r (Figure 11.20). When we look at the plane in which the satellite moves, these two 

numbers tell us exactly where the satellite is located, and they are much more useful 

than trying to mark the location by trying to impose a rectangular grid. Each time the 

satellite circles the earth, it follows the same path. What we want to know is the distance 

r as a function of the angle 6, r = f(@). This function of 6 is called a polar function. 

Pe satellite 
> 

apogee perigee 

Figure 11.20 The elliptical orbit of a satellite for which the center of the earth lies at one focus of 

the ellipse. 

It was Isaac Newton in 1687 who showed that the polar equation of a satellite’s path 

is given by 

G 
ae 

1 + ecosé 

where c and e are constants. The constant c depends on the mass of the earth and the 

velocity of the satellite. The constant e is called the eccentricity, and it tells us the shape of 

the orbit. If e = 0, then r = c is constant, and the orbit is a perfect circle. As e increases 

toward 1, the circle turns into an ellipse that gets longer and longer. For 0 < e < I,r 

has its smallest value when 6 = 0, in which case r = c/(1 + e), the point we called 
the perigee. The largest value of r is at 9 = 7, where r = c/(1 — e), the point called 
the apogee. In Figure 11.21a, where c = 1 and e = 0.5, the distance to the perigee is 

1/1.5 = 2/3 and the distance to the apogee is 1/0.5 = 2. 
As e approaches 1, the distance to the perigee approaches c/2, while the distance 

to the apogee approaches infinity. At e = 1, the orbit is no longer periodic because 

(a) (b) (c) 

Figure 11.21 Conic sections in polar coordinates with c = 1 and (a) e = 0.5 (ellipse), (b) e = 1 

(parabola), (c) e = 1.2 (branch of hyperbola with —cos~!(—1/1.2) < @ < cos~!(—1/1.2)). 
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we can never reach the angle 6 = 7r. The orbit has opened up into a parabola (Figure 

11.21b). If e is greater than 1, then the parabola opens up into a branch of a hyperbola 

with the distance approaching infinity as 1 + ecos6@ approaches 0, which means that 

6 approaches cos !(—1/e). In Figure 11.21c, where e = 1.2, the asymptotes are at 

6= tcos \(—-17 PZ yr 2 0 ee 
We have entered the world of polar coordinates, where we identify points in the plane 

by (7, 0) where ris the distance to the origin, O, called the pole, and 6 is the angle from the 

initial ray that we can think of as the positive x-axis. In Figure 11.22 we see that the point 

P with rectangular (Cartesian) coordinates (2, 2) has polar coordinates (22: ar / 4). 

; p P(2V2, 7/4) 
‘< 

2v2 ca 
4 

Rectangular coordinates Polar coordinates 

Figure 11.22 Point P has rectangular coordinates (2, 2) and polar coordinates (2V2, a / 4). 

As you would expect, we can also coordinatize point P with the polar coordinates 

(2V2, On /4) or (2V2, —T1/4), since those angles determine the same ray OP. Less 

obviously, we can also coordinatize P with polar coordinates (-2V2, —3ar/ 4), since the 

directed distance —2 V2 in the —377 /4 direction is the same as the directed distance SR 
in the 7/4 direction (Figure 11.23). So, although each pair (r, @) determines a unique 
point in the plane, each point in the plane can be coordinatized by an infinite number of 

polar ordered pairs. 

Figure 11.23 The directed negative distance —~2V/2 in the —37 /4 direction is the same as the 

directed positive distance 2V2 in the 7 /4 direction. Thus the polar coordinates (-2V2, —37/ 4) 

and (2V2, 7/4) determine the same point. 

EXAMPLE 1 Rectangular and Polar Coordinates 

(a) Find rectangular coordinates for the points with given polar coordinates. 

(i) (4, 7/2) (ii) (—3, 7) Gif) (16, 52/6) (iv) (— V2, -77/4) 

(b) Find two different sets of polar coordinates for the points with given rectangular 

coordinates. 

(i) (1,0) (ii) (—3,3) Gil) (0,4) iv) (1, V3) 
continued 
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SOLUTION 
(a) @) (0,4) Gi) (3,0) iii) (83,8) (iv) (-1, 1) 

(b) A point has infinitely many sets of polar coordinates, so here we list just two typi- 

cal examples for each given point. 

(i) (1, 0), (1, 277) (ii) (32, 32/4), (-3V2, 7/4) 
(iii) (4, -7 /2), (4, 37/2) (iv) (2, 7/3), (—2, 47/3) 

Now Try Exercises 1 and 3. 

EXAMPLE 2 Graphing with Polar Coordinates 

Graph all points in the plane that satisfy the given polar equation. 

@)r=2, )r=-2. © 6=7/6 

SOLUTION 

First, note that we do not label our axes r and 6. We are graphing polar equations in 

the usual xy-plane, not renaming our rectangular variables! 

(a) The set of all points with directed distance 2 units from the pole is a circle of 

radius 2 centered at the origin (Figure 11.24a). 

(b) The set of all points with directed distance —2 units from the pole is also a circle 

of radius 2 centered at the origin (Figure 11.24b). 

(c) The set of all points of positive or negative directed distance from the pole in the 

a /6 direction is a line through the origin with slope tan(7/6) (Figure 11.24c). 
Now Try Exercise 7. 

(a) (b) (c) 

Figure 11.24 Polar graphs of (a) r = 2, (b) r = —2, and (c) 8 = 7/6. (Example 2) 

Polar Curves 

The curves in Example 2 are a start, but we would not introduce a new coordinate 

system just to graph circles and lines; there are far more interesting polar curves to 

study. In the past it was hard work to produce reasonable polar graphs by hand, but 

today, thanks to graphing technology, it is just a matter of finding the right window 

and pushing the right buttons. Our intent in this section is to use the technology to 

produce the graphs and then concentrate on how calculus can be used to give us further 

information. 
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12-petaled rose, because it looks like a 

flower and some flowers are roses. The 

Chapter 11. Parametric, Vector, and Polar Functions 

EXAMPLE 3 Polar Graphing with Technology 

Find an appropriate graphing window and produce a graph of the polar curve. 

(a) r = sin 60 (b) r= 1-—2cos0 (c) r= 4sin@ 

SOLUTION 

For all these graphs, set your calculator to POLAR mode. 

(a) First we find the window. Notice that |r| = |sin 60| < 1 for all 6, so points on 
the graph are all within 1 unit from the pole. We want a window at least as large as 

[—1, 1] by [—1, 1], but we choose the window [—1.5, 1.5] by [—1, 1] in order to 
keep the aspect ratio close to the screen dimensions, which have a ratio of 3:2. We 

choose a 6-range of 0 = 6 = 27 to get a full rotation around the graph, after which 

we know that sin 60 will repeat the same graph periodically. Choose 6 step = 0.05. 

The result is shown in Figure 11.25a. 

(b) In this graph we notice that |r| = |1 — 2 cos 6| < 3, so we choose [—3, 3 | for 
our y-range and, to get the right aspect ratio, [—4.5, 4.5] for our x-range. Due to the 
cosine’s period, 0 = @ < 27 again suffices for our 6-range. The graph is shown in 

| Figure 11.25b. 

(c) Since |r| = |4 sin 6| < 4, we choose [—4, 4] for our y-range and [—6, 6] for 
our x-range. Due to the sine’s period, 0 = @ = 27 again suffices for our 0-range. The 

graph is shown in Figure 11.25c. 

Now Try Exercise 13. 

YI a 
[-1.5, 1.5] by [-1, 1] [-4.5, 4.5] by [-3, 3] [-6, 6] by [-4, 4] 

0<0<27 0<0<27 0<0<27 

(a) (b) (c) 

Figure 11.25 The graphs of the three polar curves in Example 3. The curves are (a) a 12-petaled rose, (b) a limagon, and 

(c) a circle. 

A Rose Is a Rose With a little experimentation, it is possible to improve on the “safe” windows we chose in 

SSS Example 3 (at least in parts (b) and (c)), but it is always a good idea to keep a 3:2 ratio of 

The graph in Figure 11.25a is called a the x-range to the y-range so that shapes do not become distorted. Also, an astute observer 
may have noticed that the graph in part (c) was traversed twice as 6 went from 0 to 277, so 

; ‘ } 
graph in Figuré 14.25b'ig called’ limacon a range Of Oss: Gre Gr would have sufficed to produce the entire graph. From Oto, the @ 

(LEE-ma-sohn) from an old French word for circle is swept out by positive r-values; then from 7 to 277, the same circle is swept out 

snail. We will have more names for you at —_— by negative r-values. 

the end of the section. Although the graph in Figure 11.25c certainly looks like a circle, how can we tell for 
sure that it really is? One way is to convert the polar equation to a Cartesian equation and 

verify that it is the equation of a circle. Trigonometry gives us a simple way to convert 

polar equations to rectangular equations and vice versa. 
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Polar—Rectangular Conversion Formulas 

2 II iS) 
a S< 

ty x =rcos@ if 

y=rsin@ tand= 
at INS 

EXAMPLE 4 Converting Polar to Rectangular 

Use the polar—rectangular conversion formulas to show that the polar graph of 

r = 4sin 6 is a circle. 

SOLUTION 

To facilitate the substitutions, multiply both sides of the original equation by r. (This 

could introduce extraneous solutions with r = 0, but the pole is the only such point, 

and we notice that it is already on the graph.) 

r= 4sin6 

r? = 4rsin@ Multiply by r 

eos y? = 4y Polar-rectangular conversion 

x? + y? — dy =0 

XN? Saye Ay + 4 = 4 Completing the square 

He aN OME Se Circle in standard form 

Sure enough, the graph is a circle centered at (0, 2) with radius 2. See Figure 11.25c 
for graphing calculator support of the analytic solution. 

Now Try Exercise 25. 

The polar-rectangular conversion formulas also reveal the calculator’s secret to polar 

graphing: It is really just parametric graphing with 6 as the parameter. 

Parametric Equations of Polar Curves 

The polar graph of r = f(@) is the curve defined parametrically by: 

x = rcos@ = f(0@) cos é 

rsin@ = f(@) sind 

EXPLORATION 1. Graphing Polar Curves Parametrically 

Switch your grapher to parametric mode and enter the equations 

x = sin (6f) cos t 

y = sin (6f) sint 

1. Set an appropriate window and see if you can reproduce the polar graph in 

Figure 11.25a. 

2. Then produce the graphs in Figures 11.25b and 11.25c in the same way. 
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Slopes of Polar Curves 
Since polar curves are drawn in the xy-plane, the slope of a polar curve is still the slope of the 

tangent line, which is dy/dx. The polar—rectangular conversion formulas enable us to write x 

and y as functions of 6, so we can find dy /dx as we did with parametrically defined functions: 

aan dy /d0 

dx dx/d0 

EXAMPLE 5 Finding Slope of a Polar Curve 

Find the slope of the rose curve r = 2 sin 30 at the point where @ = 77/6 and use it to 

find the equation of the tangent line (Figure 11.26). 

SOLUTION 

By substitution using the parametric representation of the polar equation r = 2 sin 36, 

we have 

x = rcos @ = 2 sin 36 cos 6 

ESky i) = rsin 6 = 2 sin 30 sin 0 
O<SsO0S7 : 

So, the slope is 
Figure 11.26 The 3-petaled rose curve 
r = 2 sin 30. Example 5 shows how to find dad : ; 

the tangent line to the curve at 6 = 7/6. dy dy/d0 de (2 sin 36 sin 6) 

dx|g-2 dx/d0|g.2 dd 
6 (2 sin 36 cos 6) |g=2 

Using the derivative product rule on both the numerator and denominator, you can 

compute analytically that the slope is VEY 

When 6 = 77/6, 

x = 2sin(a/2) cos (m/6) = V3 and y = 2sin (2/2) sin(a/6) = 1. 

So the tangent line has equation y — 1 = aN/3 (x = WE 
Now Try Exercise 39. 

Areas Enclosed by Polar Curves 
We would like to be able to use numerical integration to find areas enclosed by polar 

curves just as we did with curves defined by their rectangular coordinates. Converting the 

equations to rectangular coordinates is not a reasonable option for most polar curves, so 

we would like to have a formula involving small changes in 6 rather than small changes in 

x. While a small change Ax produces a thin rectangular strip of area, a small change A@ 

produces a thin circular sector of area (Figure 11.27). 

Ax 

Figure 11.27 A small change in x produces a rectangular strip of area, while a small change in 6 

produces a thin sector of area. 
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Recall from geometry that the area of a sector of a circle is +70, where r is the radius and 

@ is the central angle measured in radians. If we replace 0 by the differential d6, we get the 

area differential dA = 5r2d6 (Figure 11.28), which is exactly the quantity that we need 

to integrate to get an area in polar coordinates. 

Figure 11.28 The area differential dA. 

Area in Polar Coordinates 

The area of the region between the origin and the curve r = f(6@) fora = 0 = Bis 

a= fira- [3 0))? do = f xrao= J 5(5(0)P a0. 

EXAMPLE 6 Finding Area 
y r= 2(1 + cos 6) 

— Find the area of the region in the plane enclosed by the cardioid r = 2(1 + cos @). 

SOLUTION 

We graph the cardioid (Figure 11.29) and determine that the radius OP sweeps out the 

region exactly once as @ runs from 0 to 277. 

The area is therefore 

Figure 11.29 The cardioid in Example 6. 

20 
1+ 26 

= a; (2+ 4eoso + 24* 05%) ag 
0 

2a 

= / (3 + 4cos @ + cos 20) dé 
0 

=67 — 0 = 67 
sin 72)" 

=| 30+ 4sino + 5 
0 

Now Try Exercise 43. 



568 Chapter 11 

O 

Figure 11.31 The area of the shaded region 

is calculated by subtracting the area of 

the region between 7, and the origin from 

the area of the region between 7 and the 

origin. 

Y Upper limit 

Lower limit 

6=-7/2 

Figure 11.32 The region and limits of inte- 

gration in Example 8. 

Parametric, Vector, and Polar Functions 

EXAMPLE 7 Finding Area 

Find the area inside the smaller loop of the limagon r = 2 cos @ + 1. 

SOLUTION 

After watching the grapher generate the curve over the interval 0 = 0 S 27 

(Figure 11.30), we see that the smaller loop is traced by the point (7, @) as @ increases 

from 6 = 27/3 to 6 = 47/3 (the values for which r = 2 cos @ + 1 = 0). The area 

we seek is 

4ir/3 1 1 An /3 

-| snd => (2cos@ + 1)? dé. 
2 2 2/3 

We can evaluate this integral numerically: 

1 
5 NINT( (2cos@ + 1)*, 6, 27/3, 47/3) ~ 0.544 

Now Try Exercise 47. 

To find the area of a region like the one in Figure 11.31, which lies between two polar 

curves r, = (0) and % = n(@) from 6 = a to 6 = B, we subtract the integral of 

(1/2)r,? from the integral of (1/2)r,. This leads to the following formula. 

Area Between Polar Curves 

The area of the region between 7,(0) and 7,(6) fora = 6 = Bis 

By By By 
A= | =r2d0— | —r2d0= | =(r? = 72) e6. [x [yn [xe r\7) 

EXAMPLE 8 Finding Area Between Curves 

Find the area of the region that lies inside the circle r = 1 and outside the cardioid 

r= 1 — cog ?@. 

SOLUTION 

The region is shown in Figure 11.32. The outer curve is 7, = 1, the inner curve is 

r, = 1 — cos 6, and 6 runs from —7r/2 to 7/2. Using the formula for the area between 

polar curves, the area is 

Symmetry 

a /2 

| (1 — (1 = 2cos @ + cos? 6)) dé 
0 

a /2 
+ 

= | (20s i Ga) do 
: 2 

6 sin 20\|7/2 = 2sino — (= + sin (5 2 ) II 2 ere! eed 
a|3 0 

Now Try Exercise 53. 
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Here are a few of the more common polar graphs and the 6-intervals that can be used to 

produce them. 

CIRCLES 

= constant 

0=0s527 

x | 

ROSE CURVES 

r= asin ng, n odd 

OSS) = wy 

n petals 

= 

y-axis symmetry 

y 

BS 

asin 0 r= acos@ 

Ss a O=0s7 

r = asinné,neven 

OS .65= Qin, 

2n petals 

y-axis symmetry and 

x-axis symmetry 

at 
r = acos nd, n odd 

O07, 

n petals 

X-axis symmetry 

r = acos né, n even 

Oss. 0 =. 20 

2n petals 

y-axis symmetry and 

x-axis symmetry 
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Discovery of the Limacon 

The artist Albrecht Durer (1471-1528) was 

the first to explain how to draw the curve 

we calla limacon. It appeared in his book 

on compass and straightedge construc- 

tions, which was published in 1525 and 

was the first mathematics book printed in 

German. The limacon was rediscovered 

by Etienne Pascal (1588-1651), father of 
the famous philosopher and mathemati- 

cian Blaise Pascal (1623-1662). This curve 

was given its name, the /imacon de Pascal, 

by a friend of the family, Gilles-Personne 

Roberval (1602-1675), who used it in 1650 

to illustrate how to find slopes of tangent 

lines. 

Discovery of the Lemniscate 
eee 

The lemniscate was discovered by Jacob 

Bernoulli (1654-1705) in 1694. Its name 

derives from the Latin /Jemniscus, an 

ornamental ribbon. It is the special case 

b = a of a Cassini oval given by the polar 

equation r = 2a?r? cos (26) + b* — at 
and first described by Giovanni Domenico 

Cassini (1625-1712) in 1680. 

LIMACON CURVES 

r=axbsindorr=a + bcos 6 witha > 0andb > 0 

(r = a + bsin @ has y-axis symmetry; r = a + bcos @ has x-axis symmetry.) 

y y 

x x 

a a 
metal = = 1 
b b 

0= eS ar Oae Sane ar, 

Limacon with loop Cardioid 

y y 

x x 

a a 
{ ee = ee 

b b 

VSeeS 7 035.0 = 27 

Dimpled limagon Convex limagon 

LEMNISCATE CURVES 

y y 

x x 

r? = a’ sin 20 r? = a? cos 26 
0O=s=0=7 0Os60s7 
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Spiral of Archimedes 

Archimedes’ On Spirals 

Archimedes of Syracuse (287-212 B.c.£.) 

wrote an entire book, On Spirals, about 

this curve. He explained how to find its arc 

lengths, tangents, and areas. 

Exercise numbers with a gray background indicate problems that the 

authors have designed to be solved without a calculator. 

1. Find the component form of a vector with magnitude 4 and 

direction angle 30°. 

2. Find the area of a 30° sector of a circle of radius 6. 

3. Find the area of a sector of a circle of radius 8 that has a central 

angle of 7/8 radians. 

4. Find the rectangular equation of a circle of radius 5 centered at 

the origin. 

5. Explain how to use your calculator in function mode to graph the 

curve x* + 3y? = 

Section 11.3 Exercises 

Quick Review 11.3 (for help, go to Sections 11.1 and 11.2) 

r=0>0 

Exercises 6—10 refer to the parametrized curve 

x =3cost, y=S5sint, OSt S 27. 

6. Find dy/dx. 

7. Find the slope of the curve at t = 2. 

8. Find the points on the curve where the slope is zero. 

9. Find the points on the curve where the slope is undefined. 

10. Find the length of the curve from t = 0 tot = 7m. 

In Exercises 1 and 2, plot each point with the given polar coordinates 

and find the corresponding rectangular coordinates. 

1. (a) (V2, 77/4) (b) (1, 0) 

(c) (0, 7/2) (a) (-V2, 7/4) 
2. (a) (—3, 57/6) (b) (5, tan™!(4/3)) 

(©) (-1, 77) (d) (23, 22/3) 
In Exercises 3 and 4, plot each point with the given rectangular coor- 

dinates and find two sets of corresponding polar coordinates. 

3. (a) (1, 1) (b) (1,-V3) 
(c) (0,3) (d) (-1, 0) 

4. (a) (—V73,-1) (b) (3, 4) 

(c) (0, —2) (d) (2, 0) 

In Exercises 5—10, graph the set of points whose polar coordinates 

satisfy the given equation. 

ep: =; re 
” - © 8)0 =-7/4 
G9) |o| = «/6 40) 2 +8 = 6r 

In Exercises 11—20, find an appropriate window and use a graph- 

ing calculator to produce the polar curve. Then sketch the complete 

curve and identify the type of curve by name. 

11.r = 1+ cosé@ V2 hee DCOSTU: 

13. r = 2 cos 30 14. r = —3 sin 20 

15.r=1-—2sin0 16. r = 3/2 + cos@ 

17. 72 "4 cos 20 18. r? = sin 20 

19.r = 4sin0 20. r = 3 cos 0 

In Exercises 21—30, use analytic methods to replace the polar equa- 

tion by an equivalent Cartesian (rectangular) equation. Then identify 

or describe the graph without using a grapher. 

2497 = 4 csc 0 22. r = —3 sec 0 

(23. rcos@ + rsin@ = 1 24.72 = 1 

(25.r= 26. 7? sin 20 = 2 
sin @ — 2cos 0 

“27. cos? 6 = sin? 6 

(29. r = 8 sin@ 

28. 72 = —4rcos 6 

30. , = 2cos@ + 2sin0 
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In Exercises 31-38, find an appropriate window and use a graphing 

calculator to produce the polar curve. Then sketch the complete 

57. Sketch the polar curves r = 3 cos 8 and r = 1 + cos @ and find 

the area that lies inside the circle and outside the cardioid. 

curve and identify the type of curve by name. (Note: You won’t find 58. Sketch the polar curves r = 2 and r = 2(1 — sin @) and find 
these in the Polar Gallery.) the area that lies inside the circle and outside the cardioid. 

31. r = sec 6 tan 0 32. r = —cse.6'cot 8 59. Sketch the polar curve r = 2 sin 30. Find the area enclosed 

33 1 34 2 by the curve and find the slope of the curve at the point where 
r= at = 

‘" 1+ cos 6 1 — sind 9 = 7/4. 

an es 14 ag 12 60. The accompanying figure shows the parts of the graphs of the line 

T 5 + 90080 8 + 6 cos x = 3y and the curve x = V1 + y? that lie in the first quadrant. 

l 1 Region R is enclosed by the line, the curve, and the x-axis. 

3.5 38.7 = = 
1 — 0:3 cos'6 1 —siesicas6 

In Exercises 39-42, find the slope of the curve at each indicated point. 

39)r=-1+sn0,0=0,7 

40)r = cos 20, 0 = 0, +7 /2,7 

41.r = 2 — 3sin0 

(a) Set up and evaluate an integral expression with respect to y 

that gives the area of R. 

(b) Show that the curve x = V1 + y* can be described in polar 

1 

cos? 6 — sin? 6 

42. r = 3(1 — cos@) 

coordinates by r? = 

(c) Use the polar equation in part (b) to set up an integral 

expression with respect to 6 that gives the area of R. 

Standardized Test Questions 
You may use a graphing calculator to solve the following problems. 

61. True or False There is exactly one point in the plane with 

polar coordinates (2, 2). Justify your answer. 

62. True or False The total area enclosed by the 3-petaled rose 

In Exercises 43-56, find the area of the region described. r = sin 30 is f on sin? 36.d6. Justify your answer. 

43. inside the convex limagon r = 4 + 2 cos 6 63. Multiple Choice The area of the region enclosed by the polar 

44. inside the cardioid r = 2 + 2 siné graph of r = V3 + cos @ is given by which integral? 

45. inside one petal of the four-petaled rose r = cos 20 (A) /, AA + cos 6 dé (B) [; V3 + cos 6 dé 

(C)2f7(3 + cosd) do (D) "(3 + cos 8) do 

(B) [7/3 + cos 6 dé 
64. Multiple Choice The area enclosed by one petal of the 

3-petaled rose r = 4 cos (30) is given by which integral? 

46. inside the eight-petaled rose r = 2 sin 40 

47. inside one loop of the lemniscate r? = 4 cos 20 

48. inside the six-petaled rose r? = 2 sin 30 

49. inside the dimpled limagon r = 3 — 2 cos 6 

50. inside the inner loop of the limagon r = 2 sin@ — 1 
a/3 7/6 

51. shared by the circles r = 2 cos 6 and r = 2 siné (A) 16 fr cos (30) dé (B) 8 ris cos (30) d6 

52. shared by the circles r = 1 and r = 2 sin (C) 87/7, cos? (30) d0 (D) 16 [", cos? (38) ao 
53. shared by the circle r = 2 and the cardioid r = 2 (1 — cos @) (E) 8 7/6 

54. shared by the cardioids r = 2(1 + cos @) and r = 2 (1 — cos @) ae 

55. inside the circle r = 2 and outside the cardioid r = 2 (1 — sin @) 

cos? (30) dé 

56. inside the four-petaled rose r = 4 cos 26 and outside the circle r = 2 



65. Multiple Choice If a + 0 andé@ # 0, all of the following 

must necessarily represent the same point in polar coordinates 

except which ordered pair? 

(A) (a, 6) (B) (—a, -6) 

(D) (—a,6 + 7) (E) (a, 9 — 277) 

66. Multiple Choice Which of the following gives the slope of the 

polar curve r = f(@) graphed in the xy-plane? 

(Cyan a5) 

dr @ id 
aad”) 8) 76 (76 

dy/d0 dy dr 
©) dx /d0 EE 

Explorations 

67. Rotating Curves Let r,(@6) = 3(1 — cos @) and 

PVG) = 7(0%=. a). 

(a) Graph 7, for a = 77/6, 7/4, 7/3, and 7/2 and compare 

with the graph of 7. 

(b) Graph 7, for a = —7/6, -7/4, -7/3, and —7/2 and 
compare with the graph of 74. 

(c) Based on your observations in parts (a) and (b), describe 

the relationship between the graphs of r, = f(@) and 
lo f(0 — a). 

2 
Ch Leip = >, 

sod 1 + ecos@ 

(a) Graph r in a square viewing window for e = 0.1, 0.3, 0.5, 0.7, 

and 0.9. Describe the graphs. 

(b) Based on your observations in part (a), conjecture what hap- 

pens to the graphs for 0 < e < 1 ande — 0°. 

Ltrs Ld 
1+ ecos@ 

(a) Graph r in a square viewing window for 

e = —0.1, —0.3, —0.5, —0.7, and —0.9. Describe the graphs. 

(b) Based on your observations in part (a), what is the relation- 

ship between the graph of a conic section with eccentricity 

e and the graph with eccentricity —e? 

2 

1 + ecosé 

(a) Graph r in a square viewing window for e = 1.1, 1.3, 1.5, 1.7, 

and 1.9. Describe the graphs. 

69. Let r = 

70. Let r = 

(b) Based on your observations in part (a), conjecture what hap- 

pens to the graphs fore > 1 ande — I*. 

AS 
1 + cos 0 

(a) Graph r in a square viewing window for c = 1, 3,5, 7, and 9. 

Describe the graphs. 

71, Let r = 

(b) Based on your observations in part (a), conjecture what hap- 

pens to the graphs for c > 0 andc — OF. 

Extending the Ideas 
72. Distance Formula Show that the distance between two points 

(7, ,) and (75, 62) in polar coordinates is 

d= Vr? + 1,7 — 2nn cos (0; — 4). 

73. 

74. 

75. 

76. 

77. 

78. 

79. 

Section 11.3. Polar Functions 573 

Average Value If f is continuous, the average value of the 

polar coordinate r over the curve r = f(@),a = 6 S 8B, with 

respect to 6 is 

1 B 

dé. paal| fe) a0 
Use this formula to find the average value of r with respect to 0 

over the following curves (a > 0). 

(a) the cardioid r = a(1 — cos 6) 

i. = 

(b) the circle r = a 

(c) the circle r = acos0,-—7/2 = 0 5 7/2 

Length of a Polar Curve The parametric form of the arc 

length formula (Section 11.1) gives the length of a polar curve as 

= [\G)+G)« 
Assuming that the necessary derivatives are continuous, show 

that the substitutions x = rcos 6 and y = rsin @ transform this 

expression into 

B 2 d 
= / re + (=) dé. 

saNi do 

Length of a Cardioid Use the formula in Exercise 74 to find 

the length of the cardioid r = 1 + cos 0. 

1 

1+ 1.2cos@ 

(a) Graph r in a square viewing window. Describe what you see. 

Writing to Learn Let r = 

(b) Explain why you get both branches of the hyperbola. 

(c) Explain why the graphing calculator also appears to show the 

asymptotes. 

Writing to Learn Show that if |e] < 1, then the polar equa- 
Cc 

tion of an ellipse = ——————— corresponds to the equation in 
P 1 + ecosé P q 

(aera yo Sy 
rectangular coordinates ———— + — = 1, where a = 5 

a“ be ive 

and b = . [Hint: Rewrite the polar equation as ih 
Vide? 

r=c-—e(rcos@) =c — ex.] 

For an ellipse with its center at the origin, semimajor axis a, and 

2m ye 
semiminor axis b, given by the equation — + o = 1, the foci 

a 

(plural of focus) are located at (+ Va? — b?, 0). Using the 
result of Exercise 77, show that for an ellipse given by the polar 

equation r = , one of the foci is located at the origin. | eae 
1 + ecos@ 

Orbital Mechanics A satellite in orbit sweeps out equal area 

dA 
== ==) K. 
dt 

Use the integral formula for the area of a polar curve to show 

that for any integrable polar curve r = f(@), the rate at which 

area is swept out is given by 

in equal time, which means that oA is constant, say, 

aA 14d) 
= = =e, 
Bis Ze ot 

cig eae a tp PORN Re 
Show that this implies that for a satellite in orbit, ae er 

other words, the angular velocity is inversely proportional to the 

square of the distance. 
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80. The parametric equations for a conic section are given by 

c cos t 
= 

1+ ecost 

c sin t 

a he cast, 

Using the result of Exercise 79, show that for a satellite follow- 

ing a curve that is a conic section and sweeping out equal area 

in equal time, the acceleration vector is given by 

dx d*y\ 4K? 
FUER Cee ae (cos f, sin t). 

Explain why this implies that the acceleration is directed 

toward the origin and has magnitude inversely propor- 

tional to the square of the distance. [Hint: Use the fact that 

yao. et dé 2K = —— ri al Leone ik 

You may use a graphing calculator to solve the following problems. 

1. Multiple Choice Which of the following is equal to the area 
of the region inside the polar curve r = 2 cos 6 and outside the 

polar curve r = cos 6? 

(A) 3," cos? 0 do (B) 3 /.” cos? 0 d0 
3 Gr J” cos? do (D) 3,/."” cos 6 dé 

(E) 3 [cos 6 d0 
2. Multiple Choice For what values of t does the curve given by 

the parametric equations x = 1? — 1? — land y = t* + 2t? — 8 
have a vertical tangent? 

(A) 0 only (B) 1 only 

(C) 0 and 2/3 only (D) 0, 2/3, and 1 

(E) No value 

Key Terms 

. Multiple Choice The length of the path described by the para- 
metric equations x = t? and y = t from t = O tot = 4 is given 

by which integral? 

(A) [2V4r + 1 dt (B)2fo V2 + 1dt (©) [pV 20? + Ldt 

(D) fV422 + 1 dt (E) 2x ff) V4e2 + Lat 
. Free Response A polar curve is defined by the equation 

=@+sn20for0 =0=7. 

(a) Find the area bounded by the curve and the x-axis. 

(b) Find the angle 6 that corresponds to the point on the curve 

where x = —2. 

Qa d 
(c) For = <9 tA is negative. How can this be seen from 

3° do 

the graph? 

(d) At what angle 6 in the interval 0 = @ = 7/2 is the curve 

farthest away from the origin? Justify your answer. 

Absolute value of a vector (p. 550) 

Acceleration vector (p. 554) 

Apogee (p. 561) 

Arc length of a parametrized curve 

(p. 545) 

Arc length of a polar curve (p. 573) 

Area between polar curves (p. 568) 

Area differential (p. 567) 

Area in polar coordinates (p. 567) 

Arrow (p. 550) 

Cardioid (p. 570) 

Cartesian equation of a curve (p. 564) 

Component form of a vector (p. 550) 

Components of a vector (p. 550) 
Convex limagon (p. 570) 

Cycloid (p. 545) 

Dimpled limagon (p. 570) 

Directed distance (p. 562) 

Directed line segment (p. 550) 

Direction angle of a vector (p. 551) 

Direction of motion (p. 554) 

Direction vector (p. 550) 

Displacement (p. 556) 

Distance traveled (p. 556) 

Dot product of vectors (p. 560) 

Equivalent arrows (p. 551) 3 

Head Minus Tail Rule (p. 551) 
Huygens’s clock (p. 546) 
Initial point of an arrow (p. 551) 

Initial ray of angle of dfrecion’ 
(p. 562) 

Lemniscate (p. 570) 

Limagon (p. 570) 
Limagon with inner loop (p. 570) 

Polar, aa (p. iafi2) 

Iniog aw anweeted 2 

Magnitude of a vector (p. 550) 

Opposite of a vector (p. 552) 

Orthogonal vectors (p. 559) 

Parallelogram representation of vector 

addition (p. 552) 

Parametric equations of a polar 

curve (p. 565) 

Parametric formula for dy/dx (p. 544) Va 

Parametric formula for d?y/dx? (p. 544) 

Path of a particle (p. 554) 

Perigee (p. 561) 



Pole (p. 562) 

Position of a particle (p. 554) 

Speed (p. 554) 

Position vector (p. 550) 

Properties of vectors (p. 553) vector (p. 550) 

Resultant vector (p. 552) 

Rose curve (p. 569) 

Scalar (p. 551) 

Scalar multiple of a vector (p. 552) 

Review Exercises 

In Exercises 1-4, let u = (—3,4) and v = (2,—5). Find (a) the 
component form of the vector and (b) its magnitude. 

1. 3u — 4v 2.u+v 3.—2u 4. 5v 

In Exercises 5-8, find the component form of the vector. 

5. the vector obtained by rotating (0, 1) through an angle of 27/3 

radians 

6. the unit vector that makes an angle of 7/6 radian with the 

positive x-axis 

7. the vector 2 units long in the direction 4i — j 

8. the vector 5 units long in the direction opposite to the direction 

of (3/5, 4/5) 

In Exercises 9 and 10, (a) find an equation for the tangent to the 

curve at the point corresponding to the given value of ft, and 

(b) find the value of d*y/dx? at this point. 

9.x = (1/2) tant, y = (1/2) sect; t = 7/3 

10)x = 1+ 1/t?, y=1-3/ht=2 

In Exercises 11—14, find the points at which the tangent to the curve 

is (a) horizontal; (b) vertical. 

11.x = (1/2) tant, y = (1/2) sect 

12. x = —2 cost, y = 2sint 

73) x = —cost, y = cos*t 

14. x = 4 cost, y = 9sint 

In Exercises 15—20, find an appropriate window and graph the polar 

curve on a graphing calculator. Then sketch the curve on paper and 

identify the type of curve. 

15. r = 1 — sin@é 

17. r = cos 20 18. rcos @ = 1 

19. r2 = sin 20 20. r = —sin 0 

In Exercises 21 and 22, find the slope of the tangent lines at the 

point where 0 = 77/3. 

21. r = cos 20 22. r= 2 + cos 20 

In Exercises 23 and 24, find equations for the horizontal and vertical 

tangent lines to the curves. 

23.r = 1-—cos(6/2), 0O=0=47 

24.r=2(1— sind), 0<0<27 
25. Find equations for the lines that are tangent to the tips of the 

petals of the four-petaled rose r = sin 20. 

16. 7= 2) cos @ 

Spiral of Archimedes (p. 571) 

Standard representation of a 

Sum of vectors (p. 552) 

Chapter 11 Review Exercises 575 

Unit vector (p. 552) 

Vector (p. 550) 

Vector addition (p. 551) 

Velocity vector (p. 554) 

Zero vector (p. 550) 

Tail-to-head representation of vector 

addition (p. 552) 

Terminal point of an arrow (p. 551) 

26. Find equations for the lines that are tangent to the cardioid 

r = 1 + sin @ at the points where it crosses the x-axis. 

In Exercises 27-30, replace the polar equation by an equivalent 

Cartesian equation. Then identify or describe the graph. 

27.rcos@ = rsin@ 28. r = 3 cos@ 

29. r = 4 tan 6 sec 6 30. r cos (6 + 7/3) =2V3 

In Exercises 31—34, replace the Cartesian equation by an equivalent 

polar equation. 

31. x2 + y? + Sy = 0 32. x2 + y? — 2y =0 

33. x? + 4y? = 16 Say 2) yo) to 

In Exercises 35—38, find the area of the region described. 

35. enclosed by the limagon r = 2 — cos 0 

36. enclosed by one petal of the three-petaled rose r = sin 30 

37. inside the “figure eight” r = 1 + cos 26 and outside the circle 

r=1 

38. inside the cardioid r = 2(1 + sin @) and outside the circle 
r=2sin0 

In Exercises 39 and 40, r(t) is the position vector of a particle moy- 
ing in the plane at time ¢. Find (a) the velocity and acceleration vec- 

tors, and (b) the speed at the given value of f. 

39. r(t) = (4 cos t, V2sint),t = a /4 

40. r(t) = (V3 sect, V3 tant),t = 0 

41. The position of a particle in the plane at time f is 

r= . Find the particle’s maximum 
1 t ) 

(Fj 42 Vit? 
speed. 

42. Writing to Learn Suppose that r(t) = (e’ cost, e’ sinf). 
Show that the angle between r and the acceleration vector 

a never changes. What is the angle? 

In Exercises 43-46, find the position vector. 

(43) v(1) = (—sint,cost) and r(0) = (0,1) 

) and r(0) = (1,1) 

,2) and v(0) = (0,0) and r(0) = (1,0) 
~2,-2) and v(1) = (4,0) and r(1) = (3,3) 
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47. Particle Motion A particle moves in the plane in such a manner 

that its coordinates at time ¢ are 

7 oT 
x=3cos—t, y= 5sm-—t. 

4 4 

(a) Find the length of the velocity vector at t = 3. 

(b) Find the x- and y-components of the acceleration of the par- 

ticle at t = 3. 

(c) Find a single equation in x and y for the path of the particle. 

48. Particle Motion At time t,0 = t = 4, the position of a par- 

ticle moving along a path in the plane is given by the parametric 

equations 

x=e'cost, y= e'sint. 

(a) Find the slope of the path of the particle at time t = 7. 

(b) Find the speed of the particle when t = 3. 

(c) Find the distance traveled by the particle along the path from 

t= Otot = 3. 

49. Particle Motion The position of a particle at any time t = 0 is 

given by 

(a) Find the magnitude of the velocity vector at t = 4. 

(b) Find the total distance traveled by the particle from t = 0 

tor = 4. 

(c) Find dy/dx as a function of x. 

50. Navigation An airplane, flying in the direction 80° east of 

north at 540 mph in still air, encounters a 55-mph tail wind act- 

ing in the direction 100° east of north. The airplane holds its 

compass heading but, because of the wind, acquires a different 

ground speed and direction. What are they? 



Appendices 

Formulas from Precalculus Mathematics 

Algebra 

1. Laws of Exponents 

a”"a" = qntn. (ab) = amp™, Cae = qin, qm/n Sag ‘qm 

et 1 
Ifa # 0, <= gra, Aol med = 

a a 

2. Zero Division by zero is not defined. 

0 
Ifa +.0: Fane Goes eres) 

For any number a: a:‘0=0:a=0 

3. Fractions 

CaCI OA tT HOG © Ohn6 GE a/b a NN ae 

bd bd b d bd’ cid b c¢ »b b-bd’ 
(a/b) + (c/d) a (ajar (c/a) _ bdfh _ (ad + bc) fh 

(e/f) + (g/h)  (e/f) + (g/h) bdfh (eh + fg)bd 
4. The Binomial Theorem 

For any positive integer n, 

Ca en ong b+ 

2 
Gs *b8 Ah ake angh aa ee 

(a+ b)' =a b; 

(Geb) = 27 oabe ae 

(a db) =p § 3a7h == 3ab? ip. 

(a + b)* S%a*P4a@b + 6a7b? + 4ab? + b* 

5. Differences of Like Integer Powers, n > 1 

arpa Ry(are tee aieepera” °b* ete ab ap) 

For instance, 

lI 

For instance, a — bb? =(a—b)(a + b), 

p= (a2) (a hab = b*), 

Gib =(a— b)\(a* + a*b + ab? +'b°) 

577 
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6. Completing the Square 

If a ~ 0, we can rewrite the quadratic ax? + bx + c in the form au? + C bya 

process called completing the square: 

Factor a from the b 
2 = 2 = Ake 1 DGG a(x AR 2.) Té first two terms. 

b b2 b2 Add and subtract the 
= a2 4s = ee Ere =) Cc square of half the 

a 4a 4a coefficient of x. 

= me ee b? b? b2 
== (Bill a ae ae si 0) Se “+-C SA el A Re 

( eA : 

= 2 = d\ Pe so, Crp 
4q? 4a 

Rd b\? Call this 
This is (x+2). part C. 

=av’+C ee = 
2a 

7. The Quadratic Formula 

By completing the square on the first two terms of the equation 

ax? + bx +c =0 

and solving the resulting equation for x (details omitted), we obtain 

—b + Vb* — 4ac 

2a 
x= 

This equation is the quadratic formula. 

For instance, the solutions of the equation 2x? + 3x — 1 = O are 

3 VG ee ae 
x= 

2(2) 4 

or 

acy oe =a ie 
X= Sar eee Patel OS 

4 4 

Geometry 
(A = area, B = area of base, C = circumference, h = height, S = lateral area or 

surface area, V = volume) 

1. Triangle 2. Similar Triangles 3. Pythagorean Theorem 
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4. Parallelogram 5. Trapezoid 6. Circle 

a 

a 
A= mr?, 

b O C=2mr 
b 

A= bh 

A= 7 (4 + b)h 

7. Any Cylinder or Prism with Parallel Bases 8. Right Circular Cylinder 

fea el | 

Ve mreh, S =2arh 

9. Any Cone or Pyramid 10. Right Circular Cone 11. Sphere 

h 

| | Nee 
V= 4 ar, S=4ar? 

V= 5 Bh V=sarh, S = ars F 

Trigonometry 
1. Definitions of Fundamental Identities 

1 
Sine: sin@ = we 

TnCSCG 

1 
Cosine: cos @ = fe 

hoe seed 

Tangent: tandé = a eee 
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2. Identities 

sin (—0) = —sin 6, cos (—@) = cos 6, 

sin?6 + cos?@ = 1, sec?@ = 1+ tan?6, csc?@ = 1+ cot?6 

sin 29 = 2sin@ cos 8, cos 20 = cos*@ — sin? 6 

Poe) ee i posal sah ss La cose 

2 D, 

: : s tanA + tan B 
sin(A + B) = sinAcos B + cosA sin B tan(A + B) = 

1 — tanA tan B 

sin(A — B) = sinAcos B — cosA sinB 

tanA — tanB 
cos (A + B) = cosAcosB — sinA sinB tan (A — B) taser pt fr 

= cosAcosB + sinA sin B 

Se NS) 

ll | co) ° Nn Se fe) ie) n 
aN 

| | 

a 

\| “ee =] > 

Soe 
sin (4 + lI re) ° Dn > re) fo) ~”n 

PEE 

> + 
|3 

SS 

lI | Ze =| > 

: 1 1 
sin A sin B = 5 008 (At Bs 5 008 (A + B) 

1 1 
cos A cos B = 7 008 (A —B) + 5 00S (A + B) 

Ne iy 
sin A cos B = 5 sin (A By et 5 sin (A + B) 

; ny 1 
sinA + sinB = 2sin5(A SE B) cos 5 (A — 13) 

: 1 Aa 
sinA — sinB = 2cos = (A oe B)sin5(A a} 

2 

1 1 
cosA + cos B = 2cosz(A + B) cos 5 (A = B) 

l 1 
cosA — cosB = ~2sin5 (A — B)sin5(A = Ey 

3. Common Reference Triangles 

2 ; V2 

l 

ae rie hog 
V3 1 

I 

4. Angles and Sides of a Triangle 

Law of cosines: c? = a? + b? — 2abcosC B 

; snA sinB sinC c 
Law of sines: a = a 

a b c 

] ] 
Area = 5 bc sinA = > ac sin B = > ab sin C b 
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Conic Sections 
1. Circle 

Ca yak) = 7 

2. Ellipse (horizontal) p (h,k+b) 

x —h) — k)? So ae aS a b (h—a, k) (h+a,k) 

Sein c (h,k—b) 
eccentricity = — 

a 

PF, + PF, = 2a 

2. Ellipse (vertical) (h, k + a) 
= fk 2 x —h) x=) ale al : 
az b2 

a= pie (h — b, k) (h+b, k) 

i ae 
eccentricity = , 

PF, + PF, = 2a (h, k—a) 

3. Hyperbola (horizontal) 

(Cee (y telauia 
az b2 ait, 

c2 = a2 + bP 
F, (h = (&, k) 

ah. ae 
eccentricity ae A 

|PF, — PF,| = 2a 

Asymptotes: y — k = +-—(x — h) 
g1S 

3. Hyperbola (vertical) 
(y — ky? (x — h)? F, (hk +c) 

| ta eee 

c* = a2 + pb? 

ee: 
eccentricity = 5 

|PF, — PF,| = 2a 

Asymptotes: y — k = =e: nt) 

4. Parabola (vertical) 

(xh)? = 4ply — Kk) 
PFe= Pd P F(h, k + p) 

(h, k) 

d: y=k-—p (directrix) 

581 
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4. Parabola (horizontal) 

(y — k)? = 4p(x — h) (h, k) 

PF = Pd F(h +p, b) 

P 

d: x =h-—p (directrix) 

5. General Conics 

In general, the graph of Ax? + Bxy + Cy* + Dx + Ey + F = Ois a(n): 

circle if B = OandA = C 

ellipse if BX» — 4AC < 0 (possibly a circle) 

hyperbola if B*? — 4AC > 0 

parabola if B*? — 4AC = 0 

unless the graph is degenerate: 

empty (degenerate ellipse/circle) 

a point (degenerate ellipse/circle) 

a line (degenerate parabola) 

two lines (degenerate hyperbola) 

6. Reflection Properties 

Parabola: A ray parallel to the axis of symmetry will reflect off the parabola toward 

the focus. A ray emanating from the focus will reflect off the parabola to be parallel 

to the axis of symmetry. 

Ellipse: A ray emanating from one focus will reflect off the ellipse toward the other 

focus. 

Hyperbola: A ray emanating from outside a branch of the hyperbola and directed 

toward its interior focus will reflect off the hyperbola toward the other focus. 



A2 

Figure A2.1 A preliminary stage in the 

development of the definition of limit. 

A Formal Definition of Limit 

Section A2. A Formal Definition of Limit 5383 

The Formal Definition 
The strange algebra of calculus is constantly invoking the concept of “limit” to make sense 

of the infinitely large and the infinitely small. When we say that the derivative is 

f(x +h) — fl) 
lim ; 
h->0 h 

what exactly is h? It can’t really be 0, because then the fraction would be 0/0, which is 

meaningless. It can’t be your favorite small number, because whatever your favorite small 

number is, / must be closer to 0 than that. Surprisingly, that simple way of looking at what 

it means to be “arbitrarily close to 0” (closer than any number you can name) led to the 

formal definition of limit that we use today. 

We begin by setting the stage for the definition of limit. Recall that the limit of f of x 

as x approaches c equals L (lim,—.. f(x) = L) means that the values f(x) of the function 
f approach or equal L as the values of x approach (but do not equal) c. Suppose we are 

watching the values of a function f(x) as x approaches c (without taking on the value of ¢ 

itself). Certainly we want to be able to say that f(x) stays within one-tenth of a unit of L as 
soon as x stays within some distance 6 of c (Figure A2.1). But that in itself is not enough, 

because as x continues on its course toward c, what is to prevent f(x) from jittering about 

within the interval from L — 1/10 to L + 1/10 without tending toward L? 
We can insist that f(x) stay within 1/100 or 1/1000 or 1/100,000 of L. Each time, 

we find a new 6-interval about c so that keeping x within that interval keeps f(x) within 

€ = 1/100 or 1/1000 or 1/100,000 of L. And each time the possibility exists that c jitters 

away from L at the last minute. 

Figure A2.2 illustrates the problem. You can think of this as a quarrel between a skeptic 

and a scholar. The skeptic presents e-challenges to prove that the limit does not exist or, 

“ more precisely, that there is room for doubt, and the scholar answers every challenge with 

a 6-interval around c. 

The challenge: , 

Make |f(x) — L| <@ = 75 0 a= 6 c ea 

Figure A2.2 The first of a possibly Figure A2.3 The relation of the 6 and € in 
endless sequence of challenges. the definition of limit. 

How do we stop this seemingly endless sequence of challenges and responses? By 

proving that for every €-distance that the challenger can produce, we can find, calculate, 

or conjure a matching 5-distance that keeps x “close enough” to c to keep f(x) within that 

distance of L (Figure A2.3). 
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The following definition provides a mathematical way to say that the closer x gets to c, 

the closer f(x) must get to L. 

DEFINITION Limit 

Let c and L be real numbers. The function f has limit L as x approaches c if, given 

any positive number e, there is a positive number 6 such that for all x 

|f(x) — L] < whenever |x — c| < 6andx #c. 

We write 

limf(x) = L. 
pr at Sy 

Finding Deltas for Given Epsilons 
From our work in Chapter 2 we know that lim,—,,;(5x — 3) = 2. In Example 1, we con- 

firm this result using the definition of limit. 

EXAMPLE 1 Using the Definition of Limit 

Show that lim,-,,(5x — 3) = 2. 

SOLUTION 

Set c = 1, f(x) = 5x — 3, and L = 2 in the definition of limit. For any given e > 0 

we have to find a suitable 6 > 0 so that if x # 1 and x is within distance 6 of c = 1, 

that is, if 

O< |x=—1| <6, 

then f(x) is within distance e of L = 2, that is, 

f(x) + 2| <e. 

We find 6 by working backward from the €-inequality: 

\(Sx — 3) — 2| = |5x —5| <e 

5|x -—1| <e 

lx — 1| < €/5 

Thus we can take § = €/5 (Figure A2.4). If 0 < |x — 1| < 6 = e€/5, then 

|(Sx — 3) — 2| = [5x -5| 

Figure A2.4 If f(x) = 5x — 3, then = 5|x — 1| < 5(e€/5) =e 
0 < |x — 1] < €/5 guarantees that 

|f(x) — 2| < e. (Example 1) This proves that lim,—.,(Sx — 3) = 2. Now Try Exercise 5. 

The value of 6 = €/5 is not the only value that will make 0 < |x — 1| < 6 imply 
\f(x) — 2| = |Sx — 5| < € in Example 1. Any smaller positive 6 will do as well. The 
definition does not ask for a “best” positive 5, just one that will work. 

We can use graphs to find a 6 for a specific € as in Example 2. 



Intersection 
X= .49751244 Y=2.01 

[0.48, 0.52] by [1.98, 2.02] 

(a) 

Intersection 
KS OSS VS SS 

(0.48, 0.52] by [1.98, 2.02] 

(b) 

Figure A2.5 We can see from the two 

graphs that if 0.498 < x < 0.502, then 

1.99 < f(x) < 2.01. (Example 2) 

V4+e 

Figure A2.6 The function in Example 3. 

V4—e€ 
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EXAMPLE 2 Finding a 6 Graphically 

For the limit jim. 1/x) = 2, find a 6 that works for € = 0.01. That is, finda 6 > 0 

such that for all x 

C= ly — 05| so" = TF.) —2| 001. 

SOLUTION 

Here f(x) = 1/x,c = 0.5, and L = 2. Figure A2.5 shows the graphs of f and the two 
horizontal lines 

y=L—-—e=2—0.01 =199 and y=L+e=2+ 0.01 = 2.01. 

Figure A2.5a shows that the graph of f intersects the horizontal line y = 2.01 at about 

(0.49751244, 2.01), and Figure A2.5b shows that the graph of f intersects the horizon- 

tal line y = 1.99 at about (0.50251256, 1.99). It follows that 

Oiewin — 0.5) = 0.002 => f(z) = 2/ = 001 

Now Try Exercise 3. 

| EXAMPLE 3 Finding 6 Algebraically 

Prove that lim f(x) = 4 if 

eee 

Lo | ee 

SOLUTION 

Our task is to show that given € > 0 there exists ad > O such that for all x # 2 

OR alia edo uo. | f (see "Al ees e: 

Step 1: Solve the inequality | f(x) — 4| < e€ to find an open interval about x = 2 
on which the inequality holds for all x 4 2. 

For x # 2, we have f(x) = x2, and the inequality to solve is |x? — 4| < e: 

Ix? — 4| <e€ 

repeat ue are 

Ae 6 <a” < Ae. € 

V4—e< |x) < V4t+e 

N/A lve SxS 

The inequality |f(x) — 4] < e€ holds for all x # 2 in the open interval 

(V4 — €, V4 + €) (Figure A2.6). 
Step 2: Find a value of 6 > 0 that places the centered interval (2 — 6,2 + 6) 

inside the open interval (V4 Ge V4 + ra 

Take 6 to be the distance from c = 2 to the nearer endpoint of ( V4—6,V4 +e ). 
In other words, take 

Assume e < 4. 

An open interval about 2 

4 + € that solves the inequality 

8 = min{2- V4—6,V4+.e-2}, 

the minimum (the smaller) of the two numbers 2 — V4 — € and V4 — e€ — 2. If 6 

has this or any smaller positive value, the inequality 

(a ba ae ees 
continued 
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will automatically place x between V4 — € and V4 + € to make 

If(x) — 4] <e. 
For all x, 

0< |x —2| <6 = |f(x)-—4| <«. 

This completes the proof. Now Try Exercise 13. 

Why was it all right to assume € < 4 in Example 3? Because, in finding a 6 such that, 

for all x,0 < |x — 2| < 6 implied | f(x) — 4| < € < 4, we found a 6 that would work 
for any larger € as well. 

Finally, notice the freedom we gained in letting 

5 = min{2 - V4—6€,V4+e-2}. 

We did not have to spend time deciding which, if either, number was the smaller of the 

two. We just let 6 represent the smaller and went on to finish the argument. 

Proving Limit Theorems 
We use the limit definition to prove parts 1, 3, and 5 of Theorem | (Properties of Limits) 

from Section 2.1. 

THEOREM 1 Properties of Limits 

If L, M, c, and k are real numbers and 

lim f(x) =L and lim g(x) = M, then 
Mase x=" 6 

1. Sum Rule: lim (f(x) + g(x)) =L+M 

2. Difference Rule: lim (f(x) — g(x)) =L-—M 

3. Product Rule: lim (f(x) + g(x)) =L+M 
SAG 

4. Constant Multiple Rule: limk+ f(x) =k+L 
Ane, 

x Ih 
5. Quotient Rule: lim f(x) =—, M#Q0 

x>c g(x) M 
6. Power Rule: If r and s are integers, s # O, then 

lim (f(x) )7/ — L*/s 

provided L’/* is a real number. 

Proof of the Limit Sum Rule We need to show that for any € > 0, there is a 6 > 0 such 

that for all x in the common domain D of f and g, 

0<|x—c| <8 = (f(x) + g(x) — (L+M)| <e. 

Regrouping terms, we get 

[f(x) + g(x) — (L + M)| = |(f(x) — L) + (g(x) — M)| 

= | f(x) — L| + |g(x) -— M| fa + b| = |a| + |b] 
continued 
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Here we have applied the triangle inequality, which states that for all real numbers a and b, 

la + b| < |a| + |b]. Since lim f(x) = L, there exists a number 5; > 0 such that for 
Names, 

all x in D 

Ont eer top <9015 f(x), = Lee). 

Similarly, since limg (x) = M, there exists a number 6, > 0 such that for all x in D 

Oath, SSalle(x) —iM i= 6/2, 

Let 6 = min{ 6, 5)}, the smaller of 5, and 6). If 0 < |x — c| < 6 then 

Oeste scl; 07, csOn f(x) \— dae ney 

and 

O20) el bx ote PSO melo (Ge): == ey 2 

Therefore, | f(x) + g(x) — (L+M)|< 5 4 5 = €. 

This shows that lim,.. (f(x) + g(x)) =L+ M. ea 

Proof of the Limit Product Rule We show that for any e > 0, there is a 6 > O such that 

for all x in the common domain D of f and g, 

0 alaucicl <8 == [f(X) eG) — IMIR «. 

Write f(x) and g(x) as f(x) = L + (f(x) — L), g(x) = M + (g(x) — M),. 

Multiply these expressions together and subtract LM: 

F(x) + g(x) — LM = (L + (f(x) — L))(M + (g(x) — M)) — IM 

= LM + L(g(x) — M) + M(f(x) — L) + (f(x) — L)(e(x) — M) — LM (1) 
= L(g(x) — M) + M(f(x) — L) + (f(x) — L)(g(x) — M) 

Since f and g have limits L and M as x — c, there exist positive numbers 6), 65, 63, and 

6,4 such that for all x in D 

Ole el = oy SS ie) eae 

Oriole —cluct Bye >e a(x) Meee e/ 2 
(S 

OMe — cl oy I) — Lh < say (2) 

E 

0< |x—cl<& = |g(x) - Lorre eran 

If we take 6 to be the smallest of the numbers 6, through 64, the inequalities on the right- 

hand side of (2) will hold simultaneously for 0 < |x — c| < 6. Then, applying the tri- 
angle inequality to Equation 1, we have for all x in D,0 < |x — c| < 6 implies 

|f(x) + g(x) — LM| 

= |L||e(x) — M| + [M||f(~) - L| + f(x) — LIle(x) — MI 

= (1 + |L|)|g(x) — M| + (1 + [M|)|F(x) — L] + F(x) — Elle(a) — MI 
€ € e le 

SS — st JE yE= e€ Values from (2) 
3) 3 BUNS 

This completes the proof of the Limit Product Rule. | 
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Proof of the Limit Quotient Rule We show that lim,_,, (1/g(x)) = 1/M. We can then 
conclude that 

tim 2) = tim (4() « 2) = tim f(x) «Him A= 2d 1m = albee) Xe) ue = lim f(x) > lim =o — 

| g(x)) ee) xeeg(x) 
by the Limit Product Rule. 

Let € > 0 be given. To show that lim,_,, (1/g(x)) = 1/M, we need to show that there 
exists a 6 > 0 such that for all x 

1 1 
Oi — cl 0a 4 - tl <e 

| | g(x) M 

Since |M| > 0, there exists a positive number 6, such that for all x 

/M| 
0 <\xetel on == I(x) — M| <>. (3) 

For any numbers A and B it can be shown that 

° |A| — |B] = |A— B| and |B| — |A|=|A-B 

from which it follows that ||A] — |B|| = |A — B]. With A = g(x) and B = M, this 
becomes 

[le(x)| — [MI] = |g(x) — MI, 
which can be combined with the inequality on the right in (3) to get, in turn, 

iM eC) - [al] < 

jes) - Jal < 

Ll re ZL as 2 

1 2 3 : —— < 4 < ——__ multiply by 2/(|MI|g(x)|). : al Mt le 
Therefore, 0 < |x — c| < 6 implies that 

I 1 M — g(x) I ! EA pe Es eT cate SE PE vee 
ca M Mg(x) \M|_ |e(x)| see: 

] 2 = iM IM - |M e g(x)| Inequality (4) (5) 

Since (1/2)|M|?€ > 0, there exists a number 5) > 0 such that for all x in D 

0<|x-—cl <8 = |M—g(x)| < 5 Im. (6) 

If we take 6 to be the smaller of 6; and 55, the conclusions in (5) and (6) both hold for all 

x such that 0 < |x — c| < 6. Combining these conclusions gives 

1 1 
ee a eee 
g(x) M 

This completes the proof of the Limit Quotient Rule. a 

0< |x—'c| <6, 
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The last proof we give is of the Squeeze Theorem (Theorem 4) of Section 2.1. 

THEOREM 4 The Squeeze Theorem 

If g(x) = f(x) = h(x) for all x ¥ c in some interval about c, and 

lim g(x) = lim h(x) = L, 

then i pti 

lim f(x) = L. 
X76 

Proof for Right-Hand Limits Suppose that lim,_,.+ g(x) = lim,..,+ A(x) = L. Then for 

any € > 0 there exists a 6 > 0 such that for all x the inequality c < x < c + 6 implies 

eee co e( eek tee and “Ee —th(x) << lee: 

These inequalities combine with the inequality g(x) = f(x) =< h(x) to give 

Dee eo fil 0) eee G) ganic Cy 

Vie Cheng (eX) La ote, 

ey (XL, € 

Thus, for all x, the inequality c <x <c+ 6 implies |f(x) — L| < e. Therefore, 
lim,_.,+ f(x) = L. 

Proof for Left-Hand Limits Suppose that lim,_..- g(x) = lim,..- h(x) = L. Then for 
any € > 0 there exists a 6 > 0 such that for all x the inequality c — 6 < x < c implies 

eno 6) <p re and Le <3 h(x). = Ere: 

We conclude as before that for all x, c — 5 < x < c implies |f(x) — L| < e. Therefore, 

lime ny ce eek 

Proof for Two-Sided Limits If lim,_,. g(x) = lim,, h(x) = L, then g(x) and h(x) 
both approach L as x — c* and x — c™;so lim,_,,+ f(x) = Land lim,..,- f(x) = L. 
Hence lim,_., f(x) exists and equals L. a 

Section A2 Exercises 

In Exercises | and 2, sketch the interval (a, b) on the x-axis with the In Exercises 3 and 4, use the graph to find a 6 > 0 such that for all 
point c inside. Then find a value of 6 > 0 such that for all x, x, 0 < les el <6) => 9 fi) —tiane. 

0<|x-—c| <6 = PS 5p Sp Bh y fx) =2Vx4+1 

la=4/9-b=4/7, ©=1/2 GS 

2,4 = 2559), b= 3.2391 Fea= 3 

2.61 3 3.41 

NOT TO SCALE 
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ee es Be 

Exercises 5-8 give a function f(x) and numbers L, c, and e. Find 

an open interval about c on which the inequality f(x) — L]< 

holds. Then give a value for 6 > 0 such that for all x satisfying 

0 < |x — c| < 6 the inequality | f(x) — L| < € holds. Use algebra 

to find your answers. 

=2x3=—2, L==6) c= —2,..¢>— 02 

<+1, L=1, e=0, €=02 

Exercises 9-12 give a function f(x), a point c, and a positive num- 

ber e. (a) Find L = lim,_.. f(x). Then (b) find a number 6 > 0 

such that for all x 

Oe be cl 8 lf) ee. 

eee aT 5 
er G3) ; = -—5, = 0.0 9. f(x) wie c 5, € = 0.05 

a Oye xe IE = 
10. fo) = {4 ee =1, €=05 

11. f(x) = sna c= 1, «= 001 

12. f(x) = c=-l1, €=01 yea 

In Exercises 13 and 14, use the definition of limit to prove the limit 

statement. 

x2, #~ 1 

13. lim f(x) = Lhe to ‘a : 
x=1 2, cd 

1 1 
14. lim 5 ee 

15. Relating to Limits Given € > 0, (a) find an interval 

I = (5,5 + 6), 6 > 0, such that if x lies in J, then 

Vix — 5 < e. (b) What limit is being verified? 

16. Relating to Limits Given e > 0, (a) find an inter- 

val J = (4 — 6,4), 6 > 0, such that if x hes in /, then 

V4 — x < e. (b) What limit is being verified? 

17. Prove the Constant Multiple Rule for limits. 

18. Prove the Difference Rule for limits. 



Section A3_ A Proof of the Chain Rule 591 

A Proof of the Chain Rule 

Figure A3.1 The graph of y as a function 

of x. The derivative of y with respect to x 

at x = ais sim Ay/ Ax). 

Error in the Approximation Af ~ df 
Let f(x) be differentiable at x = a and suppose that Ax is an increment of x. We 

know that the differential df = f’(a)Ax is an approximation for the change Af = 

(f(a + Ax) — f(a)) in f as x changes from a to (a + Ax). How well does df approxi- 
mate Af? 

We measure the approximation error by subtracting df from Af: 

Approximation error = Af — df = Af — f'(a)Ax 

= f(a+,Ax).— f(a) — f'(a)Ax. Af=fa+ Ax) — fa) 

Af 

: (He + Ax) - f(a) 
Ax 

Call this part €. 

As Ax — 0, the difference quotient (f(a + Ax) — f(a))/Ax approaches f'(a) 
(remember the definition of f’(a)), so the quantity in parentheses becomes a very small 

number (which is why we called it €). In fact, € — 0 as Ax — 0. When Ax is small, the 

approximation error € Ax is smaller still. 

- #(2)) ~Ax=e+ Ax 

Ay, = f'(ajAx + eA% (1) 

true estimated error 

change change 

The Proof 
We want to show if f(w) is a differentiable function of u and u = g(x) is a differentiable 

function of x, then y = f(g(x)) is a differentiable function of x. More precisely, if g is dif- 
ferentiable at a and f is differentiable at g(a), then the composite is differentiable at a and 

Let Ax be an increment in x and let Au and Ay be the corresponding increments in u 

and y. As you can see in Figure A3.1, 

dy 
dx 

so our goal is to show that the limit is f’(g(a)) + g'(a). 

y Ay 
Favret Ax x= 

By Equation 1, 

Au = g'(a)Ax + €,Ax = (g’(a) + €,)Ax, 

where €; — 0 as Ax — 0. Similarly, since f is differentiable at g(a), 

Ay = f'(g(a))Au + e,Au = (f'(g(a)) + €2)Au, 
where €, — 0 as Au — O. Notice also that Au — 0 as Ax — 0. Combining the equa- 

tions for Au and Ay gives Ay = (f’(g(a)) + €2)(g’(a) + €,)Ax, so 

A Ay = f'(8(a))e"(a) + e28'(a) + f'(e(a) Jer + eer 
Since €, and €, go to zero as Ax goes to zero, three of the four terms on the right vanish 

in the limit, leaving 

sim <2 = #'(e(a))9'(a). 
This concludes the proof. K 
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Hyperbolic Functions 

Pronouncing “cosh” and “sinh” 
a 

“Cosh” is often pronounced “kosh,” 

rhyming with “gosh” or “gauche.” “Sinh” 

is pronounced as if spelled “cinch” or 

“shine.” 

TABLE A4.2 
Identities for hyperbolic functions 

sinh 2x = 2 sinh x cosh x 

cosh 2x = cosh? x + sinh? x 

ehtt ores eee 
2 

eit aa cost 2x =" 4 

2 

cosh? x — sinh? x = 1 

tanh? x = 1 — sech? x 

coth? x = 1 + csch? x 

Background 
Suspension cables like those of the Golden Gate Bridge, which support a constant load per 

horizontal foot, hang in parabolas. Cables like power line cables, which hang freely, hang 

in curves called hyperbolic cosine curves. 

Besides describing the shapes of hanging cables, hyperbolic functions describe the 

motions of waves in elastic solids, the temperature distributions in metal cooling fins, and 

the motions of falling bodies that encounter air resistance proportional to the square of the 

velocity. If a hanging cable were turned upside down (without changing shape) to form an 

arch, the internal forces, then reversed, would once again be in equilibrium, making the 

inverted hyperbolic cosine curve the ideal shape for a self-standing arch. The center line 

of the Gateway Arch to the West in St. Louis follows a hyperbolic cosine curve. 

Definitions 
The hyperbolic cosine and sine functions are defined by the first two equations in Table A4.1. 

The table also defines the hyperbolic tangent, cotangent, secant, and cosecant. As we will 

see, the hyperbolic functions bear a number of similarities to the trigonometric functions 

after which they are named. 

TABLE A4.1 The six basic hyperbolic functions 

? ; Cia eee 
Hyperbolic cosine of x: cosh x = ay 

ex = e* 

Hyperbolic sine of x: sinh x = Seat a | 

Sinha) Caren 
Hyperbolic tangent: tanh x = = 
oF 2 . coshix. “esr ess 

h x —~x 

Hyperbolic cotangent: coth x = — sere < 
Sin) = 2% > ea 

Hyperbolic secant h : : sech x = = 
ue / * coshx e+e 

‘ 1 2 
Hyperbolic cosecant: csch x = = 

See Figure A4.1 for graphs. 

Identities 
Hyperbolic functions satisfy the identities in Table A4.2. Except for differences in sign, 

these are identities we already know for trigonometric functions. 

Derivatives and Integrals 
The six hyperbolic functions, being rational combinations of the differentiable functions 

e* and e~*, have derivatives at every point at which they are defined (Table A4.3 on the 

following page). Again, there are similarities with trigonometric functions. The derivative 

formulas in Table A4.3 lead to the integral formulas seen there. 
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TABLE A4.3 Derivatives and companion integrals 

a tee: du j 
Fe (sinh uw) = cosh ee sinh u du = coshu + C 

d lu 
= hw) = sinh u— (cosh wu) = sinh u ve cosh u du = sinhu + C 

d >. du 
7, (tanh u) = sech We sech* u du = tanhu + C 

d du 
ea (coth wu) = —csch? u i esch* u du = —cothu + C 

d du 
— (sech u) = —sech u tanh u — sech u tanh u du = —sechu + C 
dx dx 

d d 
— (esch uw) = —csch u coth u — esch u coth u du = —cschu + C 
dx | ee ee ee 

“7 y = tanhx 

a 

(b) The hyperbolic cosine and its (c) The graphs of y = tanh x and 
(a) The hyperbolic sine and its component exponentials. y = coth x = 1I/tanh x. 

component exponentials. 

(d) The graphs of y = cosh x and (e) The graphs of y = sinh x and 
y = sech x = I/cosh x. y = esch x = 1/sinh x. 

Figure A4.1 The graphs of the six hyperbolic functions. 
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(a) 

y =cosh x, 
x>0 

Nv WwW fF aAA AN Cw 
y = cosh !x 
(x = cosh y, y = 0) 

y = sech"! x 

(x = sech y, y= 0) Las 

y = sech x, x =0 

(c) 

Figure A4.2 The graphs of the inverse 

hyperbolic sine, cosine, and secant of x. 

Notice the symmetries about the line 

y=x. 

y = sinh"! x 

(x = sinh y) 

EXAMPLE 1 Finding a Derivative 

© (tanh V1i+ 1?) = sech? V1 + ?? “(vi + 1) 

t — 
= —— gech? 1 + 72 

V1+r2 

Now Try Exercise 13. 

EXAMPLE 2 Integrating a Hyperbolic Cotangent 

cosh 5x Waa u = sinh 5x, 

[eotnseax = [weet an du = 5 cosh 5x dx 

1 
= = In |u| -'C= ; In |sinh Sx| ae 

Me Now Try Exercise 41. 

EXAMPLE 3 Using an Identity to Integrate 
1 

Evaluate i} sinh? x dx. 
0 

SOLUTION 

1 | 
h2x — | 

[ sini xax =f ee ie Table A4.2 
0 0 2 

1 A . 
1 1 | sinh 2x iy, sinh 2h Tk ryt ny ey ee ise — = = 0.40672 5 | (eos roa) Al 2 I A liakeo 

Now Try Exercise 47. 

Inverse Hyperbolic Functions 
We use the inverses of the six basic hyperbolic functions in integration. Since 
d(sinh x)/dx = cosh x > 0, the hyperbolic sine is an increasing function of x. We denote 
its inverse by 

y = sinh™! x. 

For every value of x in the interval -oo < x < oo, the value of y = sinh~! x is the num- 
ber whose hyperbolic sine is x (Figure A4.2a). 

The function y = cosh x is not one-to-one, as we can see from the graph in Figure A4.1. 
But the restricted function y = cosh x, x = 0, is one-to-one and therefore has an inverse, 
denoted by 

y = cosh”! x. 

For every value of x = 1, y = cosh™! x is the number in the interval 0 < y < oo whose 
hyperbolic cosine is x (Figure A4.2b). 

Like y = cosh x, the function y = sech x = 1/cosh x fails to be one-to-one, but its 
restriction to nonnegative values of x does have an inverse, denoted by 

y = sech”! x, 

For every value of x in the interval (0, 1], y = sech”! x is the nonnegative number whose 
hyperbolic secant is x (Figure A4.2c). 
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The hyperbolic tangent, cotangent, and cosecant are one-to-one on their domains and 

therefore have inverses, denoted (respectively) by 

v—tanhe'x, y=coth x y= csch x 

(Figure A4.3). 

(a) (b) (c) 

Figure A4.3 The graphs of the inverse hyperbolic tangent, cotangent, and cosecant of x. 

EXPLORATION 1 | Viewing Inverses 

Let x(t) =1¢, 

X(t) = is 

x3(t) = y(t), ent) 

1. Graph the parametric equations simultaneously in a square viewing window that 

contains 0 = x = 6,0 < y S 4. Set tMin = 0, tMax = 6, and f-step = 0.05. 

Explain what you see. Explain the domain of each function. 

. Let x4(t) = t, y4(t) = cosh”!(1/t). Graph and compare (x3, y3) and (y4, x4). 
Predict what you should see, and explain what you do see. 

Identities for sech—1 x, csch—' x, coth™! x 
TABLE A4.4 ; We use the identities in Table A4.4 to calculate the values of sech™! x, csch~! x, and 

Identities i Nee hyperbolic coth™! x on calculators that give only cosh! x, sinh! x, and tanh“! x. 
unctions 

1 
sech~! x = cosh7! = 

ie 

ee ee Derivatives of Inverse Hyperbolic Functions; 
ee Associated Integrals 

coth”! x = tanh7! iM The chief use of inverse hyperbolic functions lies in integrations that reverse the derivative 

& formulas in Table A4.5. 
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TABLE A4.5 Derivatives of inverse hyperbolic functions 

d(sinh' wu) _ 1 du 

de Ai oe 

d(cosh~! u) 1 du 
= A El 

dx Wig == || dx 

d(tanh~! u td ( ee oa eek 
dx i Saeaax 

d(coth™! uw) 1 du 
= Stila S41 

dx = ee 

d(sech™! uw) —du/dx 
= LO eel 

dx UN re 

d(csch"'u) — —du/dx 
0 = ; tae 

dx lul V1 — wv? 

The restrictions |u| < 1 and |u| > 1 on the derivative formulas for tanh~!w and 
coth”'w come from the natural restrictions on the values of these functions. (See Figures 

A4.3a and b.) The distinction between |u| < 1 and |u| > 1 becomes important when 

we convert the derivative formulas into integral formulas. If |u| < 1, the integral of 

1/(1 — uw’) is tanh! u + C. If |u| > 1, the integral is coth~! u + C. 
With appropriate substitutions, the derivative formulas in Table A4.5 lead to the integral 

formulas in Table A4.6. 

TABLE A4.6 Integrals leading to inverse hyperbolic functions 

du Uu 
ale [Ss - ar) Se OMS © (ok (0) 

Var + wv a ; 

du u 
é = = ris Sa) [ets = a 2 i ae cosh (“) Ce ha 0 

tanh“! (#) +c if uw <a? 
3 du he a 

a*—u - u 2 —coth!(-)+cC if w>d? 
a 

d 1 
4 = = = —Lseet-!(#) + 6, <= a 

uVa* — u 

du 
eee a es eo [eee ae 5 (ae Bosca 4 Cc, uX#O0 
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EXAMPLE 4 Using Table A4.6 
1 

Evaluate 

SOLUTION 

The indefinite integral is 

Fron IVea 

Therefore, 

1 

0 V3 + Ae 

Section A4 Exercises 

Gin ee 4x2 

i= 2x%,du = 2.Gx,.as= V3 

Formula from Table A4.6 = sinh! () Cc 
a 

2x 
sinh | (=) + C. 

\/3 

Now Try Exercise 37. 

In Exercises 1-4, find the values of the remaining five hyperbolic 

functions. 

3 4 
1. sinh x = —— 2. sinhx = — 1. sinh x A sinh x 3 

3. coshx =<, xe 0 4. coshy =", i 2 © 

In Exercises 5S—10, rewrite the expression in terms of exponentials 

and simplify the results as much as you can. Support your answers 

graphically. 

5. 2 cosh (In x) 

6. sinh (2 In x) 

7. cosh 5x + sinh 5x 

8. cosh 3x — sinh 3x 

9. (sinh x + cosh x)* 

10. In (cosh x + sinh x) + In (cosh x — sinh x) 

11. Use the identities 

sinh (x + y) = sinh x cosh y + cosh x sinh y 

cosh (x + y) = coshx cosh y + sinh x sinh y 

to show that 

(a) sinh 2x = 2 sinh x cosh x; 

(b) cosh 2x = cosh? x + sinh? x. 

12. Use the definitions of coshx and sinhx to show that 

cosh? x — sinh? x = 1. 

In Exercises 13-24, find the derivative of y with respect to the 

appropriate variable. 

1 
13. y = 6 sinh 14, y = 5 sinh (2x + 1) 

15. y = 2V tanh V1 

17. y = In (sinh z) 18. y = In (cosh z) 

19. y = sech 6(1 — Insech 6) 20. y = csch 0(1 — Incsch 6) 

1 
16. y = tanh — 

1 1 
21. y = Incosh x — 5 tanh? x 22. y = In sinh x ~ 5 coth’ x 

23. y = (x? + 1) sech (In x) [Hint: Before differentiating, express 
in terms of exponentials and simplify. | 

24. y = (4x? — 1) csch (In 2x) 

In Exercises 25-36, find the derivative of y with respect to the 

appropriate variable. 

25. y = sinh! Vx 

26. y = cosh"! (2V/x + 1) 

27. y = (1 — 6) tanh! 6 



598 Appendices 

28. y = (62 + 26) tanh“! (6 + 1) /4 
55. ji cosh (tan @) sec? 6 d0 

29. y = (1 — t) coth"! Vi —n/4 
= 2 = a /2 

$0.7 = (le Feo 56. ‘i 2 sinh (sin @) cos 6 dé 

31. y = cos"! x — xsech !x : Vs 
2 4 cosh (In t 8 cosh Vx 

32. y = nae Wl = a" sech 57. / ee i 58. av 
x 

1 6 

33. y = csch! (5) 0 In 10 

: 2 59. / cosh? () Je 60: / 4 sink? (3) re 
34. y = csch~! 2? “Re ‘ S = 

erat i 
aE SU als) In Exercises 61 and 62, find the volume of the solid generated by 

36. y = cosh * (seex), 0% = 97/2 revolving the shaded region about the x-axis. 

61. 
y 

Verify the integration formulas in Exercises 37-40. 

37. (a) [sect x dx = tan™! (sinhx) + C 

(b) [sechxas = sin“! (tanhx) + C 

2 

x? 1 
38. [ sect! ae = ¥ sech =o 5 V1l—x7+C 

x2 - 1 
39. [scott xa = ; oth”! x + > + G 

1 
40. [tanh ra = xtanh7! x + 5 in = ge ra 

Evaluate the integrals in Exercises 41-50. 

41. / sinh 2x dx 42. a sinh = dx 

43. J[scosn (3 - n3) a 4A, [4cosm (3x ~ n2) a 

45 ean as. | hare - no = a co eS 

7 V3 

47. [sea (: _ ;) dx 48. [sete (Six) 

49. es Vt tanh V1 dt 
63. Find the volume of the solid generated by revolving the shaded V/t g y g 

: region about the line y = 1. 
esch (In ft) coth (Int) dt so. / (Int) coth (In) h 

t 

Evaluate the integrals in Exercises 51-60 analytically and support 
with NINT. 

In4 In 2 

51. / coth x dx 52. / tanh 2x dx 
‘ J0 In 2 

-In2 In2 

53. / 2e cosh 6 dé 54. / 4e~* sinh 0 dé 
—In4 0 



64. (a) Find the length of the curve y = (1/2) cosh 2x, 

O0<x<Invs. 

(b) Find the length of the curve y = (1/a) coshax,0 =x Sb. 

Extending the Ideas 
65. 

66. 

67. 

68. 

69. 

Even-Odd Decompositions 

(a) Show that if a function f is defined on an interval symmetric 

about the origin (so that f is defined at —x whenever it is 

defined at x), then 

(ea iat * 

Then show that 

AED) eons Cet 8) 
is even 

2 

and 

arid) > oy aauaal 

(b) In Equation 1, set f(x) = e*. Identify the even and odd parts 
of f. 

Writing to Learn (Continuation of Exercise 65) Equation 1 

in Exercise 65 simplifies considerably if f itself is (a) even or 

(b) odd. What are the new equations? Explain. 

Skydiving If a body of mass m falling from rest under the 

action of gravity encounters an air resistance proportional to the 

square of the velocity, then the body’s velocity t seconds into the 

fall satisfies the differential equation 

v 
m— = mg — kv”, 

dt e 

where k is a constant that depends on the body’s aerodynamic 

properties and the density of the air. (We assume that the fall is 

short enough so that variation in the air’s density will not affect 

the outcome.) 

m k 
Se [7S tanh ( |) 

k m 

Show that 

satisfies the differential equation and the initial condition that 

v = 0 whent = 0. 

Accelerations Whose Magnitudes Are Proportional to 

Displacement Suppose that the position of a body moving 

along a coordinate line at time ¢ is 

(a) 5 

(b) s 

acos kt + b sin kt, 

acosh kt + b sinh kt. 

Show in both cases that the acceleration d*s /dt? is proportional 
to s but that in the first case it is directed toward the origin while 

in the second case it is directed away from the origin. 

Tractor Trailers and the Tractrix When a tractor trailer 
turns into a cross street or driveway, its rear wheels follow a 

curve like the one shown here. (This is why the rear wheels 

sometimes ride up over the curb.) 

70. 
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Gi (1, 0) 

We can find an equation for the curve if we picture the rear 

wheels as a mass M at the point (1, 0) on the x-axis attached 

by a rod of unit length to a point P representing the cab at the 

origin. As P moves up the y-axis, it drags M along behind it. 

The curve traced by M, called a tractrix from the Latin word 

tractum for “drag,” can be shown to be the graph of the function 

y = f(x) that solves the initial value problem 

dy 7 1 ip x 

dx IM Sa VL ae 

y=0 when x=1 

Differential equation: 

Initial condition: 

Solve the initial value problem to find an equation for the curve. 

(You need an inverse hyperbolic function.) 

A Minimal Surface Find the area of the surface swept out by 

revolving the curve y = 4 cosh (x/4),—In 16 = x = In 81, 

about the x-axis. See the figure below. 

y 

y = 4cosh (x/4) 

B(in 81, 6.67) 

A(-In 16, 5) 

It can be shown that, of all continuously differentiable curves 

joining points A and B in the figure, the curve y = 4 cosh (x/4) 
generates the surface of least area. If you made a rigid wire 

frame of the end-circles through A and B and dipped them in a 

soap-film solution, the surface spanning the circles would be the 

one generated by the curve. 
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71. Hanging Cables Show that the function y = a cosh (x/a) 
solves the initial value problem 

y= (ipa) 

Hanging 
x 

y=acosh - 

cable 

By analyzing the forces on hanging cables, we can show that the 

curves they hang in always satisfy the differential equation and 

initial conditions given here. That is how we know that hanging 

cables hang in hyperbolic cosines. 

72. The Hyperbolic in Hyperbolic Functions In case you are 

wondering where the name hyperbolic comes from, here is the 

answer: Just as x = cos u and y = sin w are identified with 

points (x, y) on the unit circle, the functions x = cosh u and 

y = sinh uv are identified with points (x, y) on the right-hand 

branch of the unit hyperbola x? — y? = 1 (Figure A4.4). 

Figure A4.4 Since cosh? u — sinh? u = 1, the point (cosh u, sinh wu) 

lies on the right-hand branch of the hyperbola x? — y? = 1 for every 

value of u (Exercise 72). 

u is twice the area 

of sector AOP. 

Figure A4.5 One of the analogies between hyperbolic and circular 

functions is revealed by these two diagrams (Exercise 72). 

Another analogy between hyperbolic and circular functions is 

that the variable u in the coordinates (cosh u, sinh w) for the 

points of the right-hand branch of the hyperbola x? — y? = 1 is 

twice the area of the sector AOP pictured in Figure A4.5. To see 

why, carry out the following steps. 

(a) Let A(u) be the area of sector AOP. Show that 

cosh u 

Vx? — 1 dx. 

(b) Differentiate both sides of the equation in (a) with respect to 

u to show that 

1 
A(u) = 3 cosh u sinh u 

1 

A'(u) = 
N}e 

(c) Solve the equation in (b) for A(w). What is the value of 

A(0)? What is the value of the constant of integration C in 
your solution? With C determined, what does your solution 

say about the relationship of u to A(u)? 
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| A5 A Very Brief Table of Integrals | 

 fud=w~ frau 

| fecosudu = sinu + € 

Back in the old days, when everyone’s primary reference sources were books, most cal- 

culus textbooks would include a table of integrals as a service to students. Many of the 

integrals in the table were well beyond the scope of the course, but that was exactly why 

the students would have needed the table. Now that modern technology has given us calcu- 

lators to find definite integrals and computer algebra software to find antiderivatives (not 

to mention the Internet as a more efficient reference source), integral tables are inexorably 

going the way of trig table and log tables. Rather than completely eliminate our table, 

we decided to trim it from 141 formulas to a more manageable number of formulas that 

students could be expected to prove using the techniques studied in this course. We also 

kept a few others that we thought students might find interesting, like the nth powers of 

the basic trig functions. Note that all variables are assumed to take on only those values 

for which the expressions in the formula are real numbers. 

4. [sinudu = cos u + G 

(axtiaUs ee D 1 
Bey Oe ON =a ee ee BO, Nis | G2] (a — b) de =n lax + | FC 

a(n +71) a 

n+2 
1 2 ax + b)"* 

ti Cae Erle ad ao a | ( ax + b)" dx = ( NC tn = 
MGXE 1 Des D* \axa sb a ij aie 

dx dx 1 xt+a 
S = 7 10. = +C 

: i te i ye [> Ia |x Na 

dx ; dx u 
11. = sinh! + C= In(x + Va2+x2)+C 12 ————- = sin !-+C 

Vaz + x? Vaz — x? 

13. £ = cost ea Ce Ine Vx? — a2) +C 
x*-—a 

( Dee ie 

14. fH x2 a2)" dk = ao +C, n#-2 

dx 1 BG dx : ce & 
15. = —sec"!l—| + C = =cos ! ‘| +C 16. =-- sin ( )+ G 
a @ V 2ax — x? a 

1 J 
17. J sinarax = —Zeos ax + G 18. [ cosardx = {sina + C 

ae GN ABE . Xe sin ax 
19. sin? ax dx = = — +C 20. cos? ax dx = = + +C 

oD 4a D 4a 

Sioa il 

21. f sin? arax = - estes a We [sim axa 
na n 

n~l i _ cos 2ax 
oF Bf coe ax cx = GES 4 BAN fe? ak 23. J sin axcos ax de =~ + ‘a 

na n 4a 

in’*! COS ax 1 ‘ 
24. iene ee nz#x-l 5 iS dx = —In |sin ax|'+'C 

(n+ 1)a sin ax a 
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; cos **! ax sin ax 1 
26. / cos" arsmar dt = =———___ Cane ee 27. dx = ——In |cosax| + C 

(n + 1)a COS ax a 

. leah 23 1 oom 
28. x sin ax dx = ~ysinax — 7 cosax + C 29. x cos ax dx = —cosax + ~ sinax + C 

a- a 

. x n Ks eae n he 
30. x" sin ax dx = ~~~ cos ax + 7 x"! cos ax dx 31. x" cos ax dx = ~~ sinax — = palo = Ty inyiamerake 

1 1 ; 
32. | tanaxdx =~ In |sec ax| + C 33. | cotaxdx =~ In |sinax| + C 

1 : 1 
34. tan’ ax dx = ~tanax —x + C 35. cot ax dx = —~ cotax — x + C 

tan”! ax Coes tax 
36. [ee (bea. = [ram axcar n= | 37. CVs == [oot ards, n+ 1 

a\ tiny un 7) 

1 i 
38. sec ax dx = — In |sec ax + tan ax'| i © 39. esc ax dx = —— In | esc ax — cot ax| ek 

») I 2 l 40. sec’ ax dx = ean ee ce (6: 41. esc* ax dx = ~ 7 oot ax +C 

sec” 2 axtanax n-—2 - 
42. SCC GG. ee eta Sec? s-axnax, n= | 

ain 1) RB yt 

esc""2axcotax n—2 
43. Che she Ge = SS csc" 2.ax dx, nl 

ani) i ieee 

sec” ax csc” ax 
sec” ax tan ax dx = = ees ya eS 45. csc” ax cot ax dx = — = Cleon 

46. 
l 1 

sin! ax dx = xsin~! ax + F V1 —a*x?+C 47. [cos tarax = xcos ! ax — i; V1 — ax? +C 

iS 

] 
48. tan”! ax dx = xtan~! ax — >In (1 +a2x7) + C 

a 
f 

Ae Pat! Beal sels ot 2s 50, D7? xii = tC bee Db agee 
a alnb 

ew 
1 n 4 

61i.y ne™ dhe ree (ari 1) 4 52. | x"e*dx = Bee Er ae | eax dy A 

ss. | xtbt de = fr tpg, b> 0, ob #1 ~ | xb dx = ~ i ; 
alnb- alnb 

Ne es 
54. | e*sin bx dx = 72 + p22 sin bx — bcos bx) + C 

ad : 
55. e** cos bx dx = ~~ (acos bx + bsinbx) + C 56. J warde = xinax =x + i 

a f 

dx , 1 
57. = In |Inax| + C 58. / sinh ax dx = —coshax + C 

x In ax a 

| . 

59. J cosh axax = “sinh ax + C 60. son? axe = S28 4 
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| inh 2. + 1.8 
61. | SiC ee Ee 62. einige dy A” cose = inh ee 

4a 2 a a’ 

oes 1 : xn n ™ | 
63. [cosnae dr = ¥sinh ax ~ Seosh ax + € 64. [xtsimaxdr = Seosh av — © fx ‘cosh ax dx 

x” : n dfn an i 

65. [stcosh axax = sinh ax ~% fx ' sinh ax dx 66. J tannax de = Zn (cosh a) 4G 

(ha tr 1 
67. coth ax dx = ~ In |sinh ax| +C 68. tanh? ax dx = x — ~ tanhax + C 

i 1 
69. [cot axdv = x ~ Leoth ax + € 70. sect? ax dx = Tan ax + € 

1 sech” ax 
71. | csch? ax dx = ~ 7 coth ax +C 72. sech” ax tanh ax dx = — a +C, n#0 

— esch? ax 
PS | CCSCI ae COUN GX CX — = ——— ie Canteen) 

ex =b% 

74. em sigh be de = S| Jr a = b* 
A a 

ax bx 

75. [et cosh x ax = ye + taCuma> ~ b? 
’ \ 

, 

. 

hart mie Qt . hole ff is co Wier 

i tasteh a i oo Tia ey 

wih Rabat Oalle 1 oa 



Glossary 

Absolute convergence: If the series >|a,| of absolute values 
converges, then > a, is said to converge absolutely. p. 528 

Absolute error: |(true value) — (approximate value)| _p. 239 

Absolute maximum: The function f has an absolute maxi- 

mum value f(c) at a point c in its domain D if and only if 
f(x) = f(c) forallxinD. p.193 

Absolute minimum: The function f has an absolute mini- 

mum value f(c) at a point c in its domain D if and only if 

f(x) = f(c) forallxinD. p. 193 

Absolute, relative, and percentage change: As we move 
from x = a to a nearby point a + Ax, we can describe the cor- 

responding change in the value of a function f(x) three ways: 

Absolute change: Af = f(a + Ax) — f(a) 

Relative change: Af/f(a) 

Percentage change: (Af/f(a)) X 100. 

p. 243 

Absolute value function: The function f(x) = |x|. See also 
Absolute value of anumber. p. 18 

Absolute value of a number: The absolute value of x is 

at Se 10) 

Ix] = oe 86 =". 

Acceleration: The derivative of a velocity function with 
respect to time. p. 132 

Acceleration vector: If (x(t), y(t) ) is the position vector 
of a particle moving along a smooth curve in the plane, then 

(x"(t), y"(t)) is the particle’s acceleration vector. p. 554 

Accumulator function: If the function f is integrable on 
[a,b], then A, the accumulator function of f, is defined by 

A(x) = J" f(t) dt forxin [a,b]. p. 288 

Algebraic function: A function y = f(x) that satisfies an 
equation of the form P,y” + --- + Pyy + Py = 0 in which the 

P’s are polynomials in x with rational coefficients. The function 

y = 1/V x + Lis algebraic, for example, because it satisfies the 

equation (x + 1)y? — 1 = 0. Here, PR, = x + 1, P,; = O, and 
FP) = —1. All polynomials and rational functions are algebraic. 

Alternating harmonic series: The series 

00 —j\r1 S ) 
s . 

p. 527 

Alternating series: A series in which the terms are alternately 
positive and negative. p.527 

[2,2] 

Alternating series error bound: If a series 5’ a, has terms 
k=1 

that alternate in sign and decrease in absolute value to a limit of 0, 
n 

then the truncation error for a, is less than |a,4,|. p. 504 
1 

604 

Amplitude: For a periodic function f(x) continuous for all real x, 
the number 

(absolute max of f) — (absolute min of f ) 
9) ’ 

is called the amplitude. 

The amplitude of the sine function 

f(x) = Asin [B(x — C)] + D, 

is |A|. p. 47 

Angle between curves: At a point of intersection of two dif- 
ferentiable curves, the angle between their tangent lines at the 

point of intersection. 

Angle between vectors u and v: The angle 

ucy 
6 = cos! (+) 

jul |v 
Antiderivative: A function F(x) is an antiderivative of a func- 
tion f(x) if F’(x) = f(x) for all x in the domain of f. p. 206 

Antidifferentiation: The process of finding an antiderivative. 

p. 206 

Antidifferentiation by partial fractions: A method for 
integrating a rational function by writing it as a sum of proper : 

fractions, callled partial fractions, with linear or quadratic 

denominators. p. 370 

Antidifferentiation by parts: A method of integration in 
which i u dy is written as uv — is vdu. p. 349 

Antidifferentiation by substitution: A method of integra- 
tion in which [ f(g(x)) + g'(x) dx is rewritten as J f(u) du by 
substituting u = g(x) and du = g'(x) dx. p. 340 

Apogee: The point in a satellite’s orbit around the earth at 

which it is farthest from the earth. p. 561 

Arc length: If the derivatives in the formulas exist and are 
continuous, the length of a smooth curve from the point (a, b), 

where t = 1), to the point (c, d), where t = th, can be found by 
integrating 

Cc dy v2 

am Mt ]) eds EE) 
d 2 

if I ae (*) dy 
» V dy 
t 

; dx 
with respect to the parameter f: . es 

q 

with respect to x: 

with respect to y: 

pp. 421, 545 

Arccosine or inverse cosine function: The inverse of the 

cosine function with restricted domain [0,7]. p. 49 

Arcsine or inverse sine function: The inverse of the sine 

function with restricted domain [—7/2, 7/2]. p. 48 



es 

Arctangent or inverse tangent function: The inverse of the 
tangent function with restricted domain (—7/2, 7/2). p.49 

Arithmetic sequence: A sequence that can be written in the 
form {a,a + d,a+ 2d,...,a+(n—1)d,...} forsome 
common differenced. p. 444 

Asymptote: The line y = b is a horizontal asymptote of the 

graph of a function y = f(x) if either 

lim f(x) =b or lim f(x) =b. p.70 
x—co X= 00 

The line x = ais a vertical asymptote of the graph of a function 

y = f(x) if either 

lun 7,( 4) =tetieoe on alima s(x) = oon pa 

Average rate of change of a quantity over a period 
of time: The amount of change divided by the time it takes. 
p. 59 

Average value of a continuous function f on [a, 5]: 
b 

1 
ay: ‘, f(x) dx. 

p. 295 

Average velocity: Displacement (change in position) divided 
by time traveled. p. 130 

Axis of revolution: The line about which a solid of revolution 

is generated. See Solid of revolution. 

Base (exponential and logarithm): See Exponential func- 
tion with base a; Logarithm function with base a. 

Basic trigonometric functions: When an angle of measure 0 
is placed in standard position in the coordinate plane and (x, y) 

is the point at which its terminal ray intersects a circle with 

center (0, 0) and radius r, the values of the six basic trigonometric 

functions of 6 are 

F : y 
Sine: sin 8 = — Cosecant: csc 6 

1é 

| 
i 35 

Cosine: cos 9 = — Secant: sec 9 = 
Te 

x 
Tangent: tan @ = z Cotangent: cot 6 = -. 

x y 

p. 45 

Binomial series: The Maclaurin series for f(x) = (1 + x)”. 
p. 502 

Bounded: A function f is bounded on a given domain if there 

are numbers m and M such that m = f(x) = M for any x in the 
domain of f. The number m is a lower bound and the number 4“ 

is an upper bound for f. p. 290 

Bounded above: A function f is bounded above on a given 
domain if there is a number M such that f(x) = M for all x in 

the domain. p. 294 

Bounded below: A function f is bounded below on a given 
domain if there is a number m such that m = f(x) for all x in the 
domain. p. 294 

Center of a power series: See Power series. 
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Chain Rule: If y = f(w) is differentiable at the point 

u = g(x), and g is differentiable at x, then the composite func- 

tion (f° g)(x) = f(g(x)) is differentiable at x, and 

ya : dy _ dy du (Fea)'(x) = F'(e(x)) +8’), or SO 
where dy/du is evaluated at u = g(x). p. 156 

Circular functions: The functions cos x and sin x with 
reference to their function values corresponding to points 

(cos x, sin x), x in radians, on the unit circle. More generally, the 
six basic trigonometric functions. p. 45 

Closed interval [a, b]: The set of all real numbers x with 
== Dep lA 

Common difference: The difference between two consecutive 

terms of an arithmetic sequence. p. 444 

Common ratio: The quotient of any term of a geometric 

sequence and its preceding term. p. 445 

Comparison Test (Direct, for improper integrals): For 
f and g continuous on [ a, co) with 0 = f(x) S g(x) for all 
56 = 0) 

(1) ie) dx converges if ee) dx converges; 

(2) it nedea: dx diverges if oh Sales) dx diverges. 

p. 472 

Comparison Test (Direct, for infinite series): Let > a,, be 

a series with no negative terms. Then 

(1) S a, converges if there is a convergent series > c,, with 

dy, = c, for alln > N for some integer N; 

(2) > a, diverges if there is a divergent series }) d,, of nonnegative 

terms with a, = d,, for alln > N forsome integer N. p.515 

Comparison Test (Limit, for infinite series): Suppose that 
a, > Oand b, > 0 for alln = N, N an integer. 

(1) If 

then > a, and > b, both converge or both diverge; 

(2) if 

and > b,, converges, then > a, converges; 

(3) if 

and > b, diverges, then > a, diverges. p. 525 

Complex number: An expression of the form a + bi where a 

and b are real numbers and 7 is defined to be V~—1. 

Component form of a vector: If v is a vector in the plane 
equal to the vector with initial point (0, 0) and terminal point 
(v1, v2), the component form of v is V = (¥;, v2). The compo- 
nents are v, andy. p. 550 

Components of a vector: See Component form of a vector. 

Composite function f ° g: The function (f° g)(x) = 

f(g(x)). p. 18 
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Compound interest formula: The value of an account in 
which initial principal P earns annual interest rate r compounded 

nt 

n times annually for t years is (1 af *) stl OS) 
n 

Concave down: The graph of a differentiable function 
y = f(x) is concave down on an interval / if y’ is decreasing 

Onl “px 243 

Concave up: The graph of a differentiable function y = f(x) 
is concave up on an interval / if y’ is increasing on/p. 213 

Conditional convergence: An infinite series is 
conditionally convergent if it is convergent but not absolutely 

convergent. p.528 © 

Constant function: A function that assigns the same value to 
every element in its domain. 

Continuity at an endpoint: A function f(x) is continu- 
ous at a left endpoint a of its domain if lim,.,+f(x) = f(a). 
The function is continuous at a right endpoint b of its domain if 

lim,.,-f(x) = f(b). p.79 

Continuity at an interior point: A function f(x) is 
continuous at an interior point c of its domain if 

lim... f(x) = f(c). p.79 
Continuity on an interval: A function is continuous on 
an interval if and only if it is continuous at each point of the 

interval. p. 81 

Continuous extension of a function f: A function identical 

to f except that it is continuous at the points where f has remov- 

able discontinuities. p. 81 

Continuous function: A function that is continuous at each 

point of its domain. p. 81 

Continuously compounded interest formula: The value 
of an account in which initial principal P earns annual interest 

rate r compounded continuously for ¢t years is Pe”. p. 360 

Convergent improper integral: An improper integral whose 
related limit(s) is (are) finite. p. 467 

Convergent sequence: A sequence converges if it has a limit. 

See Limit at infinity. p. 447 

Convergent series: An infinite series converges if its sequence 

of partial sums has a finite limit. p. 482 

Cosecant function: See Basic trigonometric functions. 

Cosine function: See Basic trigonometric functions. 

Cotangent function: See Basic trigonometric functions. 

Critical point (value): A point (value) in the interior of the 
domain of a function f at which f’ = 0 or f’ does not exist. 

p. 196 

Critical value: See Critical point. 

Cross section area: The area of a cross section of a solid. 

p. 406 

Decay models: See Exponential growth and decay. — 

Decreasing function: Let f be a function defined on an 
interval /. Then f decreases on / if, for any two points x; and x, 

in J, 

x, <=> f(x) > f(x). 

p. 204 

Decreasing on an interval: See Decreasing function. 

Definite integral of f over an interval [a, b]: For any par- 
tition P of [a,b], let a number c; be chosen arbitrarily in each 

subinterval [ x,-1, x, ], and let Ax, = x, — x}. If there exists a 
number L such that 

Ae yea = F 
no matter how P and the c,’s are chosen, then L is the definite 

integral of f over [a,b]. p. 283 

Delta notation (A): See Increment. 

Derivative of a function f at a point a: 

f(a + h) — f(a) 
m » 

h->0 h 

provided the limit exists. Alternatively, 

oe 
IM ae re 

I= a x—a@ 

provided the limit exists. p. 101. 

Derivative of a function f with respect to x: The function 
f', whose value at x is 

BU ete) oaks dee 
Ley: re a 
h0 h 

provided the limit exists. p. 101 

Difference quotient of the function f at a: 

f(a t+ h) — f(a) 
h i 

Alternatively, 

f(x) — fla) 
Ki A. 2 

p. 90 

Differentiability: If f'(x) exists, the function f is differen- 
tiable at x. A function that is differentiable at every point of its 

domain is a differentiable function. p. 101 

Differentiable curve: The graph of a differentiable function; 
also, a parametrized curve whose component functions are dif- 

ferentiable at every parameter value. pp. 101, 544 

Differential: If y = f(x) is a differentiable function, the dif- 
ferential dx is an independent variable and the differential dy is 

dy = f'(x) dx. p.241 

Differential calculus: The branch of mathematics that deals 
with derivatives. p. 101 

Differential equation: An equation containing a derivative. 
p. 329 

Differentiation: The process of taking a derivative. p. 101 

Direction angle of a vector: The smallest nonnegative angle 
formed with the positive x-axis as the initial ray and the vector as 

the terminal ray. p. 551 

Direction vector (also called Direction of motion): v/|v|, 
where v is the (nonzero) velocity vector of the motion. p. 554 

Discontinuity: If a function f is not continuous at a point c, 
then c is a point of discontinuity of f. p. 80 



Disk method: A method for finding the volume of a solid of 

revolution by evaluating [| °A(x) dx, where A(x) is the area of the 
disk cut by a cross section of the solid perpendicular to the axis of 

revolution at x. A special case of Volume by slicing. p. 411 

Distance traveled (from velocity): For net distance, the integral 

of the velocity over the time interval. For total distance, the integral 

of the absolute value of the velocity over the time interval. p. 387 

Divergent improper integral: An improper integral for 
which at least one of the defining limits does not exist. p. 467 

Divergent sequence: An infinite sequence that has no limit as 
n— co. p. 447 

Divergent series: An infinite series whose sequence of partial 
sums diverges. p. 482 

Domain of a function: See Function. 

Domination: A function f dominates a function g on a domain 

Dif f(x) = g(x) for all x in D. A sequence {a, } dominates 
a sequence {b,} if a, = b, for all n. An infinite series > a, 

dominates an infinite series S b, if a, = b, for all n. 

Dot (inner) product: Of vectors u = (u;, uw.) and 
Vv = (vj, v2), the number u + Vv = wyVvy + wyV7. p. 560 

Dummy variable of integration: In / a (x) dx, the 
variable x. It could be any other available letter without chang- 

ing the value of the integral. p. 284 

d 
se The derivative of y with respect tox. p. 185 
Xx 

e (the number): To 9 decimal places, e = 2.718281828. More 

formally, 

1 x 

e= lim (1 oF +) : 
X60! Xx 

p. 25 

End behavior model: The function g is 

(1) a right end behavior model for f if and only if 

lim ——- = 1; p. 74 

(3) an end behavior model for f if it is both a left end and a right 

end behavior model for f. p. 74 

Euler’s method: A method using linearizations to approxi- 
mate the solution of an initial value problem. p. 333 

Even function: A function f for which f(—x) = f(x) for 
every x in the domain of f. p. 16 

Exponential change: See Law of exponential change. 

Exponential function with base a: The function 
f(x) =a%,a>Oanda #1. p.23 

Exponential growth and decay: Growth and decay modeled 
by the functions y = k + a*,k > 0, with a > 1 for growth and 

0<a<1fordecay. p.25 

Exponential growth (decay) constant: See Law of expo- 

nential change. 
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Extreme value: See Extremum. 

Extremum: A maximum or minimum value (extreme value) of 

a function on a domain. See also Absolute maximum; Absolute 

minimum; Local maximum; Local minimum.  p. 193 

Finite sequence: A sequence whose domain has a finite num- 
ber of elements. p. 443 

First derivative test (for local extrema): For a continuous 
function f, 

(1) if f’ changes sign from positive to negative at a critical point 

c, then f has a local maximum value at c; 

(2) if f’ changes sign from negative to positive at a critical point 

c, then f has a local minimum value at c; 

(3) if f’ does not change sign at a critical point c, then f has no 

local extreme value at c; 

(4) if f’ < O(f' > 0) for x > a where ais a left endpoint in 
the domain of f, then f has a local maximum (minimum) value 

at a; 

(5) if f’ < O(f' > 0) for x < b where bis a right endpoint in 

the domain of f, then f has a local minimum (maximum) value « 

atb. p.211 

Floor function: The greatest integer less than or equal to x, 

sometimes denoted [x], although |x | is preferred. Also known 

as the greatest integer function and also written as intx. p. 64 

Free fall equation: When air resistance is absent or insig- 
nificant and the only force acting on a falling body is the force 

of gravity, we call the way the body falls free fall. In a free fall 

short enough for the acceleration of gravity to be assumed con- 

stant, call it g, the position of a body released to fall from posi- 

tion sp at time t = 0 with velocity vo is modeled by the equation 

s(t) = (1/2)et? +> vot +'sq. pp. 132 

Frequency of a periodic function: The reciprocal of the 
period of the function, or the number of cycles or periods per 

unit time. For example, the function sin x, with x in seconds, 

has period 27 seconds and completes 1 /27 cycles per second 

(has frequency 1/27). p. 46 

Function: A rule that assigns a unique element in a set R to each 
element in a set D. The set D is the domain of the function. The set 

of elements assigned from R is the range of the function. p. 13 

Fundamental Theorem of Calculus, Antiderivative 

Part: If f is continuous on | a, b], then the function 

F(x) = f a (t) dt has a derivative with respect to x at every 

point in [a, b] and 

F=f sa = sf) 
p. 302 

Fundamental Theorem of Calculus, Evaluation Part: 

If f is continuous on [ a, b], and F is any antiderivative of f on 

[a, b], then 

b 

i f(x) dx = F(b) — F(a). 

p. 307 

Gaussian curve: See Normal curve. 
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General linear equation: Ax + ron = C (A and B not both 0). 

p. 6 

Geometric sequence: A sequence of the form a, ar, ar’, 
ar’ |, ..., in which each term after the first term is obtained 

by multiplying its preceding term by the same number 7. The 

number r is the common ratio of the sequence. p. 445 

Geometric series: A series of the form 

co 

atartart+::: tart l+--5= Sarak 

in which each term after the first term is obtained by multiplying 

its preceding term by the same number r. The number r is the 

common ratio of the series. p. 483 

Global maximum: See Absolute maximum. 

Global minimum: See Absolute minimum. 

Graph of a function: The set of points (x, y) in the coordi- 
nate plane whose coordinates are the input-output pairs of the 

function. p. 14 

Greatest integer function: See Floor function. 

Growth models: See Exponential growth and decay; Logistic 

growth. 

Half-life of a radioactive element: The time required for 
half of the radioactive nuclei present in a sample to decay. 

pp. 24, 360 

Harmonic series: The divergent series 

Pe eal 1 ee 
L+-+-4+-4 5 +--+ = 

Opa Spa lad. n > I 

p. 524 

Hooke’s Law: When a force is applied to stretch or compress 
a spring, the magnitude F of the force in the direction of motion 

is proportional to the distance x that the spring is stretched or 

compressed. In symbols, F ~ x or F = kx, where k is the con- 

stant of proportionality. This relationship is Hooke’s Law. If 

an elastic material is stretched too far, it becomes distorted and 

will not return to its original state. The distance beyond which 

distortion occurs is the material’s elastic limit. Hooke’s Law 

holds only as long as the material is not stretched past its elastic 

limit. p. 391 

Horizontal line: In the Cartesian coordinate plane, a line par- 
allel to the x-axis. 

Imaginary number: A complex number of the form 0 + bi. 
See Complex number. 

Implicit differentiation: A process for finding dy/dx when y 
is implicitly defined as ee uetiony, of x by en form. 

ben) ete 

x < = Hels = fle) 
ae Te te 

Increasing on an interval: See Increasing function. 

Increment: If coordinates change from (x), y,) to (x2, 2), 

the increments in the coordinates are Ax = x, — x; and 

Ay = y. — y;. The symbols Ax and Ay are read “delta x” and 

deltanyswapso 

Indefinite integral of a function f: The set of all antideriva- 
tives of f, denoted by | f(x) dx. p. 340 

Indeterminate form: A nonnumeric expression of the form 
0/0, 00/00, 0 + 00, 00 — 00, 1°, 00, or 0° obtained when trying 

substitution to evaluate a limit. The expression reveals nothing 

about the limit, but does suggest how I’Hospital’s Rule may be 

applied to help find the limit. p. 452 

Infinite discontinuity: A point of discontinuity where one or 
both of the one-sided limits are infinite. p. 80 

Infinite limit: If the values of a function f(x) outgrow all 
positive bounds as x approaches a finite number a, we say 

lim f(x) =o. 

If the values of f become large and negative, exceeding all nega- 

tive bounds as x — a, we say 

lim f(x) = —oo 

p. 72 

Infinite sequence: A sequence whose domain is an infinite 
subset of the positive integers. p. 443 

Infinite series: An expression of the form 

oo 

OM mena byes OO Sp (elk, pom OE Day. 

The numbers aj, a>, . . . are the terms of the series; a, is the nth 

term. The partial sums of the series form a sequence 

Sj Seg 

So = a; + a 

53 =a, +a + Q, 

hh 

Sy =a, ta, + a3 + a chee the 

of numbers, each defined as a finite sum. If the sequence of 

partial sums has a limit S as n — oo, the series converges to the 

sum S. A series that fails to converge diverges. p. 482 

Inflection point: A point where the graph of a function has a 
tangent line and the concavity changes. p. 214 

Initial condition: See Initial value problem. 

Initial value Re For a first-order Hee eaten 



Instantaneous velocity: The derivative of a position function 
with respect to time. p. 130 

Integrable function on [a, b]: A function for which the 
definite integral over [ a,b] exists. p. 283 

Integral calculus: The branch of mathematics that deals with 

integrals. p. 269 

Integrand: f(x) in f(x) dxorin [’f(x) dx. p. 284 
Integration: The evaluation of a definite integral, an indefinite 

integral, or an improper integral. p. 341 

Integration by parts: See Antidifferentiation by parts. 

Intermediate Value Theorem for Continuous Functions: 
A function y = f(x) that is continuous on a closed interval [ a, b | 
takes on every y value between f(a) and f(b). p. 83 

Intermediate Value Theorem for Derivatives: If a and 
b are any two points in an interval on which f is differentiable, 

then f’ takes on every value between f’(a) and f'(b). p. 115 

Interval: A subset of the number line formed by any of the 
following: (1) two points and the points in between; (2) only 

the points in between two points; (3) the points in between two 

points and one of the two points; (4) one point and the points to 

one side of it; (5) only the points to one side of a given point. 

The real line is also considered to be an interval. p. 14 

Interval of convergence: The interval of x-values for which a 

power series converges. See Power series. 

Inverse function f ~!: The function obtained by reversing the 

ordered pairs of a one-to-one function f. p. 37 

Inverse function slope relationship: The slope of the func- 
tion f—! at the point (a, b) is the reciprocal of the slope of the 
function f at the point (b, a). Therefore, 

ia 
jo tls 

x=b 

- Jerk: The derivative of an acceleration function with respect to 

time. p. 145 

Jump discontinuity: A point of discontinuity where the one- 
sided limits exist but have different values. At such a point, the 

function jumps from one value to another. pp. 80 . 

Lagrange error bound: A bound for truncation error obtained 

from the Lagrange form of the remainder for Taylor series. p. 505 

Lagrange form of the remainder: The formula 

(n+1) Cc 
ie), ( v= a ae 

(aids 1)! 

for the remainder in Taylor’s Theorem. p. 505 

Law of exponential change: If a quantity y changes at a rate 

proportional to the amount present (dy/dt = ky) and y = yo 

when ¢t = 0, then 

yee ee 
where k > O represents growth and k < 0 represents decay. The 

_ number k is the exponential growth (decay) constant. p. 359 

Left end behavior model: See End behavior model. 

Left-hand derivative: The derivative defined as a left-hand 

limit. p. 106 

Glossary 609 

Left-hand limit: The limit of f as x approaches c from the left, 
Onli, .2= fi) %)ee sp.03 

Length (magnitude) of a vector: The length (magnitude) of 

V =e vpiny iis: ly) 0 ghee p28 1p 9550 

L’Hospital’s Rule: Suppose that f(a) = g(a) = 0, that f 

and g are differentiable on an open interval J containing a, and 

that g'(x) # OonJif x # a. Then 

sith De peeled 
IAS eS GA a 
Kara g(x) xa g (x) 

provided the limit exists (or is +00). L’Hospital’s Rule also 

applies to quotients that lead to oo/oo. If f(x) and g(x) both 
approach oo as x — a, then 

provided the latter limit exists (or is +00). In this case, a may 

itself be either finite or infinite. p. 452 

Limit (formal definition): The function f has limit L as x ap- 

proaches c if, given any positive number «, there exists a positive 

number 6 such that | f(x) — L| < © whenever |x — c| < 6 and 

x # c. This is rare as lim f(x Je ES p60 

Limit (intuitive definition): The function f has limit L as x 

approaches c if we can force f(x) to be as close to L as we wish 

simply by restricting the distance between x and c, but not allow- 

ing x to equal c. This is represented as lim f (2) =L. p.60 

Limit at infinity (formal definition): The function f 
has limit L as x approaches oo if, given any positive num- 

ber e, there exists a positive number N such that for all 

x > N,|f(x) — L| < e. This is represented as Jim n f(x c)=L. 

The function f has limit L as x approaches —oo oy given any 

positive number «, there is a negative number N such that 

(x) — L| < e. This is represented as 
im 1 F(x J)=L. 

The sequence f(n) = x, has limit L, if lim n f(n J=L. 

Limit at infinity (intuitive definition): The function f has 
limit L as x approaches oo if we can force f(x) to be as close to 

L as we wish simply by making x greater than some sufficiently 

large positive number. This is represented as Jim nf (x) =L. 

The function f has limit L as x approaches = ie we can force 

f(x) to be as close to L as we wish simply by making x less than 

some sufficiently large (in absolute value) negative number. This 

is represented as lim f(x) = L. p.70 
X=> CO 

Limit of a sequence: See Limit at infinity. 

Limits of integration: a and b in [ Y f(x) dx. p. 284 

Linear approximation (standard) of f at a: The 
approximation f(x) ~ L(x), where L(x) is the linearization of 

fj avdy p. 238 

Linear equation: See General linear equation. 

Linear function: A function that can be expressed in the form 
f(x) = mx +b. p.4 

Linearization of f at a: The approximating function 

L(x) = f(a) + f'(a)(x — a) when f is differentiable at 
xX Sa ps 235 

*Equivalently, the tangent line to the graph of f at x = a. 
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Local extrema: See Local maximum; Local minimum. 

Local linearity: If a function f(x) is differentiable at x = a, 
then, close to a, its graph resembles the tangent line ata. p. 112 

Local linearization: See Linearization of f at a. 

Local maximum: The function f has a local maximum 

value f(c) at a point c in the interior of its domain if and only 

if f(x) = f(c) for all x in some open interval containing c. 

The function has a local maximum value at an endpoint c if the 

inequality holds for all x in some half-open domain interval 

containing c. p. 195 

Local minimum: The function f has a local minimum value 

f(c) at a point c in the interior of its domain if and only if 

f(x) = f(c) for all x in some open interval containing c. The 

function has a local minimum value at an endpoint c if the 

inequality holds for all x in some half-open domain interval 

containing c. p. 195 

Logarithm function with base a: The function 
y = log,x, which is the inverse of the exponential function 

y=a*%,a>0,a4I1. p.39 

Logarithmic differentiation: The process of taking the 
natural logarithm of both sides of an equation, differentiating, 

and then solving for the desired derivative. p. 185 

Logistic curve: A solution curve of the logistic differential 
equation. It describes population growth that begins slowly when 

the population is small, speeds up as the number of reproducing 

individuals increases and nutrients are still plentiful, and slows 

down again as the population reaches the carrying capacity of its 

environment. p. 372 

Logistic differential equation: 

dP 
See a7): it (M — p) 

where P is the current population, ¢ is time, M is the carrying 

capacity of the environment, and k is a positive number called 

the logistic growth constant. p. 372 

Logistic growth model: The solution 

= M 

1 + Ae~(MR)t” 

to the logistic differential equation, A an arbitrary constant. 

This model assumes that the relative growth rate of a popula- 

tion is positive, but decreases as the population increases due to 

environmental and economic factors. See Logistic differential 

equation. p. 374 

Lower bound: See Bounded. 

LRAM: Left-hand endpoint rectangular approximation method. 
The method of approximating a definite integral over an interval 

using the function values at the left-hand endpoints of the subin- 
tervals determined by a partition. p. 272 

Maclaurin series: See Taylor series. y" 

Magnitude: Of a number, its absolute value; of a vector, its 
length. p. 550 = 

Maximum: See Absolute maximum; Local maximum. 

Mean value: See Average value of a continuous function on 

[a,b]. 

Mean Value Theorem for Definite Integrals: If f is con- 
tinuous on [a, b], then at some point c in [ a, b}, 

b 

fle) = 5a f slay ax 
p. 296 

Mean Value Theorem for Derivatives: If y = f(x) is 
continuous at every point of the closed interval { a, b | and dif- 

ferentiable at every point of its interior (a, b), then there is at 
least one point c in (a, b) at which 

f(b) ~ f(a), filo) ee 
p. 202 
Minimum: See Absolute minimum; Local minimum. 

Monotonic (monotone) function: A function that is always 

increasing on an interval or always decreasing on an interval. 

p. 204. 

Monotonic sequence: See Monotonic (monotone) function. 

MRAM: Midpoint rectangular approximation method. The 
method of approximating a definite integral over an interval, 

using the function values at the midpoints of the subintervals 

determined by a partition. p. 272 

Natural logarithm: a is the natural logarithm of b if and only 
if b = e*. The natural logarithm function y = In x is the inverse 

of the exponential function y = e*. p. 40 

NDER(f (x), a): The numerical derivative of f atx = a. p. 113 

NINT(f(x), x, a, b): The numerical integral of f with respect 
tox, fromx =atox=b. p.289 

Nonremovable discontinuity: A discontinuity that is not 
removable. p. 80. See Removable discontinuity. 

Norm of a partition: The longest subinterval length, denoted 
P|, for a partition P. p. 282 

Normal curve: The graph of a normal probability density 

function. p. 431 

Normal line to a curve at a point: The line perpendicular to 
the tangent line at that point. p. 91 

Normal probability density function: The normal prob- 
ability density function for a population with mean p and stan- 

dard deviation @ is 

f(x) =] : e7(*-B2)?/(207) 

aoV 27 

The mean yu represents the average value of the variable x. 

The standard deviation o measures the “scatter” around the 

mean. p. 431 

Numerical derivative: An approximation of the derivative of 
a function using a numerical algorithm. p. 113 

Numerical integration: Approximating the integral of a 
function using a numerical algorithm. p. 305 

Numerical method: A method for generating a numerical 
solution of a problem. For example, a method for estimating the _ 
value of a definite integral, for estimating the zeros of a function - 
or solutions of an equation, or for estimating values of te 
tion that solves an initial ‘sale problem. - Wiha wil 



Numerical solution: Of an equation f(x) = 0, an estimate 
of one or more of its roots; of an initial value problem, a table of 

estimated values of the solution function. See Euler’s Method. 

Odd function: A function f for which f(—x) = —f(x) for 
every x in the domain of f. p. 16 

One-sided limit: See Left-hand limit; Right-hand limit. 

One-to-one function: A function f for which f(a) # f(b) 
whenever a # b.  p.36 

Open interval (a, b): All numbers x witha <x <b. p.14 

Optimization: In an application, maximizing or minimizing 
some aspect of the system being modeled. p. 224 

Order of a derivative: If y is a function of x, y’ = dy/dx 
is the first-order, or first, derivative of y with respect to x; 

y” = d*y/dx? is the second-order, or second, derivative of y; 

y(") = d"y/dx" is the nth-order, or nth, derivative of y. p. 124 

Order of a differential equation: The order of the highest 
order derivative in the equation. p. 329 

Origin: The point (0, 0) in the Cartesian coordinate plane. 

Orthogonal curves: See Perpendicular curves. 

Oscillating discontinuity: A point near which the function 

values oscillate without approaching a unique limit. p. 80 

Parallel curves: In the plane, curves that differ from one 

another by a vertical translation (shift). p. 109 

Parameter: See Parametric equations. 

Parameter interval: See Parametric equations. 

Parametric equations: If x and y are given as functions 
x = f(t), y = g(t), over an interval of t values, then the set 
of points (x, y) = (f(t), g(t)) defined by these equations is a 
parametric curve; the equations are parametric equations for 

the curve; the variable fis the parameter for the curve; and 

the interval of prescribed ¢ values is the parameter interval. 

pas 

Parametrization of a curve: The parametric equations and 
parameter interval describing acurve. p. 29 

Partial fractions: See Antidifferentiation by partial fractions. 

Partial sum: See Infinite series. 

Particular solution: The unique solution of a differential equa- 
tion satisfying the given initial condition or conditions. p. 329 

Partition of an interval [a, b]: A set 

{da = Xp, Xj, X2,-..5%, = b} 

of points in [ a, b | numbered in order from left to right. p. 281 

Percentage change: See Absolute, relative, and percentage 

change. 

Percentage error: 

|approximate value — exact value| 
x 100. p.338 

|exact value| 

Perigee: The point in a satellite’s orbit around the earth at 

which it is closest to the earth. p. 561 

Period of a periodic function f: The smallest positive 
number p for which f(x + p) = f(x) for every value of x. 
See Periodic function. p. 46 
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Periodic function: A function f for which there is a positive 
number p such that f(x + p) = f(x) for every value of x. p. 46 

Perpendicular (orthogonal) curves: Two curves are said 

to be perpendicular (orthogonal) at a point of intersection if their 

tangents at that point are perpendicular. p. 161 

Piecewise-defined function: A function that is defined by 
applying different formulas to different parts of its domain. p. 17 

Point-slope equation of a line: The line with slope 
m that passes through the point (x;, y, ) has equation 

y — yy = m(x — x,). Equivalently, y = m(x — x,) + y,.In 

calculus, the linearization of a differentiable function is best 

expressed in point-slope form. p. 5 

Polar coordinates: Each point P in the polar coordinate plane 
has polar coordinates (7, 8), where r gives the directed distance 
from the origin O to P and 6 gives a directed angle from the 

initial ray toray OP. p. 562 

Polar function: A function whose input is the angle from 
the initial ray out of the origin (usually the positive x-axis) and 

whose output is the directed distance from the origin. p. 561 

Pole: In the polar coordinate plane, the origin. p. 562 

Polynomial: An expression of the form 

Ghats GE GRAS Re a oO ae ebay Fiaton 

Position function: For linear motion, a function f that gives 
the position f(t) of a body on a coordinate axis at time t. p. 91 

Position vector: The vector (a, b) is the position vector of the 
point (a,b). p.550 

Power series: An expression of the form 

Co ar Cx af Cox? nee era Cyn” ae eS Cake 

is a power series centered at x = 0. An expression of the form 

Cottne(k a a) thecs (Wiese eee 

CO 

" one? ‘ a)” gp » Cn(X > a)" 
n=0 

is a power series centered at x = a. The number a is the center 

of the series. p. 484 

Prime notation (f'(x)): If y = f(x), then both y’ and f’(x) 
denote the derivative of the function with respect tox. p. 103 

Probability: See Probability density function. 

Probability density function (pdf): A function f(x) such 

that f(x) = Oforallxand f° f(x) dx = 1. The probability 

associated with the interval [a,b] is [’f(x) dx. p. 430 
Product Rule: The product of two differentiable functions u 

and v is differentiable, and 

d ee dv du 
(ui \ = = FE 
dx dx dx 

p. 121 

p-series: A series of the form 

oo 
D>) —, panonzero constant. 

nP 

p. 524 
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Quotient Rule: At a point where v ¥ 0, the quotient y = u/v 

of two differentiable functions is differentiable, and 

p. 122 

Radian measure: If a central angle of a circle of radius r 
intercepts an arc of length s on the circle, the radian measure of 

the angle is s/r. p. 45 

Radius of convergence: In general, the positive number R for 

which the power series 

converges when |x — a| < R and diverges when |x — a| > R. 

If the series converges only for x = a, then R = O. If the series 

converges for every x, then R = oo. p.514 

Range of a function: See Function. 

Rate of change: See Average rate of change of a quantity over 

a period of time; Instantaneous rate of change of f with respect 

to x at a. 

Ratio Test: Let > a,, be a series with positive terms and with 

An+] 
lim 
noo Ay 

= L. 

Then (1) the series converges if L < 1; (2) the series diverges if 

L > 1; (3) the test is inconclusive ifL = 1. p.517 

Rational function: A function that can be expressed as the 
quotient of two polynomial functions. 

Regular partition: A partition in which consecutive points are 
equally spaced. p. 283 

Related rate equation: Given an equation that relates two or 
more variables, the equation that results from differentiating both 

sides of that equation with respect to time. This equation relates 

the rates at which the variables change with respect to time. 

p. 252 

Relative change: See Absolute, relative, and percentage 

change. 

Relative extrema: Same as Local extrema. 

Relative maximum: Same as Local maximum. 

Relative minimum: Same as Local minimum. 

Remainder of order n: The remainder 

fOr* (6) 
BS kay 

( x — ay, 

in Taylor’s Theorem. p. 505 = 

Removable discontinuity: A discontinuity c of the function 
f for which f(c) can be (re)defined so that lim,.,.f(x) = f(c). 
p. 80 

Resultant vector: The vector that results from adding or sub- 
tracting two vectors. p. 552 

Riemann sum: A sum of the form 

>> f(cK) s AX, 

where f is a continuous function on a closed interval [ a, b}, c, 
is some point in, and Ax; is the length of, the kth subinterval in 

some partition of [a,b]. p. 281 

Right end behavior model: See End behavior model. 

Right-hand derivative: The derivative defined as a right- 
hand limit. p. 106 

Right-hand limit: The limit of f as x approaches c from the 

right, or lim,_,,+ f(x). p. 63 

Root of an equation: See Zero of a function. 

Roundoff error: Error due to rounding numbers that are used 

in further computations. p. 121 

RRAM: Right-hand endpoint rectangular approximation 
method. The method of approximating a definite integral over an 

interval using the function values at the right-hand endpoints of 

the subintervals determined by a partition. p. 272 

Scalar: In the context of vectors, scalars are real numbers that 

behave like scaling factors. p. 551 

Scalar multiple of a vector: ku = (ku;, ku.), where k isa 
scalar (real number) and u = (uj,uU)). p. 552 

Secant function: See Basic trigonometric functions. 

Secant line to a curve: A line through two points on the 
curve. p. 87 

Second derivative: If y is a function of x and y’ = dy/dx is 
the first derivative of y with respect to x, then y” = dy’/dx = 

d’y/dx? is the second derivative of y with respect tox. p. 124 

Second derivative test (for local extrema): If f'(c) = 0 
and f”(c) < 0, then f has a local maximum at x = c. If 

f'(c) = Oand f"(c) > 0, then f has a local minimum at x = c. 
Buch 

Sensitivity: An interpretation of the derivative that describes 
how small changes in the input variable produce changes in the 

output variable. p. 92 

Separable differential equation: A differential equation 
y’ = f(x, y) in which f can be expressed as a product of a 

function of x and a function of y.  p. 358 

Separating the variables: For a separable differential equa- 
tion y’ = f(x,y), the process of combining all the y-terms 
multiplied by dy on one side of the equation and putting all the 

x-terms multiplied by dx on the other side. p. 358 

Sequence: A function whose domain is the set of positive 
integers. p. 443 

Sigma notation: Notation using the Greek letter capital sigma, 
>, for writing lengthy sums in compact form. _p. 281 

Simple harmonic motion: Periodic motion, like the vertical | 

motion of a weight bobbing up and down at the end of a spring, 

that can be modeled with a sinusoidal position function. p. 145 

Sine function: See Basic trigonometric functions. 

Slope field: A slope field for the first-order differential 
equation dy/dx = f(x, y) is a plot of short line segments with 
slopes f(x, y) at a lattice of points (x, y) in the plane. p. 331. 



Slope of a curve: The slope of a curve y = f(x) at the point 
(a, f(a)) is f'(a), provided f is differentiable at a. p. 89 

Smooth curve: The graph of a smooth function. p. 421 

Smooth function: A real-valued function y = f(x) witha 
continuous first derivative. p. 421 

Solid of revolution: A solid generated by revolving a plane 
region about a line in the plane. p. 407 

Solution of a differential equation: Any function that together 
with its derivatives satisfies the equation. When we find all such 

functions, we have solved the differential equation. p. 329 

Speed: The absolute value, or magnitude, of velocity. p. 131 

Spiral of Archimedes: The spiral curve studied by Archimedes 
and given by a polar equation of the form r = a + b@. p.571 

Standard position of a vector: The representative vector 
with initial point at the origin. p. 550 

Stationary point: A point in the interior of the domain of a 
function f at which f’ = 0. p. 196 

Sum of a series: See /nfinite series. 

Sum of vectors: 

vtu= (vy,¥2) + (uj, uy) = (4, + 4, v2 + wy). 

(a Say 

Symmetric difference quotient: The quotient 

f(a +h) — fla—h) 
2h 

that a graphing calculator uses to calculate NDER( f(x), a), the 
numerical derivative of f atx =a. p.113 

Symmetry: For a curve to have 

(1) symmetry about the x-axis, the point (x, y) must lie on the 
curve if and only if (x, —y) lies on the curve; 

(2) symmetry about the y-axis, (x, y) must lie on the curve if and 

only if (—x, y) lies on the curve; 

(3) symmetry about the origin, (x, y) must lie on the curve if and 

only if (—x, —y) lies on the curve. p. 16 

Tabular integration: A time-saving way to organize the work 

of repeated integrations by parts. p. 352 

Tangent function: See Basic trigonometric functions. 

Tangent line: To the graph of a function y = f(x) at a point 

x = a where f' exists, the line through (a, f(a) ) with slope 
f'(a). p.88 

To a parametrized curve at a point P where dx/dt # 0, the line 

through P with slope equal to the value of (dy/dt)/(dx/dt) at P. 

The line x = ais a vertical tangent line to a curve if the line 

y = ais a horizontal tangent line to the curve defined by the 

inverse relation. p. 88 

Taylor polynomial: Let f be a function with derivatives 
through order n throughout some open interval containing 0. Then 

is the Taylor polynomial of order n for f atx = 0. p. 493 
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If f is a function with derivatives through order n throughout 

some open interval containing the point x = a, then 

n f(g 
(x) = Sn — a)! 

=o 4k! 

is the Taylor polynomial of order n for f atx =a. p. 493 

Taylor series: Let f be a function with derivatives of all orders 
throughout some open interval containing 0. Then 

f"(0) f(0) wo 

ae = x + eee + Rh + a 

! n! > ki f(0) + f'(O)x + 

is the Taylor series generated by f at x = 0. This series is also 

called the Maclaurin series generated by f. p. 495 

If f is a function with derivatives of all orders throughout some 

open interval containing the point x = a, then 

f(a) + f'(a)(x — a) 

is the Taylor series generated by f atx =a. p.497 

Term of a sequence or series: For the sequence 

Qj, G2, 43, ..+,Qy,.-+; 

or for the series 

a t+a,+a,+---+a,4+-°-, 

a, 1s the nth term. p. 482 

Transcendental function: A function that is not algebraic. 
(See Algebraic function.) The six basic trigonometric functions 

are transcendental, as are the inverse trigonometric functions and 

the exponential and logarithmic functions studied in this book. 

Trapezoidal Rule: To approximate UL a f(x) dx, use 

h 
T= 5 (9 + 291 + 299 + +°* + 2yn-1 + Yn)s 

where [ a, b | is partitioned into n subintervals of equal length 
h = (b — a)/nand y; is the value of f at each partition point x;. 

p.315 
Trigonometric function: See Basic trigonometric functions. 

Truncation error: The error incurred in using a finite partial 

sum to estimate the sum of an infinite series. p. 503 

Two-sided limit: Limit at an interior point of a function’s 
domain. See Limit. 

Unit circle: The circle of radius 1 centered at the origin. 

Unit vector: A vector with magnitude 1. p. 552 

Upper bound: See Bounded. 

u-substitution: See Antidifferentiation by substitution. 

Value of an improper integral: See Improper integral. 

Variable of integration: In f f(x) dx or [’f(x) dx, the 
variable x. p. 284 
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Vector in the plane: A directed line segment in the plane, 
with the understanding that two such vectors are equal if they 

have the same length and direction. p. 550 

Velocity: The rate of change of position with respect to time. 

See also Average velocity; Instantaneous velocity; Velocity 

vector. p. 130 

Velocity vector: If (x(t), y(t) ) is the position vector of a 
particle moving along a smooth curve in the plane, then at any 

time t, (x’(t), y’(t)) is the particle’s velocity vector. p. 554 

Vertical line: In the Cartesian coordinate plane, a line parallel 

to the y-axis. 

Viewing window: On a graphing calculator, the portion of the 
coordinate plane displayed on the screen. 

Volume by slicing: A method for finding the volume of a 

solid by evaluating P A(x) dx, where A(x) (assumed integrable) 
is the solid cross section area atx. p. 407 

Work: For a constant force, force times displacement. For a 

varying force, the definite integral of force times the distance 

over which the force is applied. p. 391 

x-intercept: The x-coordinate of the point where a curve inter- 

sects the x-axis. 

y-intercept: The y-coordinate of the point where a curve inter- 

sects the y-axis. p.6 

Zero of a function: A solution of the equation f(x) = Oisa 
zero of the function f or a root of the equation. 

Zero vector: The vector (0,0), which has zero length and no 
direction. p. 550 
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[-10, 10] by [-10, 10] [-10, 10] by [-10, 10] 

(a)y=-x (b)y=x 3l1l.(a)x=-2 (b)y=4 

(Sr SERS) Se (Cl 2) 

A burger costs $4.28 and an order of fries costs $2.34. 

(Qk =2 (b)k=—2 43. 7:36 Pm 

False. A vertical line has no slope. 47.A 49.D 

3 
y-4=- a2 — 3) (Notice that the radius has slope 4/3, and the tan- 

gent is perpendicular to the radius.) 

(a) Both algebraic methods lead to solving an equation like 0 = 17, 

which is impossible. The conclusion is that there is no pair (x, y) that 
satisfies both equations simultaneously. 

(b) A graph shows the two lines to be parallel. 

(c) Two linear equations that are dependent and inconsistent have parallel 

graphs that do not intersect. Therefore, there is no pair (x, y) that can 

satisfy both equations simultaneously. 

55. The coordinates of the three missing vertices are (5,2), (—1, 4) and 

(11,2). 

y y 
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Section 1.2 

Quick Review 1.2 

te [—2;, con) See a=, 4) 

7. Translate the graph of f 2 units left and 3 units downward. 

9. (a) x = —3,3 

ll.(a)x =9 (b)x =-6 

(b) No real solution 

Exercises 1.2 

2 

1. (a) A(d) = (5) (b) A(4) = 4a in? 

3. (a) S(e) = Ge? (b) S(5) = 150 f2 

5. (a) (—00, co); (—co, 4] TPKE) lee) || Axes) 

(b) y (igs 

L> x 
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9. (a) (—00, 2) U (2, co); 11. (a) (—oo, 0) U (0, o0); 
(S60, 1) Wi Czco}) 

(b) 

=5 

13. (a) ( (—co, oo) 15. ae = CONCG) el OOs | 

[-4.7, 4.7] by [-3.1, 3.1] [-4.7, 4.7] by [-3.1, 3.1] 

17. (a) ( 19. x E- 
[-9.4, 9.4] by [-3.1, 3.1] 

oo 
[-4.7, 4.7] by [-3.1, 3.1] 

21. Even 23. Neither 25.Even 27.Odd 29. Neither 

[-4.7, 4.7] by [+1, 6] (-3.7, 917 :by [=4,'9] 

35. Because if the vertical line test holds, then for each x-coordinate, there is 

at most one y-coordinate giving a point on the curve. This y-coordinate 

would correspond to the value assigned to the x-coordinate. Since there’s 

only one y-coordinate, the assignment would be unique. 

37. No 39. Yes 

i. QOs=x=!1 
41. 

ies La (We pe es 

=x Of n= 2 

5 5 
oF mee) ea as X 

3 3 

ae = s.4°=.0) 

I. O<x=1 
45. f Ree. 

hag ee es 

0 bk 
ioe: 

47. f(: 

49. (a) 

[-9.4, 9.4] by [-6.2, 6.2] 

(b) All reals (c) (—oo, 2] 

51. (a)x? +2 (b)a? 10x + 22 (2 @22 ©=—2) x + 10 

1 
53. (a) g(x) =x? (b) g(x) = —— (c) f(x) = % (a) f(x) = x? 

55. (a) Because the circumference of the original circle was 87 and a piece 

of length x was removed. 

Sar % x 
= =4-—- 

a Piggy 2a 

Vionx — x? (@h= Vi6- ° - 

1 (ap =e WA Gres ee 
(@d) V==a7rh = 

3 24q7? 

57. False. f(—x) # f(x) 59.B 61.D 

63. (a) For f° g: 

[-10, 70] by [-10, 3] 

65. (a) For f° g: 

[-10, 10] by [—10, 10] 

Domain: [ 0, 00); Domain: [—2, co); 

Range: [—7, co) 

For go f: 

Range: [—3, co) 

For g° f: 

[-3, 20] by [+4, 4] [+4.7, 4.7] by [-2, 4] 

Domain: (—oo, -1] U [ 1,00); 
Range: [ 0, oo) 

(b) (f °g)(x) = (Vx +2) -3 

Domain: [ 7, co); 

Range: [ 0, oo) 

(b) (feg)(x) = Vx - 7: 
(ge f)(x) = Vx-7 

(ge f(x) = Va? —1 

67. (a) y (b) 



69. (a) 

>< 

71. (a) (b) Domain of y, : [0, 00) 

Domain of y2 : (—oo, 1 ] 

Domain of y3: [ 0, 1 | 

[—3, 3] by [-1, 3] 

(c) The results for y, — y2, y» — yy, and y, * y2 are the same as for 

y, + y above. 

y 
Domain of —: [ 0, 1) Domain of =: (0, 1] 

Ms y2 a 

(d) The domain of a sum, difference, or product of two functions is the 

intersection of their domains. 

The domain of a quotient of two functions is the intersection of their 

domains with any zeros of the denominator removed. 

Section 1.3 

Quick Review 1.3 

1. 2.924 3.0.192 5. 1.8882 

7. $630.58 9.x !8y-5 = 

Exercises 1.3 

1. 3. 

(+4, 4] by [-8, 6] [+4, 4] by [+, 8] 

Domain: All reals 

Range: (—oo, 3) 

5, 3% 7.2% 9, =2322 11. ~ —0.631 13.(a) 15.(© 

17. (b) 19. After 19 years 21. (a) 63 years (b) 126 years 

Domain: All reals 

Range: (—2, co) 

1 1/14 

23. (a) A(t) = 66(5) (b) About 38.1145 days later 

25. ~ 11.433 years 27. ~11.090 years 29. ~ 19.108 years 

B02 e207 815. 56 10" 

SRY 
x y Ay x y Ay 

i ~l , 1 1 3 

2 1 2 5 

3 3 3 7 

4 5 4 16 
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37. Since Ax = 1, the corresponding value of Ay is equal to the slope of the 

line. If the changes in x are constant for a linear function, then the cor- 

responding changes in y are constant as well. 

39. a = 4 and b = 3/2 41. False. It is positive 1/9 

43.D 45.B 

47. (a) 

| [-5, 5] by [—2, 10] 

In this window, it appears they cross twice, although a third 

crossing off-screen appears likely. 

(b) change in Y1 change in Y2 

(c) x = —0.7667,x = 2,x =4 (d) (—0.7667, 2) U (4,00) 

49. a = 0.5,k =3 

Quick Quiz (Sections 1.1-—1.3) 

1G 3.8 

Section 1.4 

Quick Review 1.4 

5 29 
Le ee Cire 3.x = 2 

5. x-intercepts: x = —4 and x = 4; y-intercepts: none 

7. (a) Yes (b)No (c) Yes 

=2x5—.5 Sy ae 
fs = a 9. (a)t 3 (b) 5 

Exercises 1.4 
1. Graph (c). Window: [—4, 4] by [—3, 3],0 = ¢ = 27 

3. Graph (d). Window: [—10, 10] by [-10,10],0 = 1 = 27 

5. (a) 7. (a) 

Be 

[-3, 3] by [-1, 3] ([-1, 5] by [-1, 3] 

No initial or terminal point Initial point: (0, 0) 

Terminal point: None 

(b) y = Vx; all (or x = y?: 
upper half) 

(b) y = x?; all 
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9. (a) 11. (a) 35. Possible answers: 

(a) x = acost,y =—asint,0 =t=27 

(b) x = acost,y = asint,0 =t = 27 

(c) x = acost,y = —asint,0 =t=47 

3, 3] by [-2, [-3, 3] by [-2, 2] (d) x = acost,y =asint,0 =t=47 

37. False. It is an ellipse. 39.D 41.A 
Initial point: (1,0 Initial point: (—1, 0 : : : 
pus Ate ‘ ‘ ) aah ees 3 A f ) 43. (a) The resulting graph appears to be the right half of a hyperbola in the 
Terminal point: (—1, 0) Terminal point: (0, 1) : ; 

first and fourth quadrants. The parameter a determines the x-intercept. 

(b) st oe eee (by? ot 2 = Tape hale The parameter b determines the shape of the hyperbola. If b is 

smaller, the graph has less steep slopes and appears “sharper.” If b is 

(or oe Wile all ) (or Ms Wil ee all ) larger, the slopes are steeper and the graph appears more “blunt.” 

(b) This appears to be the left half of the same hyperbola. 

(c) The functions sec t and tan t both approach vertical asymptotes at 

i Bee 15. (a) odd multiples of 7/2, but the limits are —oo on one side and oo on 

the other. This causes the graph to disappear off one corner of the 

screen and reappear from the opposite corner, trailing the line in an 

attempt to keep the graph “connected.” For example, as t approaches 

7/2 from the left, both sec t and tan t approach +00, so the graph 

[-4.7, 4.7] by [-3.1, 3.1] [-9, 9] by [-6, 6] disappears in quadrant I (the upper-right corner). On the other side 

of 7/2, both limits are — oo, so the graph reappears in quadrant III 

Initial point: (0, 2) Initial and terminal point: (0, 5) (from the lower left corner). 
Terminal point: (0, —2) ae y\2 

x : (d) (2) = (2) = (sec tr)? — (tant)? = 1 by a standard trigonomet- 
Dall es y a ey EOWT cago b) y = 2x + 3; all aed bas 

as (3) (5) ae ee 7 ric identity. 

half ( orx = 2V/4 — y?; all ) (e) This changes the orientation of the hyperbola. In this case, b deter- 
mines the y-intercept of the hyperbola, and a determines the shape. 

17. (a) 19. (a) The parameter interval (- =) gives the upper half of the hyper- 

3 
bola. The parameter interval (Z, *) gives the lower half. The 

same values of ¢ cause discontinuities and may add extraneous lines 

to the graph. 

5S Oleye- 45. (a) 

Initial point: (0, 1) Initial point: (4, 0) 

Terminal point: (1, 0) Terminal point: None ) 

(b) y = —x + 1; (0, 1) to (1, 0) (b) y=-x+4;x=54 

[-3, 3] by [-2, 72 

21. (a) No initial or terminal point 

(b) x? — y? = 1; left branch 

(orx = —Vy? + 1; all) 

AT, 2 = 2 cote, y= seine Ot <r 

[-3, 3] by [-2, 2] 

The curve is traced and Section 1.5 
retraced in both directions, 

and there is no initial or Quick Review 1.5 
terminal point. het a 328 

(b) y = —2x2 + 1;-l Sx=1 1 
5. Possible answer: x = t,y = oar wet =2 

23. Possible answer: x = —1 + 5t,y = —-3 + 44,0511 7. (4,5) 9. (a) (1.58, 3) (b) No intersection 

25. Possible answer: x = 1? + ly =14,t<0 

27. Possible answer: x = 2 — 3t,y = 3 — 44,1 =0 Exercises 1.5 

29, Aes BS Sh. 5 Set es 1.No 3. Yes “S.Yes 7; Yess SoNo die No 

33. Possible answer: x = t,y = t? + 2r+2,t>0 = 
13. f(x) = * f(x) = (xt 1)Por Ve +1 



17. fo! (x) = x! or-Vx 

19. f+ (x) = 2 — (=x)? or 2 — V=x 

1 1 1 — 3x -1 = ee eae Ne es Pathe ip 2 (ee) Hie aa Pies a © (a3) 7, 

25. 27: 

[-6, 6] by [+4, 4] [+4.5, 4.5] by [-3, 3] 

29. 31. 

[+4.5, 4.5] by [-3, 3] [-3, 3] by [-2, 2] 

In2 34+ V5 
33. i= = 15, .x = In{ ————]} = -0. ree er oat 35a in( 5 ) 0.96 or 0.96 

37. ye e2tt4 

39 

43. 

45. 

47. 

49. 

Se 

53. 

fe. 
aro | 

[-10, 5] by [-7, 3] [-3, 6] by [-2, 4] 

Domain: (—oo, 3); 

Range: All reals 

F(x) = lon (=) 
(@) #(f(8)) = Vi = FO)? 

= Wil = (i) = 22) 

=~ V2 
= x, sincex = 0 

Domain: (—1, co); 

Range: All reals 

1 1 0) (52) = (2) = {Fe = xforaux # 0 
About 14.936 years. (If the interest is only paid annually, it will take 

15 years.) 

(a) All other values of t will make one of the expressions under the radi- 

cals negative. 

(b) Every point of the form ( Wi) ae WD a t) is at distance 4 from 

the origin. 

(c) (2,0) at t = —2 and (0, 2) at t = 2. 

(d) Both radicals are positive. 

(e) The curve is a quarter-circle of radius 4 centered at the origin. 

(a) Suppose that f(x; ) = f(x2). Then mx, + b = mx, + b, which 

gives x; = x) sincem # 0. 

15) 
(b) f-! (x) = aa the slopes are reciprocals. 

(c) They are also parallel lines with nonzero slope. 

(d) They are also perpendicular lines with nonzero slope. 

False. Consider f(x) = x?, g(x) = Vx. Notice that (f°g)(x) = x but 

f is not one-to-one. 

55. 

59. 

61. 
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Ay S728 

If the graph of f(x) passes the horizontal line test, so will the graph of 

g(x) = —f(x), since it’s the same graph reflected about the x-axis. 

(a) Domain: All reals 

Range: If a > 0, then (d, co) 
If a < 0, then (—oo, d) 

(b) Domain: (c, 00) 

Range: All reals 

Section 1.6 

Quick Review 1.6 

1. 

Se 

fe 

wh 

2a 
GP 2) ==— 

9 

x ~ 0.6435,x ~ 2.4981 

7 Sa 
0.7854 =| pe Se Sh = 8 (or a iG 9270 (or 4 ) 

ADS SaP = Maa) = See Ske 

(at '3x) = a) 
The graph is symmetric about the origin because if a point (a, b) is on 

the graph, then so is the point (—a, —b). 

Nu x 

Exercises 1.6 

11. 

15. 

17. 

19, 

21. 

23. 

25. 

“4 
. sin@ = 8/17, tan@ = —8/15, csc 8 = 17/8, 

Sar 1 
33 5 tadian or ~28.65° 5.Even 7. Odd 

sec 0 = —17/15, cot 9 = —15/8 

(one 13. (a) 7 

kar : 
(b) a2 Se z for integers k (b) x#F i se for odd integers k 

(9) (G5) 1 | tl ea) (c) All reals 

oC ee 
faa as 
[-22. 22] by [-8, 81 [-FF byes. 81 

Possible answers are: 

(a) [0, 477] by [—3, 3] 

(c) [0, 277] by [—3, 3] 

(a)a (b)1.5 (©) [—2m, 27] by [-2, 2] 

(a) (b)3 (ce) [—2z, 27] by [-4, 4] 

(a)6 (b)4 (©) [-3,3] by [-S5,5] 

(a) 330 Hz (b)E 

The portion of the curve y = cos x between 0 = x = 7 passes 

the horizontal line test, so it is one-to-one. 

(b) [0, 4ar] by [-3, 3] 

[-3, 3] by [-2, 4] 
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41. 

45. 

47. 

49, 

59. 

61. 

7 and ~_x+ == anda = 

6 

- cos 0 = 

Si 
.cos@=——= sind = 

5 

- radian or 30° 29, ~—1.3734 radians or —78.6901° 

.x = 1.190 and x = 4.332 

_o7 

V0 lla 
x = — + 2ko andx = ea + 2kar, k any integer 

15 

Le 
sin 8 = tan @ = 

cot 9 = — 
17 

sec O= — cscd= 

tan @ = —~ an 3 

sec 9 = csc 8 = 

VR 
1] 

or 

Bin UB (5 Glo 

oo 

t= : co a 

= 0.771 43.A = —19.75, B = 7/6, and C = 60.25 

cos (—x) cos (x) 
(a) cot (—x) = = —cot (x) 

sin(—x) | —sin (x) 

(b) Assume that f is even and g is odd. 

Then np = fx) = PS oo Lis odd. 
g(-x) g(x) g(x) 
é ; Sh ie a eS 

The situation is similar for rs 

Assume that f is even and g is odd. 

Then f(—x) g(—x) = f(x)[—g(x)] = —f(~)g(2) so fa is odd. 
(a) No, 27r_ (b) Yes, 7 

] 
(c) y = (sinx)(cosx) = 5 sin ox 

In general, a product of sinusoids is a sinusoid if they both have the 

same period. 

. False. The amplitude is 1/2. 

B55 

. (a) V2 sin (a + 7) (b) See part (a). (c) It works. 

(d) sin (a “F =) 

i 1 
seinen es A= Cos (ax) ——= 

V2 V2 

= (sin ax + cos ax) = —~(sin ax + cos ax 
V2 

So, sin (ax) + cos (ax) = V2 sin (a: + ), 

Since sin (x) has period 27, (sin (x + 27))? = (sin (x))?. 
This function has period 277. A graph shows that no smaller number 

works for the period. 

One possible graph: 

[- aa | by 2.21 

Quick Quiz (Sections 1.4-1.6) 

1G 338 

Review Exercises 

1 3 
1. y =3x-9 bn ag 3.x=0 4.y =-2x 

2 21 
5.y=2 eae til prt Bs ors Tea) = =3%) +295 S.cy = ced 

4 20 19 8 
=-—— —_ — Is =-—— —_- — = + -— 9. y 3° 3 10. y Ex, 3 11. y x 3 

5) 1 2 6 
2. = a 13, y= =x ~ype--x- = 12. y ae Seal Say 3 14.y 7 7 

15. Origin 16. y-axis 17. Neither 18. y-axis 

19. Even 20.Odd 21. Even 22.Odd 23. Odd 

24. Neither 25. Neither 26. Even 

27. (a) Domain: All reals 

, Range: [— 

28. (a) Domain: apa i 

eB Range [— 

[-10, 10] by [—10, 10] 

29. (a) Domain: i 4] 

x Range: [ 

[-9.4, 9.4] by [-3, 3] 

30. (a) Domain: All reals 

es Range: (1, co) 

[-9.4, 9.4] by [-6.2, 6.2] 

31. (a) Domain: All feals 

Range: (—3, co) 

[+4, 4] by [-5, 15] 

33. (a) Domain: All reals 

ms efeee 

[ —1, a] by [-5, 5] 

[-6, 6] by [-4, 20] 

k 
32. (a) Domain: x # 7 for odd 

integers k 

a oe All reals 

[-+ ] by 8.81 

34. (a) Domain: All reals 

5 es [0, co) 

[ -8, 8] by [-3, 3] 
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35. (a) Domain: (3, co) 36. (a) Domain: All reals 47. (a) 48. (a) 
See 

(b) Range: All reals (b) Range: All reals ee 

(c) (c) 

[-8, 8] by [-10, 20] [-8, 8] by [-4, 6] 

Initial point: (4, 15) Initial point: None 

[-3, 10] by [-4, 4] [-10, 10] by [-4, 4] Terminal point: (—2, 3) Terminal point: (3, 0) 

; y (b) y = 2x + 7; from (b) y = V6 — 2x; all 
37. (a) Domain: [—4, 4] 38. (a) Domain: [—2, 2] (4, 15) to (2, 3) 

(b) Range: [ 0, 2 ] (b) Range: [—1, 1] 

(c) (c) 49. Possible answer: x = —2 + 6t,y =5—24,0=1t<1 

50. Possible answer: x = —3 + 7t,y = —2 + t,-co <t <0 

51. Possible answer: x = 2 — 3t,y =5 — 54,0 St 

52. Possible answer: x = t,y = t(t — 4),t = 2 

[-6, 6] by [-3, 3] b3,4) by £2.21 
D) 7 

53. (@) f(z) = Z 54, (a) f-! (x) = Vx -2 
P92 OS Sil 

39: - : b fx) {at l<x<2 (b) » 

=, OR i= 2 

40. (x) = 5 

ay! a 10, 2 Sey 4 ne, 6] By -4, 4] [-6, 12] by [-4, 8] 

1 2 
41. (a)1 (b) ire Ne) Ob iza0 55. ~ 0.6435 radians or 36.8699° 

; 56. ~—1.1607 radians or —66.5014° 
1 

(@) ate V40 V40 
V1i/Vx+2+2 57- COS 6", uA (iN) = ———— 

42. (a)2 (b)1 ()x @)VWxt+14+1 7 7 3 
sec dr=— csc.d = cold = 

43. (a) (f°g)(x) =-1,x = -2 3 V/40 V/40 
(ge f)(x) = V4 — x? 58. (a) x ~ 3.3430 and x ~ 6.0818 

(b) Domain (f ° g): [—2, 00) (b) x ~ 3.3430 + 2ka and x ~ 6.0818 + 2kar, k any integer 

Domain (g°f): [—2, 2] 59. x = —51n4 

(c) Range (f °g): (—co, 2] 60. (a) 

Range (g°f): [0,2] 
44. (a) (feg)(x) = Wi —x 

(gef)(x) = Vi - Vx 
(b) Domain (f° g): (oo, 1] 

Domain (g°f): [0, 1] 

(c) Range (f °g): [0,00) 

Range (g° f): [0,1] 

45. (a) 46. (a) (b) us ee a 

[-6, 6] by [-4, 4] [-9, 9] by [-6, 6] 

Initial point: (5, 0) Initial point: (0, 4) 

Terminal point: (5, 0) Terminal point: (0, —4) 

a pie (b) x? + y? = 16; left half pa tes ee Eat ie 

ib) (2) () tt 
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(c) y 

3 
y=-2f(x+1)+1 

(+4, 1) 
(0, 1) 

(d) Y y=3f(x-2)-2 

62. (a) 100,000 — 10,000x,0 = x = 10 

(b) After 4.5 years 

63. (a) 90 units 

(b) 90 — 521In3 ~ 32.8722 units 

(c) 

[0, 4] by [-20, 100] 

64. Af mt bin fa 15.6439 . After nim? years 

(If the bank pays interest only at the end of the year, it will take 16 years.) 

65. 

66. 

67. 

68. 

69. 

(a) N= 4-2! (b) 4 days: 64; 1 week: 512 

In 500 
Aft (c) er no = 8.9658 days, or after nearly 9 days 

(d) Because it suggests the number of guppies will continue to double 

indefinitely and become arbitrarily large, which is impossible due to 

the finite size of the tank and the oxygen supply in the water. 

In2_ 100In2 _ 69 
(b) Note that r = R/100, so t = 

R/100 =o R R 

GIF 70 
Doubling ti ~ =— (c) Doubling time f R R 

Since 72 is evenly divisible by so many integer factors, people find it easier 

to approximate the doubling time by using 72/R than by using 70/R. 

(b)y=-x-1 ()y=x+3 (d)2 

(c)x=2+e = 4.718 

(a)m =~-1 

(a) (2,00) (b) (—co, 00) 

(Gt (G2) =O se ee 

(&) (Fe f-!)(x) = f(f71 (2) = F(2 + eh) = 1 - In(2 + e* = 2) 
= 1 — In(e') 

== ea Ieee) 

Ga ° f)(x) = 45) (f(x)) = fr (1 ait (x = 2)) =2+ e!-(1-In (x-2)) 

=2+ eln (x-2) 

= (oe) 

=x 

70. (a) (—co,00) +(b) [-2,4] (©) a (dd) Even 

(e) x =~ 2.526 

CHAPTER 2 

Section 2.1 

Quick Review 2.1 

1h 0. 370) S234 SS ea Sx 5 ae 

Exercises 2.1 

1. 48 ft/sec 3. 96 ft/sec 

3 2 3 5, 26° = 304-7 a lames 

9.=15 11.0 13.4 

15. (a) =O) 

f(x) | 1.566667 | 1.959697 | 1.995997 | 1.999600 

(b) x 0.1 0.01 0.001 0.0001 

f(x) | 2.372727 | 2.039703 | 2.003997 | 2.000400 

The limit appears to be 2. 

7a ()) aes —0.01 

The limit appears to be 0. 



19. 

21. 

23. 

25. 

3h 

37. 

43. 

45. 

47. 

49. 

BIE 

55. 

Sik 

61. 

65. 

WAN, 

THI 

2.2763 

(b) x 0.1 0.01 0.001 | 0.0001 

f(x) | 2.5893 | 2.3293 | 2.3052 | 2.3029 

The limit appears to be approximately 2.3. 

Expression not defined at x = —2. There is no limit. 

Expression not defined at x = 0. There is no limit. 

1 1 
= PbS PREPS veil ll S850 

2 = 

Answers will vary. One possible graph is given by the window 

[—4.7, 4.7] by [—15, 15] with Xscl = 1 and Yscl = 5. 

0 39.0 41.1 

(a) True (b) True (c) False (d) True (e) True 

(f) True (g) False (h) False (i) False (j) False 

(a)3 (b)—2 (c)Nolimit (d) 1 

(a)—4 (b)—-4 (c)-4 (d)—-4 

(a)4 (b)—3 (c)Nolimit (d)4 

(Ce 530d) 

(a)6 (b)0 (c)9 (d)-3 

(a) 59. (a) / ‘ 
[-3, 6] by [-1, 5] [-5, 5] by [-4, 8] 

(b) Right-hand: 2 Left-hand: 1 

(c) No, because the two one-sided 

limits are different 

(b) Right-hand: 4 

Left-hand: no limit 

doesn’t exist 

(a) 63. (a) 

[-2n, 21] by [-2, 2] [-2, 4] by [-1, 3] 

(b) (0,1) U (1,2) 
(c)c=2 (d)c=0 

(b) (—277, 0) U (0, 27r) 
(ce) c =2n7 (d)c =-27 

0 67.0 69. (a) 14.7 m/sec (b) 29.4 m/sec 

True. Definition of limit. 73.C 75.E 

(a) Because the right-hand limit at zero depends only on the values of 

the function for positive x-values near zero 

1 
(b) Use: area of triangle = (5) (base) (height) 

(angle ) (radius )? 
area of circular sector = > 

(c) This is how the areas of the three regions compare. 

(d) Multiply by 2 and divide by sin 6. 

(e) Take reciprocals, remembering that all of the values involved 

are positive. sin 6 

(f) The limits for cos @ and 1 are both equal to 1. Since —— is 

between them, it must also have a limit of 1. @ 

sin(—@) —sin(@)  sin(@) 
(g) af eA r 

(c) No, because the left-hand limit 

Selected Answers 

(h) If the function is symmetric about the y-axis, and the right-hand limit 

at zero is 1, then the left-hand limit at zero must also be 1. 

(i) The two one-sided limits both exist and are equal to 1. 

7 i 
79. (a — == (a) f ( 6 ) 5 

(b) One possible answer: a = 0.305, b = 0.775 

(c) One possible answer: a = 0.513, b = 0.535 

Section 2.2 

Quick Review 2.2 

“8 =P 

2 
1. f(x) = 

3. f(x) = tan (x), -=<x<— f (x) = tan (x) Re oe 

[-6, 6] by [+4, 4] 

1 1 
7. (a) f(—x) = cosx (b) s(4) = ¢os (:) 

In |x| 
9. (a) f(—x) = eae (b) s(4) = —x In |x| 

Exercises 2.2 

1.(a)1 (b)1 (y=1 

3.(a)0 (b)-co ()y=0 

S..(a).3 0(b) =3, Achy 35 ees 

7.(a)1 (b)=1 @y=1Ly=—-1 

9:0: 10..0) 13 sco, 1557-260 

17.0 19.00 21.Bothare 1. 23. Bothare1. 25. Both are —2. 

27. (a) x = —2,x = 2 

(b) Left-hand limit at —2 is oo. 

Right-hand limit at —2 is —oo. 

Left-hand limit at 2 is —oo. 

Right-hand limit at 2 is oo. 

29. (a) x = —1 

(b) Left-hand limit at —1 is —oo. 

Right-hand limit at —1 is oo. 

31. (a) x = ka, k any integer 

(b) At each vertical asymptote: 

Left-hand limit is —oo. 

Right-hand limit is co. 
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oh 

35. 

41. 

45. 

49. 

51. 

53. 

SEE 

Sw 

59. 

61. 

65. 

67. 

69. 

71; 

. 7 7 
Vertical asymptotes at a = (4k + 1) and b = (4k + 3) 5 

k any integer. 

lim,—+4- f(x) = 00, lim,,+ f(x) = —0o, lim,+,- f(x) = —00, 
lim,—+5+ f(x) = 00 

(a) 37.(d) 39. (a) 3x? (b) None 

(a) 5 (b) y= 0 43. (a) 4x? (b) None 

(a) e* (b)—2x 47.(a)x (b)x 

Atco: co At—oo: 0 

Atoo:0 At —oo: 0 

(a)O (b)-1 (c)-co (d)—l 

One possible answer: 

y 

fi(x)/fo(x) — fil®)/i(%) Ree fa 
= . As x goes to infinity, — and — 

81(x)/go(x) — fa(x)/ga(x) 8&1 82 

fo 
both approach 1. Therefore, using the above equation, [fa must also 

&1/ 82 
approach 1. 

True. For example, f(x) = has y = +1 as horizontal 
x 

V x2 1 
asymptotes. 

A 63.C 

(a) f => —coas x. —> Oy, f —\o0las 7 —> 07, 2 10 fz al 

(b) f ~ wasx > 0,7, f > -ooasx — 0*,g — 0, fg > -8 

(c) f > —ooasx > 2, f — coasx — 2*,2g - 0, fg — 0 

(d) x == oofo Of e 00 

(e) Nothing—you need more information to decide. 

Ex= 1 
For <= 0,0 <.e52< 1fs0'0 <-—"S . 

x x 

| 
Since both 0 and — approach zero as x — oo, the Squeeze 

x 
—x e= 

Theorem states that —— must also approach zero. 
x 

5 
Limit = 2, bangs = eins = 2, 

In x In x 

Limit = 1. Since 

In (x + 1) = Inx(1 +1) ine + in(1 +1), 
a x 

In (x + 1) Inx + In(1 + 1/x) | , au li/a) 

In x In x In x 

I 1 
But as x — oo, | + ~ approaches 1, so In (1 aS ‘) approaches 

x x 

In (1) = 0. Also, as x — oo, In x approaches infinity. This means the 

second term above approaches 0 and the limit is 1. 

Quick Quiz (Sections 2.1 and 2.2) 

12D 38 

Section 2.3 

Quick Review 2.3 

1.2 3.(a)1 (b)2 (c)Nolimit (d)2 

5. g(x) =sinx,x=0 (feg)(x) =sin?x,x=0 

1 
dt =e 9.x=1 

Exercises 2.3 

1. x = —2, infinite discontinuity 3. None 

5. All points not in the domain, i.e., all x < —3/2 

7. x = 0, jump discontinuity 9. x = 0, infinite discontinuity 

11. (a) Yes (b) Yes (c) Yes (d) Yes 13.(a)No (b)No 15.0 

17. No, because the right-hand and left-hand limits are not the same at zero 

19. (a) x = 2  (b) Not removable; the one-sided limits are different. 

21. (a) x = 1 

23. (a) All points not in the domain along with x = 0, 1 

(b) Not removable; it’s an infinite discontinuity. 

(b) x = 0 is a removable discontinuity; assign f(0) = 0, x = 1 is not 

removable; the two-sided limits are different. 

sin x £0 

5.) =e 29.y=Vx42 
1 x=0 

31. The domain of f is all real numbers x + 3. f is continuous at all those 

points, so f is a continuous function. 

33. f is the composite of two continuous functions g °h where g(x) = Vx 

and h(x) = 
x+1 

35. f is the composite of three continuous functions g ° h ° k where 

g(x) = cosx, h(x) = Wr, and k(x) =1-—~. 

37. Assume y = x, constant functions, and the square root function are 

continuous. 

Use the sum, composite, and quotient theorems. 

Domain: (—2, 00) 

39. Assume y = x and the absolute value function are continuous. 

Use the product, constant multiple, difference, and composite theorems. 

Domain: (—co, co) 

41. One possible answer: 43. One possible answer: 

45. x ~ —0.724andx ~ 1.221 47.a= 



$1. Consider f(x) = x — e~*, f is continuous, f(0) = —1, and 

1 
f(1) = 1—~— > 0.5. By the Intermediate Value Theorem, for 

e 

some c in (0,1), f(c) = O and e~* = c. 

lqlOini(=32), OSes 6 

CEs ie 6<x=24 
(b) 

[0, 24] by [0, 9] 

This is continuous at all values of x in the domain [ 0, 24] except for 

= hO M2 3; 4795,0- 

55. False. If f has a jump discontinuity at x = a, then 

lim, - f(x) # lim,—, f(x) so f is not continuous at x = a. 

Spl Sel 

61. This is because lim,_.9 f(a + h) = lim,—, f(x). 

63. Since the absolute value function is continuous, this follows from the 

theorem about continuity of composite functions. 

Section 2.4 

Quick Review 2.4 

4 2 
1) Ax = 8yAy/=33.Slope (HTS. = Fz + 6 

Ly=nsxt 2 Ch SS ae = 

Exercises 2.4 

1. (a) 19 (b)1 
i= —2 sae 

3. (@) 5 = 0432 (b) 0 ~ 8.684 

4 3V3 
5. @) = Sy =1.278 |b) Ta it a 1.684 

7 

7. Using Q, = (10, 225), Q, = (14,375), Q; = (16.5, 475), 
Q, = (18, 550), and P = (20, 650) 
(a) Secant Slope 

PQ, 43 

PQ, 46 

PQ; 50 

PQ, 50 

Units are meters/second. 

(b) Approximately 50 m/sec 

1 9 
Safa) 4 (ney ai Ae 40 (e) ye 

(d) 

[-8, 7] by [-1, 9] 

1 —_ 

13. 

15. 
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-(a)—-1 (b)y=-x+3 ()y=x-1 

(d) 

[+4.7, 4.7] by [-3.1, 3.1] 

(a)1 (b)—1 

No. Slope from the left is —2; slope from the right is 2. The two-sided 

limit of the difference quotient doesn’t exist. 

1 
17. Yes. The slope is — vi 

19. (a) 2a 

(b) The slope of the tangent steadily increases as a increases. 

a, Gy <Q 
a aie 

23. 

29. 

35. 

Sie 

(b) The slope of the tangent is always negative. The tangents are very steep 

near x = | and nearly horizontal as a moves away from the origin. 

3 ft/sec 25.—1/4 ft/sec 27. 19.6 m/sec 

6m in’/in. 31.3.72 m/sec 33. (—2,—5) 

(a) Atx = 0:y =-x - 1 

Atx =2:y=-x+3 

(b) Atx = O:y=x- 1 

Atx=2:y=x-1 

—4/9 degrees per mg. Additional dosage AD will drop temperature by 

approximately 4/9 AD degrees. 

41. 

43. 

47. 

49. 

SBA 

Ry 

Sie 

(2007, 2014] by [0, 1400] 

(b) Slope of PQ, = 12, slope of PQ, = —2, 

slope of PQ, = —23. 

True. The normal line is perpendicular to the tangent line at the point. 

D 45.C 

Leh 

(a) <b) Limit ~ 2.718 

(c) They’re about the same. 

(d) Yes, it has a tangent whose slope is about e. 

No 51. Yes 

This function has a tangent with slope zero at the origin. It is squeezed 

between two functions, y = x? and y = —x?, both of which have slope 
zero at the origin. 

f(0 +h) — $0) _ 
Looking at the difference quotient, —h = h Sau 

so the Squeeze Theorem tells us that the limit is 0. 

Slope ~ 0.540 

Ifx =a +h, then x — a = h. Replacing f(a + h) by f(x) and h by 

x — a turns the first expression given for the difference quotient into the 

second expression. 

Quick Quiz (Sections 2.3 and 2.4) 

1. DeonB 
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Review Exercises 

1. 

26. 

27. 

28. 

29. 

30. 

5 1 
—-15 2.— 3.Nolimit 4.Nolimit 5.—— 

21 4 

1 
7. +00(as x — +00), —co(as x — —oo) 8.5 

NY m/v 10.0 11.6 12.5 13.0 14.1 15. Limit exists 

. Limit exists 17. Limit exists 18. Doesn’t exist 

. Limit exists 20. Limit exists 21. Yes 22.No 

.No 24. Yes 

.(a)1 (b)1.5 (ce) No 

(d) g is discontinuous at x = 3 (and points not in domain). 

(e) Yes, can remove discontinuity at x = 3 

by assigning the value | to g(3). 

(a) 1.5 (b)O (c)0 (d)No 

(e) k is discontinuous at x = | (and points not in domain). 

(f) Discontinuity at x = 1 is not removable because the two one-sided 

limits are different. 

(a) Vertical Asymp.: x = —2 

(b) Left-hand limit = —co 

Right-hand limit = oo 

(a) Vertical Asymp.: x = 0 and x = —2 

(b) At x = 0: 

Left-hand limit = —oo 

Right-hand limit = —oo 

At x = —2: 

Left-hand limit = —co 

Right-hand limit = —oo 

(a) Atx = —1: 

Left-hand limit = 1 

Right-hand limit = 1 

At x = 0: 

Left-hand limit = 0 

Right-hand limit = 0 

Atx = 1: 

Left-hand limit = —1 

Right-hand limit = | 

(b) Atx = -1: 

Yes, the limit is 1. 

Atx = 0: 

Yes, the limit is 0. 

Atx = 1: 

No, the limit doesn’t exist because the two one-sided limits are 

different. 

(c) Atx = -1: 

Continuous because f(—1) = the limit. 

At x = 0: 

Discontinuous because f(0) *# the limit. 

Atx = 1: 

Discontinuous because limit doesn’t exist. 

(a) Left-hand limit = 3 Right-hand limit = —3 

(b) No, because the two one-sided limits are different 

(c) Every place except for x = 

(d) Atx = 1 

.x =—2andx =2 

. There are no points of discontinuity. 

.(a)2/x (b) y = 0 (x-axis) 34. (a)2 (b)y =2 

.(a)x? (b) None 36.(a)x (b) None 

(b) x 38. (a) In |x| 

1 
39.k=8 40.4 =— 

2 

37. (a) e* (b) In |x| 

41. One possible answer: 42. One possible answer: 

2 2 
43.— 44.—7aH 45.12a 46.2a — 1 

7 5 
Sh) 

47. (a)-1 (b)y=-x-1 @y=x-3 48. (3-2) 

49. 0.9375 ft per ft/s. Maximum height will increase by approximately 

0.9375 Av feet. 

50. 4a7Av m2. Area will increase by approximately 477 Av m?. 

51. (a) Perhaps this is the number of bears placed in the reserve when it was 

established. 

(b) 200 

(c) Perhaps this is the maximum number of bears that the reserve can 

support due to limitations of food, space, or other resources. Or, 

perhaps the number is capped at 200 and excess bears are moved to 

other locations. 

3:20 = 1.35 aint (oa tale) en areal 
Sze (y= (a) f(x) i Ee § 

[0, 20] by {-5, 32] 
(b) f is discontinuous at integer values of x: 0, 1, 2,..., 19 

53. (a) [ 

(2005, 2014] by [17,000, 20,000] 

(b) Slope of PQ, = 173; slope of PQ, = 217; slope of PQ; ~ 219.1 

(c) Answers are the same as in part (b) but with thousand people per 

year added. 

(d) Answers will vary. 

(e) Answers will vary. 

54. lim,, f(x) = 3/2; lim,, g(x) = 1/2 

55. (a) All real numbers except 3 or —3 

(b) x = —3 and x = 3 

{eh y= 6 

(d) Odd, because f(—x) = Tx? — 9] = “Tel = —f(x) for 

all x in the domain. 

(e) x = —3 and x = 3. Both are nonremovable. 



56. (a) lim,-.5- f(x) = lim,.9-(x2 — ax) = 4 = 2a”. 

(b) lim, 9+ f(x) = lim,+9+(4 — 2x2) =—4 

(c) For lim,_,5 f(x) to exist, we must have 4 — 2a? = —4,soa = +2. 

If a = +2, then lim,_.5- f(x) = lim,+ f(x) = f(2) = —4, 

making f continuous at 2 by definition. 

Oe el 
57. (a) The zeros of f(x) = ——e 

xe 3 

polynomial x7 — 2x? + 1. By inspection, one such zero is x = 1. 
Divide x3 — 2x? + 1 by x — 1 to get x2 — x — 1, which has zeros 

| z= 
5 by the quadratic formula. Thus, the zeros of f are 1, 

ee a SS 
, and : 

a 2 

(b) g(x) =x 

x shine yl 
(c) lim f(x) = +00 and lim = lim a A # = 

xX— 00 x00 B(X X00 Se ap Bi 

CHAPTER 3 

Section 3.1 

Quick Review 3.1 

he CS ems lim f (x) = 0; lim_ f (x) =3 

9. No, the two one-sided limits are different. 

Exercises 3.1 

1.-1/4 3.2 5.-1/4 7.1/4 9.f'(x)=3 11.2x 13.(b) 

1 ly 
15. (d) 17.(a)y=5x-7 (b)y= 5% + — 

1 4 
19. (a) y = 3x — 2 ee x 

21. (a) Sometime around April 1. The rate then is approximately 1/6 hour 

per day. 

(b) Yes. Jan. 1 and July 1 

(c) Positive: Jan 1 through July 1 Negative: July 1 through Dec. 31 

23. (a) 0,0 (b) 120,000; 60,000 (c)2 25. Gv) 

27. y 

5 

29. Graph of derivative: (a) The speed of the skier 

(b) Feet per second 

(c) Approximately D = 6.65t 

[0,10] by [-10,80] 

are the same as the zeros of the 
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31. We show that the right-hand derivative at x = 1 does not exist: 

ROL ar 12) Sa) BCE oF 1d) = 2 = @ 
lim 
h—0* h h—0+ h 

ee, = Al 
= lim = —0o 

h—0* h 

SINGH 
_— 

- 

(1, mt] by [-1.5, 1.5] 

Cosine could be the derivative of sine. The values of cosine are positive 

where sine is increasing, zero where sine has horizontal tangents, and 

negative where sine is decreasing. 

35. Two parabolas are parallel if they have the same derivative at every 

value of x. This means their tangent lines are parallel at each value of x. 

Two such parabolas are given by y = x* and y = x? + 4. They are 
graphed below. 

[—4, 4] by [—5, 20] 

The parabolas are “everywhere equidistant,” as long as the distance 

between them is always measured along a vertical line. 

37. False. Let f(x) = |x|. The left-hand derivative at x = 0 is —1 and the 
right-hand derivative at x = 0 is 1. f’(0) does not exist. 

39. A 41.C 

43. (e) The y-intercept is b — a. 

45. (a) 0.992 (b) 0.008 

(c) If P is the answer to (b), then the probability of a shared birthday 

when there are four people is 

362 
(IP ee OLONG: 

( 365 

(d) No. Clearly, February 29th is a much less likely birth date. 

Furthermore, census data do not support the assumption that the 

other 365 birth dates are equally likely. However, this simplifying 

assumption may still give us some insight into this problem even if 

the calculated probabilities aren’t completely accurate. 

Section 3.2 

Quick Review 3.2 

Ib MES Bh ES DIN Fe [Oyes)) Sh ae. 

Exercises 3.2 

1. Left-hand derivative = 0 

Right-hand derivative = | 

1 
3. Left-hand derivative = 5 

Right-hand derivative = 2 

5. (a) All points in [—3,2] (b) None (c) None 

7. (a) All points in [—3,3] exceptx = 0 (b)None (c)x =0 

9, (a) All points in [—1,2] exceptx = 0 (b)x=0 (ce) None 
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11. Discontinuity 13. Corner 15. Corner 17.4, yes 19. 2, yes 

21. 8.000001, yes 23.0,no 25.0, no 

29. 

[-27r, 277] by [-1.5, 1.5] [—6, 6] by [-4, 4] 

.s dy/dx = abs (x) or |x| 
— = sinx 
dx 

ll 31. All reals exceptx = —1,5 33. All reals except x = 0 

3 Il 35. All reals except x 

37. The function f(x) does not have the intermediate value property. Choose 

some a in (—1,0) and b in (0, 1). Then f(a) = 0 and f(b) = 1, but f 

does not take on any value between 0 and 1. 

39. (a)a+b=2 (b)a=—3andb=5 

41. False. The function f(x) = |x| is continuous at x = 0 but is not differ- 
entiable at x = 0. 

A3A9 745; C 

47. (a) (b) The TEST functions return a value 

of 1 when true and 0 when false. 

Thus Y1 = x2 + 0 when x S 0 and 

Y1 = 0 + 2x when x > 0. 

[-4.7, 4.7] by [-3, 5] 

(c) (d) NDER (Y1, —0.1) = —0.2, 
NDER (Y1, 0) = 0.9995, 

NDER (Y1, 0.1) = 2 

The numerical derivative gets it right 

at —0.1 and 0.1, but it gets it wrong at 

x = 0, where the function is discon- 

[-+4.7, 4.7] by [-3, 5] tinuous and non-differentiable. 

Section 3.3 

Quick Review 3.3 

1.x +x? — 2x7! -—2 3,3x? — 2x7! + 5x7? 

5. x73 xT) + 2x72 + 2 

7. Root: x ~ 1.173,500x® = 1305 

Root: x = 2.394, 500x® = 94,212 

9.(a)0 (b)O0 (c)0 

u 

Exercises 3.3 

1. dy/dx = —2x 3.dy/dx=2 5.dy/dx=x?+x+1 

7. Atx = 1/3,1 9 Atx=0,+V2 11. Atx =-1,0,1 

13. (a) 3x2 + 2x +1 (b) 3x2? + 2x +1 

15. 7x® + 10x4 + 4x3 + 6x? + 2x + 1 

19 3 x* + 2x 
17. = 19, 21. = 

(3x — 2) = (1 -— x3)2 
. 

23. (a) 13. (b)-7 (c) 55 (d) 20 25. (iii) 

29.—8x-? — 8 31. 
eB 1 

ey Vx( Vx + 1) 

33. y' = 4x3 + 3x2 — 4x + 1, y” = 12x? + 6x — 4, 

y” = 24x + 6, yO") = 24 

35. y’ = —x7?2 + 2x, y” = 2x73 + 2, yy" = —6x-4, yl) = 24x75 

1 29 37. y= —Gx +> 39. (1,27) and (2,0) 

41. At (0,0): y = 4x 
At (1,2):y =2 

43. (a) Let f(x) = x, 

fat h) f(x) _ et hy-» 
ho h Noa h 

h 
= lim — = lim (1) = 1 

h>0h h-0 

(b) Note that u = u(x) is a function of x, 

—u(x +h) — [-u)] 
iO h 

y 2 
pt ge eee 

[fa)]2 "at dP 
49. If the radius of a circle is changed by a very small amount Ar, the 

change in the area can be thought of as a very thin strip with length 

given by the circumference, 27r, and width Ar. Therefore, the change in 

the area can be thought of as (27r)( Ar), which means that the change 

in the area divided by the change in the radius is just 27rr. 

45. 

51. 390 bushels of annual production per year 

53. False. a is a constant so d/dx (73) = 0. 

55.8) O/eE; 

59. (a) It is insignificant in the limiting case and can be treated as zero (and 

removed from the expression). 

(b) It was “rejected” because it is incomparably smaller than the other 

terms: v du and u dv. 

(c) The Product Rule given in the text. 

(d) Because dx is “infinitely small,” and this could be thought of as 

dividing by zero. 

u Me ke ST: 

(e) a“) - vtdy vy 

(u + du)v — u(v + dv) 

in (v + dv)v 

uv + ydu — uv — udv 

v? + vdv 

vdu — udv 

- v 

Quick Ouiz (Sections 3.1-3.3) 

Io Se 

Section 3.4 

Quick Review 3.4 

1. Downward 3. x-intercepts = 2,8 5. (5,144) 7.x = 2 9. 64 



Exercises 3.4 

dV 
lL(@V=s° (b) om = 3s* (c) 3,75 (d) in?/in. 

3. (a) A= ue s2 (b) ga Me s (©) V3,5 V3. (d) in2fn. 
ds 

5. (a) s(ft) 

50 

5 t(sec) 

(b) s’(1) = 18, 5’(2.5) = 0, 5'(3:5) =—12 

7. (a) p’ (slope) 

20 

horizontal axis: Days 

vertical axis: Flies per day 

(b) Fastest: Around the 25th day 

Slowest: Day 50 or day 0 

9. (a) Move forward:0 = t< land5 <t<7 

move backward: 1 < t < 5 

speed up: 1 <t+<2and5<t<6 

slow down: 0 =t<1,3 <t<5,and6<t<7 

(b) Positive: 3 < t < 6 

negative:0 =t<2and6<t<7 

ZElO han et 89) 

(c) Att = Oand2 <t< 3 

(G7 =7=9 

11. (a) Att = 2 andt=7 

(b) Between t = 3 and t = 6 

(c) Speed(m/sec) 
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(d) Acceleration (m/sec?) 

o—o 
CLS) (3) Gea) 

1 5 

(3, 0) (6, 0) 

Rees ae Bie ae 
=llyr (8, -1.5) 

o—e 
—2'- 10, -1.5 

(3, -3) ( ) 
=) t o—o 

Ci) 

13. (a) vel(t) = 24 — 1.6t m/sec, accel(t) = —1.6 m/sec? 

(b) 15 seconds (c) 180 meters 

(d) About 4.393 seconds (e) 30 seconds 

15. About 29.388 meters 

17. For the moon: 

x1(t) = 3(t < 160) + 3.1(t = 160) 

y(t) = 832t — 2.6t? 

t-values: 0 to 320 

window: [0,6] by [—10,000, 70,000 | 

For Earth: 

x(t) = 3(t < 26) + 3.1(t = 26) 

y(t) = 832t — 16¢? 

t-values: 0 to 52 

window: [ 0, 6] by [—1000, 11,000 ] 

19. (a) 10m _ (b)2 m/sec (c)5 m/sec (d) 2 m/sec? 

3 1 
(e) Att = pe (f) Ats = 4 

21 (a) v@)) = 372 — 167 = 20 (7 — 2) Gr — 10) 

(b) a(t) = 6 — 16 (ce) t = 2, 10/3 

(d) The particle starts at the point s = —16 when ¢t = 0 and moyes right 

until it stops at s = 0 when t = 2, then it moves left to the point 

s = —1.185 when t = 10/3 where it stops again, and finally contin- 

ues right from there on. 

23. Att = 1: —6 m/sec?; at t = 3: 6 m/sec? 

d 
25. (a) ais =i (b) Fastest: at t = 0 

dt 12 Slowest: at t = 12; 

(c) dy 
—=-—latt=0; 

: dt 

dy 
— =0Oatt= 12 
dt f 

DY?DT 

[0, 12] by [—2, 6] 

dy 
y is decreasing and a is negative over the entire interval. 

y decreases more rapidly early in the interval, and the magnitude of 

d d 
vis is larger then. -- is 0 at t = 12, where y seems to have a horizon- 

tal tangent. 

27. (a) $110 per machine (b) $80 per machine 

(c) $79.90 for the 101‘ machine 
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29. (a) 

[0, 200] by [—2, 12] 

(b) x = 0 (whole numbers) 

(c) 

[0, 200] by [-0.1, 0.2] 

P seems to be relatively sensitive to changes in x between approxi- 

mately x = 60 and x = 160. 

(d) The maximum occurs when x ~ 106.44. Since x must be an integer, 

P(106) ~ 4.924 thousand dollars or $4924. 

(e) $13 per package sold, $165 per package sold, $118 per package sold, 

$31 per package sold, $6 per package sold, P’(300) ~ 0 (on the order 

of 10~°, or $0.001 per package sold) 

(f) The limit is 10. Maximum possible profit is $10,000 monthly. 

(g) Yes. In order to sell more and more packages, the company might 

need to lower the price to a point where they won’t make any addi- 

tional profit. 

31. Graph C is position, graph A is velocity, and graph B is acceleration. A 

is the derivative of C because it is positive, negative, and zero where C 

is increasing, decreasing, and has horizontal tangents, respectively. The 

relationship between B and A is similar. 

33. Possible answer: 

Downward velocity 

Time 

35. Exit velocity ~ 348.712 ft/sec ~ 237.758 mi/h 

37. (a) It begins at the point (—5, 2) moving in the positive direction. After 

a little more than one second, it has moved a bit past (6, 2) and it 

turns back in the negative direction for approximately 2 seconds. 

At the end of that time, it is near (—2, 2) and it turns back again in 

the positive direction. After that, it continues moving in the positive 

direction indefinitely, speeding up as it goes. 

(b) Speeds up: [ 1.153, 2.167] and [ 3.180, co] 
Slows down: [0, 1.153] and [ 2.167, 3.180 ] 

(c) Att ~ 1.153 sec andt ~ 3.180 sec 

(d) Att ~ 1.153 sec andt ~ 3.180 sec “instantaneously” 

(e) The velocity starts out positive but decreasing, it becomes negative, 

then starts to increase, and becomes positive again and continues - 

to increase. The speed is decreasing, reaches 0 att ~ 1.5 sec, then 

increases until f ~ 2.17 sec, decreases until t ~ 3.18 sec when it is 0 

41. True. The acceleration is the first derivative of the velocity, which, in 

turn, is the first derivative of the position function. 

43.D 45.C 

47. (a) 2’ (x) = h' (x) = #'(a%) = 3x2 

(b) 

[—4, 4] by [—10, 20] 

(c) f(x) must be of the form f(x) = x3 + c, where c is a constant. 

(d) Yes. f(x) =x? (@) Yes. f(x) =x? + 3 

49. (a) Assume that f is even. Then, 

2 qe se 1B)! = ae) 

fo h—>0 h 

LSP EO) 
= Ihe, ——<$—$—$ 

h>0 h 

and substituting k = —h, 

mee Cais eee C, 
lim 
k>0 Ie 

_ fixth-f 

So, f’ is an odd function. 

(b) Assume that f is odd. Then, 

f(-x + h) — f(-x) 
Ge A h 

T(r hers) 
= lim 

h>0 h 

and substituting k = —h, 

onlin ker ti) 
lim 
k>0 =h 

pica reo 
7 Ht eee to eae 

So, f’ is an even function. 
; 

Section 3.5 

Quick Review 3.5 

1. 37/4 ~ 2.356 3. V3/2 

5. Domain: x # ie where k is an odd integer; range: all reals 

7. +1/V2 9. y = 12x — 35 

Exercises 3.5 

1 
As hte sinx, (3. a5 4S cos x 5. —x? cos x — 2x sinx 

x 

csc? x 1 1 4secxtane 9.-————— = —-—______—. 
paki. Y (1 + cot x)? (sin x + cos x)? 

11. v = 5cost,a = —Ssint 

again, then increases after that. 

(f) At about 0.745 sec, 1.626 sec, 4.129 sec 

39, Since profit = revenue — cost, using Rule 4 (the “differ- 

ence rule”), and taking derivatives, we see that marginal 

profit = marginal revenue — marginal cost. 

The weight starts at 0, goes to 5, and then oscillates between 5 and —5. 

The period of the motion is 277. The speed is greatest when cos t = +1 

(t = kar), zero when cos t = 0 (t = kar/2, k odd). The acceleration 
is greatest when sin t = + 1(t = ka/2,k odd), zero when sin t = 0 
(t = kar). 



13. 

15. 

17. 

21. 

23. 

25. 

27. 

29. 

Stile 

SRE 

(a) v = 3 cost, speed = |3 cost|,a = —3 sint 

(b) v = 3V/2/2, speed = 3V2/2, a = -3V2/2 

(c) The body starts at 2, goes up to 5, goes down to —1, and then oscil- 

lates between —1 and 5. The period of the motion is.27. 

(a) v = 2cost — 3 sint, 

speed = |2cost — 3 sint|,a = ~2sint — 3cost 

(b) v = -V2/2, 

speed = V2/2, a= 25/0 /2 

(c) The body starts at 3, goes up to 3.606 (V13 ys down to 

—3.606 (— 13 ), and then oscillates between —3.606 and 3.606. 
The period of the motion is 277. 

2sint 19.—cost-—sint 

tangent: y = —x + a@ + 3) nonnal: y =x — 7 =F 3 

tangent: y = —8.063x + 25.460, normal: y = 0.124x + 0.898 

(a) d Hops d sinx =e 
dx dx cos x 

: (cos x)(cos x) — (sin x)(—sin x) 

(cos x)? 

cos? x + sin? x 

cos? x 

1 
= ere ee 

cos? x 

d ad 

(b) Fie: ~ dx cos x 

_ (cos x)(0) — (1)(~sin x) 

t (cos x)? 

aus sec x tan 
(cos x)? 

d/dx (sec x) = sec x tan x, which is 0 at x = 0, so the slope of the tan- 

gent line is 0. 

d/dx (cos x) = —sin x, which is 0 at x = 0, so the slope of the tangent 

line is 0. 

Tangent: y = —x + sell 

7 
normal: y = x + 1 — — 

4 

@y=—x4t 542 (b) y =4-V3 

(a) Velocity: —2 cos t m/sec 

Speed: |2 cos t| m/sec 

Accel.: 2 sin t m/sec? 

Jerk: 2 cos t m/sec? 

(b) Velocity: a2 m/sec 

Speed: V2 misec 

Accel.: V2 m/sec? 

Jerk: V2 m/sec? 

(c) The body starts at 2, goes to 0, and then oscillates between 0 and 4. 

Speed: Greatest when cos t = +1 (ort = kzr), at the center of the 

interval of motion. 

k 
Zero when cos t = 0 (or: = 3 k odd) at the endpoints of the 

interval of motion. 

Acceleration: Greatest (in magnitude) when 

sint= +1 (rr = 4 odd) 

Sos 

37. 

39. 

41. 

43. 

45. 

47. 

51. 
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Zero when sin t = 0 (ort = kz) 

Jerk: Greatest (in magnitude) when cos t = +1 (ort = kz) 

kar 
Zero when cost = 0 | ort = 3° k odd 

y” = csc? x + csc x cot? x 

Continuous if b = 1, because this makes the two one-sided limits equal. 

Differentiable: No, because for b = 1, the left-hand derivative is 1 and 

the right-hand derivative is 0. (The left-hand derivative does not exist for 

other values of b.) 

cos x 

(a) 0.12 

(b) sin (0.12) = 0.1197122073 to 10 digits. 

So 0.12 is only off by 0.00028779 from the computed actual value. 

< cos 2x = < [ (cos x) (cos x) — (sin x) (sin x) | 

= [2(cosx)(—sinx) — 2 (sin x)(cos x) | 

= —4 (sinx)(cos x) = —2(2 sin x cos x) 

= —2/sin 2x 

False. The velocity is negative and the speed is positive at t = 7/4. 

B 49.C 

thn COS? aa 

h>0 h 

(cosh — 1)(cosh + 1) 

h(cosh + 1) 
ll 1m 

h->0 

cos? h — 1 
im 
h>0h(cosh + 1) 

—sin? h 
im = 
h—>0h(cosh + 1) 

=-(i si) (i sin h ) 

ao 0 COS ne 

0) 

(5) 

Quick Quiz (Sections 3.4-3.5) 

1. (CG) S5db) 

Review Exercises 

1. 5x4 -— ao ; 2.—-21x2 + 21x® 3.—2cos2x + 2 sin? x = 2 cos 2x 

“Ae 4t 1 1 
4, -—————. 5.46 6. 7. = Ox- 1 =F "aye 2 
8. 

i sec? 9(03 + 6 + 1) — tan (36? + 1) 

12. 

18. 

20. 

23. 

5x4(3x2 — x) + (6x —1)(x7> +1) 9. 1008ec.6 + 50? sec @ tand 

(8 +6+ 1) 11. (x? + 1)cosx + x sinx 

| ga, Hee? = Stan x ie 14. sec? x + csc? x (x? — 1)cosx + 3xsinx 13. 

a ee oe 16. sec xtanx — cscxcotx 17.4ar? + 16mr 
(sinx + cos x)? 

ie a) cos t(1 + tant) — sec? ¢(1 + sin r) 

(1 + tant)? 
—_ + — 

ee ep 
cost + sint + 1 Steel DNR ee 

(1 + cost)? x 

2t 3a? 
0 24.0 25.6x2-2 26.4-24r 27. + —— 

7 t 
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Be up 5 
28. —=— +-— 29. seccx) 30207 31) Foralix:— 0 32Z,Horallivealex 

t? 

4 1 
33. Forallx ~ 2 34. Forallx # > 35.0) (S6i1s x37 tee ia 

38. 1 ae sin?x + 1 cos? x + 1 

aT cos? x sin? x 

41.2cosx —xsinx 42.xcosx + 2sinx 

43. y’ = 2x3 — 3x — 1, y” = 6x? — 3, y” = 12x, y4) = 12, and the rest 
are all zero. 

x4 x3 x? 

44, y’ = as ap y” = —, y(4) = x, y©) = 1, and the rest are all zero. 

45. (a) y — 2 =—-2(x-2) (b)y-2= a(x 2) 

46. (a) y =x +542. Oye o=Se? 5 i 

47. (a) y V2 b)x=7 48.(a)y =3 (b)x=1 

49. (1,.2)and (=1,,—2)) + 50.1(3;.9)/2) ands(= 25-1473) 

51. (0,0) and (—2,12) 52. None 

53. (a) 

{[-1, 3] by [-1, 5/3] 

(b) Yes, because both of the one-sided limits as x — 1 are equal to 

iia es 
(c) No, because the left-hand derivative at x = | is +1 and the right- 

hand derivative at x = 1 is—1. 

54. (a) For all m, since y = sin 2x and y = mx are both continuous on 

their domains, and they link up at the origin, where jim sin 2x = 

lim mx = 0, regardless of the value of m. x 
x—0* 

(b) For m = 2 only, since the left-hand derivative at 0 (which is 

2 cos 0 = 2) must match the right-hand derivative at 0 (which is m). 

55. (a) For allx # 0 (b) Atx =O (c) Nowhere 

56. (a) For allx # 0 (b) Atx =O (c) Nowhere 

57. (a) [-1,0) U(0,4] (b)Atx =0 (c) Nowhere in its domain 

58. (a) [—2,0) U(0,2] (b) Nowhere (c) Nowhere in its domain 

61. (a) iii (b)i (ce) ii 

64. Answer is D: i and iii only could be true. 

65. (a) 

[-1, 5] by [-10,80] 

(b) t interval avg. vel. 

[ 0, 0.5 | 56 

[055 1) 40 

[1, 1.5] 24 

alee 2) 8 

[225)) =#5) 

(aes —24 

353051 —40 

[ 3.5, 4] 0) 

(c) 

[-1, 5] by [-80, 80] 

(d) Average velocity is a good approximation to velocity. 

66. (x")' = nx"; (x")" = Tid) en 

= i(k) (7 — 2) x and 

a” 

dx" 
G7s(a) 12 2b) dee (c= 2s (d) 7 = (2) 1 S86 

(x") = n(n — 1)(n — 2)(n — 3)---2- 1x8 =n! 

68.(@)5 (b)2 (-2 @, 2 HE 

69. Yes. The slope of f + g atx = Ois(f + g)'(0) = f’(0) + g'(0). 
The sum of two positive numbers must also be positive. 

70. No; it depends on the values of f(0) and g(0). For example, let 
f(x) = x and g(x) = x — 1. Both lines have positive slope everywhere, 

but (f+ g)(x) = x? — x has a negative slope at x = 0. 

2 

71. @ = 64 — 32¢ “ =—32 (b)2sec (c) 64 ft/sec 

64 
#) = 393.8 ft 

72. (a) ; sec; 280 cm/sec (b) 560 cm/sec; 980 cm/sec? 

d 

64 
(d) 75 12, 3:sec; o( 

73. (20x — x”) 



74. 

oe 

76. 

1h 

oe 

80. 

81. 

82. 

83. 

y'(T) 

(a) r(x) = (3 

(b) 40 people; $4.00 

(c) One possible answer: Probably not, since the company charges less 

overall for 60 passengers than it does for 40 passengers. 

x \2 3 1 
9) 2 ale 3 3 

) Ge 0 SL G00e 

(a) —0.6 km/sec (b) 18/7 ~ 5.73 revolutions/min 

am |cos(xx) | 
(a) The derivative of y is yo. (b) Let y) = ———_. 

cos(x) 
4 

a= 32 8.a= V2 
8 

(a)x # oe where k is an odd integer (b) (—77/2, 7/2) 

(c) Where it’s not defined, at x = ae k an odd integer 

(d) It has period 7 /2 and continues to repeat the pattern seen in this 

window. 

1 Ti 
ya k= aI Eye so increasing r decreases the frequency. 

(1) a eomeeenee the f =— — , so increasin ecreases the frequency. 
x Ir? \ wd : ial 

. LL ieee 
y (d).=— art V ad’ so increasing d decreases the frequency. 

= ee , SO increasing T increases the frequency. 

(a) v(t) = x’(t) = 3t7 — 12. (b) a(t) = v'(t) = 6F 

(c) The particle is at rest when 3t7 — 12 = 0; that is, at t = 2. 

(d) a(t) = 6t.= 0 when t = 0, at which point the speed is 

|v(0)|= |-12] = 12. 
(e) The position at t = 3 is x(3) = —4, and the velocity is v(3) = 15. 

Since the particle is to the left of the origin and moving to the right, it 

is moving toward the origin. 

(@y— 3S — 4) 

(b) Yes. Since f is differentiable at x = 3, it is continuous at x = 3. 

(c) Yes. Since f is continuous on [ 2, 4], it takes on all values between 

f(2) =—1 and f(4) = 3 (Intermediate Value Theorem). 

(d) g'(2) = Oe el x=2 

~f(2)GR) = 3) F'2) = OF) _ 9 

7 Cor 16 
(e) Since f(4) — 3 = 0, the function g is not defined at x = 4. 

(a) 

[-2n, 21] by [-2, 2] 

2 sin x 
b) f’ SSL Bh, OI) = Boy ap OB*t 

1 
(d) The low turning points are f(0) = f( #27) = jin —1, and 

=I 1 
the high turning points are f(+7) = a ate a The range is the 

1 
i ali) hea interv | 
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CHAPTER 4 

Section 4.1 

Quick Review 4.1 

1. 

5. 

By ale” cle 

7. g(A(F(x))) 

clin (G22 se 1) 

x2 +1 

ibs 
sin 9. f(h(h(x))) 

Exercises 4.1 

1. 

: at 3r — ee St 13. —2(x + Vxy3 (1 + 
7 7 

> lage” (Gee = Toon (ake = 1) 

. (a) —6 sin (6x + 2) 

2 sin x 

GIecosea) 
3 cos (3x + 1) 3.—V3 sin (V3 x) BE 

. —sin (sinx)cosx 9.3 sin (z == x) 
2 

nee 
er SIlle euICOSE EE ICOS-vsIteX 

. 4 sin? x sec? 4x + 3 sin? xcosxtan4x 19.—3(2x + 1)~3/? 

. 6 sin (3x — 2) cos (3x — 2) = 3 sin (6x — 4) 

p= se cot Th? Gos hesingke Ws. = s9e7 (2 =) 

cos 6 + sind 
29. 2 sec” x tan x 

2V @sin@ 

33.5/2 35)—m/4 37.0 

(b) —6 sin (6x + 2) 

41. y— V2 =-1(x - V2) 43.y +1 = -1/2(x- 1) 
45. y — 1/2 =1(x — 1/4) 47. y — 1/2 = V3(x — @/3 + V3/2) 

cos t d (dy (2t + 1)(sint) + 2cost 

et reset Aa a (2¢ + 1)2 
d (dy (Oise (Siti) se Qos 

oF() . (2 + 13 CEs 

51.5 53.2 
2 

55. Tangent: y — 2 = a(x — 1); Normal: y — 2 = (—1/7)(x — 1) 

Sills 

D9: 

61. 

d ‘i d TX 
mes (x°) = mes (=) 

is a Hf ms a0, Weuee 

Boe as = agp tee 
& 

The slope of y = sin (2x) at the origin is 2. The slope of y = —sin 5 at 

1 ; zy 
the origin is — 5 So the lines tangent to the two curves at the origin are 

perpendicular. 

[-4.7, 4.7] by [-3.1, 3.1] 

The amplitude of the velocity is doubled. 

The amplitude of the acceleration is quadrupled. 

The amplitude of the jerk is multiplied by 8. 
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. 

63. Velocity = 5 m/sec 

lerati $ m/sec? r oe eee Ree acceleration 195 Busec 

65. Given: v = —— 
Vs 

eae dv dvds _ dy 
acceleration = — = =—y 
paki dt dsvdi, Was: 

pei St Sepa ga 
~ 23/2 Ae 25° 

oy it ata 
du dL. du 

T ipet JE kT Sepa iE ae 

V gL g 2 

69. Yes. Either the graph of y = g(x) must have a horizontal tangent 

at x = 1, or the graph of y = f(u) must have a horizontal tangent 

at u = g(1). This is because < fas) = f'(g(x)) g(x), so the 

slope of the tangent to the graph of y = f(g(x)) at x = 1 is given by 

f'(g(1)) g'(1). If this product is zero, then at least one of its factors 

must be zero. 

71, False; tis -Fliy 733€ 975. 6 

77. As h — 0, the second curve (the difference quotient) approaches the 

first (y = —2x sin (x?)). This is because —2x sin (x?) is the deriva- 
tive of cos (x), and the second curve is the difference quotient used 

to define the derivative of cos (x*). As h — 0, the difference quotient 

expression should be approaching the derivative. 

1G d d 2x + 
79, ° Vuv = Vx? + cx = oe 

dx dx dx aN ener 

+8 oped 
= 2 

Vx2 + cx 

AY’ (@ 
== snceA =x. + =. 

G 2 

Section 4.2 

Quick Review 4.2 

1 Ff = Vo y= Vx 

[-6, 6] by [-4, 4] 

[-6, 6] by [-4, 4] 

5. y, = V2x +3 — x2, =—-V2e 4 3 — x 

[-4.7, 4.7] by [-3.1, 3.1] 

+ 

yo a ee 9, x3/2 — x5/6 
Sie 

Exercises 4.2 

axy + y? 1 1 ¥ 
; F BaCOS> yauiie ae COS- aire 

Dap ae a7 yee =e IDE Sis ae (y) x 

dy oy dy wal 
9. SHS 2 oan ie ee BX) 

dx y / dx Wael / 

dy _2xy—y? 
13, — = ———,,, defined at every point except where x = 0 

Ghe Pho — pee 

(which can not happen on this curve), or y = x/2 

dy 3x*—y : 
15354 = , defined at every point except where y? = x/3 

Ghee ee Shy 

17. (a) y — 3 = (7/4)(x — 2) (b) y— 3 = (-4/7)(x - 2) 

19. (a) y — 3 =3(2 + 1) Oiy—3 = E1/3)G =p) 

21. (a) y = (6/7)(x + 1) (b) y = (—7/6)(x + 1) 
23. (a) y — 7/2 = (—aw/2)(x —1) ()y — w/2 = (2/77) (x — 1) 

25. (a) y = 2a(x— 1) (b) y = (—1/277)(x — 1) 

dy 27. — === 
dx y 

ya ate 1 
dx? y3 y3 

d xt 
29, ee 

dx y 

ays > Repose byt I 
dx? ye he 

31, (9/4)x9433. (1/3)x 4" 35)=(2x + Sy 7" 

87.02 (ee 2 (ae eee 

1 ) 
ree = Cle RL 41. —> (se x)??? cot x 

43. (b), (c), and (a) 
V3 acs ae Ya) At 

(@) (¥ 2 

[-1.8, 1.8] by [-1.2, 1.2] 

Parameter interval: 

sd ae 

47. (a) (—1)3(1)? = cos (77) is true, since both sides equal —1. 

(b) The slope is 3/2. 



49, The points are ( ao A/F: 0) 

dy _ 2x +y 

dx ’yt+x 

Sa Gy 
At both points, — = —2 

dx 

dy 
51. First curve: — = ae 

dx 3y 

second curve: dy = 3x? 
‘dx 2y 

2} 3 
At (1, 1), the slopes are “ and 3 respectively. 

2 3 
At (1,—1), the slopes are 3 and — D respectively. 

In both cases, the tangents are perpendicular. 

[—2.4, 2.4] by [-1.6, 1.6] 

dv E 
53. Acceleration = eis A(s — t)"/2 (v—1) 

= 32 ft/sec” 

55. (a) At (4, 2): >; at (2, 4:3 

(b) At (3W/2, 3W/4) ~ (3.780, 4.762) 
(c) At (34, 3W/2) ~ (4.762, 3.780) 

SBI: (Ajab = ees = Sha si)bay = See oes! 

59. False. It is equal to —2. 

61.A 63.E 

dy b2 x oi) 5 waa 

: : b?x; 

The tangent line is y — y, = 2 x). 
YI 

This gives: a2y,y — a2y? = —b2x,x + b2x?, 

a*yy + b2x\x = ay? + b2x?. 

But a2y? + b?x? = a*b? since (x, y,) is on the ellipse. 

Therefore, a?y,y + b2x,x = a*b?, and dividing by a? b? gives 

mx WY xx yy 
Se Sk ak eee 

Quick Quiz (Sections 4.1-—4.2) 

LBee 

Section 4.3 

Quick Review 4.3 

1. Domain: [—1, 1]; Range: [—7/2, 7/2]; At 1: 7/2 

3. Domain: all reals; Range: (—7/2, 7/2); At 1: 7/4 

5. Domain: all reals; Range: all reals; At 1: 1 

7. fo) (x)= 37 5 

Def) = 
ats 
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Exercises 4.3 

oO, 

15. 

21. 

27. 

29. 

31. 

55 

35s 

41. 

43. 

45. 

47. 

49. 

2x V2 6 
3 = 7. sine x 

fe il = aes NAP, 

1 NAT AUS $131 
|2s + 1|Vs2 +s 

2) 1 ] 
Yh = 19, 

(G2 Se ID)Wae oo) Wil 2 2IN eal 

0.x >1 23. y = 0.289x + 0.470 25. y = 0.378x — 0.286 

(a)y — 1 =2(x—- 7/4) (b)y — 7/4 = 1/2(x - 1) 

(a) f’(x) = 3 — sinx and f'(x) # 0. So f has a differentiable inverse 

by Theorem 3. 

! <, 1 (b) f(0) = 4 7'(0) = 3 @F() =0,(F)") = 5 
@niis hich is al iti v(t)=—= ,W : de [#2 Which is always positive 

d 2t 
(b) a(t) = m = “a + Pp which is always negative. OF 

z cot! g (Z tan! ) = y= | —atan 
dx Ono?) + 

d 
=0- an x 

oat! 

1 =n 

True. By definition of the function. 37.E 39.A 

(a)y = 7/2 (b)y=~-—a7/2 (c) None 

(a)y = 7/2 (b)y=7/2 (c) None 

(a) None (b) None (c) None 

a = cos! x, B = sin7+x 

So 7/2 =a +B = cos 1x + sin! x. 

(b) 

x 

a 

1 

a = tan 1% 6B = cotex 

So 7/2 = a+ B= tan !x + cot x. 

a =sec ‘x, 8 = csc! 

So 7/2 =a + B = sec 1x + csc! x. 

Let s be the length of a side of the square, and let a, 6, y denote the 

angles labeled tan~! 1, tan~! 2, and tan“! 3, respectively. 

x 

s 
tana = —- = 1,soa@ = tan ! 1 and 

s 

tan B = —~ = 2,808 = tan7! 2. 
27 

y=a7—-—a-— B= - tan! 1 — tan !2 
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Section 4.4 

Quick Review 4.4 

Birney Ghere— sy Yell (be 

In 18 — In (In 5) 
I = 1.50 

In5 

Exercises 4.4 

iB 

11. 

19 

27. 

Shy 

Tie heat Noes, AY. al Ue = fa" Eh eV*/(2Vx) 

2 1 
8 ini8 13. — 3 (In) (esc Cot a Scie dae te) 

Pi x 

1 2 1 1 
E 21. = 23; pace) SERS Se Ny) 
xInx xin4 » xin2 xln2 % 

1 
9, ~( 1.379, 5. se" TNT ae in 10 Bs (1.379, 5.551) 31. 2e 33. 7x 

5 1 i 
= \/2 x5 2 = 37; ,x >-—2 39. ee , all reals 

pea= Ph Di COSEG 

41. 

45 

47. 

5 _— 

he 

25s 

57. 

63. 

65. 

- (a) 18 

3 
(GrP1)m2*" >-1/3 43. (sinx)* [xcotx + In (sin x) ] 

¢ eee 2) lsae a cor 1) 5s 3 5) 
2x0 (Ine 
ei ote. 49. y = ex 

(b) 52 students per day 

(c) After 4 days; 52 students per day 

rate ~ 0.098 grams /day 

(a)In2 (b)f'(0) = lim = (ec) In2 (d)In7 

False. It is (In2)2*. 59.B 61.A 

(a) The graph of y, is a horizontal line at y = | s 

(b) The graph of y3 is a horizontal line at y = Ina. 

da : : y2 
(c) — a* = a* if and only if y; = — = 1. 

dx y 
d 

So if y; = Ina, then fa a* will equal a’ if and only if Ina = 1, 
x 

ord =e. 

d 
(d) 2 = = a* = a“ \na. This will equal y,; = a* if and only if 

Ina = l,ora=e. 

1 
(a) y = -x 

e 

(b) Because the graph of In x lies below the graph of the tangent line for 

all positive x # e. 

(c) Multiplying by e, e(Inx) < x, or Inx® < x. 

(d) Exponentiate both sides of the inequality in part (c). 

(e) Let x = 7r to see that ar* < e7, 

Quick Quiz (Sections 4.3-4.4) 

1. A 3.C 

Review Exercises 

3e%-7 2, e* sec? (e*) 3.3sin?xcosx 4.—cotx 

2 2 sin x 
FASC =O) Cp tse = Ih- SSS 

i t 2V1 + cosx 
3x +7 I 
So sec (lies) tanner) 

V 26 al 

10. —40 tan (3 — 67) sec? (3 — 67) 11.—5x?’cse 5x cotSx 2xiesc 5x 
| x 

12,—,x>0 13.-—— 14.-xe* + e* 15.6 
piss ere. 

16. cot x, where x is an interval of the form (ka, (k + 1)7), k even 

17 apnea Pe 18. = ae ren ee! =? 
ogg t/t ge a ae 

Dinix) 
PAI biuts: 24 bp 

(Boe Wee ia te gelii® se il) 
22. or 

(x? + 1)3/2 

Phe) oP 
i) (; +in2=—= ) 

V x2 = 2 x2 aie dl 

etan |x u Uu 

23. 24, eS SS 
Nese x? ee: lulV1 — 

t 1 Dit ote 
ee NO = T= te Cote at inet eames ede ae 

1 ak 

27. cos“! z 95 hy ee 
25 Veal 

1+ si — sind — 1 30. 2 = ayes = ) 31. For all x + 0 
1 — cos 0 (1 = ¢os.9)7 

Ape 2 
32. For all realx 33. Forallx<1 34.Forallx #0 35.— ca 

“ 

36. 

40. 

42. 

43. 

45. 

46. 

47 

48. 

49. 

$1. 

52. 

53. 

1 y 1 1 2x 
= —(xy) 4? 37.—-or=— 38. 

3 () x. x? By (Gael) 2 y> 

1 + Qxy? 
xt y3 

(3y? + 1)? cosx + 12y sin? x 

(3y2 “ed 

2 2 8 ax Vii a sees = exe oaye 

32e*V2 44, y = 32 sin (xW/2) 

(a) y — V3 = (2/V3)(x - 3) 
) y — V3 = (£32) 3) 
fy + Va=8(x- 2) wy + V3=-2(x-2) 

8 3 

@ y= 2 (S1/4)ee 1) hy = 2e4(x— 1) 

(a) y = 2 = (-5/4) (= +4), ©) a a ha /S)e 4) 

yt V2=x-— V2 50.y — 2V2 = (4/3)(x + 3V2/2) 

y — 5/V3 = (10/3)(x — 2V3) 

y+ 7/4 + V2/2 = (1 + V2)(x — V2/2) 
(a) jim. f(x) = tim (sin ax + bcos x) = band 

iim. f(x) = im, (5x + 3) = 3. Thus 

lim f(x) = f(0) = 3 if and only if b = 3. 

yi . )acos ax = bsinx, os10 
(b) f’(x) iy i = 0) 

x = Oif and only if a = 5. 

(c) No. Although the slopes match, the function is not continuous. 

The slopes match at 



54. 

55. 

56. 

SY 

58. 

59. 

60. 

61. 

62. 

63. 

64. 

65. 

66. 

67. 

70. 

TA 

72. 

EE 

74. 

(a) The function is continuous for all values of m, because the right-hand 

limit as x — 0 is equal to (0) = 0 for any value of m. 

(b) The left-hand derivative at x = 0 is 2, and the right-hand deriva- 

tive at x = 0 is m, so in order for the function to be differentiable at 

x = 0, m must be 2. 

(a) For allx ~ 1 (b)Atx = 1 (ce) Nowhere 

(a) For all x (b) Nowhere (c) Nowhere 

(a) [-1,1) U(1,3] (b) Atx=1 

(a) [-3,0) U(0,3] (b) Nowhere (c) Atx = 0 

(a) cose, a(b) 14013 (Cc) 273) (d) 2713072 

3 80 

OES ETS ale ae iia APY 

(a) y= 4 =-F(x = 2) (b) y= 2 = F(x -4) 

(c) Nowhere 

(a) 

()y — 2 = F(x -2) 

(a) y - 3 =5(x-1) (Wy = 1 SSA = 3) 

(ie Se A (xd) 

ie (Oe 
ES ME ehe x+2 +3 x4+17 

es w( 2 2x? +e) ie vi 2)) hie ss 22) ae an 9 

(@) f(x) = Sor s(x) = 5+ 
(b) f(x) = e* or f(x) = Ce* 

(c) f(x) = e* or f(x) = Ce~* 

(d) f(x) = e* or f(x) = e“* or f(x) = Ce* + De* 

(e) f(x) = sin x or f(x) = cosxor f(x) = Csinx + Dcosx 

(a)—13/10 (b)-1/3 (c)1/10 (d)-1 (e)—2/3 (f)—-12 
(a)5 (b)O (c)8 (d)2 (e)4 (f)—-1 68. V3 69. —1/6 

(a) One possible answer: 

x(t) = 10 cos (: + =) 

y(t) = 0 
(b)5V2 (c)s = —10 and s = 10 
(d) Att = 77/4: 

Velocity = —10 

Speed = 10 

Acceleration = 0 

(a) A(—1, 1); B(1,-1) (b) C(—0.5, 2); D(0.5, —2) 

(a) A(—V2, -2V2); B( V2, 2V'2) 
(b) C (—2,—2); D (2,2) 

(a) A(—2,-2) (b) B(-1, -3) 

+ V2 2 
At y-intercept (0, 2V2) the slope is a 

ave 
At y-intercept (0, -2V/2) the slope is Be 

3 
At x-intercept ( PL SW oY, 0) the slope is fey 3 

V34+1 

At x-intercept (2 Gr 2V3, 0) the slope is isi 
Wear 

WSs 

76. 

ihe 

78. 

79. 

81. 

82. 

83. 

Selected Answers 637 

6 

Every sinusoid with amplitude A and period p is the graph of some 

: Aa (22 
equation of the form y = A sin (72, se t) + D. The slope at any x is 

Pp 

dy 2a 2Qar : p Seaalt 
A* cos x + k }. Since the maximum value of cosine is 1, 

dx P P 

: _ 277A 
the maximum slope is ——. 

P 

Yes 

(a) P(O) = 1.339, so initially, one student was infected 

(b) 200 (c) After 5 days, when the rate is 50 students/day 

2 3) 
(a)-> (b)- 80. -1/(3V3) 

Qe Ga) S152 Be 4: PG Sosy (W)) Sie ae Bh 

ge" (x) =k? » ef* + f"(x), so g"(0) = k?— 1. 

(b) h'(x) = bsin (bx) f(x) + f'(x) cos (bx), so 

h'(0) = b= sin(0) + 3 + cos (0) = 3. Note that 

h(0) = cos (0) + f(0) = 1 + 2 = 2, so the 

tangent line has equation y — 2 = 3(x — 0). 

dy eh — en dy e& + e-* 

1» a Wak Dahon fee ees 

(ee eget ne eet Send 
dx 2 

el+e! ; : 
y= aa ua = 1.543. The tangent line has equation 

PS eee Ice — 1b). 

(d) The normal line has equation y — 1.543 = —0.851(x — 1). 

(e) The tangent line is horizontal where dy/dx = 0; that is, where 

e* = e *. This is true only at x = 0. 

(a) The domain of f is the interval (—1, 1). 

=P 
(b) f’(x) = “= — — on the domain (ann): 

1—x? x?-1 

(c) The domain of f’ is the interval (—1, 1). 

DignaNe V2 (eal) ee (22) ge (ec) 

@ ra) =(s ) a 2 2 Eee Pee ago il (Geo 1h) Cea) 

: : x2 4+ 1 
for all x in the domain of f, since Geaaye > 0 for all x between oe 

=A) avayal i 

CHAPTER 5 

Section 5.1 

Quick Review 5.1 

— 
PINT Bs 

af 

= sin (1 1 sin (In x) 5.(c) 

(d) 9.co 11.(a)1 (b)1 (ce) Undefined 

Exercises 5.1 

1. 

3. 

Minima at (—2, 0) and (2, 0), maximum at (0, 2) 

Maximum at (0, 5) 
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5. Maximum at x = b, minimum at x = c); Extreme Value Theorem 

applies, so both the max and min exist. 

7. Maximum at x = c, no minimum; Extreme Value Theorem doesn’t 

apply, since the function isn’t defined on a closed interval. 

9. Maximum at x = c, minimum at x = a; Extreme Value Theorem 

doesn’t apply, since the function isn’t continuous. 

1 
11. Maximum value iS + In 4 at x = 4; minimum value is 1 at x = 1; 

1 
local maximum at (5 2— in 2) 

13. Maximum value is In 4 at x = 3; minimum value is 0 at x = 0. 

; é TT ng rea ; Sa 
15. Maximum value is | at x = ry: minimum value is —1 at x = oF local 

ban 1 : V0 
minimum at | 0, —— ]}; local maximum at ie 0 

V2 
17. Maximum value is 32/5 at x = —3; minimum value is 0 at x = 0. 

[(0, 0) is not a stationary point] 

19. Min value | at x = 2 

4 
21. Local t\(=2517)2 local minsat) | — ocal max at ( ): local min a (5 s) 

23. Min value 0 atx = —1,1 25. Min value 1 atx = 0 

27. Max value 2 at x = 1; min value 0 atx = —1,3 

1 
29. Maximum value is 5 atx = 1; 

wae : 1 
minimum value is — 5 atx =-—l. 

31. Maximum value is 11 at x = 5; 

minimum value is 5 on the interval [—3, 2 ]; 

local maximum at (—S, 9) 

33. Maximum value is 5 on the interval [ 3, 00); 

minimum value is —5 on the interval (—oo, —2]. 

3D. derivative extremum 

0 local max 

x=0 undefined local min 0 

extremum value 

undefined local max 0 

0 minimum =2 

0 maximum 2 

undefined local min 0 

(—2,0) and (2, 0) are not stationary points. 

39. ont pe derivative extremum value 

x=1 undefined minimum 2 

(1,2) is not a stationary point. 

41. crit. pt. derivative extremum value 

x=-1 0 maximum 5 

x=1 undefined local min 1 

x=3 0 maximum 5 

(1, 1) is not a stationary point. 

43. (a) Max value is 144 at x = 2. (b) The largest volume of the box is 

144 cubic units and it occurs when x = 2. 

45. False. For example, the maximum could occur at a corner, where f'(c) 

would not exist. 

47.E 49.B 

51. (a) No 

(b) The derivative is defined and nonzero for x # 2. Also, f(2) = 0, 

and f(x) > 0 for all x # 2. 

(c) No, because (—oo, co) is not a closed interval. 
(d) The answers are the same as (a) and (b) with 2 replaced by a. 

53. (a) f'(x) = 3ax? + 2bx + c is a quadratic, so it can have 0, 1, or 2 

zeros, which would be the critical points of f. Examples: 

[-3, 3] by [-5, 5] 

The function f(x) = x? — 3x has two critical points at x = —1 and 
Dds 

[-3, 3] by 5, 5] 

The function f(x) = x* — 1 has one critical point at x = 0. 

[-3, 3] by [-5, 5] 

The function f(x) = x3 + x has no critical points. 

(b) Two or none. * 

55. (a) f(0) = 0 is not a local extreme value 

because in any open interval containing 

x = 0, there are infinitely many points 

where f(x) = 1 and where f(x) = —1. 

[-0.1, 0.6] by [—1.5, 1.5] 

(b) One possible answer, on the interval [ 0, 1 ]: 

(=) eos Orsect< 1 

Fx) = 4 9 x=1 

This function has no local extreme value at x = 1. Note that it is 

continuous on [0, 1]. 

Section 5.2 

Quick Review 5.2 

1. (-V3, V3) 3. [-2,2] 5. On (-2,2) 
7. For all x in its domain, or, forallx ~A +1 9.C =3 



Exercises 5.2 

1. 

3. 

BE 

poke gs ee ‘ c Se = S06 SE = fe Onn a cake 
No. There is a vertical tangent at x = 0. 

(a) Yes. 

1 (4/2) — (~7/2) 
(b) & 

1 —c? eC 

- aN = V1 — 4/7 ~ 0.771. 

7. No. The split function is discontinuous at x = ai 

5 
9. (a)y = 7 (b) y = 2 

11. Because the trucker’s average speed was 79.5 mph, and by the Mean 

13. 

15; 

17. 

19. 

21. 

23. 

25. 

27. 

29. 

35. 

3h). 

Value Theorem, the trucker must have been going that speed at least 

once during the trip. 

Because its average speed was approximately 7.667 knots, and by the 

Mean Value Theorem, it must have been going that speed at least once 

during the trip. 

; 5) 5) 5 5 
(a) Local maximum at (3. 22) (b) On (-< | (c) On > ~) 

(a) None (b) None (c) On (—oco, 0) and (0, co) 

(a) None (b) On (—co,co) (ce) None 

(a) Local maximum at (—2,4) (b) None (ce) On [—2, co) 

16V3 
(a) Local max at (8/3. sv), local min at (4, 0) 

(b) On (—co, 8/3] (ce) On [ 8/3, 4] 

(a) Local max at (—2, 1/4); 

local min at (2, —-1/4) 

(b) On (—co, —2] and [2,c0) (c) On [—2, 2] 

(a) Local maximum at ~ (—1.126, —0.036); 
local minimum at ~ (0.559, —2.639) 

(b) On (—co, — 1.126] and [ 0.559, co) 

(c) On [-1.126, 0.559 ] 
2 

ee Mii eee ee COs eae 

lee 
=sa= jy ybim (Gear 2) fo 
Mah E2) 

Possible answers: 

(a) (b) 

[-2, 4] by [-2, 4] [-1, 4] by [0, 3.5] 

(c) 

[-1, 4] by [0, 3.5] 

41. 

43. 

45. 

47. 

49. 

51. 

53. 

Sie 

5: 

61. 

63. 
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One possible answer: 

j 

[—3, 3] by [—15, 15] 

(a) 48 m/sec 

(b) 720 meters 

(c) After about 27.604 seconds, and it will be going about 48.166 m/sec 

Because the function is not continuous on [ 0, | ] 

f(x) must be zero at least once between a and b by the Intermediate 

Value Theorem. 

Now suppose that f(x) is zero twice between a and b. Then by the 

Mean Value Theorem, f’(x) would have to be zero at least once 

between the two zeros of f(x), but this can’t be true, since we are given 
that f’(x) # 0 on this interval. 

Therefore, f(x) is zero once and only once between a and b. 

Let f(x) =x + In(x + 1). Then f(x) is continuous and differentiable 

everywhere on [0,3]. f’(x) =1 + aa which is never zero on 
x 

[0,3]. Now f(0) = 0, so x = 0 is one solution of the equation. If 

there were a second solution, f(x) would be zero twice in [0,3], and 

by the Mean Value Theorem, f’(x) would have to be zero somewhere 

between the two zeros of f(x). But this can’t happen, since f’(x) is 

never zero on [0,3]. Therefore, f(x) = 0 has exactly one solution in 

the interval [0,3]. 

False. For example, the function x? is increasing on (—1, 1), 

but f’(0) = 0. 

A 55.E 

ere a 

fb)arGla)e abs Ma I 
bea _b-a_ ab 

1 1 | ; 
fi(c) = qa emo ap ade = ab 

Thus, c = V ab. 

By the Mean Value Theorem, sin b — sina = (cosc)(b — a) for 

some c between a and b . Taking the absolute value of both sides and 

using |cosc| = 1 gives the result. 

Let f(x) be a monotonic function defined on an interval D. For any 

two values in D, we may let x, be the smaller value and let x, be the 

larger value, so x; < xX. Then either f(x;) < f(x) (if f is increasing), 

or f(x) > f(a) Gif f is decreasing), which means f(x,) # f(x2). 

Therefore, f is one-to-one. 

(a) This is the point-slope form of the linear equation that passes through 

the point (a, f(a)) with slope (f(b) — f(a))/(b — a). 
(b) Since both f and the linear function are continuous and differen- 

tiable, their difference is both continuous and differentiable. 

DS GG 
g(a) = f(a) — Pg — 4) - $a) =0, 

f(b) — fla) 
Cae ameropamamemas (dant) ee! 

= f(b) — (f(b) — f(a)) — f(a) =0 

(c) Since g satisfies the conditions of Rolle’s Theorem (Exercise 62), we 

know that there is at least one point c between a and b for which 

7) aaah al eee), 
and therefore 

_ f(b) = fla) we 
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Section 5.3 

Quick Review 5.3 

1 

7 

.-(=3;.3)" -3.:feallrealsifallireals Spex iy er 2 

-y=0 9. y = Oandy = 200 

Exercises 5.3 

1 

3 

a3. 

35. 

aS 5 
. Local minimum at (5. = *); ae is an absolute minimum. 

. Local maximum: (0, 1); local minima: (—1,—1) and (1,—1);—1 is an 

absolute minimum. 

. Local maxima: (-V3, 0) and (2, 4); local minima: (—2, —4) and 

( V8, 0); 4 is an absolute maximum and —4 is an absolute minimum. 

- (a) (-7/4,00) (b) (—co, -7/4) 

- (a) (—c0,0) (b) (0, 00) 
.(a)None (b)(1,00) 13. (—2,—2/e’) 

(0,0) 17. (0,0) and (-2,6/2) 19. (1,1) 

. (a) Zero: x = +1; positive: (—oo, —1) and (1, 00); negative: (—1, 1) 

(b) Zero: x = 0; positive: (0,00); negative: (—oo, 0) 

. (a) (—co, —2] and [0,2] (b) [—2,0] and [2, co) 

(c) Local maxima: x = —2 and x = 2; local minimum: x = 0 

. (a) v(t) = 2t- 4 (b)a(t) =2 

(c) It begins at position 3 moving in a negative direction. It moves to 

position —1 when t = 2, and then changes direction, moving in a 

positive direction thereafter. 

. (a) v(t) = 342-3 (b) a(t) = 6t 
(c) It begins at position 3 moving in a negative direction. It moves to 

position | when ft = 1, and then changes direction, moving in a posi- 

tive direction thereafter. 

. (a)t = 2.2,6,9.8 (b)t = 4,8, 11 

.y’ =3 — 3x? and y” = —6x. 

y’ = Oat +1. y"(—1) > Oand y"(1) < 0, so there is a local minimum 

at (—1, 3) and a local maximum at (1,7). 

y’ = 3x? + 6x and y” = 6x + 6. 

y’ = O at—2 and 0. y"(—2) < O and y"(0) > 0, so there is a local 

maximum at (—2, 2) and a local minimum at (0, —2). 

y’ = (x + 1)e* and y” = (x + 2)e*. 

y’ = Oat—1 and y’(—1) > 0, so there is a local minimum at 
ig ea WON 

. (a) None (b) Atx = 2 (6) Atx = Landx = 3 

41 . No. f must have a horizontal tangent line at that point, but it could be 

increasing (or decreasing) on both sides of the point, and there would be 

no local extremum. 

43. One possible answer: 45. One possible answer: 

y 

47. (a) [0,1], [3,4], and [5.5,6] (b) [1,3] and [4, 5.5] 

(c) Local maxima: x = 1, x = 4 (if f is continuous at x = 4), and 

x = 6; local minima: x = 0, x = 3, and x = 5.5 

49. (a) Absolute maximum at (1, 2); 
absolute minimum at (3, —2) 

(b) None 

(c) One possible answer: 

53. False. For example, consider f(x) = x4 atc = 0. 

a5. A (5756 

59, (a) In Exercise 7, a = 4 and b = 21, so -2 = -7 which is the 

x value where the point of inflection occurs. The local extrema are at 

x =-—2andx = ->. which are symmetric about x = -*. 

(b) In Exercise 2, a = —2 and b = 6, so— 2. = 1, which is the x value 

where the point of inflection occurs. The local extrema are at x = 0 

and x = 2, which are symmetric about x = 1. 

(c) f'(x) = 3ax? + 2bx + c and f"(x) = 6ax + 2b. The point of 

inflection will occur where f"(x) = 0, which is at x = — 2. 

If there are local extrema, they will occur at the zeros of f’(x). Since 
f'(x) is quadratic, its graph is a parabola and any zeros will be sym- 

metric about the vertex, which will also be where f"(x) = 0. 

Quick Quiz (Sections 5.1-5.3) 

Lae 



Section 5.4 

Quick Review 5.4 

tb 

Ss 

2 
None 3. sus cm? 

=sina 7esna@ 9.4 = 1 andy = V3 

Exercises 5.4 

1. 

11. 

13. 

15. 

19. 

21. 

23. 

25. 

27. 

st 

. Smallest perimeter 

-(a)y=1—x (b) A(x) = 2x(1 — x) 

_ 2450 
. Largest volume is 7 

(a) As large as possible: 0 and 20; as small as possible: 10 and 10 

79 1 
(b) As large as possible: a and a as small as possible: 0 and 20 

= 16 in., dimensions are 4 in. by 4 in. 

1 1 
(c) Largest area = 5 dimensions are | by 5 

3 

. Largest area = 80,000 m2; dimensions: 200 m (perpendicular to river) 

by 400 m (parallel to river) 

(a) 10 ft by 10 ft by 5 ft 

(b) Assume that the weight is minimized when the total area of the bot- 

tom and the 4 sides is minimized. 

18 in. high by 9 in. wide 

T 8 
C= 17s—tol 

2 ee: 

(a) V(x) = 2x(24 — 2x)(18 — 2x) 

(b) Domain: (0, 9) 

[0, 9] by [-400, 1600] 

(c) Maximum volume ~ 1309.95 in? when x ~ 3.39 in. 

(d) V'(x) = 24x? — 336x + 864, so the critical point is at 

x = 7 — V 13, which confirms the result in part (c). 

(e) x = 2 in. or x = 5 in. 

(f) The dimensions of the resulting box are 2x in., (24 — 2x) in., and 

(18 — 2x) in. Each of these measurements must be positive, so that 

gives the domain of (0, 9). 

Dimensions: width ~ 3.44, height ~ 2.61; maximum area ~ 8.98 

Set r’(x) = c'(x): 4x7'/? = 4x. The only positive critical value is 

x = 1, so profit is maximized at a production level of 1000 units. Note 

that (r — c)"(x) = —2(x)~3/2 — 4 < 0 for all positive x, so the 
Second Derivative Test confirms the maximum. 

Set c’(x) = c(x)/x: 3x? — 20x + 30 = x? — 10x + 30, The only 
positive solution is x = 5, so average cost is minimized at a production 

c(x 
level of 5000 units. Note that =( ate ’) = 2 > 0 for all positive x, so 

the Second Derivative Test confirms the minimum. 

67 people 

(a) f'(x) is a quadratic polynomial, and as such it can have 0, 1, or 
2 zeros. If it has 0 or 1 zeros, then its sign never changes, so f(x) 

has no local extrema. 

If f'(x) has 2 zeros, then its sign changes twice, and f(x) has 

2 local extrema at those points. 

5 14 35 
90.74 in?; dimensions: 3 in. by = in. by a in. 

31. 

33. 

35. 

37. 

39. 

Selected Answers 641 

(b) Possible answers: 

No local extrema: y = x3; 
2 local extrema: y = x3 — 3x 

(a) x = 12cmand y = 6cm 

(b) x = 12cmand y = 6cm 

(aja = 16 (b)a=~-l 

(a)a =—3andb=—9 (b)a =-—3andb = — 

(a) 4V/3 in. wide by 4/6 in. deep 

(b) 

[0, 12] by [—100, 800] 

(c) 

[0, 12] by [—100, 800] 

Changing the value of k changes the maximum strength, but not the 

dimensions of the strongest beam. The graphs for different values of 

k look the same except that the vertical scale is different. 

(a) Maximum speed = 107 cm/sec; 

seconds; 
NI NTN N|~n NlRe 

maximum speed is at tf = 

position at those times is s = 0 cm (rest position); acceleration at 

those times is 0 cm/sec?. 
(b) The magnitude of the acceleration is greatest when the cart is at 

positions s = +10 cm; The speed of the cart is 0 cm/sec at those 

times. 

5 
41. The minimum distance is oie 

43. 

45. 

47. 

512 

ie 

SWF 

3 
No. It has an absolute minimum at the point (5. 2) 

(a) Whenever f is an integer multiple of 7 sec 

(b) The greatest distance is 3V3/2 m when t = 2277/3 and 47/3 sec. 

7 G 
g6=— 49.M =— 

6 2 

True. This is guaranteed by the Extreme Value Theorem (Section 5.1). 

DIS S2 

Let P be the foot of the perpendicular from A to the mirror, and Q be the 

foot of the perpendicular from B to the mirror. Suppose the light strikes 

the mirror at point R on the way from A to B. Let: 

a = distance from A to P 

b = distance from B to 0 

c = distance from P to Q 

x = distance from P toR 

To minimize the time is to minimize the total distance the light travels 

going from A to B. The total distance is 

D(x) = (x? + a*)'? + ((c — x)? + b?) 2. 

Then D'(x) = 0 and D(x) has its minimum when 
ac c c 

= , or, — = . It follows that 
at+b a b 

be Omx ; ; 
e-x= Aloe = . This means that the two triangles 

at+b b at+b 

APR and BQR are similar, and the two angles must be equal. 
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1 2 
59. (a) 7 = cr(27m — 3r) which is zero when r = = 3/0 

ar 

(b) 

[0, 0.5] by [—0.01, 0.03] 

61. p(x) = 6x — (x3 — 6x? + 15x), x = 0. This function has its maxi- 
mum yalue at the points (0,0) and (3, 0). 

63. (a) y'(0) =0 (b) y’(-L) =0 

(c) y(0) = 0, sod = 0. y'(0) = 0, soc = 0. 

Then y(—L) = —al? + b? = H and 
y'(—L) = 3al? — 2bL = 0. 

: H H Wri ; 
Solving, a = 2 B and b = 3 Pp’ which gives the equation shown. 

65. (a) The x- and y-intercepts of the line through R and T are x — ~~ 

and a — xf'(x) respectively. F(x) 

The area of the triangle is the product of these two values. 

(b) Domain: (0, 10) 

[0, 10] by [—100, 1000] 

The vertical asymptotes at x = 0 and x = 10 correspond to horizontal 

or vertical tangent lines, which do not form triangles. 

(c) Height = 15, which is 3 times the y-coordinate of the center of the 

ellipse. 

(d) Part (a) remains unchanged. 

The domain is (0, C) and the graph is similar. 

7 = 
g) 3C2 ate 

The minimum area occurs when x eae From this, it follows that 

the triangle has minimum area when its height is 3B. 

Section 5.5 

Quick Review 5.5 

t. 2cosi(x* + 1). 3. 25— 0567 5. 32=2 + 1 

e+] 
7.(a)x=—-1 (b)x = —-—— = —0.684 

2e 

9. 

[0, =] by [-0.2, 1.3] 

Exercises 5.5 

1. (a) L(x) = 10x — 13 

(b) Differs from the true value in absolute value by less than 107! 

3. (a) L(x) = 2 

(b) Differs from the true value in absolute value by less than 107? 

5. (a) Le) = — or 

(b) Differs from the true value in absolute value by less than 10~3 

7. f(0) = 1. Also, f’(x) = k(1 + x)*1, so f'(0) = k. This means the 
linearization at x = 0 is L(x) = 1 + kx. 

9. (a)1 — 6x (b)2 + 2¢ ie ey 

11. y = 10 + 0.05(x — 10), soy = 10.05 

13. y = 10 + (1/300)(x — 1000), soy = 10 — 1/150 = 9.993 
15. (a) dy = (3x* — 3) dx (b) dy = 0.45 at the given values 

17. (a) dy = (2xlInx + x) dx (b) dy = 0.01 at the given values 

19. (a) dy = (cos x) e"* dx (b) dy = 0.1 at the given values 

21. (a) dy = (b) dy = 0.01 at the given values Oe 
(Ge Le 

33, ipa eae ails 
N/ = x2 1 + 16x? 

27. (a) 0.21 (b)0.2 (ce) 0.01 

2 1 1 
29.a)~77 Dogars 

31. AV = 4ma* Ar = 207 cm? 33. AV = 3a? Ax = 15 cm? 

35. AV = 2mah Ar = whem? 37. 27(10)(0.1) ~ 6.3 in? 

39. 3(15)2 (0.2) ~ 135cm? 41.(a)x +1 (b) f(0.1) ~ 
(c) The actual value is less than 1.1, since the derivative is decreasing 

over the interval [ 0, 0.1]. 

2 
43. The diameter grew — ~ 0.6366 in. The cross-section area grew 

T 

about 10 in?. 

45. The side should be measured to within 1%. 

AV 2arhAr Ar 
~ = 2— =10.2% 

V ar2h r i 
47. V = mr h (where h is constant), so — 

4 
49. Since V = — awr3, we have AV = 4ar? Ar = 4ar? (+) =—, 

3 167 
2 

4 ote fic | Staee 
The volume error in each case is simply ra in’, 

oe a a [| 
ey 

Beach Ball 1/16m" | 12.25 in 

51. About 37.87 tol 53.x ~ 0.682328 55. x ~ 0.386237, 1.961569 

57. True. A look at the graph reveals the problem. The graph decreases after 

x = | toward a horizontal asymptote of x = 0, so the x-intercepts of the 

tangent lines keep getting bigger without approaching a zero. 

59.B 61.D 

63. If f’(x,) # 0, then x, and all later approximations are equal to xy. 

65. x. = —2, x3 = 4,x%4 = —8, and x5 = 16; 

|x| = Qneit 

[-10, 10] by [-3, 3] 



67. Finding a zero of sin x by Newton’s method would use the recursive for- 
sin (x,) 

mula x,41 = X, — = x, — tan x,, and that is exactly what the 
cos (x, ) 

calculator would be doing. Any zero of sin x would be a multiple of 7. 

69. g(a) = c, so if E(a) = 0, then g(a) = f(a) andc = f(a). Then 

ELS) Cee x)= P(e erat (a) nla = aye Lins, 

Se OLE sey ES me ore te tik 
aan a) 2a Can. 

E(x) 
of is zero, then m = f'(a) and g(x) = L(x). 

71. The equation for the tangent is y — f(x,) = f’(x,)(x — x). 

Set y = 0 and solve for x. 

O— f(%n) = F'(%n)(% = Xn) 
—F(%n) = F'n) — F'n) * mn 

f(a) x = F'n) Xm — Flan) 
f(%n) 
f(y) 

The value of x is the next approximation x,,+. 

73. (a) g(a) = (f(a) — f(a)) — f'(a)(a — a) = 0, 
g'(x) = f(x) — f(a), g(a) = f(a) — F(a) = 0, 
a'(x) = f"(x). 

(b) By Theorem 1, page 194, 5 g"(t) has a maximum and minimum 

») 

(If f'(an) # 0) Me ae 

value on the interval [a,x], A = = B. By the Intermediate 

Value Theorem, each value in the interval [ A, B] is equal to 5g"(t) 

for some value of tin [ a, x]. 

(c) The inequality A = +g”(t) is equivalent to g"(t) — 2A = 0, and 

+g"(t) <= Bis equivalent to g"(t) — 2B = 0. 

(d) The derivative with respect to t of g’(t) — 2A(t — a) 

is g"(t) — 2A = O. By Corollary 1 on page 204. 

g'(a) — 2A(a — a) = O implies that g’(t) — 2A(t — a) = 0 
for all tin [a,x]. Similarly, the derivative of g’(t) — 2B(t — a) 
is g(t) — 2B < 0 and g'(a) — 2B(a — a) = 0; therefore, 

2 (Oe 2b (6 a) 0 forallitan |, 

(e) The derivative with respect to t of g(t) — A(t — a)? is 
g'(t) — 2A(t — a) = Oand g(a) — A(a — a)? = 0; 
therefore, g(t) — A(t — a)? = O. Similarly, the deriva- 
tive of g(t) — B(t — a)? is g'(t) — 2B(t — a) S O and 
g(t) — B(t — a)? = 0; therefore, g(t) — B(t — a)? = 0. 

t 
(f) The inequality g(t) — A(t — a)? = 0 is equivalent to A < — 

= 

g(t) 
a 
(t- a) 

= B for all t in (a, x] and, in particular, 

and g(t) — B(t — a)* < 0 is equivalent to 

pee 
(=a)? 

eae < B. Therefore, oe =* - 

cin (a, na) 

Therefore, A = 

INS for some 

Section 5.6 

Quick Review 5.6 

yen 
toe his i 

Bie Se Dye == I 

5. 2x cos? y 

7. One possible answer: x = —2 + 6t,y=1-—440St=1. 

9. One possible answer: 7/2 = t = 32/2 
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Exercises 5.6 

dr 
Lo = 2a 

dt wr at 

dh dV dr V 
3 — = ar? — i= 2 2—— + 2 = (a) 7 Tr os (b) Be arh (c) a Tr + 2arrh F 

dt Woe HE yt 

1 dv 
7. (a) 1 volt/sec (b) mg ere (c) e. = [= sb IRS 

(d) Oe 8 Heyer vee PIES GRe it 
— = —ohms/sec. R is increasin a . ies sing since ~~ is positive 

dA dP dD 14 
9. — = 14cm? b) — = ae epee (a) a cm*/sec (b) i Ocm/sec (ce) ee 3 cm/sec 

(d) The area is increasing, because its derivative is positive. The perim- 

eter is not changing, because its derivative is zero. The diagonal 

length is decreasing, because its derivative is negative. 

. (a) 1 ft/min (b) 4077 ft?/min 

dx — 3000 19 Oo = mph ~ 420.084 mph 15.—— ~ 0.0239 in?/min 
TE 2500 

32 ; 80 : 
17. (a) — ~ 1.13 cm/min (b)-—— = —8.49 cm/min 

Oar 307 

1 = 

13 

119 
19. (a) 12 ft/sec (b) — =: ft?/sec (c) —1 radian/sec 

21. (a) ° fuse (b) — 4 radian/sec 

—1200 

160,801 

25. 1 radian/sec 27.1.6cm?/min 29.—3 ft/sec 

31. In front: 2 radians/sec; Half second later: 1 radian/sec 

33.7.1 in/min 35. 29.5 knots 

24 
23. (a) Fs cm/sec (b)Ocm/sec (c) = —(0.00746 cm/sec 

By NE blee, Since = ae “the valve of = depen? i 3 — = ar e€ value or —— depends..on Pr. alse. Since a Tr 7 Vv dt p 

39.E 41.B 

dc dr dp 
43. (a) me 0.3, erp 0.9, ae 0.6 

dc dr dp ee al = 85, = = SNES (b) 7 =~ 1.5625, F OS 

45. (a) The point being plotted would correspond to a point on the edge of 

the wheel as the wheel turns. 

(b) One possible answer: 

6 = 167t, where t is in seconds. 

(c) Assuming counterclockwise motion, the rates are as follows. 

dx 
g= ne ~ —71.086 ft/sec 

dy 
— = 71.086 ft/sec 
dt 

dx 
g= ai <, ~ ~ 100.531 fusec 

d 
a = 0 ft/sec 

= Bian 0 ft/sec 
dt 

dy 
— = —100.531 ft/sec 
dt 

47. (a) 9% per year (b) Increasing at 1% per year 
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Quick Quiz (Sections 5.4—-5.6) 

ETA A 

Review Exercises 

: 4V6 ns Gee 
1. Maximum: Bred atx = 33 minimum: —4 at x = —2 

2. No global extrema 

3. (a) [—1,0) and [1, 00) (b) (—oo, 1] and (0, 1] 

(c) (—oo, 0) and (0,co) (d) None 

(e) Local minima at (1,e) and(—1,e) (f) None 

4. (a) [-V2, V2] (b) [-2,--V2] and [ V2, 2] 
(c) (—2,0) (d) (0,2) 
(e) Local max: (—2, 0) and vey 2); 

local min: (2, 0) and (-V2, —2) 

(f) (0, 0) 

5. (a) Approximately (—oo, 0.385] (b) Approximately [ 0.385, 00) 

(c) None (d) (—o0,00) (e) Local maximum at ~ (0.385, 1.215) 

(f) None 

6. (a) [1,00) (b) (—co,1] (¢) (—co, 00) (d) None 

(e) Local minimum at (1,0) (f) None 

7. (a) [0,1) (b)(-1,0] (ce) (1,1) (d) None 

(e) Local minimum at (0,1) (f) None 

8. (a) (—00, -271/3] ~ (—co, —0.794] 

(b) [—27'/3,1) = [—0.794, 1) and (1, co) 

(c) (00, -2"”3) = (—o0,—1.260) and (1,00) (d) (—1.260, 1) 
(e) Local maximum at 

2 (-2-10,2 2-18) ~ (—0.794, 0.529) 

pal ; 
(f) (-218,3 : 28) = (—1.260, 0.420) 

9. (a) None (b) [1,1] (¢)(-1,0) (@) (0,1) 

(e) Local maximum at (—1, 77) ; local minimum at (1,0) (f) (0 =) 

10. (a) (-V73, V3] (b) (—c0, - V3] and [ V3, 00) 
(c) Approximately (—2.584, —0.706) and (3.290, co) 

(d) Approximately (—oo, —2.584) and (—0.706, 3.290) 

(e) Local maximum at 

(v3 ws ‘) ~ (1.732, 0.183); may a 

local minimum at 

~V/4.=1 
(- V3, a) ~ (-1.732, —0.683) 

(f) ~ (—2.584, —0.573), (—0.706, —0.338), and (3.290, 0.161) 
11. (a) (0,2}] (b) [—2,0) (ce) None (d) (—2,0) and (0, 2) 

(e) Local maxima at (—2, In 2) and (2,1In2) (f) None 

12. (a) Approximately [0, 0.176], 0.994, 7 | 

3ar [ 2.148, 2.965 ], (3.804, ‘| and (559, an | 

(b) Approximately [ 0.176, 0.994 ], Iz. 2.148 

3 [ 2.965, 3.834], and E 5.591 

(c) Approximately (0.542, 1.266), (1.876, 2.600), (3.425, 4.281), and 
(5.144, 6.000) 

13. 

14. 

15. 

17. 

18. 

19. 

(d) Approximately (0, 0.542), (1.266, 1.876), (2.600, 3.425), 
(4.281, 5.144), and (6.000, 277) 

(e) Local maxima at ~ (0.176, 1.266), (Zo) 

and (2.965, 1.266), (%, 2), and (2zr, 1); 

local minima at ~ (0,1), 

(0.994, —0.513); (2.148, —0.513); (3.834, —1.806); 

and (5.591, —1.806) 

Note that the local extrema at x ~ 3.834, 

x= = and x ~ 5.591 are also absolute extrema. 

(f) ~ (0.542, 0.437), (1.266, —0.267), (1.876, —0.267), 
(2.600, 0.437), (3.425, —0.329), (4.281, 0.120), (5.144, 0.120), 
and (6.000, —0.329) 

(a) (0 = (b) (—co, 0] and - co) (c) (—c0, 0) (d) (0, 00) 

(e) Local maximum at 

2 16 
Gass (1.155, 3.079) 

(f) None 

(a) Approximately [—0.578, 1.692 | 

(b) Approximately (—oo, —0.578 | and [ 1.692, co) 

(c) Approximately (—oo, 1.079) 

(d) Approximately (1.079, co) 

(e) Local maximum at ~ (1.692, 20.517); 
local minimum at ~ (—0.578, 0.972) 

(f) ~ (1.079, 13.601) 
8 8 2 

(a) , ;| (b) (—oo, 0] and B ~) (c) (-,-2) 

(d) (-3. 0) and (0, co) 

(e) Local maximum at ~ (0.889, 1.011); local minimum at (0, 0) 

(f) = (-2 0.667) 9° 2 

. (a) Approximately (—oo, 0.215 | 

(b) Approximately [ 0.215, 2) and (2, co) 

(c) Approximately (2, 3.710) 

(d) (—oo, 2) and approximately (3.710, co) 

(e) Local maximum at ~ (0.215, —2.417) 

(f) ~ (3.710, —3.420) 

(a)None (b) Atx =—1 (c) Atx = Oandx = 2 

(a) Atx=—-1 (b)Atx=2 (cC)Atx = ; 

f(x} -or4 —e*+C 20. f(x) =secx+C 

l 
21. f(x) = 2Inx + 37 te tC 220f(2) = a + 2x'/2+C 

23. 

25. 

27. 

29. 

: 3 He eexe sil! 
=- + sinx + : = = 74/3 + — 4+ — + x — — f(x) cosx + sinx +2 24. f(x) 4° | eee 

s(t) = 4.912 + 5t+ 10 26. 5(t) = 16t? + 20 + 5 

L(x) = 2n-+ 5 a | 28, x) = Vix- 224 Va 

L(x) — e+ 1D 30v h(a) = 22 Fa 

31. Global minimum value of : atx =2 32.(a)T (b)P 



33. 

34. 

35. 

36. 

AYE 

38. 

39. 

40. 

42. 

45. 

47. 

49. 

50. 

(a) (0,2] (b) [—3,0) (ce) Local maxima at (—3, 1) and (2, 3) 

The 24th day 

(a) Absolute minimum is —2 at x = 1; 

absolute maximum is 3 at x = 3 

(b) None 

(a) f(x) is continuous on [ 0.5, 3 | and differentiable on (0.5, 3). 

(b) c ~ 1.579 (c)y = 1.457x — 1.075 (d) y = 1.457x — 1.579 

(a) v(t) = —312 — 6t+ 4 (b) a(t) = —6t-6 

(c) The particle starts at position 3 moving in the positive direction, but 

decelerating. At approximately t = 0.528, it reaches position 4.128 

and changes direction, beginning to move in the negative 

direction. After that, it continues to accelerate while moving in the 

negative direction. 

(a) L(x) =—1  (b) Using the linearization, f(0,1) ~ —1 

(c) Greater than the approximation in (b), since f'(x) is actually positive 

over the interval (0, 0.1) and the estimate is based on the derivative 

being 0. 

(a) dy = (2x — x*)e*dx (b) dy ~ 0.00368 41.x ~ 0.828361 

1200 m/sec 43.1162.5m 44.r = 25 ftands = 50 ft 

54 square units 46. Base is 6 ft by 6 ft; height = 3 ft. 

Base is 4 ft by 4 ft; height = 2 ft. 48. Height = 2, radius = Vg 

r=h=4ft 

(a) V(x) = x(15 — 2x)(5 — x) 

(b)O<x<5 

739 ¥=66.019119 

[0,5] by [—10, 70] 

(c) Maximum volume ~ 66.019 in? when x ~ 1.962 in. 

(d) V'(x) = 6x? — 50x + 75, which is zero 

ee N Al 
6 

at x = 1.962. 

5 = 

52. 

53. 

SOs 

56. 

Sie 

60. 

62. 

65. 

66. 

67. 

68. 

69. 

70. 
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. 29.925 square units 

48 36 
=~ 18.142 mi and y = ——= 

VI 

100 
x = 100 mandr = — m_ 54. 276 grade A and 553 grade B tires 

7 

= 13.607 mi 

(a) 0.765 unit 

Tt ; ae 4 
(b) When t = ee ~ 2.749 (plus multiples of 7 if they keep going) 

Dimensions: base is 6 in. by 12 in., 

height = 2 in.; maximum volume = 144 in? 

—40 m?/sec 58.5 m/sec 59. Increasing 1 cm/min 

d. 12, <= 4units/second 61. (a) h = 4 (b) “an ~ 0.276 ft/min 

2aral 
5 radians/sec 63. Not enough speed. Duck! 64. AV ~ Poe Ay 

(a) Within 1% (b) Within 3% 

(a) Within 4% (b) Within 8%  (c) Within 12% 

2) 
Height = 14 feet, estimated error = + 45 feet 

dy : 
= — 2. Sin’ x COs X — 3) 
dx 

Since sin x and cos x are both between 1 and —1, 

dy 
2 sin x cos x is never greater than 2, and therefore =x =) Bee 

x 
for all values of x. 

(a) The only x value for which f has a relative maximum is x = —2. 

That is the only place where the derivative of f goes from positive to 

negative. 

(b) The only x value for which f has a relative minimum is x = 0. That 

is the only place where the derivative of f goes from negative to 

positive. 

(c) The graph of f is concave up on (—1, 1) and on (2, 3). Those are the 

intervals on which the derivative of f is increasing. 

(a) F 

l Lai a 
=3 3 

The volume V of a cone (v = } ar? h) is increasing at the rate of 47 

cubic inches per second. At the instant when the radius of the cone is 2 

inches, its volume is 87 cubic inches and the radius is increasing at 1/3 

inch per second. 

1 4 
es = 2n(2)(3] = re /sec. ee (a) A = 7r-, so 7 at 3 

1 dV og d dh d 
(b) V= 3 mr h, so a = 3 (2m mi + ar? *) Plugging in the 

1 1 ap Meld 
known. values, we have dar = ~ am A 5 “OF a2 2 tae : 

dh 
From this we get ae 1 in./sec. 

dA dA/dt 40/3 4q 

Oy aah Been 3 
in?/in. 
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71. (a) V ( a ys ay 60 — 2a eee 30a? — a3 
: = 7|——] b, b= = eae = : ‘ laf 4 2 4a 

dV | ps 3 ; 
Thus —— = —— (60a — 3a?) = —a(20 — a). The relevant domain 

da 47 4a 

for a in this problem is (0, 30), so a = 20 is the only critical num- 

ber. The cylinder of maximum volume is formed when a = 20 and 

b=5. 

3 
—— a(20 — a) on the inter- 

dV 
(b) The sign graph for the derivative — = 

da 4ar 
val (0, 30) is as follows: 

dV 

da 

By the First Derivative Test, there is a maximum at a = 20. 

CHAPTER 6 

Section 6.1 

Quick Review 6.1 

1. 400 miles 3. 100 ft/sec ~ 68.18 mph 

5.28 miles 7.—3° 9. 17,500 people 

Exercises 6.1 

1. Compute the area of the rectangle under the curve to find the particle is 

at x = 20. 

3. 1095 cubic yards 

5. Each rectangle has base 1. The area under the curve is approximately 

SEI See Pee 
(3 tp 4 a5 ri 4F 4 ) = 25, so the particle is close to x = 25. 

7. (a) y 

2 

LRAM = 1.25 

11. 13.59 13. 0.868 

15. M 

a0 [5.5968 
17. ~44.8; ~6.7 L/min 19. (a)5220m _ (b) 4920 m 

21. (a) 0.969 mi (b) 0.006 h = 21.6 sec ; 116 mph 

23. (a) Sg ~ 120.95132 Underestimate (b) 10% 

25. (a) 15,465 ft? (b) 16,515 ft? 27. 39.26991 

29. (a) 240 ft/sec (b) 1520 ft with RRAM and n = 5 

31. (a) Upper: 60.9 tons; lower: 46.8 tons (b) By the end of October 

33. True. Because the graph rises from left to right, the left-hand rectangles 

will all lie under the curve. 

SRE Id, SoC 

(RAN, 

39. (a) 2 (b) 2V2 ~ 2.828 (c) 8 sin (z) = 3.061 

(d) Each area is less than the area of the circle, 7. As n increases, the 

polygon area approaches 7. 

41. RRAM, f = LRAM,f + f(x,)Ax — (xp) Ax 
Since f(a) = f(b), or f(x) = f(x,), we have 

RRAM, f = LRAM, f. 

Section 6.2 

Quick Review 6.2 
25 50 

1. 55. 3. 5500) SS 2hee Ts ey (2x2be 3) 
k=0 ol 

9. 
Ms (—1)* = Oif nis odd. 
k 0 

Exercises 6.2 
2 4 1 

1 
1. [vw i) Pons s. | V4—x2dx 7.15 9.—480 

Jo 1 0 

Oar 5 3ar2 1 
Sey ¥ ie is B es .—b2 1.275" 13.21 5.5 17.5 19.3 2. = a3. 50 

3 11 

25. b? — a2 27. Pak 29. | 87 dt = 261 miles 
8 

15 

on if 300 dt = 450 calories 33. 3(x — 2) = 3x — 6 
6 

32 
35. x(4 — x) = 4x — x? 37. =0.9905 39. 7 

41. (a)0 (b)1 43.(a)-1 (b) -; 



45. False. Consider the function in the graph below. 

» 

x 
a b 

i 3 1 3 
47.E 49.C 51.0 53. 5 ‘ LS 4 55. 4 57 5 59. 4 

61. (a) f — +00 

(b) Using right pec we have 

1 
[3 dx = lim Se 

N— OO f=] De 

Le if) 1 ae —=] +e t+], Ceo ee Fe 
1 
+) > nandn — oo 

1 1 
son(1 + bts) 00, 

Section 6.3 

Quick Review 6.3 

i Gite: Shi@ines Syeeere —Foede bere ap ee 

Exercises 6.3 

1. (a)0 (b)—-8 (c)-12 (d)10 (e)—2 (f) 16 
.(a)5 (b)5V3 ()-5 (d)—5 
.(a)4 (b)-4 

r 
OS J sin (22) ae = sin (1) <i 

0 

mW 

b 
9.0. = (b-a)minf(x) = f s(x) ax 11. 0, atx = 1 

13. —2, at 1 5.2 17.0 19 (27) + 2 ea at Met dT, . —cos (27) + cos m7 = — 
V300~«C 

Qe! — 69 = eet 23, 42-12] 15 25.5(6) — 5(—2) = 40 
27s tang) (1) ee stare (1p) = 077/20 29) Ine andes lee S192 / a7, 

1 Pe 
33. 4/7 35.4 Bis = | eee dx <1 

2 1 + x4 

1 
39. Yes; av(f) = if f(x) dx; therefore, 

a 

b b 

(Paes / av f) de 
4 total amount released 

—s . Avg rate = 
total time 

2000 m3 \ 
=e ee ee Sy) 4 

fOOuin a 40 nina et 3 eee 
7 

ie 
Bie 

45. False. For example, sin 0 = sin 7 = 0, but the average value of sin x on 

[ 0, a ] is greater than 0. 

47. A 49.B 

51 

SS. 
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Marae 5()(n) =*bh ) x2 +C 

b h b ADEs 1 
ae = —x- (c) Ioy(x) > x ; vii 5 bh 

[OF'(x)dx = Pe en F(a) = G(b) — G(a) 

Quick Ouiz (Sections 6.1-6.3) 

1. ID SEC 

Section 6.4 

Quick Review 6.4 

1. 2xcosx? 3.0 5.2*In2 

=X Sie — COSLX Sea al 
1h 5 

x? 2y—x 

Exercises 6.4 

1. 

11. 

17. 

21 

29. 

47. 

57. 

5 ‘Se 

61. 

65. 

67. 

. (a) f(t) is even, so fm dt = 
0 

7 _ 

1 
sie she =aP Eyes 7 9. 2xe* 

1 + x? 

V1 + 25x2 2 cos x3 
= 43.-In(1 + x2) ish vetocees 

1) 

ST sins?) 2 eed 9 P(e Nea oe Oe ee OLIN Ms = e IX~ COS “Xx — ZX COS Xs 

dx 2Vx 
.y = fesin tat 23.y = fin (sint + 5)dt +3 

25. y= ficos*5tdt— 2 27.5 — In6 ~ 3.208 
5 8 5 1 5 

ie 31h 33,2 3542 7.0, 39,541,298 43: 45) ; AVES ey hry ; 5 485 48.7 

aw 49. ~3.802 51. ~8.886 53.x ~ 0.699 55.—3/2 

(a)0 (b) His increasing on [0,6] where H'(x) = f(x) > 0. 

(c) H is concave up on (9, 12) where H"(x) = f’(x) > 0. 

(d) H(12) = ie 4 f(t) dt > 0 because there is more area above the 

x-axis than below for y = f(x). 

(e) x = 6, since H'(6) = f(6) = 0 and A"(6) = f'(6) < 0 

(f) x = 0, since H(x) > 0 on (0, 12]. 

« (a) 5°(3) = (3) = 05 (D803 eee 

(©) (3) = [of (x) dx = -53(6) = —9 units 

(d) s'(t) = Oatt = 6 sec because SF (x) dx =0 

(e) s"(t) = f'(t) = O att = 7 sec 

(f)0 <t< 3:s < 0,5’ < 0= away 

3<t<6:s < 0,5’ > 0= toward 

t>6:s >0,5' > 0= away 

(g) The positive side 
a/k 

2 
L(x) = 2 + 10x 3. | sin ke dx = 7 

0 

True. The Fundamental Theorem of Calculus guarantees that F is 

differentiable on J, so it must be continuous on /. 

D 69.E 

0 

/ f(t) a, 

o-fsoa= f roa [aoa 
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(b) 0. (c) kak 21 2a 23. The exact value is 7. Ssq ~ 3.1379, Sjo9 ~ 3.14029 

(d) 25. Ssqo ~ 1.37066, Sio9 = 1.37066 using a ~ 0.0001 as lower limit 

S50 = 1.37076, Sjo) ~ 1.37076 using 

a = 0.000000001 as lower limit 

27. (a) Tyy ~ 1.983523538. Tyo ~ 1.999835504 
Tio00 ~ 1.999998355 

[—20, 20] by [-3, 3] (b) 
2 |Er| 

73. $4500 Tio Rani aies ee ae ee 
; = 1, x 107 

75. (a) True, h'(x) = f(x) = h"(x) = f'(x) Ml A a at 

(b) True, # and h’ are ee differentiable. 100 1.64496 x 104 

(ce) AL) = FU) = 1000 1.645 x 10-6 
(d) True, h"(1) = ua < eae (1) = 

(e) False, h"(1) = f’(1) < (c) |Er,,,| =~ 10? x |Er.| 

(f) False, h”(1) = f'(1) # ; 7M aM 

dh A ° (d) | Er, | = 2 . | Exo, | a 12(10 2 (g) True, — = f(x) = O atx = 1 andh'(x) = f(x) is a decreasing 12n (10n) 
dk 3M 

function. Sa OS 
Ps 0 =e 12n 

77. Using area, i f(t)dt = / f(t) dt = =) f(t)dt 29. 466.67 in? 

: , = : 31. False. The Trapezoidal Rule will overestimate the integral if the curve is 
t 

79. x ~ 1.0648397. lim ~~" = 0. Not enough area between x-axis STONES We 

SP al so 33.A 35.C 
sin x sin t 

and —— for x > 1.0648397 to get | he back to 1. 37. (a) f"(x) = 2cos(x?) — 4x?sin (x?) 
2 0 

or: Si(x) doesn’t decrease enough (for x > 1.0648397) to get back to 1. (b) 

Section 6.5 

Quick Review 6.5 

a 

7. 

Exercises 6.5 

Ls 

Dy 

i. 

13. 

5. 

17. 

19, 

21. 

[SLi tbyaiesse3) 

(c) The graph shows that —3 = f"(x) = 3for-—l =x <1. 

Concave up 9. Concave down 1 — (-1) h 

(4) | Bah ae te 

Concave down 3. Concave down 5. Concave up 

h? 0.12 
(e) | Er| = > = an < 0.01 

(a)2 (b) Exact (c)2 3.(a)4.25 (b) Over (c)4 

16 (f) n = 20 
(a) 5.146 (b) Under (ce) a 39. Each quantity is equal to 

h 
3(12 + 2(10) + 2(9) + 2(11) + 2(13) + 2(16) + 18) = 74 300+ 2y + 292 + 1° + Wnt Yn): 

. 15,990 ft? 

= 418 (° <2) +13 Gs“ > *) Sedan hod. 8 Gra - 2) | Quick Quiz (Sections 6.4 and 6.5) 
x 

=~ 0.6208 miles ~ 3278 ft. 1.C 3.C 

(2)(o+ 2) +20 rom ease 0) | eae Kab “f (b) Review Exercises 

(ford) aredeyer)eeme 
(a) (5\(vo + 4(V1) + 2(V2) + 4(V3) + ( va) = 5.2522 

(b) 16/3 

(a) 12 (b) 12, |E; | =0 3 

(c) f (x) = 0 for f(x) = x3? — 2x, so My) = 0. 

(d) Simpson’s Rule will always give the exact value for cubic 

polynomials. 

(b) We are approximating the area under the temperature graph. Doubling 

the endpoints increases the error in the first and last trapezoids. 



7. [TRAM MRAM, | RRA 

oo 

10. 

11. 

12. 

13. 

22. 

31. 

34. 

Sos 

36. 

ao 

41 

44, 

45. 

46. 

47. 

48. 

50. 

51. 

53 

54, 

SBb 

56. 

Sie 

Selected Answers 649 

-In5 9.(a) True (b) True (c) False 
n T 

(a) V= lim 5) msin?(m;)Ax (b) i am sin?x dx = 4.9348 
ee Oni =I 0 

(a) 26.5 m 

(b) s 

30 

Position (m) 

io! 
Time (sec) 

10 10 10 
(a) i x3dx (b) i xsinxdx (c) / IA hoe De Obs 

0 0 0 
10 10 

@ | (1 + x2)-l dx © | (9 = sin? 2) ay ; ; 10 
V2 

10 14.2 15.20 16.42 tase 18.16 19.3 20.2 21.2 

1 23.73 24..1' 25.80 26.2: 27.15, 280 =29.20n3 30, 

40 32.647 33. (a) Upper = 4.392 L; lower = 4.008 L. (b) 4.2L 

(a) Lower = 87.15 ft; upper = 103.05 ft (b) 95.1 ft 

One possible answer: 

The dx is important because it corresponds to an actual physical quantity 

Ax in a Riemann sum. 

1 4 2 
° a. T= Vitsre = V2 38. (a) 5 (b) 549? 

V2 + cos?x 40. 14x V2 + cos? (7x?) 

=(9) 2 1 

ee te a a A 
av(I) = 4800 cases; average holding cost = $192 pér day 

x = 1.63052 or x ~ —3.09131 

(a) True (b) True (c) True (d) False (e) True (f) False (g) True 

F(1) — F(0) 

43. $230 

xs t il 

y= / =a +3 49. Use the fact that y’ = 2x + = 
5 

dy 
(0); = 2a y= Oe ae ee 

(a) ~2.42 gal (b) ~24.83 mpg 52. (a) 6144 ft (b) 4296 ft (c)B 

(a) h(y; + y3) + 2(2hy2) = h(y, + 42 + ys) 

(0) 5 [aC + Ay, + yo) + Ay + 4y3 + ya) 

tess + h(yan-2 + 4yan-1 + Yon) J 
(a)0 (b)-1 (c)-7 @x=1 (@)y=2x+2-7 

(f)x =-1,x=2 (g) [-27,0] 

(a) NINT (e~?/?, x,—10, 10) ~ 2.506628275 

NINT ( e~*??, x, -20, 20) ~ 2.506628275 

(b) The area is Von. 

~ 1500 yd3 

(Vesax)? Vinax 
(a) (Vee = a aes en = a) 

(b) ~ 339 volts 
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58. 

59, 

60. 

Selected Answers 

24 

(a) / R(t) dt ~ 419.6 + 2(10.3) + 2(10.9) + 2(11.1) + 2(10.9) + 
0 = 

2(10.5) + 9.6) = 253.2 
This is the total number of gallons of water that flowed through the 

pipe during the 24-hour period. 

(b) Yes. Because R(0) = R(24), the Mean Value Theorem guarantees 

that there is a number c between 0 and 24 such that R’(c) = 0. 
24 
Q(t)dt = 10.58 gallons per hour t = (c) Average rate 4-0 J, 

Since f’(x) = ax? + bx, f'(1) =a + b. Also f"(x) = 2ax + b, 
so f”(1) = 2a + b. Applying property (ii), we have a + b = —6 and 

2a + b = 6. Solve these two equations simultaneously to get a = 12 

and b = —18. Then 

f'(x) = 12x? = 18x 

f(x) = 4x3 — 9x? + C for some constant C 
4 
: 2 
J GP - 92 + 0) ae = x4 — 30 + Gs 

1 1 

16 -24+2C-(1-3+C)=-6+C 

So—6 + C = 14, and C = 20. Putting it all together, 

f(x) = 4x? — 9x? + 20. 

(a) Find these integrals using signed areas. 

(b) By the Fundamental Theorem of Calculus, g'(2) = f(2) = 1. 

(c) Since g’(x) = f(x) is positive on (—2, 3) and negative on (3, 4), 

the minimum value of g occurs at one of the two endpoints. Comparing 

the two values in part (a), we see that the minimum value is 

fe 9 
g(-2) = —5. 

(d) There is a point of inflection at x = 1 because f = g’ changes direc- 

tion (from increasing to decreasing). There is no such change of 

direction at x = 2, so no point of inflection there. 

CHAPTER 7 

Section 7.1 

Quick Review 7.1 

1, 

1h 

Yes 3.No 5.No 

Yes. 9,—5 11,3 

Exercises 7.1 

-y 

. Graph (b) 

-y=xi—tanx+C 3.y =—cosx + e* + 2x*+C 

y= 5 +tantx+C Ty =sin(t?)+C 9.u=tan(x°)+C 

-y=—3cosx+5 13.u=x7 —x3 + 5x—-4 

»y=xl+x3 4+ 12x -—11(x>0) 

.v = 4sect + ef + 3t?(—m1/2 < t <77/2) (Note that C = 0.) 

17. y = tan! t + 2° +2 

fi sin(t?)dt+5 23. F(x) = pewa +9 
1 2 

27, Graph (a) 

“ 
SS 

ANNANS ~~~ 

ANNANNARNAN NN NNANNBRANASN ANNANN SNS ee eee ~~~ ~~~~~4{~~~~~~ ee ee 

47. (a) (b) The solution to the initial value 

problem includes only the 

continuous portion of the func- 

tion y = tanx + 1| that passes 

through the point (77, 1). 

[—21, 27] by [-4, 4] 

d 
49. The correct graph is (c), since = = 2y + x = Oat the point (—2, 1). 

The line through (2, 1) will have slope 4. 

§1. 2.03. 53.2.3 5$5.0.97  57.:2.031 

59, (a) Graph (b) 

(b) The slope is always positive, so graphs (a) and (c) can be ruled out. 



61. For one thing, there are positive slopes in the second quadrant of the slope 

field. The graph of y = x? has negative slopes in the second quadrant. 

63. Euler’s Method gives an estimate f(1.4) ~ 4.32. The solution to the initial 

value problem is f(x) = x? + x + 1, from which we get f(1.4) = 4.36. 
The percentage error is thus (4.36 — 4.32) /4.36 = 0.9%. 

65. At every point (x, y), (e@-¥)/2)(—e0-*)/2) = —e@-9)/2+0-2)2 = 
—e° = —1, so the slopes are negative reciprocals. The slope lines are 

therefore perpendicular. 

67. The perpendicular slope field would be produced by dy/dx = —sin x, so 

y = cosx + C for any constant C. 

69. True. They are all lines of the form y = 5x + C. 

Te TBI 

Decline | ee ae: 
Sa) y= + te = 0 DY=— toto wew 

OS ak, heii taeda (b) y = e = sinx + Cix + CG, 

Scat ag ga (c) y 0 5 Cx + Cy 

x2 Xe 
72.) ee LO as aoa (c) y = Ce* 

(d) y= Ce* (e)y = Cer? 

Section 7.2 

Quick Review 7.2 

1. 32/5 3.3* 5.4(x3 — 2x? + 3)3(3x? — 4x) 

7o—tanlx.  9.secx 

Exercises 7.2 

1. sina — x2, +/C./3,42/3:-+ #1 4+ C. 5, (3/5)x5 + x? + tax + C 

7. (—cotu + C)’ = —(—csc? uw) = csc? u 
pert i 

9. (Se at c) = io ey reo tan uc) = 
Bau 

13. [sau = [Vic= 

[reoac= [Vea = 

15. [rudu= ferdu= e+ c= ere 

[iar Je ax = fedc= (1/12 + C 

172 — 5 cos 3x ar (G jy psec 2s Tee! PU (ILENE (GE8))) Se 

(2/3 )u3/* + C = (2/3)x? +°C 

[Vee- [rae (1/2)x2 + C 

By 2lqachle EB Maietias: Lm ig wae hs i cos 5 Seat oe 

29. —(1/4) In |cos (4x + 2)| + Cor (1/4) In |sec (4x + 2)| + C 

1 
a1: sin (32 +4)+C 33. 7(Inx)? +C 

35. sin (94 —8)+C 37. (1/2) sec(2r+1)+C 

39. In(Inx) +C 41.(1/2)In(x? +1) +C 

Selected Answers 651 

1 1 
43. gin |sec (3x)| + C= —3 in lcos (3x)| + C 

ax 2. 
45. In |sec x + tanx| + C erate at G 

sin 2x 1 
49, x — ae $1.5 tan’ x — tanx +x +C 53. 14/3 

9 1 
55.—1/2 57.10/3 59.2V3 o1.in(2) 63.-In2_ 65. >1n5 

1 3 1 3 
67. = WV (a) 5 V0 — 5 (b)5-V10'— = 

69. Note that dy/dx = tanx and y(3) = 5. 

71. False. The interval of integration should change from [0, 7/4] to 
[ 0, 1], resulting in a different numerical answer. 

73.D 75.B 

d (2 
Wee @ 22 + 1)3/2 + c) =Vx+1 

Xx 

(b) Because dy,/dx = Vx + land dy,/dx = Vx +1 (0) 43 

@C=y-m= [ Vetiar— [Verte 
0 3 

x 3 3 

= [ Veviart [ Veriar= [Varies 
0 ES 0 

79, (a) [2sinxeosxde = [rudu= t+ c= sine +c 

(b) [2sinxcosxds = ~ fod = —-y? + C =-—cos?x + C 

(c) Since sin? x — (—cos? x) = 1, the two answers differ by a constant 
(accounted for in the constant of integration). 

81 @ | dx cos u du cos u du A=, 
. (a = = = ; 

V1 = x? V 1) = sin? V cos? u 

(Note cos u > 0, so V cos? u = |cos u| = cos u.) 

dx i, ace 
w | Aaa fidenurcnsin LC 

83 @ [ ee sin” V'1/2 sin y + 2 sin y cos y dy 
By a => a ES ee 

On Ws sin! V0 V1 — sin? y 

7/4 9 sin? y cos y dy ie 
- | ee -[ 2 sin? y dy 

fs cos y * 

2 1x dx ai 
w | = 2 sin? y dy 

AVI 83% 0 

7/4 1 1/4 

- {| (1 — cos 2y) dy = |y — $sin2y| 
0 2 0 

= (m — 2)/4 

Section 7.3 

Quick Review 7.3 

; 2 i 
1. 2x3 cos 2x + 3x? sin 2x Se ipl 2) 5.x = 5 tan y 

9.y = 5x? = cosx + 3 x 3 [tv 
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Exercises 7.3 

1 

5 

9 

ine 

1S: 

Mic 

21. 

23. 

27. 

29. 

33. 

37. 

39, 

45. 

47. 

Si. 

53. 

55, 

57 

3 3 
.—-xcosx + sinx + C Sey reae” + 

y? y? 
. x*sinx + 2xcosx — 2sinx + C 7. Find cept © 

; (x In aC. . ——(x —x 
in eee 

—(x + 2)cosx + sinx + 4 13. wu = xtanx + In |cos x| + 1 

[-1.2, 1.2] by [0, 3] 

rhGae 1)5/2 +2 

SS SSS SS 
ll lal al aa al 

(1, 5] by [0, 20] 

= (sin x = COS) ae G 19. = (2 sin 2x ae (of53)) Go 

(—x4 — 4x3 — 12x? — 24x — 2d)e* + C 

— [e6(2cos9 + 3sin9) — e4(2cos6 — 3sin6)] ~ —18.186 

As ] 6? 1 
y=(E-Fa Flare SL y= sec O.= SVE © 

| =e 

(a) (b)3r (ce) 435. — — = 0.159 
2a 

True. Use parts, letting u = x?, dv = g(x) dx, and v = f(x). 

B 41.C 43.-2(Vxcos Vx — sinVx) + C 

(x® — 3x4 + 6x? - 6)e” 

2 

u=x",dv=cosxdx 49.u = x", dv = e™ dx 

(a) Let y = f~!(x). Thenx = f(y), so dx = f'(y) dy. 
Substitute directly. 

(b) u = y,dv = f'(y) dy 

+ C 

(a) [oo xdx = xsin“x + cos (sin! x) + C 

(b) [sin xas =xsin'x+ VI-2x?+C 

(c) cos (sin™! x) = Vi = x 

(a) [oostxas = x cost! x — sin (cos! x) + C 

(b) [eostxas =xcos!x- Vi—-x2+C 

(c) sin (cos"! x) = Vi = x2 

1 
. [sect x dx = 5 (sec x tan x + In |sec x + tanx|) + C 

Quick Quiz (Sections 7.1-7.3) 

1. E 3.A 

Section 7.4 

Quick Review 7.4 

In 2.5 
la=e 3x4=e=—3 = = —5.63 a : bs e 25 in 0.85 638 

n 
Lt= = 24.159 9,y =-1 + e*3 

In LJ = : 

Exercises 7.4 

1. y = Vx? + 3, valid for all real numbers 

3. y = x, valid on the interval (0, co) 

5. y = 6e*/2+2 — 5, valid for all real numbers 

7. y =—In (2 — e%"*), valid for all real numbers 

9. y = (x? + 3)7, valid for all real numbers 

35. 

41. 

43. 

45, 

47. 

49. 

53 

. (a) 17.53 minutes longer 

. y(t) = 100e!* 13. y(t) = 50(2/5) = 50e(02 In 2) 

. 8.06 yr doubling time; $13,197.14 in 30 yr 

. $600 initially; 13.2 yr doubling time 

. (a) 14.94 yr (b) 14.62 yr (ec) 14.68 yr (d) 14.59 yr 

. 90 years 

. (a) 2.8 X 10!4 bacteria 

(b) The bacteria reproduce fast enough that even if many are destroyed, 

there are enough left to make the person sick. 

. 0.585 day 27, y = 2e%48iF 

yo yoe = ye K(3/k) = ye = 0.05yo 

(b) 13.26 minutes 

. (a) The bird gains weight faster at B = 40 than at B = 70, since 

dB/dt = 0.2(100 — B) gives smaller values for larger values of B. 

dB dB 
(b) vr) = “0.277 = —0,04(100 — B) < 0 for all B between 0 and 

100. The graph of the function must be concave down throughout the 

interval shown, so it cannot resemble the given graph. 

(c) B(t) = 100 — 80e~! 

6658 years 37.3.15 years 39, 585.4 kg 

(a) p = 1013e°!2" (bh) 2.383 millibars 

(a) V = Yoe™/* (b) 92.1 seconds 

In 131 

100 

False. The correct solution is |y] = e**°, which can be written (with a 
new C) as y = Ce*, 

Dei, 

(c) 0.977 km 

(a) a ~ 0.045 or 4.5% (b) ~ 0.049 or 4.9% 

(a) Since acceleration is e we have Force = m = =—-k. 

(b) From m gy = —ky, we get 2 =- bs v, which is the differential 
dt dt m 

equation for exponential growth modeled by v = Ce~(*/")", Since 
= vo at t = 0, it follows that C = vo. 

(c) In each case, we would solve 2 = e~(*/"', If k is constant, an increase 
in m would require an increase in ft. The object of larger mass takes 

longer to slow down. Alternatively, one can consider the equation 

“ =- x v to see that v changes more slowly for larger values of m. 



55. s(t) = 1.32(1 — e533) = 1,32(1 — e7 0-758") 

[-0.1, 4] by [—0.2, 1.6] 

57. (b) Vmg/k (c) 179 ft/sec ~ 122 mi/hr 

Section 7.5 

Quick Review 7.5 

3 

x+x-2 

5. (-co,00) 7.0 9.y =0,y = 60 

1 
lx+1+—— 3.1+ 

ell 

Exercises 7.5 

x 
1A = 358 ——2, 35A = 2,8 = —3) 5.0. 

x 

7. x? + In(x2—4)*+C 9.2tan4x+C 

3 x- 

11. | 
a 20a 

15. y =In eas +C 17. F(x) = 
xX 

19.In |x? -— 4) + C 21.x + In|x? -— x] +C 

23. (a) 200 individuals (b) 100 individuals (c) 60 individuals per year 

25. (a) 1200 individuals (b) 600 individuals (ce) 72 individuals per year 

ye 2200 
1 + 24e712 
ll 

Hike Je 

SMS SY 

f. 

ca 
- 
f 
4 
4 
Ps 

a a 

[-1, 7] by [0, 200] 

1200 
ee TE 

[-1, 30] by [0, 1200] 

31. (a) k = 0.0007; M = 1000 

(b) P(0) ~ 8; Initially there are 8 rabbits. 

150 
33, (a) Pi) = = as, 

(b) About 17.21 weeks; 21.28 weeks 

+C 13.In(|x + 1|3- |2x-3])+C 

|x? - 1 
ae Ei 

Selected Answers 

35. Separate the variables and solve: 

ee ee 
P(M — P) 

MdP 
Size ee 

(5+ : ap = Mat 
P M-P 

1 1 
— — |dP = —Mk dt 

E = A 2 

aE 
In =—-Mkt+C 

Ie 

M 
1— —] =e Mt. of | 4 eit sg 

M 
— “Mkt. A + ] 
P ( 

Lites SEATS, 
M 1+ Ae™Mkt 

M 
2 SSS 

eae ws 

37. Applying the general formula with M = 216 and k = 0.0008 gives 

216 
W(t) = 1 + Ae017287 

216 
Thus W(t) = T+ 8e-0.17288" 

Multiply by M. 

Partial fractions 

Multiply by —1. 

Let A = +e© 

Reciprocate both sides. 

. The initial condition requires that A = 8. 

39. False. It does look exponential, but it resembles the solution to 

dP/dt = kP(100 — 10) = (90k)P 
41.D 43.D 
45. (a) dP/dt has the same sign as (M — P)(P — m). 

1200Ae!! #/!2 + 100 
(b) P(t) = i| ae Ae! k/12 

300(8e!! #/12 + 3) 
(c) P(t) if g) ak Yell a/12 

(d) 

[0, 75] by [0, 1500] 

AMe(M—m)kt/M +. m 
(e) P(t) = Pe a , where A 

EO) arn 

M — P(0) 

5 15 15 
; +3) + ——— + = 47. (a) 5 In |x + 3] ae C (b) : + +C€ 

fast 2 3) 

Quick Quiz (Sections 7.4 and 7.5) 

1. C 35A 

Review Exercises 

13/3 2/2993, 8 4.05.2 6,147/8 

9. In (64/9) — In (27/4) = In (256/243) 

2 
ee oe 

y 3 

653 
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10. 

12. 

15. 

17. 

19. 

20. 

22. 

24. 

26. 

28. 

30. 

33 

36. 

37. 

In (1/4) —1n16 =-61In2 11.—In|2 —sinx| +C 

1 
2 

—In |cos (Iny)| + C 16. In |sec (e*) + tan (e*)| + C 

1 1 
(3x+4)2+C 13. >In (t#7+5)+C 14. —sec 5 +C 

2 
In |Inx| +C 18—-—-+C 

Vi 
x3 sinx + 3x2 cosx — 6xsinx — 6cosx + C 

xInx x (? sinx cos *) 
——+C b — eee hear Bie 

5 25 2 eT 1 eeetie 

( Des 22 5 ~~ = - 2 e*+C 23,5In 
heey 

ba a) 

| sla |(2x — 1)(x + 1°] +.€ 25.y =~ 

x3 5 1 

3 x 
II y 27.y =In(t+4)+2 

= 
ll 

l 3 ‘ 2 
~ 5 c8e 28 Fs 29. y = 7 tie Haha: Lt 

7 y 
region ee Sy = 4e"— 2 32. y= Dea 

100 4. = SAY = TF 19¢-om 

x 

y= ee ee 
4 1 + 9e* 

x 

y= [Vita +2 
1 

y 38. y 

. Graph (b) 40. Graph (d) 41. Graph (c) 42. Graph (a) 

. 1.362 44.2.362 45. Graph (b) 46. Graph (d) 

. iy. Since the given graph looks like y = x?, which satisfies dy/dx = 2x 

and y(1) = 1. 

. Yes, y = xisasolution. 49. (a) v = 2t+ 317+4 (b)6m 

51. (a) k ~ 0.262059 
(b) About 3.81593 years 

. About 92 minutes 53.—3°C 54, About 41.2 years 

. About 18,935 years old 56. About 5.3% 57. About 59.8 ft 

(a)y =e + (yy — cle 4M" (b) c 

l : bem 8) 
-(ajk = 150° carrying capacity = 150 

(b) ~2; Initially there were 2 infected students. 

(c) About 6 days 

60. Use the Fundamental Theorem of Calculus to obtain 

y’ = sin (x?) + 3x? + 1. Then differentiate again and also verify 
the initial conditions. 

800 
P= - 

Le Se 

62. Method 1—Compare graph of y, = x? In x with 

yo = npeR(=2* - “) 

Method 2—Compare graph of y, = NINT(x? In x) with 
m4? ine exe 

2 a 
63. (a) About 11.3 years (b) About 11 years 

64. (a) al u(t) dt = u(x) 
0 

Be u(t) dt = u(x) 

3 
(b) C = is u(t) dt 

0 

(b) The tangent line has equation y = 2x + 1. Thus f(0.2) ~ 1.4. 

(c) y = 3 — 2e7s* 

66. (a) The tangent line has equation y = —3(x — 1). Thus f(1.2) ~ —0.6. 

(b) y = —In (—x3 + 3x? — 1) 

67. (a) 1/2 

(b) Separate the variables to get aS = 1.2 dt. Solve the 

differential equation using the same steps as in Example 5 in 

1 
Section 7.5 to obtain y = 

dpe 

1 peewee a 
(c) Set Phey ie Oa and solve for ¢ to obtain t = = 1.83 days. 

68. (a) dP/dt = k(600 — P). Separate the variables to obtain 

dP 

eoo-p ** 
dP 

P— 600 k dt 

In |P — 600| = —kt + C, 

P — 600 = Ce* 

200 — 600 = Ce°=> C = —400 

P — 600 = —400e-" 

P(t) = 600 — 400e-* 

(b) 500 = 600 — 400e*? 

1/4 = e% 

k =In2 ~ 0.693 

(c) lim (600 — 400e~°) = 600 



69. (a) Separate the variables to obtain 

i = —2dt 
Tes 1G/ 

In |v + 17| = —2 + C, 

vy + 17 = Cet 

—47 + 17 = Ce°=>C = =30 

y+ 17 = —30e 

vy = —30e — 17 

(b) jim (—30e*' — 17) = —17 feet per second 

(c) —20 = —30e* — 17 

t= “ = 1.151 seconds 

CHAPTER 8 

Section 8.1 

Quick Review 8.1 

1. Changes sign at — 7 0, 

we . Always positive 

eA 2) 

5. Changes sign at 7 

9. Changes sign at 0.9633 + ka 

2.1783 + kar 

where & is an integer 

_ fe) 
x 

= ae = 

—2.1783 -0.9633 0.9633 2.1783 

Exercises 8.1 

1. (a) Right: 0 <1 < 7/2,30/2 <1 <20 
Left: 7/2 < t < 3a/2 

Stopped: t = 7/2, 32/2 

(b) 0;3 (c) 20 

3. (a) Right:0 = 1 <5 

Lett: Si<¢ =10 

Stopped: t = 5 

(b) 0; 3 (e) 245 

Selected Answers 

mn - (a) Right: 0 < t < 7/2,37/2 <t< 27 

Left: 7/2 <t<a,m7 <t < 32/2 

Stopped: t = 0, 7/2, 7, 32/2, 27 

(b) 0;3 (ce) 20/3 

. (a) Right: 0 < t < 7/2,30/2 <t < 20 
Left: 7/2 <t < 37/2 

Stopped: t = a7 /2, 37/2 

(b)0;3 (c)2e — (2/e) = 4.7 

. (a) 63 mph (b) 344.52 feet 

| 

\o 

11. (a) —6 ft/sec (b)5.625sec (c)0 (d) 253.125 feet 

655 

13.33cm 15.t=a 17.(a)6 (b)4 meters 19.(a)5 (b)7 meters 

21. ~332.965 billion barrels 23. 161 light bulbs 

25. 500 + 8000 — 7500 = 1000 people 27. 1156.5 cases 

29. 1800 hot dogs 31. ~2.854 kg 

33. (a) 2 miles (b) 27r Ar 

(c) Population = population density < area (d) ~83,776 people 

35. (a) 18N (b) 81N+cm 

37. False. The displacement is the integral of the velocity from t = 0 to 

t = 5 and is positive. 

39.C 41.B 43. 0.04875 

45. For 0 Ff =< 2; 
1 

L(T) = 500 + / (2000 — 250r — 1500)dr 
0 

= 500 + 500T — 125T?, L(2) = 1000. 

From time T = 2 to T = 3, 

1a 

L(T) = 1000 + / (500 + 500r — 1500)dt 

= 2000 — 10007 + 25072, L(3) = 1250. 
From time 3 to 4, 

a 

L(T) = 1250 + ‘A (5000 — 1000r — 1500 )dt 
3 

= —4750 + 35007 — 500T?, L(4) = 1250 

From time 4 to 5, 

7 

L(T) = 1250 + < (—1000 + 500r — 1500)dr 
4 

7250 — 25007 + 250T?, L(5) = 1000. 
47. (a,b) Take dm = 6 dA as m, and let dA — 0, k — ov in the center of 

mass equations. 

49.x = 4/3,y =0 

Section 8.2 

Quick Review 8.2 

1.2 3.2 5.94/2 7.(0,1) 9. (—1,—-1); (0,0); (1,1) 

Exercises 8.2 

1.7/2 3.1/12 5.128/15 7. ~1.670 

2 
9.5/6 11. ~7.542 13.16 15. 105, 17.4 

2 1 
=e} ae 19. a7 21. 7 

29.6V3 31 ~ 0.273 334-7 ~ 0.858 
T 

23. 305 25.8/3 27.8 

35. ~4.333 37.1/2 39.V2-1 
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41. 

43. 

47. 

51. 

Sis 

(a) (—Ve,c); (Ve, c) 

i 4 

w [vow = | Vy dy >c = 243 
0 c 

4 Ve 2 
© | (Ca aks = (4-—c)Ve + ih (Ax?) dx — c= 20 

0 

3/4 45. Neither; both are zero. 

In4 — (1/2) ~ 0.886 49.k ~ 1.8269 

False. Itis [,’’°(cosx — x) dx. 53.E 55.A 
Since f(x) — g(x) is the same for each region where f(x) and g(x) 

represent the upper and lower edges, area = ial f(x) — g(x) ] dx will 
be the same for each. 

Section 8.3 

Quick Review 8.3 

ile x? 3.mx2/2 5.(V3/4)x?2_ 7.2/4 9. 6x? 

Exercises 8.3 

1. 

SE 

ihe 

23. 

a: 

33. 

35. 

37. 

45. 

47. 

49. 

Sas 

Dae 

63. 

gi F 

(a) 7(1 — x2) (b)4(1 — x2) (©) 2(1 — x2) @ V3(1 — x2) 
16 5.16/3 7.20/3 9.4—m 11.320/5 13.367 

4 
8 

Qn/3 17. 1177/5 19.72 -— 27 21. / n(2—- Vy) dy = = 
0 

2.301 25.22 27.4a/3 29. 87 

(a) 87 (b) 32/5 (ce) 87/3 (d) 2247/15 

(a) 167/15 (b) 567/15 (ce) 6477/15 

(a) 67/5 (b) 47/5 (c)2a (d) 27 

87 39.1287/5 41. (a) 2V3 (b)8 43. 87 

The volumes are equal by Cavalieri’s Theorem. 

(a) 5127/21 (b) 8327/21 

(a) 117/48 (b) 117/48 51. (a) 3677/5cm? (b) 192.3 g 

(a) 3277/3 (b) The answer is independent of r. 

5 57. ~13.614 59. ~16.110 61. ~53.226 

~6.283 65. True, by definition. 67.A 69.B 

r—8 ar{2c*ar — 8c + 7) 
5 (b)0 ()V= 5 

2 
(a) =; 

vis 

(0, 2] by [0, 6} 

Volume — oo 

73. Hemisphere cross-sectional area: 

a( VR? — h?)? = A, 

Right circular cylinder with cone removed cross-sectional area: 

aR? — mh? = A, 

Since A; = A, the two volumes are equal by Cavalieri’s theorem. 

Thus, volume of hemisphere = volume of cylinder — volume of cone 

=77R> — =k = sak’. 

75. (a) wh2(3a — h)/3 (b) 1/(12077) m/sec 

Quick Quiz (Sections 8.1-8.3) 

LCs 

Section 8.4 

Quick Review 8.4 

lex+1 3.secx 5. V2cosx 7.0 9.2 

Exercises 8.4 
2 

1. @ [vi + Ax? dx 
=i 

(b) (c) ~6.126 

[-1, 2] by [-1, 5] 

3. @ | V1 + cos? y dy 
0 

(b) (c) ~3.820 

[-1, 2] by [-1, 4] 

7 
| 1 

sc) | ut ea 

(b) (c) ~9.294 

([-1, 7] by [-2, 4] 

7/6 

7. (a) ‘f V1 + tan? x dx 
0 

(b) (c) ~0.549 

[o. f]by (0.1, 0.2) 



a/3 

9, (a) V1 + sec? x tan? x dx 
—1/3 

(b) (c) ~3.139 

[3.3] by 1.31 

L112 1345516 MISS V IN 2 1792 
19. (a) y = Vx 

(b) Two. We know the absolute value of the derivative of the function 

and the value of the function at one value of x. 

21.1 23. ~21.07 inches 25. ~3.6142 27. ~13.132 29. ~16.647 

1 1 
31. No. Consider the curve y = 3 on (2) ap Up ior OW) < 79S il, 

a 

BEEIC SVs 

39. (a) The fin is the hypotenuse of a right triangle with leg lengths Ax, and 
d 

Axe = f (5-1) Ar 
X=XK—] 

dx 

(b) tim SV (Ax)? + Fi) An? 
n— 00 (=4 

lim S An Vi + FO)? 
Nn? O0jk=] 

33. False. The derivative must be continuous on [ a, b]. 

[vi + (Fa) Pax 

Section 8.5 

Quick Review 8.5 

1. (a) 1 — (1/e) (b) ~0.632 

3. Ope (b) ~0.707 5. (a) (1/3) In (9/2) (b) ~0.501 
7 i 

afl (A ix3) Cara) ds 9. f m(y/2)? (10 ~ y) a 

Exercises 8.5 

1. ~4.4670J 3.9J 5.4900J 7. 1944 ft-lb 

9, (a) 7238 lb/in. (b) ~905 in.-lb and ~2714 in-lb 11. 780 J 

13. (a) If y is the distance from the top, then the total force is approximately 

3 (62.4y%,)(2V9 — y,2) Ay. 
k=1 

(b) 1123.2 Ib 

15. (a) If y is the distance from the top, then the total force is approximately 

x 3 
> 62.4(y% F 3)(2.)ay 
Fl 4 

(b) 3705 Ib 

17. (a) 1,497,600 ft-lb (b) ~100 min 
10 

(c) Work to empty half the tank = / 62.4(120 y) dy = 374,400 ft-lb, 
0 

and 37.400 + 250 = 1497.6 sec = 25 min. 

(d) 1,494,240 ft-lb, ~ 100 min; 1,500,000 ft-lb, 100 min 

19. Through valve: ~ 84,687.3 ft-lb; Over the rim: ~ 98,801.8 ft-lb; 

Through a hose attached to a valve in the bottom is less work. 

21. 

25. 

27. 

31. 

33. 

5: 

41. 

43. 
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~53,482.5 ft-lb 23. ~967,611 ft-lb; yes 

(a) ~209.73 lb (b) ~838.93 Ib; the fluid force doubles. 

1/3 29. 68% 

(a) 0.5 (50%) (b) ~0.24 (24%) (c) ~0.0036 (0.36%) (d)0 

The proportion of lightbulbs that last between 100 and 800 hours. 

True. The force against each vertical side is 842.4 lb. 37.D 39.E 

(a) 1.15 X 10-8 J (b) ~7.6667 X 10-29 J 

72.535 45. ~162.6J 47.1523 

Quick Quiz (Sections 8.4 and 8.5) 

1. ie SSE 

Review Exercises 

1. 

6. 

13. 

16. 

20. 

22. 

25. 

28. 

32. 

33. 

35. 

36. 

38. 

39. 

42. 

43. 

44. 

49, 

50. 

m8) 

54. 

~10.417ft 2. ~31.361 gal 3. ~1464 4.14¢ 5.14400 

9 
1 7.5 8.1/6 9.18 10.30.375 11. ~0.0155 12.4 

~8.9023 14. ~2.1043 15.23 - 27/3 ~ 1.370 

2V3 + 47/3 ~ 7.653 17. ~1.2956 18. ~5.7312 19. 4a 

2a 21. (a) 3277/3 (b) 1287/15 (ec) 6477/5 (d) 3277/3 

(a) 4a (b) wk? (c)1/m 23.882 ~ 276in2 (24. 1?/4 

m(2—1n3) 26. 2877/3 ft? ~ 29.3215 ft? 27. ~19.4942 

=5.2454 29.2.296 sec 30.(a)istrue. 31.39 

(a) 4000 J (b) 640 J (ce) 4640 J 

22,800,000 ft-lb 34. 12 J, ~213.3 J 

No, the work going uphill is positive, but the work going downhill is 

negative. 

=~ 113.097 in.-lb 37. ~ 426.67 lb 

base ~ 6.6385 lb; front and back: 5.7726 lb; sides ~ 9.4835 Ib 

14.4 40. ~0.2051 (20.5%) 

(a) ~0.6827 (68.27%) (b) 0.9545 (95.45% ); 0.9973 (99.73% ) 

The probability that the variable has some value in the range of all pos- 

sible values is 1. 

a 45.37 46. 27? 

41. Answers will vary. 

47.167 /3 48. ~9.7717 
5 

(a) rom (b) ~ 335.1032 in.? 

x? —2Inx +3 fl) =a 
(a) The two curves intersect at x = 1.2237831. Store this value as A. 

51. ~3.84 52. ~5.02 

A 
Area = i (2 + sinx — secx) dx = 1.366. 

0 
A 

(b) Volume = / m((2 + sinx)? — (secx)*) dx = 16.404. 
0 
A 

(c) Volume = / (2 + sinx — secx)? dx = 1.629. 
0 

14 
wt 

= = 10 — |) dt ~ 87°F. (a) Average temp ves “i (s0 cos (=) 

(b) F(t) = 80 — 10 cos (=) = 78 for 5.2308694 = t = 18.766913. 

Store these two values as A and B. 

B 

(cy Cont 00s | (s0 = h0:cos (=) = 78) dt ~ 5.10 
A 

The cost was about $5.10. 
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17 
15 

55. (a) / eeP sul Sy = 6004 people. 
9 (t* — 24t + 160) 

17 23 
15600 15600 

(b) is | ge a ial uf ne ee 

104,048 dollars 

(c) H'(17) = E(17) — L(17) =~ —380 people. H(17) is the number 
of people in the park at 5:00, and H’(17) is the rate at which the 

number of people in the park is changing at 5:00. 

(d) When H’(t) = E(t) — L(t) = 0; that is, att = 15.795. 

CHAPTER 9 

Section 9.1 

Quick Review 9.1 

15578 3.1 Seite 7. O81 

Exercises 9.1 

1. 1/2, 2/3, 3/4, 4/5, 5/6, 6/7; 50/51 
3. 2,9/4, 64/27, 625/256, 7776/3125 ~ 2.48832, 

117649/46656 ~ 2.521626; (51/50)° ~ 2.691588 

§.3, 1, =), 351) - 7.2.4.8, 16229089 al el ee ot 

11. (a)3 (b)19 (a,=a,,+3 (@)a,=3n-5 

13. (a) 1/2 (b)9/2 (c)a,=a,, + 1/2 (da, = (n+ 1)/2 
15. (a) 1/2 (b) 8(1/2)8 = 0.03125 

(c)\a,=(1/2)a, @)a,= 8/2) 2 

17. (a)-3 (b) (-3)9 = 19,683 (c) a, = (—3) ay 
(d) a, = (—3)(—3)"! = (-3)" 

19, —5,/0, = 4,2) + Stovall ni=)2 

21. a; = 3.01,7 = 10.4, = 3.01(10)" 4>.n = 1 

25. 

[0, 20] by [0, 1] [0, 20] by [-5, 5] 

27. 

(0, 10} by [-25, 200] [0, 20] by [-1, 5] 

3 

37. diverges 39. converges,1 41.0 

— . converges, 3 33. converges, 2/5 35. diverges 

1 1 
43. 0 (Note: +'s-—forn= i) 

n!} n 

45. Graph (b) 47. Table (d) 

49. False. Consider the sequence with nth term a, = —5 + 2(n — 1), 

Here a, = —5, ay = —3, a, = —1, and ay = 1. 

$1.C 53.D 

55. (a) Each polygon can be subdivided into 2n congruent right triangles 

with hypotenuse | and one vertex at the center O of the circle. The 

angle at O has measure 277 + 2n = 7r/n, so the opposite side has 

length | + sin(aw/n). Since there are 2n such triangles, the perimeter 

of the polygon is 2n sin = : 
n 

(b) 277 

57. a, = ar’ implies that log a, = log a + (n — 1) log r. Thus 

{log a, } is an arithmetic sequence with first term log a and common 

difference log r. 

59. Given e > 0 choose M = 1/e. Then 
1 
Lo <eitn >. 
n 

Section 9.2 

Quick Review 9.2 

sinh 

h 
LSUSLOS25 SS Saas 9) yi 

Exercises 9.2 

1. Appears to be about 1/4; 1/4 

by l’Hospital’s Rule 

3. Appears to be about 1/4; 1/4 

by l’Hospital’s Rule 

Wisth-2)ech2-4) WASCIC24HIM- BIH 2d 

H=2.0B51064 ¥=.24B6B417 

[-2, 4] by [-1, 1] 
H=2.0B51064 Y=.24475167 

[-2, 4] by [-1, 4] 

5.1/2 7-1 

| on elie 
{-2, 2] by [-3, 3] [-2, 2] by [-2, 10] 

(a)2 (b)2 (a) co (b) co 

= 
[0, 100] by [-1, 2] 

(co) /(0o), limit = In 2 

(31/4, 51/4] by [-5, 5] 

Left (co) /(—oo), right 

(—oo)/(oo), limit = —1 

a7.c0, 0,0 19seo— ta 1) 211.44. 2320% 25.00. 1 

27.(a) 10 102 103 104 108 

f(x) | 1.1513 | 0.2303 | 0.0354 | 0.0046 | 0.00058 

Estimated limit = 0 

(b) Note In x° = 5 Inx. 

x0 XX x—co 1 

29..3/4 31.1 33.0 35.In3/in2 3751 S960 4170 



43. e'/2 45.e 47.e1 49.3/11 51. (cos1)/2 
53. (a) L’Hospital’s Rule does not help because applying |’ Hospital’s Rule 

to this quotient essentially “inverts” the problem by interchanging the 

numerator and denominator. It is still essentially the same problem 

and one is no closer to a solution. Applying 1’ Hospital’s Rule a sec- 

ond time returns to the original problem. 

(b), (c) 3 

55. c = 27/10, because this is the limit of f(x) as x approaches 0. 

r\# r 
57. (a) In (1 + *) = ktln (: + *), And, as k — ovo, 

tin (: + “) 

ea ELs 
k— oo I 

k 

=> r =A 

isl Say ib Si k 

= lim 
k—oo 11 

ra 
y rt 

= lim = rt. 
k—oo ip i+. 

k 
kt 

Hence, lim Ad( 1 sik *) = Ape”. 
k—00 k 

(b) Part (a) shows that as the number of compoundings per year increases 

toward infinity, the limit of interest compounded k times per year is 

interest compounded continuously. 

59. (a)1 (b) 7/2 (c)7 

61. (a) (—oo,-1) U(0,c0) (b)c (je 

63. False. The limitis 1. 65.D 67.E 

69. Possible answers: (a) f(x) = 3x + 1,g(x) =x 

(b) f(x) =x + Lex) =x? (© F(x) =x2,9(x) =x 41 
71. (ajc = 1/3 (b)c = 7/4 

Quick Ouiz (Sections 9.1 and 9.2) 

163.8 

Section 9.3 

Quick Review 9.3 

1.0 3.00 5.—3x4 

ie Pelee im (1 +t)- 1+0=1 
x oo g(x) x>oo xX 

9. (a) Local minimum at (0, 1) Local maximum at ~ (2, 1.541) 

(b) [0,2] (c) (—oo, 0] and [ 2, 00) 

Exercises 9.3 
x e 

Pe ca iaaeeiaeen 2 rer ee 

2+ 4 
5. lim = 0.7 te —= = 0 2) im 

x>aw x — | xXxOoO x—oo 2 

WW. li Vas + xP 13. li log Vx __1 Port ae ee idee hia: wi in 10 
15. Slower 17.Slower 19. Slower 21. Faster 23. Slower 

25. Same rate 27.Same rate 29. e*/?, e*, (In x)*,x* 
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f2(x) f(x) 
31. lim = V 10 and lim = 1, so f, and f3 also grow at the 

roo f(x) roe f(x) OE IE ae 
same rate. 

f(x) fal 
33. lim = | and lim ——- = 1, so f, and f3; also grow at the 

roe fi(x) ree f(x) aa hes 
same rate. 

35. f grows faster than g. 37. f and g grow at the same rate. 

39. (a) The nth derivative of x” is n!, which is a constant. Therefore n 

applications of 1’ Hospital’s Rule give 

e e* 
lim — = ::: = lim — = 0. 
x—co x” x— oo n! 

(b) In this case, n applications of |’ Hospital’s Rule give 

 @ easing)? 
lim —= -::: = lim = 
x00 x" x00 «=O! 

5 MNS : 1/x Teel! 
41. (a) eye a Jim. |] 7 ee = 0 

n 

In 1/x 1 (b) lim —> = lim ee et 
X—>oo X xoogxe! x>oax? 

43. The one which is of order log, n is likely the most efficient, because of © 

the three given functions, it grows the most slowly as n — oo. 

45. (a) The limit will be the ratio of the leading coefficients of the polynomials. 

(b) The limit will be the same as in part (a). 

47. False. They grow at the same rate. 49.E 51.D 

53. (a) and (b) both follow from the fact that if f and g are negative, then 

f(x) SAG 2 eh ees, 
lim EG) = = 
xo. 

= Hm — i bboal 
x—0o— g(x) x—0o g(x) 

Section 9.4 

Quick Review 9.4 

1. In2 3,5 tan + CuSa(—303) 

Aca) i 4 : -1s < Iie Sy Nn) eS 7. Because —1 = cos x = 1 for all x ar 

Exercises 9.4 
b 

2x 
1. (a) jim / Rar dx (b) oo, diverges 

eori0 
0 b 

é 2% ’ Dx 
3. (a) slim, | ieee axes sim [ G@+ip dx (b) 0, converges 

5.1/3, 7. diverges’ 9.0) 11. 1ni(3))) 9 135in (2) 

15. diverges 17.(3/4)e? 19.diverges 21.2 23. 7/2 

25. (a) The integral has an infinite discontinuity at the interior point x = 1. 

(b) diverges 

27. (a) The integral has an infinite discontinuity at the endpoint x = 0. 

(b) V3 
29. (a) The integral has an infinite discontinuity at the endpoint x = 0. 

(b) —1/4 
1 1 

< <= — 
ge ie  e& 

co 
l! 

on [ 1, co), converges because fh —, ax converges 
1 é 

1 2+ cosx ai 
33. 0 = — = ——— n [77, 00), diverges because i & diverges 

x x e 

35. diverges 37.7 39.277 41. diverges 43. 1 
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45. (a) Since f is an even function, the substitution 
0 co 

u = —x gives i] f(x) dx = (} f(u) du. 
—0o 0 

(b) Since f is an odd function, the substitution 
0 co 

u = —x gives / f(x) dx =—- f(u) du. 
—00 0 

47.6 49. True. See Theorem 6. 51.B 53.C 

In2 In2 

55. (a) A(x) = (77/4) e* (b)V= / A(x)dx = / (a /4) e> dx 
—co 

(c) 7/2 

57. (a) For x = 6,x? = 6x, and therefore, ee < e~*. The inequality for 

the integrals follows. The value of the second integral is e~°°/6, 
which is less than 4 X 107)”. 

(b) The error in the estimate is the integral over the interval [ 6, co), and 

we have shown that it is bounded by 4 X 107!” in part (a). 

(ce) 0.13940279264 (This agrees with Figure 9.19.) 

(d) / e* dx = / e* dx + / e~ dx. 
0 0 3 

The error in the approximation is 

ii ew dx < fs e3* dx < 0.000042. 
3 3 

59. (a) n = 0: integral = 1 

n = 1: integral = 1 

n = 2: integral = 2 

(b) Integration by parts gives 

[re dx = —x"e* + nf rtera + C. 

Since the term (—x"e™) has value 0 at x = 0 and has limit equal to 0 

as x — oo, when the above equation is evaluated “from 0 to infinity,” 

it gives f(n + 1) = nf(n). 

(c) This follows from the formula f(n + 1) = nf(n) by an induction 

argument. In fact, it follows that ji; ee dx = nl. 

pie T 
61. = 5 =— 

@ fare 1 + x? i, ext) 4 

oe 
= => 7 

ft oie 4 4 

(b) [sya [sears [soa 

[roe [roar [roe 
us Thus, 

[soya [ wee 

= [react [space [oat [soe 

= [eae [ Hevae 

because 

[ serar+ [soaeo 

Quick Quiz (Sections 9.3 and 9.4) 

1. Be 3.B 

Review Exercises 

il, 

2. 

4. (a)—4 (b) 2048 (ce) a, = (—1)™! (27"°) 

SY, 6. 

[0, 20] by [—2, 4] [0, 20] by [-2, 2] 

7. converges, 3/2 8.diverges 9. The limit doesn’t exist. 

10. 3/5 1152 12.1fe 13.1 1402? 15.07 16-—1 

18.1 1951 (20500) 21009 522.:0 

x 
23. Same rate, because lim fx) = u 

400 g(x) 5 

x 
24. Same rate, because lim f(x) = as 

x oo g(x) In 

f(x) 
25. Same rate, because jim a 

oo g(x) 
f(x) 

26. Faster, because im = 
oo g(x) 
f(x) 

27. Faster, because jim = 
co g(x) 

f(x) 
28. Slower, because Jim ea =0 

x 
29. Same rate, because Jim ine Be ts 

g(x) 2 

30. Slower, because pm Ace 
g(x) 

37. 

42. 

48. 

Sl. 

52. 

53. 

54. 

56. 

(a) 3/2, ()) 25/2 (ida 

—1/2, 3/5, —2/3, 5/7; agg = 41/43 

=3, —6, —12,—24; aig = —3(2>9) 

stp Si 

- (a) lim f(x) = 1/3 (b) Define f(0) = 1/3 

. (a) lim f(x) =1. (b) Define f(0) = 1 

. (a) lim f(x) =-1  (b) Define f(0) = — 

. (a) lim f(x) = 1 (b) Define (0) = 1 

. (a) iim =In2 (b) Define f(0) = In2. 

- (a) lim, f(x) = 0 (b) Define f(0) = 0. 

2 38.1n (5/4) 39.-21n(2) 40.7/2 41.-1 

6 43.0 44.1n(3) 45.2 46.-1/9 47. 7/2 

am 49. diverges 50. converges 

(a)—6° (b) 1/2 (ce) a, = —3(2") 
(a) 13 (b)-1.5 (c)a, = —1.5n + 145 

0 b 

(a) lim / e*dx + lim / e*dx (b)1 
b—-00 5 b—00 0 

Dr She 
b oO 

(a) xe? dx (b) lim / xe/? dx 
0 ee 2 



(c) Note that / xe~/? dx can be found by parts: 

/ xe*/? dx = x(—2e/?) — ak (= 227 ax = xe PY — her 4-C 

Area = 

b b 
lim | xe*/?2dx = lim| —2xe/?2 — 4e4/2 
b—co 0 b> 00 0 

= lim (—2be¥/? — 4e%/2 +0 + 4) = 4. 
boo 

s7.(a) | ay ie g (a ax? dy =a | ———— 
0 o (y+1/ 

b 

(by dint Elites Shad 
bo Jo (y + 1) 

” dy : 
(c) Volume = jim a G+ ip = jim. al-(9 + 1] 3 

1 
= 78 Ye = ig = 7 
Jim a pat 1) 

58. Note that H xe * dx can be found by parts: 

pore = 5 ee) [ce dn =e" — 6a 

So, 

k oo k 

/ xe * dx = lim / xe * dx = lim [nx a | 
0 k> 00 0 k—co 0 

k 1 
= jj —— — — + 

sim ( ek ek 1) 

k 1 
By l’Hospital’s rule, lim (- ) = lim (- ) = 0. Therefore, 

k—0o0 e k—00 e 

7 ke ot 
jf sevae= jim(-4- 5 41)=0-041=1 

0 k— oo e e 

The integral converges to 1. 

CHAPTER 10 

Section 10.1 

Quick Review 10.1 

1. 4/3, 1, 4/5, 2/3, 1/8 

3. (a)3 (b) 39,366 (ce) a, = 2(3""') 

5. (a) 7. (a) 

[0, 23.5] by [—0.5, 0.5] 

(b) 0 (b) The limit does not exist. 

9. (a) 

[0, 23.5] by [-2, 2] 

(0, 23.5] by [-1, 3] 

(b) 2 
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Exercises 10.1 

1. (@a)*=7r? (b)*=(n+1)P? ()*=3 

3. Different 5.Same 7.Diverges 9. Converges 

11. Converges; sum = 3 13. Converges; sum = 15/4 15. Diverges 

é€ 
17. Converges; sum = 2 — N21, Converges; sum = — 

1 1 1 
21. Interval: ie SiS 5} function: f(x) = 

23. Interval: 1 < x < 5; function: f(x) = i = 

25. Converges for all values of x except odd integer multiples of a 

function: f(x) = : 
esi 

2 20 1 1 a7, f! = = Qn a a <= a) (x — 1) 2 nx 5 ag 

29. f(x) : (-5) a yetT<r<s . Se ee PS. Se = (iA? eS 7 E ¢ 

(gcd n=1 2 

oa tt eee pone 1 1 
31. dt = —=In(|2x — 1|) = gttl yc 
(omar ge 1D iene Foncet oD 

9 eal) 5 ( Sica 33. dt = 21 9 yt (ead Ree lM ye? 
ina a( 2 Par ype a 

35. (a) The partial sums tend toward infinity. 

(b) The partial sums are alternately 1 and 0. 

(c) The partial sums alternate between positive and negative while their 

magnitude increases toward infinity. 

oo 3\n-1 oo 43 3 n-1 

37. x = 19/20 39. (a) } 2{= (by > 1 
Sins Zr 2Ae 

41. Let a = 234/1000 and r = 1/1000, giving 

(0.234) + (0.234)(0.001) + (0.234)(0.001 ) 
+ (0.234)(0.001)? + --- 

The sum is 26/111. 

43. d/9 45.157/111 47.22/7 49.7.113 seconds. 51. 7/2 

53. For r = 1, the result follows from: 

If |r| < 1,77 > Oasn — o0, and if |r| > 1 orr = —1,r* has no 
finite limit as nm — oo. 

When r = 1, the nth partial sum is na, which goes to =oo. 

552 Seriestx 4 2x2 4-49 4-4 5 Bt 

Interval: —1/2 < x < 1/2 

57. Series: 1 — (x — 4) + (x — 4)? — (x —4)? + --- 
Se (aL ee ee 

Interval: 3 <x <5 

59. One possible series: 
1+ @— Dea es Lp ATP eels al (8 Ly 

Interval: 0 <x <2 

61. (a)2 (b)t>-1/2 (Ot>9 

(t= 1) (a iP C1241) 
G31) 5 3 + : ae 

65. (a) No, because if you differentiate it again, you would have the origi- 

nal series for f, but by Theorem 1, that would have to converge for 

—2 < x < 2, which contradicts the assumption that the original 

series converges only for—1 < x < 1. 

(b) No, because if you integrate it again, you would have the original 

series for f, but by Theorem 2, that would have to converge for 

—2 < x < 2, which contradicts the assumption that the original 

series converges only for—1 <x < 1. 

67. False. It converges because it is a geometric series with ratio 1 /2 that is 

less than 1. 
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69. 

73. 

Tish 

Selected Answers 

APS iSD 

Let L = lim a,. Then by definition of convergence, for there cor- 
noo 

responds an N such that for all m and n,n, m > N= |a, — L| < ; and 

la, ag L| < <. 
2 

Now, 

leh ay) a laeenigees la = |an Of nay es UP 

Emre 
<5 + 5 = € whenever m > N and n > N. 

Consider the two subsequences aj, and aj), where jim ny a Las 

lim Gn) = L, and L; * Ly. Given an € > 0 there corresponds an N, 

such that for k(n) > Nj, lan) — Li| < €, and an Ny such that for 

i(n) > Np, |a 
max { Nj, N,}. Then for n > N, we have that |a, — L,| < € and 

inn L,| < e. Assume a, converges. Let N = 

|a, — L3| < € for infinitely many n. This implies that Jim, a, = Ly and 

lim a, = Lz where L; # Ly. Since the limit of a Seaiente is unique 
n= 

(oy Exercise 74), a, does not converge and hence diverges. 

Section 10.2 

Quick Review 10.2 

: AGE — ayer (aia) ae 
1. 2%2 ~3.3*(Ini3))P Sy nea. 

(7ee—eiie) (27d) 

Exercises 10.2 

1 1 
1. P(x) = 3" + 5t +1 

paw Sed Ure ei wpe e\wee! aly ee oe 

BR) S O55 ton et ge ar ees 
4 4x5 2x )2ntl 

yee om a 5 ae — eee + Goren + +++ converges for all 

real x 

6 10 4n+2 
Tih te tal eer i + +++ converges for 

—(=ss1 

Be x4 x6 x2n 
LP Saat 41 2861 * SC ON (1) Sr nyt : The series 

converges for all real x. 

11. x + xt + x7 +--+ + x30tl + --- converges for—1 <x < 1 

00 x-2)" 4 =) x — 2) x-—2)3 
he ine et ee o> ee rey 

at anti 3 32 33 34 

19, 

.(a)4—2x+x3 

b) 2 aero bay = 1 + (a= 12 
- (a) 0 

(b) 1 +'4(x— 1) + 6(% — 1)? + 4(x = 1)7 

v3 
Po(x) = —- 

nin (9) 
weno (Ae-9)-CAl-2) 

21. 

23. 

25. 

27. 

29. 

31. 

33. 

35. 

37. 

43. 

45. 

P(x) = 2 

B(x) =2 +22" 

ot eee 

A(x) =2 +455 ed a 

(a) P(x) = 4 —(x—1) + S(x- 1 + s(x - 1) 

f(1.2) ~ iio) Lene 
(b) Fort? Ge) == Ss ea) 

f'(1.2) = P,(1.2) = -0.36 
ex xn 

1S ae 
LE: . 2” = nl 

x” 

eer ete. ae eae 
Py Ti ai (n + 1)! 
(c) g'(1) = ps from the series, 

32 3 n ee n 1 I Alnpconke Se eye, Mii eee = oe 
MS eri a (n +1)! Pewsey 

Ea Ae gS oe 
1+2-—+> @)1+>-—[+— ae ee 

@i+e- Ft © 5 tigen Oates ce eae 
27 terms (or, up to and including the 52nd-degree term) 

(1) sin x is odd and cos x is even 

(2) sinO = 0 and cos0 = 1 

1/24 

(a) 

[-2, 4] by [-3, 3] 

(b) f”(a) must be 0 because of the inflection point, so the second-degree 

term in the Taylor series of f at x = a is zero. 

True. The constant term is f(0). 39.E 41.C 

1 aes . es 
ag Ras ' (2n + 1)! 
(b) Because f is undefined at x = 0 

(c)k = 1 

(a) Differentiate 3 times. 

(b) Differentiate k times and let x = 0. 

A ON hem PAN C2 (eh SP etl) 
(c) i 

(d) f(0) = 1, f’(0) = m, and we’re done by part (c). 

Section 10.3 

Quick Review 10.3 

if Oe Bei Se 7 ds NOUS, KES 

Exercises 10.3 

ae 

4 8 2 
= + —x2 — Hy + wee + (—] Py + Loe a ~ 6% (—1)" ox 

5 5 5 
= 3 — —y a padtomgeiayt) oe” oe 

6 120° 5040" 
5 

+ (— A a ea toe Uae ea 

1h ae 

5x + 



11. 

17. 

19. 

21. 

23. 

25. 

27. 

29. 

Abb 

Dereon de? teeta tb ete 2 
x3 x4 ntl 

Cee eel spo 
Dee 3 n! 

8x4 32x6 128x8 Q2n+ly2n+2 

os a oo er 
24 720 40320 (2n + 2)! 

(2|x1)’ 
Degree 7 13. 

(b> 

. If M = 1 and r = 1, then |cos("*")(t)| < Mr"*! = 1 for all #, since all 
derivatives of the cosine function are sine or cosine functions bounded 

between —1 and 1. 

If M = 1 andr = 8, then |f*)(t)| = Mr"*! = 8"*! for all ¢, since 
the (n + 1)st derivative of f is a sine or cosine function (bounded 

between —1 and 1), times 8”*! (the result of (n + 1) applications of the 
Chain Rule). 

5 
- =) = 2.604 X 10-4 (a) 

(b) be P3(x) = Py(x), letn = 4. Then 

per ee) ee -4 5 2.604 X 10 error — 

(0.5)4 
Al 

(a) = 2.604 x 107-3 

(b) Since P;(x) = P(x), letn = 3. Then 

= a (0.5)4 
4! error = \cos (c)| —— 

x4 

Since the next term of the series is the positive number — a1 , the partial 

sum P;(x) will be too small (except at 0, where P;(0) = cos 0 = 1). 

A graph of the error y = |V1 + x — (1 + x/2)| shows that 

3) SIS S< 110. 

All of the derivatives of cosh x are either cosh x or sinh x. For any real x, 

cosh x and sinh x are both bounded by e”. So for any real x, let M = e” 

and r = | in the Remainder Bounding Theorem. It follows that the 

series converges to cosh x for all real values of x. 

(a)0 (b) —x?/2 

(a) | (b)1 +> 31. (a) x (b) x 

(a) The series is geometric, with first term 2x and ratio = —x. Therefore, 

ax SP SOR GE DS a hl don Sook eo ae aoc 
1 + x? 

(b) No. The partial sums of the series form the sequence 2, 0, 2,0, 2,0,..., 

which does not converge. 
x 2 x 

(mc +x) = | : de = f (21 209 + 205 — 2r7 + a 
all Get 0 

l 1 1 
eeekp or pa ee Sad 

d) Note that | (3) aa (: + (3) = (3) - 2G) +i) (d) Note that In ihe n 5 5 AG ale 

(4) 
—— | — = eee 

4\2 
1 gt I 6 

The first term of this series that is less than —— 1 00! a5 . Since the 

terms satisfy the three conditions for the alternating series bound, the 

1 1/1 ii 1 2 z 1 
truncated polynomial a(;) = (3) = (3) = ae is within —~ 100 of 

5 7 
In (2).1et4 are 

35. (a) No 

(b) Yes. 2 + x 

Selected Answers 663 

(S iL Jer as 2n-1 

+ 

10 a ne Gren 
(c) For all real values of x. This is assured by Theorem 2 of Section 10.1, 

because the series for e~* converges for all real values of x. 

37. (a) tanx (b) sec x 

39. True. The coefficient of x is f'(0). 

41.E 43.A 

45. (a) It works. 

(b) Let P = 7 + x where x is the error in the original estimate. Then 

Pp 'sintP* = (ab x) sin (ar 1°30) 

oS Fen, a ee ce 

Therefore, the difference between the new estimate P + sin ae and 7r is 

|x| 3 
less than —. ess than 6 

47. Note that f(— 
1 

1) = rm The partial sums of the Maclaurin series 

co 

>) (-1)” are 1, 0, 1, 0, 1, and so on, so the remainders are 
n=0 

age 
yo 

a 
ee 

R, 

, and so on. Thus 

(eo 

a es 
(-1)"*! 

and lim 5 ~ 0. 

49. The derivative is (ae*)(cos bx + isin bx) + (e%)(—b sin bx + 

ib cos bx) 

= al e*(cos bx + isin bx) | + ib[e*(cos bx + ib sin bx) | 
= (a ae ine his. 

Quick Quiz (Sections 10.1 and 10.3) 

1D Sve 

Section 10.4 

Quick Review 10.4 

1. |x| 3.0 5. 
[2% +: 4 

Exercises 10.4 

7. dy, = 5",b, = n>, N = 6 

all 
1. —6 < x < —4; The graph of the function y = ry and P;(x) illustrates 

x 
the support. 

[-8, 0] by [-5, 5] 
xan x4n (es)? oo 

Ronee a, ne salt ne 
converges for all x. 

(cos x)" (cos x)" gull 

ni+1 n! Ij 

is the Taylor series for e* which 

Sat 
— and SS — converges to e. 
n! =o n! n=0 
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Te Ve SBA “WIS1O G33) S350 LTO 19s yee bel 

4 

x? — 2x —3 

es 
4-— Vx 

27. Interval: —2 <= x =< 2 Sum: 4 

23. Interval: —1 < x < 3 Sum: — 

25. Interval: 0 < x < 16 Sum: 

=e 

29. Diverges (nth-Term Test) 31. Converges (Ratio Test) 

33. Converges (Ratio Test, Direct Comparison Test) 

35. Converges (Ratio Test) 37. Converges (Ratio Test) 

39. Converges (geometric series) 41. Diverges (nth-Term Test, Ratio Test) 

43. Converges (Ratio Test) 

45. One possible answer: 

1 il 
> — diverges (see Exploration 1 in this section) even though lim — = 0. 

n noon 

47. Almost, but the Ratio Test won’t determine whether there is convergence 

or divergence at the endpoints of the interval. 

4973 Sij1 53) l/in 2. 55. [itue. Sec Pheorenl. Syms 7. BES one 

61. (a) Fork = N, it’s obvious that 
co. 

aj Fe Pay = a, Fo Oe 
n=N+1 

For all k > N, 

Ape a = as ae Ss aan cl ney ee tay 

SSC rartod > potest Gye) tale meee 
co. 

Boh) wie OOO me eh Se > (ex 
n=N+1 

(b) Since all of the a,, are nonnegative, the partial sums of the series 

form a nondecreasing sequence of real numbers. Part (a) shows that 

the sequence is bounded above, so it must converge to a limit. 

63. Answers will vary. 

Section 10.5 

Quick Review 10.5 

1. Converges, p > | 

3. Diverges, comparison test with integral of 1 /x 

5. Diverges, limit comparison test with integral of 1/Vx 

FOXES ESE ING 

Exercises 10.5 

1. Use f(x) = 1/Wx, diverges 

3. S; = 1,S) = 3/2, S; = 11/6,S4 = 25/12, S; = 137/60, Sg = 49/20 

5. Diverges, compare with 55, (3/n) 7. Diverges' 9. Diverges 

11. Diverges 13. Diverges 15. Converges 17. Diverges 

19. Diverges 21. Diverges 23. Converges conditionally; 0.0101 

25. Converges conditionally; ~ 0.002 27. Diverges 

29. Converges conditionally 31. Converges conditionally 

we 4 6 on Ee . ; 
33. The positive terms 2 + yt 52 + +e + (an +12 +1p + +++ diverge 

to co and the ne alive iene Scene RA eA GE 
: 2 2 @ (2n)? 

diverge to —oo. 

Answers will vary. Here is one possibility. 

(a) Add positive terms until the partial sum is greater than 2. Then add 

negative terms until the partial sum is less than —2. Then add positive 

terms until the partial sum is greater than 4. Then add negative terms 

until the partial sum is less than —4. Repeat this process so that the 

partial sums swing arbitrarily far in both directions. 

(b) Add positive terms until the partial sum is greater than 4. Then add 

negative terms until the partial sum is less than 4. Continue in this 

manner indefinitely, always closing in on 4. 

35. (a) (-1,1) (b)(-1,1) (¢) None 
37. (a) (—1/2,0) (b) (—1/2,0) (c) None 

39. (a) (—8, 12) (b) (-8,12) (c) None 
41. (a) [(-3,3] (b) [-3,3] (©) None 
43. (a) (—8,2) (b) (-8,2) (ce) None 
45. (a) (—3,3) (b)(—3,3) (c) None 

47. (a) (1/2,3/2) (b) (1/2,3/2) (c) None 

49.(a) [=a = lao a 1) (i Gm laa a) (Ate aad 

51. 40.554 < sum < 41.555 

53. 

Ol N-1 N N+1N4+2 n-1 n 

Comparing areas in the figures, we have for alln = N, 
n+1 

Fads Says 4 a, = ay / f(x) dx. 
N JN 

If the integral diverges, it must go to infinity, and the first inequality 

forces the partial sums of the series to go to infinity as well, so the series 

is divergent. 

If the integral converges, then the second inequality puts an upper bound 

on the partial sums of the series, and since they are a nondecreasing 

sequence, they must converge to a finite sum for the series. 

1 

ninn 

a 
55. Radius of convergence is~ 57. Possible answer: > 

é 

This series diverges by the Integral Test, but its partial sums are roughly 

In (Inn), so they are much smaller than the partial sums for the har- 

monic series, which are about In n. 

59, (a) Diverges 

b)s=> 
Aanitn £1 3n2 +1 

61. Convergent for —1/2 = x < 1/2. Use the Ratio Test, Direct 
Comparison Test, and Alternating Series Test. 

which converges. 

63. Use the Alternating Series Test. 

65. (a) It fails to satisfy u, = uz, for alln = N. (b) The sum is 1/2. 

(- i 101 

= (101)? is negative. 

69. A 71.B 73. (a) Converges (b) Converges (c) Converges 

67. True. The term Qo 



Quick Quiz (Sections 10.4 and 10.5) 

Tie i) Bb 1D) 

Review Exercises 

. (a) co (b) All real numbers 

ata)isia (b). [7 1) 

. (a) co (b) All real numbers 

- (a) 1/3 (b) [0, 2/3] 

. (a) 1 

. (a) 1 

. (a) co (b) All real numbers 

b (ey) i 

. (a) I/e 

. (a) V3 (b) (= V3, V3) (© (-V3, V3) (@) None 
« (a) 1 

.(a)0 (b)x=Oonly (c)x=0 (d) None 

. (a) 1/10 (b) [-1/10, 1/10) 

-(a)0 (b)x=Oonly (c)x=0 (d) None 

. (a) V3 (b) (- V3, V3) @ (- V3, V3) @) None 

. f(x) = 1/(1 + x) evaluated at x = 1/4; Sum = 4/5 

. f(x) = In(1 + x) evaluated at x = 2/3; Sum = In (5/3). 

» f(x) = 
. f(x) = cos x evaluated at x = 7/3; Sum x = 1/2. 

(c) All real numbers (d) None 

() (-7,-1) (@)Atx =-7 

Os (b) (—1/2,5/2) (©) (—1/2,5/2) (d) None 

(c) All real numbers (d) None 

(c) [0,2/3] (d) None 

(b) (-1,1) (c)(—1,1) (dd) None 

(b) (—3/2,1/2) (©) (—3/2,1/2) (d) None 

(c) All real numbers (d) None 

(b) [—1, 1) 

(b) [—1/e, 1/e] 

(c) (-1,1) (d) Atx =—-1 
(c) [-1/e,1/e] (d) None 

(b) [0,2] (c) (0,2) (d) Atx = Oandx =2 

(c) (-1/10, 1/10) (d) Atx = —1/10 

sin x evaluated at x = 7; Sum = 0. 

. f(x) = e* evaluated at x = In2;Sum = 2. 

22. f(x) = tan7! x evaluated at x = 1/3; Sum = 77/6. 

DRY Wl ae Cig se See se 800 Se (Gaye ae oo 

PNT, Sg) Se yf — 00 Te elars om il Ph sea 

Doc Aner an eae ee a att tn 
(rx)3 — (ax)5 (ax)! 

A Se (=f 
Se 5! ae Creat 

= 2x 0 dae idx? Gal ert (=) 
28. ap = de || 4 

3 81 3645 (ne) UNS 

x3 x5 x x2ntl 

wot + (-1)" 
203i Sian ( Gn + 1)! 

Cem x2n 
pL +45 

a 2! 4! (2n)! 

5 5x)? Sy.) He 
afta? Seta odhs. (iy! 

2! 4! (2n)! 

mx. Wx? (2 
~l+—+—+ —(—) + 

Sa P) 8 ni\ 2 

5 7 2n+1 
= 3. HE oe ele aac Shee . SR ve =F ay aig at 1) A =F 

3x)3 3x)> 3x )2ntl We eee ACS 
3 5 en tl 

8x3 2x)" 
35 tr 298 BE 2 in = EE, 

x3 x4 xt 
Bea 2 Weed ent ep ee 

oe Ser n 
ST eee were eae 2 ee eee ne +8 

38. 2 ie tl Se bal)? + (tel)? 

(Finite. General term for n = 4 is 0.) 

39. 

40. 

41. 

42. 

43. 

44. 

45. 

46. 

47. 

48. 

49. 

50. 

51. 

52. 

55: 

56. 

Sie 

58. 

59. 
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hotsets 2) (Geccie (Gs = si) (ge = BF 

5 ae) By oe gp tee ae narra 

(Cee an Ch ree Cae 
Fee cr 5! 1! 

a (x ae mye 

Pee Str ce ran 
Diverges. It is —5 times the harmonic series. 

Converges conditionally. Alternating Series Test and p = 1/2. 

Converges absolutely. Direct Comparison Test with 1/n?. 

Converges absolutely. Ratio Test 

Converges conditionally. Alternating Series Test and Direct Comparison 

Test with 1/n. 

Converges absolutely. Integral Test 

Converges absolutely. Ratio Test 

Converges absolutely. nth-Root Test or Ratio Test. 

Diverges. nth-Term Test for Divergence 

Converges absolutely. Direct Comparison Test with 1 /n3/?. 

Converges absolutely. Limit Comparison Test with 1 /n?. 

Diverges. nth-Term Test for Divergence 53.1/6 54.—1 

(ENAGa) Silt Ge = 3) te Age = BP ae Wea — SP 

f(3.2) ~ P3(3.2) = 1.936 

(b) For f/2P;@) = 496 (G3) 16 (a 93) 

f'(2.7) ~ P)(2.7) = 2.74 

(c) It underestimates the values, since the graph of f is concave up near 

= 3, 

(a) f(4) = 7 and f"(4) = —-12 
(yer AG) == 2h 1 Ge = 44) = Gee = Air 

f'(4.3) ~ P,(4.3) = — 0.54 

(Ov 4)\— (2 = HP ce 2 (x = Oe s(x = ahs 

(d) No. One would need the entire Taylor series for f(x), and it would 

have to converge to f(x) at x = 3. 

ae a ye 5 (Z) + 

2 48 768 (27s ee ION: 

(b) All real numbers. Use the Ratio Test. 

(c) Note that the absolute value of f‘")(x) is bounded by 5/2” for all x 
and all n = 1, 2,3,...Soif—2 < x < 2, the truncation error using 

n+l 5 

+1 (n+1)! (n+ 1)! 
than 0.1 requires n = 4. So, two nonzero terms (up through degree 4) 

are needed. 

(a) eat Ac? Ras oe age teil Doe) ats ee 
(b) (—1/2, 1/2). The series for 1/(1 — t) is known to converge for 

—1 <t < 1,s0 by substituting t = 2x, we find the resulting series 

converges for—1 < 2x < 1. 

(c) Possible answer: 

f(—1/4) = 2/3, so one percent is approximately 0.0067. It takes 
7 terms (up through degree 6). This can be found by trial and error. 

(a)1/e (b)—5/18 ~ —0.278 

(c) By the Alternating Series Bound Theorem, the error is bounded by 

the size of the next term, which is 32/243, or about 0.132. 

P, is bounded by . To make this less 

Fiat i ae eS. )? tei) tlre eck 

(= 3) 3) =a 
mG: a Sys 

aaa: 



666 

61. 

62. 

63. 

64, 

65. 

66. 

67. 

68. 

69. 

70. 

Selected Answers 

(c) Evaluate at x = 3.5. This is an alternating series. By the Alternating 

Series Bound Theorem, since the size of the third term is 

1/24 < 0.05, the first two terms will suffice. The estimate for 

In (3/2) is 0.375. 

— 9x2 4 4x? ais — 4 \7 (a) i ee ee =e |=) Ay 

(b) All real numbers. Use the Ratio Test. 

(c) This is an alternating series. The difference will be bounded by the 

QNnx2n 
fos. 

el Nes a 
magnitude of the fifth term, which is ah a 

! af 

Since —0.6 = x = 0.6, this term is less than which is less 

than 0.02. 

(a) x2 — x3 + x4 — x5 +--+ + (—1)mert2 + --- 

(b) No. The partial sums form the sequence 1, 0, 1,0, 1, 0, . . . which has 

no limit. 

x3 x! xl! (= ee 

3 73!) 1G!) (4n + 3)(2n +11)! 
(b) The first two nonzero terms suffice (through degree 7). 

(ce) 0.31026830 

(d) Within 1.5 X 1077 

(a) 0.88566 
(b) 41/60 ~ 0.68333 

(c) Since f is concave up, the trapezoids used to estimate the area lie 

above the curve, and the estimate is too large. 

(d) Since all the derivatives are positive (and x > 0), the remainder, 

R,,(x), must be positive. This means that P,(x) is smaller than f(x). 

(e)e — 2 = 0.71828 

(a) Because [ $1000(1.08)~"](1.08)" = $1000 will be available after 
n years. 

(b) Assume that the first payment goes to the charity at the end of the first 

year. Then, 1000(1.08)~! + 1000(1.08)~? + 1000(1.08)~3 + -:- 
(c) This is a geometric series with sum equal to $12,500. This represents 

the amount which must be invested today in order to completely fund 

the perpetuity forever. 

$16,666.67 [Again, assuming first payment at end of year.] 

wif) (Ff) 90» es 2 2 2 

(b) 1+ 2x +.3x7 + 4x5 +. 
AC) oxo tot ae 
(d) The expected payoff of the game is $1. 

V3 3b?V3 . 3B?V3 
+ - free 

4 4 43 

(b) b? V3. Note that this is the same as the area of the original triangle! 

(c) No. For example, let b = 1/2 and set the base of the triangle along 

the x-axis from (0,0) to (1,0). The points removed by the con- 

struction are all of the form (k/2", 0) so points of the form (x, 0) 
with x irrational (among others) still remain. The same sort of thing 

is happening along the other two sides of the triangle (and, in fact, 

along any of the sides of any of the smaller blue triangles in the 

figure). While there are infinitely many points remaining throughout 

the triangle, they paradoxically take up zero area. (This figure, the 

Sierpinski triangle, is well known to students of fractal geometry.) 

1 

(a) 

(1-3) = 1+ 2x + 3x? + 4x9 + 5x4 + +--+; Substitute x = 1/2 to 
= s 

get the desired result. 

2) 2 

(b) Solve x = ————, x = 2.769. 
(x - 1)" 

71. (a) Computing the coefficients, 

1 
== f(1) = 5 

1 f'(x) =—(a + 1), 90 F'(1) = -] 
ife\eL)) 1 

” = 25 =3 as Pcs.) =" (pail ino) SO ry 3 

ft, 1 1 

f(x) = —6(x + 1)~4, so ae PI ie 

(Sijent FOUL) tly 
In general, f(")(x) = Gait per leew eee? 

So 

i pom hea ie (Ga iy 
a a eS SS = ons (a | ay ie fase : Cis 

(b) Ratio Test for absolute convergence: 

fg, ens See ise a 
Bex gn+2 |x = 1|" 7 } 

foe 
| 5 | < 1= -1 <x < 3. The series converges absolutely on 

(153) 

Coral 
At x = —1, the series is }) > which diverges by the nth-Term Test. 

n=0 

oo 1 
At x = 3, the series is $\(—1)" 57 Which diverges by the nth-Term 

n=0 

Test. 

The interval of convergence is (—1, 3). 

Pee te Oc Og ee 
©) PG) 8 16 

1 5-1 ISS Ose n(0s) a eee orto ce 
) 4 8 16 

= 0.664025 

72. (a) Ratio test for absolute convergence: 

(oF 1) eae nt+1 |x| _ [xl 
n—oo gn+l n|x|" 7, pes n 2 

|x| 
ZF <la-d<x<2 

The series converges absolutely on (—2, 2). 

The series diverges at both endpoints by the nth-Term Test, since 

lim n # Oand lim (—1)"n ¥ 0. 
noo noo 

The interval of convergence is (—2, 2). 

(b) The series converges at —1 and forms an alternating series: 

i eee fae ik a 
Saha at ag 7 CU" gy F771» The nth term of this 

series decreases in absolute value to 0, so the truncation error after 

9 terms is less than the absolute value of the 10th term. Thus error 

10 

73. (a) Pi(x) =-1 + 2x 

(b) P,(x) =-1+ 2-32 

(oc) Pilz) = =e oe + = 

(d) —0.106 



CHAPTER 11 

Section 11.1 

Quick Review 11.1 

Ly=2 +l 3.02 +32 = 1 5. y2 = 1 x2 

5) Se I Oi SNA ee 

Exercises 11.1 

1. Yes, y is a function of x. 

PS 9) 

3. Yes, y is a function of x. 

y= Vxe+ 1 

5. Yes, y is a function of x. 

al Se 

3 V3 1 1 
: (a) == Se hee%¢ 9. (a)—./3 +a -— (a) pian (b) 8 sec? t 9. (a) 3 : (b) 372 P| 

312 6t? — 18t 
11. (a) eo (b) (2-3) 

13. (a) sint (b)cos?t 15.(a)4 (b)0 

17. (a) : 

(b) (0.5, —20.25 ) 
(c) We seek to minimize y as a function of t, so we compute 

dy/dt = 2t + 1, which is negative for —2 = t < —0.5 and positive 

for —0.5 < t S 2. There is a relative minimum at t = —0.5, where 

(x, y) = (0.5, —0.25). 

Selected Answers 667 

19. (a) y 

(b) (2, 0) 
(c) We seek to maximize x as a function of t, so we compute 

dx/dt = 2 cost, which is positive for 0 = t < 7/2 and negative 

for 7/2 < t = qm. There is a relative maximum at t = 77/2, where 

(x,y) = (2,0). 
21. (a) y 

(b) (0, 1) 
(c) We seek to maximize y as a function of t, so we compute 

dy /dt = —2 sin (2t), which is positive for 1.5 = t < 7 and nega- 
tive for 7 < t S 4.5. There is a relative maximum at t = 7, where 

(x,y) = (0, 1). 
23. (a) (2,0) and(2,—2) (b) (1,—1) and (3, —-1) 

Pp) 
25. (a) Att = +—=, or = (0.845, —3.079) and (3.155, 3.079) 

V3 
(b) Nowhere 

27.20 29.02 31.21/2 
PEN PP 

33. avid = 0.609 35.(a)7 (b)7 

37. Just substitute x for t and note that dx/dx = 1. 

39. 32a? 

41. x = at — bsintandy=a-—bcost (0<a<b) 

43. 21.010 

45. False. Indeed, y may not even be a function of x. (See Example 1.) 

47.B 49.C 

51. (a)x = cost + tsint,y = sint—tcost (b) 27? 

53. (a) ~ 461.749 ft (b) ~41.125 ft 

55. (a) ~ 840.421 ft (b) 16,875/64 ~ 263.672 ft 

57. 87? 59. 178.561 

Section 11.2 

Quick Review 11.2 

1.6V17 3.6=5/2 5.a=4 

7. v(t) = sint + tcost; a(t) = 2cost — tsint 

O32 
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Exercises 11.2 

1. (2,3) 3.(1,-4) 5. V8,45° 7.2,30° 9.5, 180° 
11. (-4,0) 13. (—0.868, 4.924) 15. (3,3) 
17. (a) (9,-6) (b) 3V/13 
19. (a) (1,3) (b) V10 
21. (a) (12,-19) (b) V/505 

23. (a) (1/5, 14/5) (b) V197/5 
25. Speed ~ 346.735 mph direction ~ 14.266° east of north 

27. v(t) = (6, 6t7), a(t) = (6, 12f) 

29° y(t) = (er tes —e=) a(t i=" (Jem cCarem en) 

31. v(t) = (2t + 2 cos 2t, 2t + 2 sin 2r), 

a(t) = (2 — 4sin 21,2 + 4cos 2r) 

33. (a) (90 tcos 55°, 90f sin 55° — 161?) 
(b) (90 cos 55°, 90 sin 55° — 32r) 
(c) No, the ball hits the fence. 

Hip=S0Tcost_ Y17=S0TsincS_ 

TE4.4ESE 
H=230.00428 ¥=10,85249 

(d) About 4.456 seconds 

(e) About 86.055 ft/sec 

35. Velocity: (—3 sin 3t, 2 cos 2t) ; acceleration: (—9 cos 3t, —4 sin 2r) 

[-1.6, 1.6] by [-1.1, 1.1] 
O0<sts27 

37. (a) Velocity: (4 cos 4t cos t — sin t sin 4t, 2 cos 2r) |1=50r/4 = (2 V2, 0); 

speed: 2 V2 

meee 
[—4, 4] by [-1.2, 1.2] 

Osts27 

(c) To the right 

39. (a) (20,9) (b) 19.343 

41. (a) (3 + In4,-1.7) (b) 1.419 

43. The parametric equations are x = t3 — t? + 2 and 

y =t+ sin(at)/a + 6. 

[0, 23] by [5, 10] 

Osrs3 

45. (a) 7V7/12 ~ 2.399 (b) (—Sn2/72,-2?/3/24) 

4t 2 — 21? 

ong ee cae 
(b) No. The x-component of velocity is zero only if t = 0, while the 

y-component of velocity is zero only if t = 1. At no time will the 

velocity be (0,0). 

MEO” OR 

(c) tim (+ + 12°14 = Sa 

e'cost — e'sint 
VV =—1 (b) 3.844 (ce) 2.430 

e'sint + e'cos t|,=7/2 

4 

51. (a) 3 + i (2 + sin (t?)) dt ~ 3.942 
2 

(b)y — 5 (ees) ~ 2+ sin4 
(c) V(2 + sin4)? + (—6)2 ~ 6.127 

(d) (8 cos 16, 2(2 + sin 16) + 7(8) cos 16) ~ (—7.661,—50.205) 

53. False. For example, u and —1(u) have opposite directions. 

SO ores 

1| aa 

59. The velocity vector is (=x, V1 = x*), which has slope — ss 

d d 
The acceleration vector is (4 (-x),—(V1 - *)) 

"dt 

a (- at =) 
“~\w-dt ie/ prea 

=i =) which has slope ——— Since the slopes are i ae op reek ne slopes 

negative reciprocals of each other, the vectors are orthogonal. 

61. (a) The particles collide when t = 2. 

(b) First particle: v,(2) = (1,—2), so the direction unit vector is 

(1/V5,-2/V5). 
Second particle: v(t) = (3/2,3/2), so the direction unit vector is 

(1/2, 1/V2). 
63. A closer view: 

Rir=aL0Tcos. MpEAs0Tsing. Hipadd0Tcos. Y4p=1L0Tsin( 

75 Y=8.0071533 45 ¥=7,9997505 

65. (a) The diagram shows, by vector addition, that y + w = u, so 

w=u-Y. 

(b) This is just the Law of Cosines applied to the triangle, the sides of 

which are the magnitudes of the vectors. 

(c) By the HMT Rule, w = (u, — vj, U2 — v2). So 

|u|? + |v]? — |wl? = (uy? + up?) + (vy? + v2?) 

—[ (uy — ¥1)? + (ua - 2)?] 
= uy? a uy? “ vy? + v2 oa [ u;? = 2uyVy + v2 

cs Uy? => 2uv2 + v2] 

2uyv, + 2upv2 

= 2(uyv, + upv2) 

(d) From part (b), |w|? = |u|? + |v|? — 2|ul|v|cos @, so 

Jul? + |v|? — |w|? = 2|ul|v|cos 6. 

From part (c), |u|? + |v|? — |w|? = 2(u;v, + uav2), Substituting, 
we get 2(u¥, + u2Vv2) = 2|u||v|cos 8, sou > v = uv, + uv. = 

|u||v|cos 6. 



Section 11.3 

Quick Review 11.3 

1. (2V3,2) 3.47 
4 — x2\1/2 

s. Graph y = ( =) and y = -( 
a =“ 

ae ‘ 

5 
7.—Zcot2 ~ 0.763 9. (3,0) and (—3, 0) 

Exercises 11.3 

1. 

(a) (1,1) (b) (1,0) 

(e)(Oc0) ay, — 

[-3, 3] by [-2, 2] 

Osé<s7 

[-3, 3] by [-2, 2] 

—7/4<0s7/4 

lemniscate 

21. y = 4, a horizontal line 

(a) (V2, 37/4) or (V2, -52r/4) 
(b) (2) 7/3) or (2527/3) 

(c) (3, 7/2) or (3, 57/2) 

(d) (1, 77) or (—1, 0) 

[-3, 3] by [-2, 2] 

0<0S27 

cardioid 

ao 

[-4.5, 4.5] by [-3, 3] 

0s6sS27 

limagon 

ae 

[-6, 6] by [+4, 4] 

O0<é0<7 

circle 

23. x + y = 1, aline (slope = —1, y-intercept = 1) 

25. y — 2x = 5,a line (slope = 2, y-intercept = 5) 

Selected Answers 669 

27. x* = y?, the union of two lines: y = +x 

29. x? + (y — 4)? = 16, acircle (center = (0,4), radius = 4) 

ee : 

[-6, 6] by [—4, 4] [-6, 6] by [—4, 4] 

0s6s27 0<0<27 

It is a parabola. It is a parabola. 

—)G 

[-6, 6] by [-4, 4] [-6, 6] by [-4, 4] 

0<0<27 0s6<27 

It is a hyperbola. It is an ellipse. 

39, At @ = 0:—1, At@ = 7: 1 

41. At (2,0): —2/3, At (—1, 7/2): 0 

At (2, 7): 2/3, At (5, 37r/2): 0 

43.187 45.7/8 47.2 49.117 

SIS (a) 2) 5355770 8 oda Sa aT, 

Sis 

— 

[-3, 3] by [-2, 2] 

0 <6< 7 for the circle 

0 <6 < 27 for the cardioid 

1/3 

=((3cos 6)? — (1 + cos6)*) dO = 7 
—— —1/3 

59. 

[-3, 3] by [-2, 2] 

O<@<7 

my 
Area = i 5 (2 sin 30)*d@ = a 

0 
d/d6(2 sin 30 sin 0) 

BO 7 iid ante woe) 
zt 

0=7/4 2 

61. True. Polar coordinates determine a unique point. 63.D 65.B 

67. (a) 

[-9, 9] by [-6, 6] [-9, 9] by [-6, 6] 

(c) The graph of 7 is the graph of r, rotated counterclockwise about the 

origin by the angle a. 
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69. 

71. 

ase 

75. 

77. 

Teds 

Selected Answers 

(a) 

The graphs are ellipses that stretch out to the right. (b) The ellipse with 

eccentricity —e is the reflection across the y-axis of the ellipse with 

eccentricity e. 

(a) iN 

y 
[-9, 9] by [-6, 6] 

The graphs are parabolas. 

(b) As c — 0°, the limit of the graph is the negative x-axis. 

(a)a (b)a (ce) 2a/r 

8 

r? = x2 y? = (¢ — ex)* = c* = 2cex + e%x?, 

= e>)x* + Qcex y+ = C7, — — 

2cex ce? ce? c? ON ed, see 9 ahh 4 (1 a(. ee ee Sve ICD Ee gy 

(lec CO Nee Tee 
2— 2 aac RE + o2 y 1 

The area swept out from time fp to time ft is given by 

Quick Quiz (Sections 11.1-11.3) 

1 A 3.D 

Review Exercises 

au Ww = 

-(a)y= V3 + i! 

. (a) (0, 1/2) and (0,—1/2) 

. (a) (0,2) and (0,—2) (b) (—2, 0) and (2, 0) 

. (a) (0,0) 

. (a) (0,9) and (0,-9) (b) (—4, 0) and (4, 0) 

. (a) (17,32) (b) V1313 2.(a) (-1,-1)  (b) V2 

. (a) (6,-8) (b) 10 4. (a) (10,-25) (b) V725 = 5/29 
, (-V3/2,-1/2) {assuming counterclockwise] 6. (3/2, 1/2) 

. (8/V17,-2/V17) 8 (-3,-4) 

(b) 1/4 10. (a) y = —3x + 8 (b) 6 
2 4 

(b) Nowhere 

(b) Nowhere 

16. 

[—3, 3] by [-2, 2] [-4.5, 4.5] by [-3, 3] 

0<0s27 0<0S27 

cardioid convex limacgon 

17. 

19. 

21. 

23. 

24. 

25. 

26. 

28. 

29. 

31. 

33. 

34, 

36. 

Soe 

40. 

41. 

42. 

43. 

45. 

47. 

18. 

{-1.5, 1.5] by [-1, 1] 

0<0S27 

[-3, 3] by [-2, 2] 

—7/2<0<7/2 

4-petaled rose vertical line 

20. 

[-1.5, 1.5] by [-1, 1] [-1.5, 1.5] by [-1, 1] 

0<sé6s7/2 O<@0s7 

lemniscate circle 

4.041 22. 0.346 

Horizontal: y = 0,y ~ +0.443,y ~ +1.739 

Vertical: x = 2,x ~ 0.067,x ~ —1.104 

Horizontal: y = 1/2, y = —4 

Vertical: x = 0,x ~ +2.598 

y= txt V2 and y = +x- V2 

y=x-landy=-x-1 27.x=y,aline 

3 3 
x? + y? = 3x, acircle (center = 3. 0), radius = :) 

x? = 4y,aparabola 30.x — V3y = 4V3 ory = —~_ - 4 aline 
V3 

r=—SsinO 32.r=2sin6 

r> cos? @ + 4r? sin? @ = 16, or 

2 af eeedet in Aaa 
cos? 6 + 4 sin? @ 

(rcos 6 + 2)? + (rsin6 — 5)? = 16 35. 9/2 

m/12 37. (4/4) +2 38.57 
(a) v(t) = (—4 sin t, V2 cos t) and a(t) = (—4 cos t, — 2 sin r) 

(b) 3 

(a) v(t) = (V3 sec t tan ti V3 sec? r) and 

a(t) = (V3(sec ttan? t + sec r),2V3 sec? r tan r) 

(b) V3 

t 2 1 2 1 
Speed = = 2 eS 
pee |v(t)| ( (1 Pie) ( rae) are 

1 
The maximum value of ———~ is 1, when t = 0. 

1+ 7 

e'sint 
r(t) = (e'cost, e' sin t), with slope = tant. 
(har ; )s Pe et cost 

v(t) = (e'cost — e'sint, e’sint + e'cost) 

2e' cos t 1 
a(t) = (—2e' sin t, 2e' cos t), with slope ————- = — —— 
Re ), Pe ~2e' sint tant 

Since the slopes are negative reciprocals, the angle is always 90°. 

r(t) = (cost—1,sint+1) 44.r(t) = (tan! ¢ fs 1, Vi? + 1) 

r(t) = (1,1?) 46.r(t) = (1? + 6 — 2,-1? + 24 + 2) 

7 2 2 
= = 3.238 (b) x-component: ae y-component: — ee 

4 16V2 
(a) 

16V2 
2 

x 
—+ ==] (c) 9 



48. 

49, 

50. 

51. 

52. 

53. 

(a)1 (b)eV2 (© (2 - 1)V2 

(a) 104/5 (b) 4144/135 (2 = 2Ve+2 

Speed ~ 591.982 mph; Direction ~ 8.179° north of east 

(a) r(t) = (t? + a, cos (t? + )) 

(b) At this point t? + 7m = 4,sot = V4 —7. 

Speed = V(2t)? + (2t(— sin (t? + a))*|,-Vacq = 2.324 

(a) va(t) = (1,2) and va(t) = (3/2,3/2) 
5 

(b) / V1 + (2t — 4)? dt = 6.126 
0 

(c) Setting x4 = xg, we find that tr = 4. Plugging t = 4 into y, and yz, 

we find that both values are the same (4). Thus, the particles col- 

lide when t = 4. [Note: If you graph both paths, they will cross at 

(—1, 1). However, the particles are there at different times.] 

a fa aplaeed cris Vn ei? Area ee ee) age Oe / ale + oa 3 
(b) The polar equation is equivalent to r + rsin@ = 4. Thus, 

r=4-rsin@ 

r? = (4 — rsin6)* 

x2 + qyate Ale ii) 
x? + y? = 16 — 8y + y? 

8y = 16 — x? 

‘ x? 32 
(c) Area = if (2 = | dx, which, indeed, is 3 

APPENDIX 

Section A2 

1. 

3s 

is 

4 
9 Nie ie 

5 = 1/18 
8 = 0.39 5. (—2.01,-1.99); 6 = 0.01 

(3, 15);6 = 5 
9.(a)—-4 (b) 6 = 0.05 

11. (a) sin] ~ 0.841 (b) 6 = 0.018 

13.6 = min{l- Vl-«,Vl+e-1} 

15. (a) = (5,5 + €?) (db) lim, Vx -5=0 

Section A4 

1. 

8 17 
3. sinh x = see te = —* coth x.— —;sechx 

5) 3 5 4 pelt 
coshx = 7; tanhx = — 5; cothx = qisech & = 2; Csete 3 

Beet ce ae 
15 7 8 igh ee ee 

37. 

39. 

41. 

45 

49, 

53: 

59, 

63. 

65. 

69. 

Selected Answers 
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Applications Index 

Note: Numbers in parenthesis refer to exer- 
cises on the page indicated. 

Business, Economics, 

Industry, Labor 

Average daily holding cost, 313(74) 

Average daily inventory, 325(44) 

Backpacks, selling, 235(50) 

Box fabrication, 226, 232(18) 

Burger prices, 10(39) 

Can design, 226-227, 232(16—-17) 

Club fees, 10(18) 

Depreciation of trucks, 55(62) 

Factory electrical power consumption, 

438(5) 

Fence design, 231(9-10) 

Finding profit, 140(29) 

Fish pond, 320(10) 

Fuel consumption, 394(28) 

Great Molasses Flood, 429 

Hot dog stand, 394(29) 

Industrial costs, 21(56) 

Industrial production, 261(47) 

Marginal cost, 136, 140(27) 

cost from, 313(72) 

Marginal revenue, 136, 140(28), 

152(74) 

revenue from, 313(73) 

Maximizing profit, 228-229, 232(23), 

233(24) 

Metal sheet fabrication, 424(23) 

Milk carton filling, 394(27), 435(26) 

Minimizing average cost, 229-230, 

233(25-26) 

Oil consumption 

of developing country, 419(3) 
on Pathfinder Island, 324(33) 

in U.S., 393(21) 

Oil depletion, 366(40) 

Oil refinery, 264(52) 

Orchard farming, 127 

Picnic pavilion rental, 127 

Poster design, 232(13) 

Potato consumption, 389 
Printing costs, 325(43) 

Production levels, 236(61-62) 

Quickest routes, 232(20) 

Rental charge vs. time, 37 
Rice crops in Laos, 58 

Salary negotiation, 86(29) 

Shipping packages, 233(30) 
Solid waste accumulation, 365(34) 

Spinach boxes, 432 
Stringing telephone cable, 265(62) 
Suitcase design, 232(19) 

Taxi fares, 98(52) 

Time vs. rental charge, 37 

Tire manufacturing, 264(54) 
Tour services, 233(27) 

Wheat exports, 95(39) 
Wilson lot size formula, 236(60) 
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Computer Science, Geometry, 

Probability, Simulation, and 

Other Mathematics 

Alternating harmonic series, 528 

Approximation by rectangles, 272 

Area formulas, 300(51) 

Cartesian length formula, 548(37) 

Cavalieri’s theorem, 405(57), 412-413 

Changing 

area, 264(57) 

cube, 264(59) 

rectangle, 257(9-10) 

Changing voltage, 257(7) 

Chaos theory, 328 

Circles 

area of, 257(1), 280(39) 

expanding, 248(42) 

motion along, 261(45) 

radius of, 260(36-37) 

Circumference, 473 

Circumscribing ellipse, 237(65) 

Cissoid of Diocles, 171(46) 

Closing off first quadrant, 231(8) 

Cone construction, 225, 233(32) 

Controlling error, 265(65) 

Cubic polynomial functions, 233(29) 
Cubics, 222(59) 

Cycloids, 545-546 

curtate, 548(41) 

prolate, 548(42) 

Devil’s Curve, 171(54) 

Diagonals, 257(5) 

Distance from point to line, 12(58) 
Eight curve, 171(45) 

Ellipse area, 405(56) 

Fermat’s principle in optics, 236(57) 
Finding angles, 232(15), 235(47) 

Finding area, 231(4) 

Folium of Descartes, 171(55) 

Fundamental Theorem 

application of, 303 

with Chain Rule, 304 

for initial value problems, 330 
Generalized cone problem, 237(64) 

Geometry, calculus and, 234(42) 

Grapher failure, 83 
Hyperbolic functions, 601(72) 
Inscribing figures 

cones, 234(36), 264(49) 

cylinder, 264(48) 

rectangle, 224-225, 231(4), 232(21), 
264(51) 

John Napier’s answer, 366(44) 

Largest rectangle, 231(4) 
Linearization, 250(69) 

Maximizing area, 231(2) 

Maximizing volume, 232(22) 

Mean Value Theorem, 263(37), 460(71) 

proof of, 210(63) 

Minimizing perimeter, 231(3) 
Multiples of Pi, 250(67) 

Net area, 286 

Newton’s method, 249(63), 263(41) 

formula for, 250(71) 

Nicole Oresme’s Theorem, 539(69) 

Optical dimensions, 231(7) 

Orthogonal curves, 171(51), 188(64) 

Orthogonal vectors, 559(59-60) 

Oscillation, 250(64) 

Parameter values, 233(33), 234(34-35) 

Percentage error, 248(44), 338(63-64) 

Perimeter of ellipse, 548(36) 

Probability 

of clock stopping, 430-431, 435(27-28) 
of shared birthdays, 105-106, 110(45) 

Quadratic approximations, 250(66) 

Quartic polynomial functions, 222(60) 
Rectangular Approximation Methods, 

280(40-41) 

Rolle’s Theorem, proof of, 210(62) 

Rotational symmetry, 384 

Search algorithms 

binary, 464, 466(44) 

efficient, 466(43) 

sequential, 464-465, 466(44) 

Simpson’s rule approximations, 319, 326(53) 
Simulation of related motion, 255-256 

Surface area, 247(32), 248(34), 248(36), 

600(70) 

estimating, 248(5S0) 

of sphere, 257(2) 

Tolerance, 248(45-46), 248(48) 

Trapezoid rule approximations, 319 
Triangle 

area of, 257(6) 

punching out, 539(68) 
Twisted solids, 416(46) 

Volume, 247(31), 248(33), 248(35) 

approximation by RAM, 274-275, 
280(40-41) 

of bowl, 417(52) 

consistency of definitions, 418(76) 

of cube, 260(39) 

of cylinder, 257(3) 

by cylindrical shells, 410-411 

about each axis, 417(55) 

estimating, 248(49) 

of hemisphere, 418(73) 

of infinite solid, 474, 479(54) 

method comparison, 411-412 
of nose cone, 278(26) 

of reservoir, 278(24) 

of solid hemisphere, 278(22) 

of solids with rotational symmetry, 
384 

of sphere, 274 
of swimming pool, 278(25), 320(9) 

of torus, 418(74) 

Education 

School projects, 394(30) 
Test scores, 435(30) 



Growth and Decay 

Bacteria growth, 28(38), 141(46), 364(24) 

Boys growing, 376(37) 

Carbon-14 dating, 362, 381(55) 

Crater Lake, 365(35) 

measurement sensitivity, 365(36) 

Cholera bacteria, 27(31), 364(23) 

Cooling 
Newton’s law of cooling, 362-363 

of pie, 380(52) 

silver, 365(32) 

soup, 365(31) 

Depreciation of trucks, 55(62) 

Exponential, 369 
Girls growing, 377(38) 

Growing 

raindrop, 257(12) 

rings on trees, 130 

sand piles, 258(16) 

trees, 248(43) 

Half-life, 27(21), 27(22) 

Californium-252, 380(51) 

finding, 360-361 

of Np-240, 364(22) 

of Polonium-210, 364(26) 

of Radon-222, 364(25) 

of Sm-151, 364(21) 

Logistic Growth Models, 374-375 

Mean-life of radioactive nuclei, 364(29) 

Money doubling, 27(25), 27(26), 27(27), 

43(47) 

Morey tripling, 27(28), 27(29), 27(30) 

Radioactive decay, 27(23), 360-361 

of plutonium, 187(53) 

Savings account growth, 23 

Transitivity of rates, 463 

Home and Community 

Air pollution, 279(31) 

Automobile gas mileage, 192 

Bathroom scale, 433(10) 

Bundt cake, 440(49) 

Catching rainwater, 231(12) 

Filling a swamp, 326(56) 

Flower vase, 418(72) 

Home electricity use, 393(22) 

Household electricity, 326(57) 

Milk left on counter, 182 

Storage bins, 263(46) 

Water pollution, 279(30), 495(42) 

Water tower, 435(22) 

Interest, Investment, 

Financial Assistance 

Appreciation of violin, 381(56) 
Average value, 573(73) 

Compounding interest continuously, 360, 

367(56) 
Cost, revenue, and profit, 260(43) 

Depreciation of trucks, 55(62) 

Expected payoffs, 539(67) 
Finding times, 27(24) 

Inflation, 396(44) 

Maximizing profit, 228-229 

Minimizing average cost, 229-230 

Minting coins, 248(47) 

Money doubling, 27(25), 27(26), 27(27), 

43(47) 

Money tripling, 27(28), 27(29), 27(30) 

Perpetuities, 539 

Rule of 70, 56(66), 366(46) 

Rule of 72, 56(67), 366(46) 

Savings account growth, 23 

Life Science and Medicine 

Angiography, 244 

Angioplasty, 244 

Avian development, 365(33) 

Body’s reaction to medicine, 127(48) 

Cardiac output, 260(44), 275-276, 277(17) 

Cell membrane transport, 381(58) 

Cholera bacteria, 27(31) 

Coughing, 236(59) 
Disease elimination, 27(32) 

Drug absorption, 55(63) 
Effect of flight maneuvers on heart, 248(50) 

First-order chemical reactions, 366(42) 

Flu spreading, 185, 187(52) 

Inversion of sugar, 366(39) 

Motion sickness, 146 

Patient temperature, 95(37) 

Sensitivity to medicine, 92-93, 235(49) 

Spread of measles, 376(32) 

Unclogging arteries, 244-245 

Linear Motion (acceleration, 

distance, height, position, 

time, velocity) 

Acceleration, 554—556 

of car, 395(40) 

constant, 162(64) 

displacement and, 600(68) 

due to gravity, 209(43) 

effects of, 388 

particle, 162(66) 

of particles, 380(49) 

of projectiles, 393(11) 

from standstill, 93(7) 

Coasting to a stop, 367(54—55) 

Direction and magnitude, 551 

Distance traveled 

displacement and, 556-557 

formulas, 573(72) 

modeling, 11(44) 

from point to line, 12(58) 

by projectile, 279(29) 

total, 387 

by toy car, 438(1) 
of train engine, 278(18) 

upstream, 278(19) 

when velocities varies, 271 

from velocity data, 278(21) 

Finding height, 265(67) 

Free fall 

100-m tower, 94(27) 

with air resistance, 279(28) 
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of balls, 141(38) 

of bodies, 59 

constants on Earth, 132 

on Jupiter, 94(32), 138(14) 

on Mars, 94(31), 138(14) 

on moon, 209(43) 

from rest, 207 

of rocks, 92, 127(47) 

on small airless planet, 68(70) 

of two balls, 152(72) 

water balloon, 68(69) 

Horizontal motion modeling, 133-134 

Jerk, 145-146 

Lunar projectile motion, 138(13) 

Motion along line, 216, 235(46) 

Particle motion 

acceleration, 380(49) 

of busy particles, 555 

on circle, 559(46-47) 

collisions, 560(61) 

on coordinate line, 138(9), 138(11), 

162(63) 

along coordinate plane, 259(28) 

along curve, 264(60) 

force in, 436(36) 

along line, 139(19-23) 

on number line, 138(10), 141(37) 

along parabolas, 259(25—26) 

path of, 557 

in plane, 558(35-38), 559(48-49), 

576(47-48) 

positions, 559(49) 

studying, 133-134 

velocity of, 395(38) 

along x-axis, 190(70), 220(25—28), 

264(55) 

Planar motion, 553-556 

Projectile motion, 138 

Speed, 554-556 

average, over short time intervals, 60 

finding, 139(24) 

ground, 553-554 

instantaneous, 60 

of triremes, 208(13) 

Truck on highway, 140(26) 

Velocity, 554-556 
ball, 95(37) 

downward, 207 

graphs, 131-132 
of race car, 131 

resistance proportional to, 367(53) 

Vertical motion 

of hanging masses, 235(45) 

height of object in, 232(14) 
modeling, 132-133 

of paper clip, 152(71) 
Weight on a spring, 145 

Physical Science 

and Engineering 

Aerodynamic drag, 321(29) 

Airplane landing path, 237(63) 
Airplane lift off, 100 
Atmospheric pressure, 366(41) 
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Ball bearing, 437(48) 

Balloon inflation, 141(34) 

Boring a cylinder, 258(15) 

Bouncing ball, 490(48) 

Bullet speeds, 138(16) 

Butterfly effect, 328 

Car acceleration, 495(40) 

Center of mass, 396(47) 

Changing tires, 243-244 

Classical bead problem, 417(53) 

Cylinder construction, 233(31) 

Cylinder pressure, 127(46) 
Dam design, 429 

Daylight hours in Fairbanks, Alaska, 

108(21) 

Depth of well, 245 

Diesel engine fuel consumption, 438(2) 

Draining 

conical reservoir, 258(17) 

a hemispherical reservoir, 258(18) 

a tank, 138(8), 139(25) 

water, 264(61) 

Earth’s surface area, 244 

Electrical current, 234(40) 

Electrical power, 257(4) 

Filling 

a bowl, 152(73), 418(75) 

a conical tank, 254 

a milk carton, 394(27), 435(26) 

a swamp, 326(56) 

a trough, 258(20) 

Finding mass, 394(31) 

Fish tank, 435(25) 

Fluid force 

aquarium, 436(35) 

feeding trough, 440(37) 

fish tank, 435(25), 437(4) 

Great Molasses Flood, 429 

milk carton, 435(26) 

olive oil can, 440(38) 

Forcing electrons together, 437(41) 

Frequencies of musical notes, 48, 

SL) 

Frictionless cart, 234(39) 

Fuel efficiency, 325(51) 

Fundamental frequency of vibrating piano 
string, 153(80) 

Gravity, 209(43) 

acceleration of, 249(52) 

Growth 
raindrop, 257(12) 
rings on trees, 130 
sand piles, 258(16) 

trees, 248(43) 

Harmonic notes on guitar, 524 
Heating a plate, 257(8) 
Hooke’s law, 395(35-36) Pap pr 

Jupiter, free fall on, 94(32), or 
Kinetic energy, 437(42) . 
Leaky bucket, 433(5-6) ‘ 
Leaky sand bag, 433(7) 
Light bulbs, 393(23) | 
Lunar data, 94(8) A 

Lunar projectile motion, 138(13) 

Mars 

free fall on, 94(31), 138(14) 

launching on, 263(43) 

Melting ice, 259(27) 

Meteorite falling, 162(65) 

Newton’s law of cooling, 362-363 

Nose cone, 279(26) 

Oil flow, 394(34) 

Orbital mechanics, 573(79) 

Pathfinder Island oil consumption, 324(33) 

Plumb bob design, 417 
Projectiles, 393(11) 

Pumping rates, 390 
Radiocarbon dating, 2 

Rising balloons, 253, 258(22) 

Rocket launch, 94(28), 139(18), 263(42) 

Rubber-band-powered sled, 325(34) 

Running machinery too fast, 162(61) 

Satellite in orbit, 436(40), 560(62) 

Scarpellone Panther I, 320(11) 

Ship problem, 287 

Sliding ladders, 256, 258(19) 

Snowfall calculation, 270 

Sojourner pathfinder, 442 

Stiffness of a beam, 234(38) 

Strength of a beam, 234(37) 

Swimming pool, 278(25), 320(9) 

Tank design, 231(11), 430 

Temperature data 

averaging, 316 

changes in, 208(12) 

Chattanooga, 51(43) 

conversion, 8 

finding, 380(53) 

original temperature of beam, 365(30) 

pendulum period and, 162(67) 
Rocky Mountain, 51(44) 

St. Louis, 51(24) 

Tempe, 162(62) 

Throwing dirt, 265(63) 

Tin pest, 236(58) 

Tractor trailers, 600(69) 

Translunar injection, 542 

Trireme speed, 208(13) 

Tunnel construction, 424(24) 

Vat design, 263(47) 

Volcanic lava fountains, 141(35) 

Washer cross sections, 408 

Water in reservoir, 279(24) 

Water tanks, 394(26) 

Weight of air, 394(32) 

Wind speeds, 268 

Wing design, 321(30) Wok ee 

pumping, 428-429, 434(17), 435(22), 

436(39) 

rolling a stone, 440(35) 

stretching a spring, 392, 433(8), 435(34), 

436(37), 440(34) 

subway car springs, 433(9) 

water tower, 435(22) 

Population Modeling 

and Demographics 

Bacterium populations, 141(46) 

Bear population, 98(51), 372-373 

Butterfly populations, 398 

Extinct populations, 377(45) 

Fruit fly population, 87, 137(7) 

Gopher population, 391 
Gorilla population, 376(34) 

Guppy population, 55(65), 376(33) 

Hare population, 108(23) 

Height of females, 435(31) 

Hornet population, 362 

Lynx population, 108(23) 
Moose population, 373-374 

Population density, 394(33) 

Population growth 
Florida, 99(53) 
Glenbrook, 43(48) 

Knoxville, 27(19) 

Silver Run, 27(20) 

Rabbit population, 376(31) 
Shared birthday probabilities, 105-106, 

110(45) 
Yellow perch lengths, 440(40) 

Sports 

Athletic field design, 264(53) 
Ball velocity, 95(38) 
Baseball, 436(44), 558(33), 560(63) 
Catching a fly ball, 554-555 
Downhill skiing, 109(29) 
Flying a kite, 258(14) 
Football, 436(46), 439(23), 558(34) 

- Golf, 436(45) 
Kelly Schmitzer skating data, 367(55) 

Marathon running, 208(14) 

Moving race car, 259(31) 

Parachuting, 141(33) 

Pole vaulting, 142(48) 

Race car velocity, 131 
Rock climbing, 439(32) 

Running tracks, 425(38) 
Skydiving, 326(52), 368(57), 600(67) 
Softball, 436(47) 

fees, 10 afeat 

Ls. 



Beauty bare, 494 

Benjamin Franklin’s will, 366(45) 

Billboards, 438(3) 

Bird feeder seed levels, 11(43) 

Building’s shadow, 259(33) 

Dye concentration data, 275 

Ferris wheel, 261(46) 

Guitar, 524 

Hanging cables, 601(71) 

Hauling in a dinghy, 258(21) 

Highway chase, 254 

Length of road, 278(20) 

Milk left on counter, 182 

Moving shadows, 259(29-30) 

Musical note frequencies, 48, 51(23) 

National Defense Spending, 95(40) 

Navigation, 558(25), 576(50) 

Paper folding, 235(48) 

Applications Index 

Paperweights, 412 

Rumor spreading, 187(51) 

Searchlights, 152(75) 

Speeding tickets, 208(11) 

Speed trap, 259(32) 

Telephone help line, 431, 435(29) 

Traffic flow, 393(24) 

Walkers, 260(34) 

Working underwater, 381(57) 
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Subject Index 

Note: Numbers in parenthesis refer to exer- 

cises on the page indicated. 

A 
Absolute change, 243-245 

Absolute convergence, 516, 528-529 

Absolute-extrema, 193 

finding, 196 

Absolute extreme values, 193-195 

Absolute extremum, 195 

Absolute maximum value, 193 

Absolute minimum value, 193 

Absolute value function, 18, 163(78), 341, 

345 

Absolute value theorem, 448 

Acceleration, 555-556, 599(68) 

definition, 132 

modeling effects of, 388 

vector, 554 

Accumulation 

general modeling strategy, 387-388 

net change and, 385-392 

problems as area, 269-272 
Accumulator function 

definite integral as, 288 

definition, 288 

Additivity Rule, 293 

Aerodynamic drag, 321(29) 

AGNESI, MARIA (1718-1799), 32 

Algebra 

Binomial Theorem in, 577 

difference of like integer powers, 

577 

formulas, 577-578 

fractions in, 577 

laws of exponents, 577 

Quadratic Formula, 578 

square, completing, 578 

zero in, 577 

Algebraic combinations, 81-82 
Algebraic mean, 163(79) 

Alternating series, 527-528 

error bound, 504, 507 

test, 527 

Antiderivatives, 206, 486 

area using, 308 

challenging, 356(57), 356(58) 

definite integral and, 293-298 
formula verification, 341 

in Fundamental Theorem of Calculus, 

302-305 

graphical analysis of, 309 
Leibniz notation for, 342 

Antidifferentiation, 206 

by parts, 349-354 

substitution, 340-346 

Apogee, 561 

Appreciation, 381(56) 
Approximation error, 591 
Arccosecant, 176-177 

Arccosine, 176-177 

676 

Arccotangent 

derivatives of, 176-177 

tangent line to, 177 

Archimedes area formula for parabolas, 

312(64) 

ARCHIMEDES OF SYRACUSE 

(287-212 B.C.E.), 571 

Arc length, 45, 548(41) 

in parametric curves, 544-545 

tangent, 426(39) 

Arcsecant, 175-176 

Arcsine, 174-175 

Arctangent, 175 

Area, 257(1) 

accumulation problems as, 269-272 

antiderivatives for finding, 308 

of circles, 94(29) 

connection, 308-309 

under curve, 285 

between curves, 397-398 

definite integral and, 285-296 

differential, 567 

of ellipses, 405(56) 

finding, 231(4), 355(33), 355(34) 

formulas, 300(51) 

intersecting curves enclosing, 398-399 

maximizing, 231(2) 

under parabolic arc, 317 

in plane, 397-401 

polar coordinates, 567 

polar curve, 566-568 

signed, 286 

summing, 490(50), 490(51) 

surface, 248(50), 257(2), 413, 599(70) 

of triangle, 263(45) 

Arithmetic mean, 210(58) 

Arithmetic sequence, 445-446 

defining, 444 

explicit formulas for, 444 

recursive formulas for, 444 

Astroid, length of, 424(22) 

Asymptotes, 581 

limits and, 491(76) 

Average cost minimization, 229 

Average rates of changes, 87-88 
Average speed, 59-60 

Average value of function, 294-295 
Average velocity, 130 

Axis, rotation around, 409 

B - 

Bacteria growth, 28(38) 

Bead problem, 417(53) 

Bell, 439(18) 
BERNOULLI, JACOB (1654-1705), 570 - 
Binary search, 464, 466(44) 

Binomial powers, 240 
Binomial series, 502(45) 

Binomial Theorem, 502(46) 

in algebra, 577 
BLACKWELL, DAVID H. (1919-2010), 105 

BONNET, OSSIAN (1819-1892), 202 

Boundary, 14 

Bounded functions, 289 

Bowl, volume of, 417(52) 

Bow Tie, 439(17) 

BROWNE, MARJORIE LEE (1914-1979), 87 

Cc 
Calculators 

conversion identities, 177 

identity conversion, 177 

integrals on, 289-290 

values, rounding, 121 

Californium-252, 380(51) 

Carbon-14 dating, 362, 365(36), 381(55) 

Cardiac output, 275-276, 277(17) 

Cardioid, length of, 573(75) 

Cartesian length formula, 548(37) 

CASSINI, GIOVANNI DOMENICO 

(1625-1712), 570 

Cassini oval, 570 

CAUCHY, AUGUSTIN-LOUIS (1789-1857), 

303, 453 

Cauchy’s Mean Value Theorem, 460(71) 

CAVALIERI, BONAVENTURA 

(1598-1647), 405(57), 412 

Cavalieri’s theorem, 405(57), 412-413 

Center of mass, 396(47) 

Chain Rule, 155-160, 162(68), 183 

applying, 156-157 

definition of, 156 

Fundamental Theorem of Calculus with, 

304 

proof of, 591 

repeated use of, 157-158 

Change 

absolute, 243-245 

average rate of, 87-88 

of base formula, 41 

differential estimate of, 242 

estimating, 265(64) 

instantaneous rate of, 91-92, 125, 

129-130 

net, 385-392 

percentage, 243-245 
rates of, 59-60 

relative, 243-245 

sensitivity to, 135-136 
Cholera, 27(31) 

Circle-area function, 14 

Circles, 581 

area of, 94(29) 

enlarging, 129 
formulas, 579 
graphing, 30 
motion along, 261 
parametrizing, 30, 34(35) 

in polar gallery, 569 
Circular cross sections, 407-409 
Circular orbit, 560(62) 

Circular sector, 566 



Circumference, improper integrals for, 

473-474 

Cissoid of Diocles, 171(46) 

Classic mode, 113 

Closed intervals, 14 

Coasting, 367(54), 367(55) 

Coming and going, 389-390 

Common difference, 444 

Common logarithm functions, 40 

Companion integrals, 593 
Comparison test, 472, 525-526 

Component form, 550 

Composite functions, 18-19 

continuous, 82 

derivative of, 155—157 

Compound interest, 25 

continuous, 26, 359-360, 459(57) 

Concavity 

definition, 213 

in parametric curves, 544 

test, 214 

Conditional convergence, 528-529 

Cones 

in cones, 264(49) 

constructing, 225, 233(32) 

draining, 258(17) 

formulas, 579 

generalized problem, 237(64) 

inscribing, 234(36) 

right circular, 579 

volume of, 279(26) 

Conic sections, 581-582 

Connectivity, 83 

Constant-force formula, 391 

Constant function 

derivative of, 118 

integrals of, 287 

Constant Multiple Rule 

for definite integrals, 293 

for differentiation, 119 

of limits, 61, 71, 586 

Consumption over time, 389 

Continuity 

differentiability and, 115 

at points, 78-81 

properties of, 86(63) 
Continuous extension, 81, 459(55), 459(56) 

Continuous functions, 81, 85(47), 85(48), 

85(49), 85(50) 

continuous, 82 

definite integral of, 283 

graphs of, 111 
Intermediate Value Theorem for, 83-84 

properties of, 82 
Continuously compounded interest, 26, 

359-360, 459(57) 

Convergence 

absolute, 516, 528-529 

conditional, 528-529 

endpoint, 519-520, 523-533 

importance of, 513 

intervals of, 483, 491, 514, 529-531 

of Maclaurin series, 505-506 
procedure for determining, 532 
radius of, 513-520 

test for, 472-473 

Convergence Theorem for Power 

Series, 514 

Convergent sequences, 447 
Convergent series, 482 

geometric, 490(53) 

Corners, 422-423 

Cosine function, 579 

derivative of, 144 

Cos x, Taylor series for, 493-494 

CRAMER, GABRIEL, 171 

Critical point, 196 

without extreme values, 197 

Cross sections, 406, 412-413 

circular, 407-409 

square, 407 

washer, 408 

Cubes, 264(59) 

Cubic functions, 201 

graphs of, 222(59) 

Cubic polynomial functions, 

233(29) 

Curtate cycloid, 548(41) 

Curve 

area under, 285 

intersecting, 398-399 

lemniscate, 570 

lengths of, 420-423 

limagon, 564, 570 

normal to, 91 

orthogonal, 161, 171(51), 188(64) 

parametric, 29, 158, 543-547 

parametrization of, 29 

polar, 563-565, 573(74) 

rose, 569 

rotation of, 573(67) 

slope of, 89-90 

smooth, 421-422 

tangent to, 88-89 

Cusps, 422-423 

Cycloids 

curtate, 548(41) 

parametric curve, 545-547 

prolate, 548(42) 

Cylinders 

boring, 258(15) 

inscribing, 264(48) 

with parallel bases, 579 

right circular, 579 

Cylindrical shells, 409-412 

volume by, 410-411 

D 
Decay 

exponential, 24-25, 358-363 
radioactive, 24-25, 43(46), 

187(53), 360 

Decreasing function, 265(68) 

Mean Value Theorem and, 204-205 

Definite integrals, 387, 388, 486. See also 

Integrals 
as accumulator function, 288 

Additivity Rule for, 293 

antiderivatives and, 293-298 

area and, 285-296 

Constant Multiple Rule for, 293 

Subject Index 677 

of continuous functions, 283 

Difference Rule for, 293 

Domination Rule for, 293 

evaluation of, by substitution, 345 

existence of, 283 

as limit of Riemann sums, 283 

max-min Inequality for, 293 

Mean Value Theorem for, 295-296 

order of integration for, 293 

properties of, 293-294 

rules for, 293 

Sum Rule for, 293 

terminology and notation of, 283-285 

Zero Rule for, 293 

Degrees, radians vs., 149(50), 159-160 

Delta, 3, 584-586 

Density, 391 

Dependent variables, 13 

Depreciation, 55(62) 

Derivatives 

of arccosecant, 176-177 

of arccosine, 176-177 

of arccotangent, 176-177 

of arcsecant, 175-176 

of arcsine, 174-175 

of arctangent, 175 

of composite functions, 155-157 

of constant function, 118 

of cos (x), 163(77) 
of cosine function, 144 

from data, 151(65) 

definition of, 101-102 

discontinuous, 219 

in economics, 135-136 

of e*, 180 

of exponential functions, 180-186 

functions, learning about from, 

218-219 

functions with same, 206 

graphing, 103-106 
graph reading, 215 

higher order, 124-125, 167 

of hyperbolic functions, 592-594 

of integrals, 297 

Intermediate Value Theorem for, 115 

inverse function, 173-174 

on inverse graph, 174 

of inverse hyperbolic functions, 

595-597 

left-hand, 106 

of logarithmic functions, 180-186 

of log, x, 183-184 
Mean Value Theorem for, 202 

notation, 103 

nth, 124-125 

numerical, 113-115 

one-sided, 106 

at point, 102 
relating, 155-156 

right-hand, 106 

second, 124-125 

of sin 2x, 163(76) 

of sine functions, 143-144 

of trigonometric functions, 

143-147 

of a*, 181-182 
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Derivative test 

first, for local extrema, 211-213 

second, for local extrema, 216-218 

Devil’s Curve, 171(54) 

Diagonals, 257(5) 

Difference 

common, 444 

of like integer powers, 577 

quotient, 90 
symmetric, quotient, 113 

Difference Rule 

for definite integrals, 293 

for differentiation, 119 

of limits, 61, 71, 586 

Differentiability, 111, 554 

continuity and, 115 

local linearity and, 112 

Differentiable function, 101—102 

discrete phenomenon modeled with, 230 
rational powers of, 167-170 

Differential equations, 329-331, 381(66) 

calculator mode, 332 

logistic, 376(35) 

nonexact, 332 

potpourri, 339(79) 

second-order, 339(77), 339(78) 

separable, 358 

slope fields matched with, 332-333 

solving, 339(75), 339(76) 

Differentials, 241, 263(40), 342 

estimate of change, 242 

formulas for, 250(68) 

integrals and, 296-298 
Differentiation, 491(64) 

Constant Multiple Rule for, 119 
Difference Rule for, 119 

implicit, 164-170 

logarithmic, 190(63), 190(64) 

of negative integer powers of x, 123-124 
parameteric, 544 
of polynomials, 120 
Power Rule for, 118 

power series by, 485-486 
Product Rule, 121 
Quotient Rule for, 122-123 
rules for, 118-125 
Sum Rule for, 119 

term-by-term, 486 
Direct comparison test, 515 

proof of, 522(61), 522(62) 
Directed line segment, 550 _ 

Direction angle, 550 
of vector, 551 f 

Direction vector, pn ; 
Bcd Se 

infinite, 80, 470-472. Eb biorwr sie 
in initial value problem, 330. 
jump, 80 a eel Hilog 8 

80 ig ry 

point of, 79 | 
removable, 80 

Discontinuous derivatives, 219 

} ~ 

phenomenon, 
Displacement, 130, 386, 556-557 

Distance 

formula, 573(72) 

modeling, 11(44) 

from point to line, 12 

total, traveled, 387 

traveled, 556-557 

traveled by projectile, 279(29) 

traveled upstream, 278(18), 278(19) 

Distribution function, 476 

Divergence 

improper integral test for, 472-473 

nth term test for, 514 

Divergent sequences, 447 
Divergent series, 482 

Domain, 44(61) 

of function, 13 

identifying, 15, 16 

implied, 14 

relevant, 14 

Domination Rule, 293 

Dot product, 560(64), 560(65) 

DREW, CHARLES RICHARD (1904-1950), 

276 

Drug absorption, 55(63) 
Dummy variable, 284 

DURER, ALBRECHT, (1471-1528), 570 

Dye concentration data, 275 

E 
e (the number), 25-26 

Eight curve, 171 

Ellipses 

area of, 405(56) 

circumscribing, 237(65) 

horizontal, 581 

implicit, 191(72) 
normal line to, 166 

parametrizing, 31, 34(36) 

perimeter of, 548(36) 
reflection properties, 582 

tangent to, 166 
vertical, 581 

End behavior models, 73, 77(57), 172(66) 

finding, 74-75 
left, 74 3 

right, 74 
Endpoint convergence, 519-520, 

523-533 
Epsilon, 584-586 
Equivalence, 551 
Error bounds, 319, 528 fi 

alternating series, 504, 507 
acd ey 505 

Exponential change, law of, 359 
Exponential decay, 24, 358-363 

definition, 25 
Exponential formulas, 341 
Exponential functions, 459(61) 

with base a, 23 

definition, 23 
derivatives of, 180-186 

polynomial functions and, 465(40) 

power functions and, 465(39) 

Exponential growth, 23-24, 358-363 
definition, 25 
modeling with other bases, 361-362 

Exponents, laws of, 577 

Extreme values of functions 

absolute, 193-195 

classifying, 195 

critical points without, 197 
finding, 195-199 
graphical methods, 198-199 
local, 195 

Extreme Value Theorem, 194 

F 
FERMAT, PIERRE DE (1601-1665), 89 

Fermat’s principle, 236(57) 

FIBONACCI. See PISANO, LEONARDO 

Fibonacci sequence, 451(56) 

Finite limits, 70-71 

Finite sequences, 443 
Finite sums, 269-276 

First derivative test for local extrema, 211-213 

Floor function, 64 

Fluid force, 429-430, 440(37), 440(38) 

Fluid pressure, 429-430 

Folium of Descartes, 171(55) 

Foot-pound, 391 
Force 

constant, 391 

in work, 427 

FOURIER, JOSEPH (1768-1830), 284 

Fractions 

in algebra, 577 
partial, 377(47), 468 

FRANKLIN, BENJAMIN (1706-1790), 

366(45) 

Free-fall, 132 

Function, See also Continuous functions; 

Exponential functions; Logarithmic 
functions; Polynomial functions; 

Trigonometric functions 
absolute value, 18, 163(78), 341, 345 

accumulator, 288 

aeaiaomaeie 



decreasing, 204-205, 265(68) 

definition, 13 

denoting, 119 

dependent variable, 13 

derivatives and learning about, 

218-219 

differentiable, 101-102, 167-170, 230 

discontinuous integrable, 290-291 

distribution, 476 

domain of, 13 

even, 16-17, 22(72), 142(49) 

even trigonometric, 46-47 

exponential, 23, 180-186, 459(61), 

465(39), 465(40) 

extreme values of, 193-199 

floor, 64 

graphs of, 13, 305-306 

greatest integer, 77(66) 

hyperbolic, 592-597, 600(72) 

identity, 37 

implicitly defined, 164-166 

increasing, 204-205 

independent variable, 13 

inverse, 38-39, 43(51), 44(62), 173-174, 

176-177 

inverse hyperbolic, 594-597 

inverse logarithmic, 353-354 

inverse trigonometric, 48-50, 353 

linear, 3-8 

natural logarithm, 40 

nonintegrable, 290 

nonnegative, 299(9) 

nonpositive, 299(10) 

notation, 13 

odd, 16-17, 22(72), 142(49) 

odd trigonometric, 46-47 

one-to-one, 36-37, 44(59) 

parametric, 543-547 

periodic, 46 

piecewise-defined, 17-18, 117 

polar, 561-571 

power, 15, 465(39), 465(41) 

probability density, 430-431 

quartic polynomial, 222(60) 

range of, 13 

rational, 62 

with same derivative, 206 

series for representation of, 484-485 

sine, 96, 143-144, 579 

sine integral, 313(71) 

velocity, 385-386 

Fundamental identities, 579-580 

Fundamental Theorem of Calculus 

antiderivative part, 302—305 
application of, 303-304 

with Chain Rule, 304 

evaluation part, 307-308 

for initial value problem, 330 

variable lower limits of integration, 304 

G 
Gabriel’s horn, 474 

General conics, 582 

General linear equation, 6 

Geometric mean, 163(79), 210(57) 

Geometric progression, finite, 490(52) 

Geometric sequences, 445-446 

Geometric series, 481-484 

analyzing, 483 

convergent, 490(53) 

error, 507 

Geometry, 234(41), 234(42) 

formulas, 578-579 

sequences and, 450(55) 

GIBBS, J. WILLARD (1839-1903), 550 

Global maximum values, 193 

Global minimum values, 193 

Golden Ratio, 448 

GRAHAM, FAN CHUNG (1949-), 241 

Grapher failure, 15—16, 83 

Grapher precision, 460 

Greatest integer function, 64 

GREGORY, JAMES (1638-1675), 496 

Ground speed, 553 

Growth rates. See also Exponential growth 

of bacteria, 28(38) 

comparing, 461-462 

faster, 461 

L’Hospital’s Rule for, 461 

limited, equations, 376(36) 

logistic, 369-375 

population, 27(19), 27(20), 43(48) 

same-rate, 461, 466(45) 

savings account, 23 

slower, 461 

transitivity of, 463 

H 
Half-life, 24, 27(21), 27(22), 363(22), 364(21) 

definition, 360 

Harmonic series, 524 

HARRIS, BERNARD A., JR. (1956-), 443 

AL-HAYTHAM, ABU ALI AL-HASAN IBN 

(965-1040), 409 

Head Minus Tail (HMT) Rule, 551 

HEAVISIDE, OLIVER (1850-1925), 550 

Hemisphere, volume of, 278(22), 418(73) 

Higher order derivative, 124-125, 167 

Hooke’s Law, 391, 395(35), 395(36) 

HOPPER, GRACE MURRAY (1906-1992), 

461 

Horizontal asymptote, 70 

Horizontal components, 555 

Horizontal line test, 36 

Horizontal tangent, 94(33), 94(34), 166, 191(77) 

finding, 120 

HUYGENS, CHRISTIAAN (1629-1695), 546 

Huygen’s clock, 546 

Hyperbolas, 34(43) 
horizontal, 581 

implicit, 190(71) 

reflection properties, 582 

vertical, 581 

Hyperbolic cosecant, 592 
Hyperbolic cosine, 510(24), 592 
Hyperbolic cotangent, 592, 594 

Hyperbolic functions, 600(72) 

background, 592 

definitions, 592 

derivatives, 593, 594 

Subject Index 

identities for, 592, 594 

inverse, 594-597 

Hyperbolic secant, 592 

Hyperbolic sine, 510(24), 592 

Hyperbolic tangent, 592 

I 
Identities, 179(47), 580 

calculator conversion, 177 

fundamental, 579-580 

for hyperbolic functions, 592, 594 

inverse cofunction, 176-177 

inverse function, 176-177 

for inverse hyperbolic functions, 595 

trigonometric, 344-345 

Identity function, 37 

Implicit differentiation, 164-170 

Implicit ellipses, 191(72) 

Implicit hyperbolas, 190(71) 

Implicitly defined functions, 164-166 

Implicit parabolas, 191(73) 

Implied domain, 14 

Improper integrals, 430, 467-474 

for circumference, 473—474 

convergent, 467 

divergent, 467 

with infinite discontinuities, 471 

with infinite integration limits, 467 

L’Hospital’s Rule for, 469 

partial fractions with, 468 

test for convergence, 472-473 

test for divergence, 472-473 

Increasing functions, 204-205 

Increments 

definition, 3 

of linear functions, 3—5 

ratios of, 4 

Indefinite integrals 

definition, 340 

exponential formulas, 341 

of indefinite integrals, 341 

logarithmic formulas, 341 

power formulas of, 341 

substitution in, 342-344 

trigonometric formulas of, 341 

Independent variables, 13 

Indeterminate form, 452-454 

Infinite discontinuities, 80, 470-472 

at endpoint, 472 

at interior point, 471 
Infinite integration limits, 467 

Infinite limits, 72-73 

Infinite sequences, 443 

Infinite series, 482 

Infinite solid, volume of, 474 

Inflation rate, 396(44) 

Inflection points, 214-216, 501(35) 

Initial point, 551 

Initial ray, 562 

Initial value problem, 329 
discontinuity in, 330 

Euler’s Method for, 333 

Fundamental Theorem of Calculus 

for, 330 

solving, 350-351 

679 
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Instantaneous rate of change, 91-92, 125, 130 

definition, 129 
Instantaneous speed, 59-60 

Instantaneous velocity, 130 

Integral Evaluation Theorem, 307 

Integrals. See also Definite integral 

bounds for, 294 

on calculator, 289-290 

companion, 593 

of constant function, 287 

definition, 284, 486 

derivatives of, 297 

differentials and, 296-298 

estimating, 539(64) 

evaluating, 284, 388 

form, 349-351 
improper, 430, 467-474 

indefinite, 340-344 

inverse hyperbolic functions and, 596 

nonelementary, 539 

of nonnegative functions, 299(9) 

of nonpositive functions, 299(10) 

routes to, 347(67) 

sign, 284, 340 

sine, function, 313(71) 

solving for unknown, 351-352 

tables, 377(46), 601-603 

test, 523 

unknown, 351-352 

volume as, 406-407 

Integrand, 284, 340 

discontinuous, 290 

with infinite discontinuity, 470-472 

Integration 

constant of, 348(77) 

lower limit, 284 

by parts formula, 349 

power series by, 486-488 

with respect to y, 400-401 

tabular, 352-353 
term-by-term, 487 

terminology and notation, 283-285 
upper limit, 284 

variable lower limits of, 304 

variable of, 284, 340 
Interest 

compound, 25 

continuously compounded, 26, 359-360, 
459(57) 

Interior, 14 

Intermediate Value Theorem, 115 

Intersecting curves, 398-399 

Intervals 

closed, 14 

of convergence, 483, 491, 514, 529-531 

infinite, 14 

open, 14 

Riemann sums, 282 

subintervals, 282 

Inverse cofunction identities, 176-177 

Inverse function, 38-39, 43(51), 44(62) 

derivatives, 173-174 

identities, 176-177 

slope relationship, 173 
Inverse hyperbolic functions, 594 

derivatives of, 595-597 

identities for, 595 

integrals and, 596 

Inverse logarithmic functions, 353-354 

Inverses, 36 

OLE ii 
finding, 37-38 
graphing parametrically, 39 

Inverse trigonometric functions, 48-50, 353 

J 
JACKSON, SHIRLEY ANN (1946-), 80 
Jerk, 145-146 
JOULE, JAMES PRESCOTT (1818-1889), 391 
Joules, 391 

Jump discontinuity, 80 

K 
Kinetic energy, 436(42) 

Kissing Fish, 439(19) 

KOWA, SEKI (1642-1708), 514 

L 
LAGRANGE, JOSEPH LOUIS (1736-1813), 

202 

Lagrange error 

bounds, 505 

formula, 507 

Lagrange form, 505 

Left end behavior models, 74 

Left-hand derivative, 106 

Left-hand endpoint Rectangular 

Approximation Method (LRAM), 

272 

Left-hand limits, 589 
LEIBNIZ, GOTTFRIED WILHELM 

(1646-1716), 121 

proof of Product Rule, 128 

Leibniz notation, 342 

Leibniz’s Theorem, 527 

Lemniscate curves, 570 

Length 

of astroid, 424(22) 

of cardioid, 573(75) 

of curves, 420-423 

of polar curve, 573(74) 

of sine wave, 420 

of smooth curve, 421-422 

Lenses, 166 

L’HOSPITAL, GUILLAUME DE 

(1661-1704), 452 

L’Hospital’s Rule, 459(58) 

first form, 452 

graphical exploration of, 454 
for growth rates, 461 

for improper integrals, 469 

indeterminate form, 452-458 

with one-sided limits, 454 

stronger form, 453 
L’Hospital’s trap, 459(60) 

Lifting, 427-428 

Limagon curves, 564 

discovery of, 570 

in polar gallery, 570 

Limited growth equation, 376(36) 

Limits 

asymptotes and, 491(76) 

Constant Multiple Rule, 61, 

71, 586 

definition of, 60-61, 584 

Difference Rule, 61, 71, 586 

finite, 70-71 

formal definition of, 583-589 

geometry and, 69(80) 

infinite, 72-73 

infinite integration, 467 

left-hand, 589 

nonexistent, 63 

one-sided, 63-64, 454 

Power Rule, 61, 71, 586 

Product Rule, 61, 71, 586, 587 

properties of, 60-63, 77(65), 99(54), 

447-448, 586 

Quotient Rule of, 61, 71, 586, 588 

right-hand, 589 

seeing, 75 

of sequences, 447-448 

Squeeze theorem and, 589 

subsequences of, 491(75) 

Sum Rule, 61, 71, 586 

theorems, 586-589 

two-sided, 63-64, 589 

uniqueness of, 491(74) 

variable lower, of integration, 304 

Linear approximation, 239-240, 

248(41) 

standard, 238 

Linear equations 

general linear equation, 6 

modeling, 5 

slope-intercept equation, 6 

solving, simultaneously, 8—9, 11(53) 

Linear functions 

additional values of, 5 

applications of, 7-8 

definition, 4 

increments, 3—5 

point-slope equation of, S—6 

Linearization, 238, 312 

at inflection points, 501(35) 

Linear motion, 385-387 

Lines, 31 

distance from point to, 12 
graphing, 32 

motion along, 130-135, 216 

normal, 91, 166 

parallel, 6-7 

parametrizing, 32-33, 35(48) 

perpendicular, 6-7 
LIPET, 349 

Local extreme values, 195 

first derivative test for, 211-213 

second derivative test for, 216-218 

Local linearity, 148(40), 238 

differentiability and, 112 

Local maximum value, 195 

Local minimum value, 195 

Logarithmic differentiation, 190(63), 

190(64) 

Logarithmic formulas, 341 



Logarithmic functions 

applications, 41-42 

base a, 39 

common, 40 

comparing, 463 

derivatives of, 180-186 

inverse, 353-354 

natural, 40 

polynomial functions and, 465(42) 

power functions and, 465(41) 

properties of, 40-41 

log, x, 183-184 

Logistic differential equation, 376(35) 

Logistic equation, 381(59) 

Logistic growth, 369-375 

Lower limit of integration, 284 

LRAM. See Left-hand endpoint Rectangular 

Approximation Method 

M 
MACLAURIN, COLIN (1698-1746), 496 

Maclaurin series, 519, 533 

convergence of, 505—506 

table of, 498-499 

Taylor series and, 495-498 

MADHAVA (1340-1425), p. 496 

Magnitude, vector, 550 

Marginal cost, 136, 140(27) 

cost from, 313(73) 

Marginal revenue, 136, 140(28) 

revenue from, 313(73) 

Mathprint, 113 

Maximum profit, 228 

Max-min Inequality, 293 

Max-min problems, 418(71) 

strategies for, 224 

Mean, 431 

algebraic, 163(79) 

arithmetic, 210(58) 

geometric, 163(79), 210(57) 

Mean Value Theorem 

Cauchy’s, 460(71) 

consequences of, 205-207 

decreasing functions and, 204-205 

for definite integrals, 295-296 

for derivatives, 202 

increasing functions and, 204-205 

physical interpretation of, 204 

proof of, 210(63) 
MENDEL, GREGOR JOHANN (1822-1884), 

135 

MERCATOR, NICHOLAS (1620-1687), 

p. 496 

Midpoint Rectangular Approximation Method 

(MRAM), 272, 326(53) 

Monotonic, 204, 210(61) 

Motion 

along circle, 261 

linear, 385-387 

along lines, 130-135, 216 

particle, 91, 190(70), 576(47), 576(48), 

576(49) 

planar, 553-554 
related, simulation, 255-256 

simple harmonic, 145 

MRAM. See Midpoint Rectangular 

Approximation Method 

Multiple-choice challenges, 169-170 

Musical note frequency, 48, 51(23) 

N 
NAPIER, JOHN (1550-1617), 366(44) 

Natural logarithm functions, 40 

NDER. See Numerical derivatives 

Necklace, 438(15) 

Negative integer powers of x 

differentiation of, 123—124 

Power Rule for, 123 

Net change 

accumulation and, 385—392 

from data, 390 

in velocity as Riemann sums, 388 

NEWTON, SIR ISAAC (1642-1727), 297 

Newton’s law of cooling, 362-363 

Newton’s method, 245-246 

formula for, 250(71) 

Newton’s serpentine, 126(41) 

NINT f, 305-306 

Nondecreasing sequencing, 522(61) 

Nonelementary integrals, 539 

Nonexact differential equation, 332 

Nonexistent limits, 63 

Nonintegrable function, 290 

Nonnegative functions, 299(9) 

Nonnegative series, 515-516 

Nonpositive functions, 299(10) 

Normal line, 166 

to curve, 91 

definition of, 91 

to ellipses, 166 

Normal probabilities, 430-432 
density, 431 

distribution function, 476 

Norms, 282 

nth derivative, 124-125 

nth terms, 443 

test, 491(62), 514 

Numerical approximations, 113 

Numerical derivatives (NDER), 115 

computing, 113-114 

of f, 113 

of f at a, 113 

Numerical methods, 334 

Numerical values, 161(56), 161(58), 190(67) 

O 
OCHOA, ELLEN (1958-), 165 

Odd functions, 16-17, 22(72), 142(49) 

Odd trigonometric functions, 46-47 

One-sided derivatives, 106 

One-sided limits, 63-64 

L’Hospital’s Rule with, 454 

One-to-one functions, 36—37, 44(59) 

Open intervals, 14 

Optimization 
business and industry examples, 226-227 

economics examples, 227-228 
examples from mathematics, 224-225 

strategies for, 224 
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Orbit, circular, 560(62) 

Order of integration, 293 

ORESME, NICOLE (1320-1382), 269 

Oresme’s Theorem, 539(69) 

Orthogonal curves, 161, 171(51) 

families, 188(64) 

Orthogonal vectors, 559(59), 559(60) 

Oscillating discontinuity, 80 

Outside-inside rule, 157 

P 
Parabolas 

Archimedes area formula for, 

312(64) 

horizontal, 582 

implicit, 191(73) 

reflection properties, 582 

vertical, 581 

Parabolic arc, 317 

Parallel lines, 6—7 

Parallelogram 

formulas, 579 

representation, 552 

Parallel tangents, 209(50) 

Parameter internal, 29 

Parameters, 29 

Parametric curves 

arc length of, 544-545 

concavity of, 544 

cycloids, 545-547 

definition, 29 

reviewing, 543 

slope of, 158, 544 

Parametric differentiation formulas, 544 

Parametric equations 

definition, 29 

of polar curves, 565 

relations, 29 

Parametric functions, 543-547 

Parametric graphing, 138(17) 

Parametrization 

of circles, 30, 34(35) 

of curves, 29 

of ellipses, 31, 34(36) 

of lines, 32-33, 35(48) 

Partial fractions, 377(47) 

improper integrals with, 468 
Partial sums, 482 

Particle motion, 91, 190(70), 576(47), 576(48), 

576(49) 

Parts 

antidifferentiation by, 349-354 

formula for integration by, 349 

PASCAL, BLAISE (1623-1662), 570 

PASCAL, ETIENNE (1588-1651), 570 

pdf. See Probability density function 

Percentage change, 243-245 

Percentage error, 338(63), 338(64) 

Perigee, 561 

Periodic function, 46 

Periodicity, 46 

Perpendicular lines, 6-7 

Perpetuities, 539(65) 

Piecewise-defined functions, 17—18 

graphing, 117 



682 Subject Index 

PISANO, LEONARDO aka FIBONACCI 

(1170-1250), 448 

Planar motion, 553-554 

Plane 

area in, 397-401 

vectors in, 550-557 

Point of discontinuity, 79 

Point-slope equation, 5—6 
Polar coordinates, 561-563 

area, 567 

graphing with, 563 

Polar curves, 563-565 

area enclosed by, 566-568 

length of, 573(74) 

parametric equations of, 565 

slopes of, 566 
Polar functions, 561-571 

Polar graphing, 564 

Polar-rectangular conversion formulas, 

565 

Pole, 562 

Polonium-210, 364(26) 

Polynomial functions, 62 

cubic, 233(29) 

exponential functions and, 
465(40) 

logarithmic functions and, 
465(42) 

quartic, 222(60) 

Polynomials, differentiating, 120 

Position vector, 550, 554 

Power Chain Rule, 158-159 

Power formulas, 341 

Power functions, 15 

exponential functions and, 465(39) 

logarithmic functions and, 465(41) 

Power Rule, 49 

for arbitrary real powers, 184 

for differentiation, 118 

of limits, 61, 71, 586 

for negative integer powers of 

x23 

for rational powers, 168 

Power series, 481-488, 529 

centered, 484 

Convergence Theorem for, 514 

definition of, 484 
by differentiation, 485-486 

Precalculus mathematics, 577-582 

Pretty Print, 113 

Probabilities, normal, 430-432, 476 

Probability density function (pdf), 
430 

normal, 431 

Product Rule, 49 

for differentiation, 121 

extended, 142(50) 

in integral form, 349-351 
Leibniz’s proof of, 128 
of limits, 61, 71, 586, 587 

Projectiles, 393(11) 

Prolate cycloid, 548(42) 
p-series, 524 

Pumping, 428-429 

rates, 390 

Pythagorean Theorem, 578 

Q 
Quadratic approximations, 250(68), 

510(27) 

Quadratic Formula, 578 

Quartic polynomial functions, 222(60) 

Quotient Rule, 44(58), 49 

for differentiation, 122—123 

of limits, 61, 71, 586, 588 

Quotients of infinite small quantities, 296 

R 
Radian measure, 45, 145 

Radian mode, 44-45 

Radians vs. degrees, 149(50), 159-160 

Radioactive decay, 24-25, 43(46), 187(53), 

360 

Radioactivity, 360-361 

Radiocarbon dating, 2, 362 

Radius of convergence, 513-520 

Radon-222, 364(25) 

RAM. See Rectangular Approximation 

Method 

RAMANUJAN, SRINIVASA (1887-1920), 

509 

Range, 44(61) 

finding, 152(77), 153(78) 

of function, 13 

identifying, 15, 16 

Rational functions, 62 

Rational powers 

of differentiable function, 167-170 

Power Rule for, 168 

Ratio test, 516-518 

Rectangles, 231(6) 

approximation by, 272 

changing dimensions in, 257(9) 

dimensions, 257(9) 

inscribing, 224-225, 264(51) 

Rectangular Approximation Method (RAM), . 

273, 280(40) 
Left-hand endpoint, 272 

Midpoint, 272 

Right-hand endpoint, 272 

Rectangular coordinates, 562 

Recursively defined sequences, 443 

Reference triangles, 580 

Reflection properties, 582 

Regular partitions, 283 

Related rates 

equations, 252 

related motion simulation, 255-256 

solution strategy, 252-255 

Relative change, 243-245 
Relative extrema, 195 

Relevant domain, 14 
Remainder Bounding Theorem, 

506-507 
Remainder of order n, 505 

Removable discontinuities, 80 
Repeated linear factors, 377(47), 3 

78(48) 
Revolution, solids of, 407-408, 459(59) 

RIEMANN, GEORG FRIEDRICH 
(1826-1866), 281, 283 

Riemann sums, 281, 391 

definite integral as limit of, 283 

for f on interval [ a, b], 282 
net change in velocity as, 388 

terms of, 285 

Right end behavior models, 74 

Right-hand derivative, 106 

Right-hand endpoint Rectangular 

Approximation Method (RRAM), 272 

Right-hand limits, 589 

ROBERVAL, GILLES-PERSONNE (1602- 

1675), 570 

ROLLE, MICHEL (1652-1719), 202 

Rolle’s Theorem, 202 

proof of, 210(62) 

Roots, approximating, 240 

Rose curves, 569 

Rotation 

around axis, 409 

of curves, 573(67) 

Rounding calculator values, 121 

RRAM. See Right-hand endpoint Rectangular 

Approximation Method 

Rule of 70, 56(66), 366(46) 

Rule of 72, 366(46) 

S 
Savings account growth, 23 

Scalar multiplication, 551, 552 

Search algorithms, 466(43) 

Second derivative, 124-125 

finding, implicitly, 167 

Second derivative test for local extrema, 

216-218 
Second-order differential equations, 339(77), 

339(78) 

Sensitivity, 4, 92-93, 95(37), 95(38), 98(49), 
98(50) 

analysis, 242-243 

to change, 135-136 
definition of, 242 

Separable differential equations, 358 

Sequences 

arithmetic, 444-446 

convergent, 447 

defining, 443-444 

divergent, 447 

explicitly defined, 443 

Fibonacci, 451(56) 

finite, 443 

geometric, 445-446 
geometry and, 450(55) 

graphing, 446 

infinite, 443 
limit of, 447-448 
nondecreasing, 522(61) 

recursively defined, 443 
Squeeze Theorem for, 448 
tail of, 491(73) 

Sequential search, 464, 466(44) 

Series. See also Maclaurin series; Taylor series 
alternating, 504, 507, 527-528 

binomial, 502(45) 
convergent, 482, 490(53) 
divergent, 482 



functions represented by, 484-485 

geometric, 481-484, 490(53), 507 

harmonic, 524 

identifying, 488 

infinite, 482 

nonnegative, 515-516 

power, 481-488, 514, 529 

p-series, 524 

telescoping, 520 

Sigma notation, 281 

Signed areas, 286 

Simple harmonic motion, 145 

SIMPSON, THOMAS (1720-1761), 317 

Simpson’s Rule, 317, 326(53) 

approximations, 319 

Simultaneous mode, 44—45 

Sine functions, 96, 579 

derivatives of, 143-144 

Sine integral function, 313(71) 

Sine wave, length of, 420 

Sinusoid, 47, 52(49) 

slope of, 191(75) 

sin x, Taylor series for, 493-494 

68-95-99.7 Rule for Normal Distribution, 431, 

440(42) 

Slope 

of curve, 89-90 

definition, 4 

inverse function and, 173 

in parametric curves, 158, 544 

of polar curves, 566 

seeing, 331 

of sinusoid, 191(75) 

Slope fields, 329-334 

constructing, 331, 336(28) 

differential equations matched with, 

332-333 

for nonexact differential equation, 332 

perpendicular, 338(65), 338(66) 

plowing through, 338(67), 338(68) 

solutions through, 381(65) 

Slope-intercept equation, 6 

Smooth curve, 421-422 

Smoothness, 421 

Solids 

infinite, 474 

of revolution, 407-408, 459(59) 

twisted, 416(46) 

volume of, 407 

Speed, 554-556 

average, 59-60 

definition, 131 

finding, 139(24) 

ground, 553 

instantaneous, 59-60 

instantaneous rate of change, 91-92 

Sphere 

formulas, 579 

volume of, 94(29), 274-275 

Spiral of Archimedes, 571 

Square, completing, 578 

Square-based pyramid, 407 
Square cross sections, 407 

Squeeze Theorem, 64-65, 71, 77(67) . 

limits and, 589 

for sequences, 448 

Standard deviation, 431 

Standard linear approximation, 238 

Stationary point, 196 

Subintervals, 282 

Subsequences of limits, 491(75) 

Substitution 

antidifferentiation by, 340-346 

definite integral evaluation, 345 

in indefinite integrals, 342-344 

trigonometric, 341(82), 341(83), 341(84), 

348(81) 

with trigonometric identity, 344-345 

Summing areas, 490(50), 490(51) 

Sum Rule 

for definite integrals, 293 

for differentiation, 119 

of limits, 61, 71, 586 

Surface area, 257(2), 413, 599(70) 

estimation of, 248(50) 

Symmetric difference quotient, 113 

Symmetry 

about origin, 16-17 

about x-axis, 20 

about y-axis, 16-17 

ak 
Tabular integration, 352-353 

Tail-to-head representation, 552 

Tangent, 162(69), 166, 579 

arc length, 426(39) 

to curve, 88-89 

to ellipses, 166 

horizontal, 94(33), 94(34), 166, 191(77) 

hyperbolic, 592 

line, 177 

parallel, 209(50) 

vertical, 96(48), 111, 422-423 

TAYLOR, BROOK (1685-1731), 496 

Taylor polynomial, 493, 498, 503-504 

Taylor series, 492-500 

combining, 498-499 

constructing, 492-493 

for cos x, 493-494 

Maclaurin series and, 495-498 

for sin x, 493-494 

Taylor’s formula, 505 

Taylor’s Theorem, 503-509 

remainder in, 504—505 

Telescoping series, 520 

Temperature data, 51(24) 

average, 52(43), 52(44) 

finding, 380(53) 

Term-by-term differentiation, 486 

Term-by-term integration, 487 

Terminal point, 29, 551 

Terms 

definition, 443 

error, 505 

nth, 443, 491(62), 514 

of Riemann sums, 285 

Three-petaled rose, 566 

Tic-tac-toe method, 352 

Time 

consumption over, 389 
geometry formulas for saving, 401 
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Torus, volume of, 418(74) 

TRACE, 386, 446, 473 

Transformations, 18, 34(44) 

trigonometric graphs, 47-49 

Trapezoid, 579 

Trapezoidal approximations, 314-316, 319 

Trapezoidal rule, 314-315 

algorithms, 316-317 

error analysis, 318-319 

Triangle 

angles and sides of, 580 

area of, 263(45) 

formulas, 578 

reference, 580 

Trigonometric formulas, 579-580 

of indefinite integrals, 341 

Trigonometric functions 

derivatives of, 143-147 

even, 46-47 

graphs of, 45-46 

inverse, 48—50, 353 

odd, 46-47 

Trigonometric graphs, 47-49 

Trigonometric identity, 344-345 

Trigonometric substitution, 341(82), 341(83), 

341(84), 348(81) 

Truncation error, 503 

analyzing, 507-508 

Tunnel construction, 424(24) 

Twelve-petaled rose, 564 

Twisted solids, 416(46) 

Two-dimensional vectors, 550-551 

Two-sided limits, 63-64, 589 

U 
Unit vector, 552 

Unknown integrals, 351-352 

Upper limit of integration, 284 

V 
Vector 

acceleration, 554 

addition, 551, 552 
calculus of, 554 

direction, 552, 554 

direction angle of, 551 

magnitude of, 550 

orthogonal, 559(59), 559(60) 

parallelogram representation, 552 
in plane, 550-557 
position, 550 
properties of operations, 553 
tail-to-head representation, 552 

unit, 552 

of velocities, 553, 554 

Velocity, 207, 555-556 
average, 130 

function, 385-386 

graphs, 131-132 
instantaneous, 130 

net change in, 388 
resistance proportional to, 367(53) 

varying, 271 
vectors representing, 553-554 
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Vertical asymptote, 72 of torus, 418(74) X 

Vertical line test, 20(35) of water, 279(24), 279(25), 320(9) ; 

Vertical tangent, 96(48), 111, 422-423 x-intercepts, 1040) 
Volume, 440(39) 

of bowls, 417(52) Ww Y 

of cones, 279(26) Washer cross sections, 408 ; 

consistency of definitions, 418 Water, volume of, 279(24), 279(25), 320(9) y-intescepts, 10(40) 
by cylindrical shells, 410-411 WILKINS, J. ERNEST, JR (1923-2011), 363 
of hemisphere, 278(22), 418(73) Witch of Agnesi, 32, 35(47) Z 

of infinite solid, 474 Work, 391-392 
as integral, 406-407 force, 427 apis elas 
slicing method for finding, 407 lifting, 427-428 Zero Ruloas 

of solid, 407 pumping, 428-429 

of sphere, 94(29), 274-275 
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. 377, Figure 6.16b. 

237 fp PIgure.Ge. 7. 

. 380, Figure 6.21a. 

ley Ine} tue} trey lye! bio} tne} tae) 



bay BS vals MIKE ya 

onaol MBX aged onl GoMegeiel, is 

a soe? ooh noteebs aeeeyt 

: id ede ngg oll -lh uA 

“ona Fb sge"t. (ont aoenents 

sim ( £8y condi hit Bere 
i? we 4 20 eg (0) Dominge { 

eh ' Aotigve! sie 

WU ZU AAT 
= ivi a Ke ke 

af ‘ ; st lon HA 

ovTes4d a HeoSG i | 

fle ; 

1 ali ii? 007 7 ’ 

ov 4) 

> aon : : 

bayrroesu aides py f 
: a 

‘ 1 fe ye ~P ees fi 
' ¢ opsinpiliy | rent 7; 4a aia 

ey we f YiKos sui ait, hdc aga ; if =) , 

% seen a 
ney i icebt aale as | a 

C2 7 r] AS Sa Pye pt y Page 74, Yong ures f na | taorgl SE Mi at Havinaistel§ 

a suort ig Ge el 4 NSA oLr 

gay, re a aM <n ‘ hago 268 tage 
MOLT to OE sti get Grea = etch | 

Seay % UES s ay, “ie io al nies 9 
a CY Sl 19] yb Ree Se ee be hit Aghh \: Pag dats 

MN erg Sree 
ofrh tapranchs’ a ~y\ cur x or ae ; a ' ia z 

; OA sere e 
4 tir t x74 Po u ees rérhil BLE seq . iv 7 

= ofederul: os S.. 
J We ys wl’ oy ide fog eal) bse PEROT » Weg iy are eh : 

ghey a re SOh oe any TAS AAMT OP US: opts Ba One a? : os. tes se , ante 
i Pe ie. e 

ll 
> 

jingpragrinse: i ataggih Sb A ie) tee wed Wo ey et Sai iy | 7S Binge ss we! } ~ ce a ae Ps if bass io ut 

= a ee A, 
hati 

ic ; ? : 3 CR ae alae EN, ‘ 
<—s “2 

2 uy te 7 iainwd site = 0 thaliana Fi 



See Ss elem, lee 





















- 
” 

ay 





———— ee SC 



Finney -Demana Waits.-Kennedy. Bressoud 

Calculus = 
Graphical, Numerical, Aigebraic 

Fifth Edition 

The fifth edition of Finney, Demana, Waits, Kennedy, Bressoud is 

accompanied by an extensive range of resources designed to support 
students in practicing and learning AP® Calculus material. 

Additional student resources include: 

¢ AP® Test Prep: Calculus 

¢ TI Calculator Technology Resource Manual 

¢ MathXL for School (access code required) 
www.mathxliforschool.com 

¢ MyMathLab for School (access code required) 
www.mymathlabforschool.com 

Please visit us online at PearsonSchool.com/Advanced for more 

information. To order, contact our Customer Service department at 

1-800-848-9500. 

AP® is a trademark registered and/or owned by the College Board, which 
was not involved in the production of, and does not endorse, this product. 

-www.PearsonSchool.com/Advanced 

BRE ARSON ALWAYS LEARNI NG ie 

na a ae 


